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Definition 1 We define c 2Emin_2E_3D to be AA.\x € A y € Ainj_o (x = vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1z € 2.V

Definition 3 We define c 2Emin_2E_3D_3D_3E to be AP € 2.)\Q € 2.inj_o (p P=p Q)
of type t.

Definition 4 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27

Definition 5 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Definition 6 We define c_2Erelation 2ERC to be AA_27a : LAVOR € ((24-270)" ") \V1z € A 27aAV2y ¢

Definition 7 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Definition 8 We define c_2Erelation_2Etransitive to be A\A_27a : t.AVOR € ((24-279)"™) (ap (c_2Ebool 2F
Definition 9 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 10 We define c_2Ebool 2E_7E to be (AVOt € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E
Definition 11 We define c_2Erelation_2Eirreflexive to be AA_27a : t. \VOR € ((2A*27“)A’27a).(ap (c-2Ebool_:
Definition 12 We define c_2Erelation_2EStrongOrder to be AA_27g : 1. AV0Z € ((2A*279)A’27g).(ap (ap c2E

Definition 13 We define c_2Erelation 2ESTRORD to be AA_27a : t \VOR € ((24-270)" ") A\V1a € A27a

Assume the following.
True (1)

Assume the following.

(VVO0t1 € 2.(9V1t2 € 2.(((p VOr1)=(p V1£2)=(((p )
V1t2)=(p VOt1))=((p VOt1)=(p V1t2)))))) (2)



Assume the following.
(VVOt € 2.(False=(p V0t)))
Assume the following.
(VVot € 2.((p VOr)V(=(p VO1))))

Assume the following.

(VVOt € 2.(((p VOt)=False)=(—(p VOt))))
Assume the following.

(VVOot € 2.((—(p VOt))=((p VOt)=False)))
Assume the following.

(VVOt € 2.(((Truen(p VOt))=(p VOO)A((((p VO)ATrue)=
(p VOO)A(((Falsen(p VOt))e False) AN((((p VOt)AFalse)< False) A

(((p VOOA(p VOE))&(p V01)))))))

Assume the following.

(YVOt € 2.(((TrueV(p VOt))=True) AN((((p VOt)VTrue)&True) A

(7)

(((FalseV(p VOt))(p VOO)A((((p VOt)VFalse)=(p VO)A(((p VO)V

(p VO))&(p V01)))))))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VO)A((((p VOt)=True)<

True)AN(((False=(p VOt))=True)A((((p VOt)=(p VOt))=True)A((
)

(p VOt)=False)=(=(p V01))))))))
Assume the following.

((VVOt € 2.((=(—(p VOr))=(p VOO))A(((-True)=False) A
((=False)=True)))

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(VO0z = VOz)&
True))

Assume the following.

VA 2Ta.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-279) (VV1g € (A27b4-27%) (VO f =
Vig)e(VV2zx € A27a.((ap VOf V2z) = (ap V1g V2z))))))
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(8)

(9)

(10)



Assume the following.

(YVOt € 2.(((Trues(p VOt))<(p VOr))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

((((p VOt)y&True)s

A
A(((p VOt)=False)=(—=( (14)

Assume the following.

(VV0A € 2.(vW1B € 2.(vV2C € 2.(((p VOA)V(

(0 VIB)V(p V2C)))s((p VOAN(p VIB)V(p V2O))) (1)
Assume the following.
(YVO0A € 2.(¥V1B € 2.(((p VOAN(p V1B))=((p V1B)V (16)

(p V0A)))))

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)A(p V1B)))=((—(
p VOA)V(=(p V1B))))A((=((p VOA)V(p V1B)))=((=(p VOA)A(=(p Vl(lf;;)))))
Assume the following.

(VVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOtl)= (18)
((p V1t2)=(p V2t3)))=(((p VOLL)A(p V1£2))=(p V2t3))))))
Assume the following.

(VV0z € 2.(VV 1227 € 2.(YV2y € 2.(YV3y_27 €
2.((((p VOoz)=(p V1z27))A((p V1z27T)=((p V2y)=(p V3y27))))= (19)
(((p VOz)=(p V2y))=((p V122T)=(p V3y-27))))))))

Assume the following.
(VVOt € 2.((=(—=(p VO1)))=(p VOL))) (20)

Assume the following.
(VVO0A € 2.((p VOA)=((—(p VOA))=False))) (21)

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)=

(((p VOA)=False)=((—(p V1B))=False))))) (22)
Assume the following.
(W0A € 2(W1B € 2((-((=(p VOA)V(p VIB))=False)e o

((p VOA)=((=(p V1B))=False)))))



Assume the following.
(VVO0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (24)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(p Vig)&(p V27‘)))<:>(((((p VOp)\/E( (
V

p V1g)V(p V2r)))A(((p VOp)V((—(
p V2r)V(=(p V1g) DA(((p V1V ((=(p V2r))V(=(p VOp))))A((p V2r)V
((=(p V1g))V(=(p VOp)))))))))))

Assume the following.

(VVOp € 2.(VV1qg € 2.(VV2r € 2.(((p VOp)=(
(p V1igA(p V2r)))=(((p VOop)V((=(p qu))V(ﬂ)(p V2T)))))A(((p Vig)Vv

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))&(((p VOp)V(—(p V1g)))A(((p VOp
((p V1ig)V((p V2r)V(=(p VO0p))))))))))

Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p Vig)=(p V2r)))=(((p VOp)V(p V1g))A((( )
—(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b V1g)A(~(p V1g))V(~(p VOP))))) (29)
Assume the following.
(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1gq)))=(p VOp)))) (30)

Assume the following.

(WWop € 2.(VV1g € 2.((~((p VOp)=(p V1q)))=(=(p V1g)))))  (31)
Assume the following.

(VWop € 2.(VV1g € 2.((=((p VOp)V(p V1g)))=(=(p V0p)))))  (32)
Assume the following.

(WWop € 2.(vW1g € 2.((=((p VOp)V(p V1g)))=(=(r V1g)))))  (33)

Assume the following.

(YVOp € 2.((=(=(p VOp)))=(p VOp))) (34)
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Theorem 1

VA_27a.nonempty A27a=(YVOR € ((24-272)A-27a),
((p (ap (c-2Erelation_2EStrongOrder A_27a) VOR))=-((ap (c_2Erelation 2ESTRORD
A_27a) (ap (c-2Erelation_2ERC A_27a) VOR)) = VOR)))



