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Let ty_2Flist 2Elist : 1= be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2FElist 2Elist A0) (1)
Let c2Elist 2EAPPEND : 1= be given. Assume the following.

VA 27a.nonempty A 27a=-c 2Elist 2EAPPEND A_27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))(ty,2Elist,2Elist A,27a))

(2)

Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (3)
Let c2Elist 2ELENGTH : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c2Elist 2ELENGTH A_27a € (ty_2Enum_2Enum(tv-2Elist-2Blist A-27a))
(4)
Definition 1 We define c 2Emin_2E_3D to be AA.\x € A y € A.inj_o (x =vy)
of type 1=>t.
Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1z € 2.V

Definition 3 We define c 2Emin_2E_40 to be NA.AP € 24.4f (3z € A.p (ap P x)) then (the (\z.x € AAp
of type t1=-t.

Definition 4 We define c_2Ebool 2E_3F to be A\A_27a : 1.(A\VOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Let ¢ 2Elist 2ECONS : 1=t be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2ECONS A 27a € (((ty_2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(5)
Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c 2Elist 2ENIL A 27a € (ty 2Elist 2Elist
A_27a)

(6)



Let ¢ 2Elist 2ELIST__REL : 1=1= be given. Assume the following.

VA 27Ta.nonempty A_27a=YA_27b.nonempty A_27b=c 2FElist 2ELIST__REL
A927a A27b € (((2(ty,2Elist,2Elist A,27b))(ty,2El7Lst,2Elist A,27a))((2A*27b)A’270'))

(7)
Let c2Enum 2EZERO__REP : i be given. Assume the following.

c2Enum 2EZERO__REP € omega (8)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum’™") 9)

Definition 5 We define c22Enum_2EQ to be (ap c2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).

Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (10)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™9%) (11)
Definition 6 We define c_22Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%) (ap (ap (c.2Emin_2E_3D (24-27
Definition 7 We define c 2Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap ¢ 2Enum 2EABS__num
Definition 8 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 9 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 10 We define c_2Ebool 2E_2F 5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €
Definition 11 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 12 We define c_2Ebool 2E_TE to be (A\V 0t € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E

Assume the following.
True (12)

Assume the following.

(VVOotl € 2.(VV1t2 € 2.(((p VOt1)=(p V1t2))=(((p

V162)=(p VOt1)=((p VOt ) (p V1t2))))) (13)

Assume the following,.

(VVOt € 2.(False=(p V0t))) (14)



Assume the following.

VA 27a.nonempty A27a=(YV0t € 2.((VV1x €
A27a.(p VOt))=(p VOL)))

Assume the following.

(YVOt € 2.(((Truen(p VOt))<

(p VOO)A((((p VO)ATrue)<

(p VOO)A(((Falsen(p VOt))=False)AN((((p VOt)AFalse)< False)A
(((p VO)A(p VO))&(p V01)))))))

Assume the following.

(VVOt € 2.(((True=(p VOt))=( VOO)A(((p V
True)A(((False=(p VOt))=True)A((((p VOt)=(p
(p VOt)=False)=(=(p V01))))))))

Assume the following.

(YVOt € 2.((~(~(p VL))

Assume the following.

((=False)=True)))

0t)=True)s

Vot))eTrue)A((

VA 27a.nonempty A27a=(VV0x € A27a.(VOzx = V0z))

Assume the following.

(p VOO)A(((—True)=False)A

VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&

Assume the following.

True))

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €

A27a.(VOx = Viy)e

Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p

(V1y = VO0z))))

NA(((p VOt)&True)s

Vot
(p VOO)A(((Falses(p VOt)) ( pV )t))) (((p VOt)&False)e

Assume the following.

V0t))))))

(VWWO0A € 2.(VV1B € 2.(vV2C € 2.((((p VIB)A

(p V2C))Vv(p V0OA))&

Assume the following.

(VVOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

((p V1t2)=

(p V2t3)))=

3

(((p VOt A(p V1t2))=

(p V213))))))

(=(

(((p VIB)V(p VOA)A((p V2C)V(p V0A)))))))

(23)

(24)



Assume the following.

(VV0z € 2.(VV 1227 € 2.(YV2y € 2.(YV3y.27 €
2.((((p VOoz)=(p V1x27)A((p V1z27)=((p V2y)<=(p V3y-27))))= (25)
(((p VOz)=(p V2y))=((p V1z2T)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A-27a=-((VV 0l € (ty-2Elist2Elist
A27a).((ap (ap (c-2Elist 2EAPPEND A_27a) (c2Elist 2ENIL A_27a))
VOl) = VOI)A(YVLIL € (ty2Elist 2Elist A-27a).(¥V2I2 €
(ty2Elist 2Elist A27a).(WVV3h € A27a.((ap (ap (c2Elist 2EAPPEND
A27a) (ap (ap (c2Elist 2ECONS A 27a) V3h) V1i1)) V2I2) = (ap (ap
(c.2Elist 2ECONS A_27a) V3h) (ap (ap (c2Elist 2EAPPEND A 27a)
Vi) vai2))))

(26)
Assume the following.

VA 27a.nonempty A27a=(((ap (c2Elist 2ELENGTH A_27a)
(c.2Elist 2ENIL A_27a)) = c.2Enum_2E0)A(YVOh € A_27a.(
VYV1t € (ty-2Elist 2Elist A27a).((ap (c2Elist 2ELENGTH
A27a) (ap (ap (c2Elist 2ECONS A_27a) VOh) V1t)) = (ap c22Enum_2ESUC
(ap (c2Elist 2ELENGTH A_27a) V1t))))))
(27)
Assume the following.

VA_27a.nonempty A27a=(VVOP ¢ (2(tv-2Blist2Blist A2Ta))

(((p (ap VOP (c2Elist 2ENIL A 27a)))AN(VV 1t € (ty_2Elist 2Elist
A27a).((p (ap VOP V1t))=(VV2h € A27a.(p (ap VOP (ap (ap (
¢2Elist 2ECONS A_27a) V2h) V1t)))))))=(VV 3l € (ty-2Elist 2Elist
A_27a).(p (ap VOP V3I)))))

(28)
Assume the following.
VA 27a.nonempty A27a=(VV Ol € (ty_2Elist 2Elist
A27a).(VOl = (c2Elist 2ENITL A 27a))V(IV1h € A27a.( (29)

V2t € (ty-2Elist 2Elist A27a).(VOl = (ap (ap (c2Elist2ECONS
A27a) V1h) V2t))))))



Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOR € ((24-27)4-279) (YV1a € A 27a.(VV 2as €
(ty2Elist_2Elist A-27a).(VV3b € A27b.(VV4bs €
(ty-2Elist_2Elist A27b).(((p (ap (ap (ap (c2Elist 2ELIST__REL
A27a A27b) VOR) (c.2Elist 2ENIL A_27a)) (c2Elist 2ENIL A_27b)))<
True)A(((p (ap (ap (ap (c2Elist 2ELIST__REL A_27a A_27b) VOR)
(ap (ap (c2Elist 2ECONS A_27a) V1a) V2as)) (¢c2Elist 2ENIL A 27b)))<
False)A(((p (ap (ap (ap (c2Elist 2ELIST__REL A_27a A27b) VOR)
(c.2Elist 2ENIL A 27a)) (ap (ap (c2Elist 2ECONS A_27b) V3b) V4bs)))<
False)A((p (ap (ap (ap (c2Elist 2ELIST__REL A 27a A27b) VOR)
(ap (ap (c2Elist 2ECONS A_27a) V1a) V2as)) (ap (ap (c2Elist 2ECONS
A_27b) V3b) V4bs)))<((p (ap (ap VOR V1a) V3b)A(p (ap (ap (ap (c2Elist 2ELIST __REL
A27a A27b) VOR) V2as) V4bs))))))))))))
(30)
Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A_27b=V A 27c.
nonempty A_27c=VA_27d.nonempty A_27d=VA_27e.nonempty
A 27e=VA27 fnonempty A27f=VA_27g.nonempty A_27g=
VA_27h.nonempty A_27Th=-((VVOP € ((24-270)A-27a),
(VV1ys € (ty-2Elist 2Elist A27b).((p (ap (ap (ap (c2Elist 2ELIST__REL
A27a A27b) VOP) (c2Elist 2ENIL A 27a)) V1ys))<(V1ys = (c2Elist 2ENIL
A2TH)N)))A((VV2P € ((24-274)A-27¢) (VV 3yys €
(ty2Elist_2Elist A27d).(VV4x € A27c.(VVbxs €
(ty2Elist 2Elist A27¢).((p (ap (ap (ap (c2Elist 2ELIST__REL
A27c A27d) V2P) (ap (ap (c2Elist 2ECONS A_27c) V4dx) Vixs)) V3yys))<
(IVey € A27d.(IVTys € (ty-2Elist 2Elist A27d).
((V3yys = (ap (ap (c-2Elist 2ECONS A27d) V6y) V7ys))A((p (ap (ap
V2P Vix) Véy))A(p (ap (ap (ap (c2Elist 2ELIST__REL A 27c A27d)
V2P) Vias) VTys))))))))A(VVSP € ((24-277)4-27¢),
(VV9zs € (ty-2Elist 2Elist A_27e).((p (ap (ap (ap (c2Elist 2ELIST__REL
A27e A27f) V8P) V9xs) (c2Elist 2ENIL A27f)))=(V9xs = (c2Elist 2ENITL
A27e)))A(VVI0P € ((24-2T)A-279) (VW 11zws €
(ty2Elist 2Elist A27¢g).(VV12y € A27h.(VV13ys €
(ty2Elist 2Elist A27h).((p (ap (ap (ap (c2Elist 2ELIST__REL
A27g A27h) V10P) V1lzas) (ap (ap (c2Elist 2ECONS A_27h) V12y)
V13ys)))e(IV1de € A27¢.(3V 152 € (ty_2Elist 2Elist
A27g).(V1lzxs = (ap (ap (c2Elist 2ECONS A27g) V14x) V15xs))A
((p (ap (ap VIOP V1dz) V12y))A(p (ap (ap (ap (c2Flist 2ELIST__REL
A27g A27h) V10P) V15zs) V13ys))))))))))))))
(31)
Assume the following.

(VVOn € ty_2Enum_2Enum.(—((ap c22Enum_2ESUC V0n) = c_2Enum_2EQ)))
(32)



Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
((ap c.22Enum_2ESUC VOm) = (ap c.2Enum_2ESUC V1n))<(VOm = V1n))))

(33)

Assume the following,
(YVOE € 2.((=(=(p VOE))(p VOL))) (34)

Assume the following.
(YV0A € 2.((p VOA)=((~(p VOA))= False))) (35)

Assume the following,

(YV0A € 2.(YV1B € 2.(((=((p VOA)V(p V1B)))= False)e

((p VOA)= False)=((—(p V1B))=False))))) (36)

Assume the following,
(W04 € 2(W1B € 2((-((=(p VOA)V(p VIB))=>False)e>

((p VOA)=((~(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((~(p VOA))=False)=(((p VOA)=False)=False)))  (38)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(
(((p VOP)\/E (
V

A~

(p Vig)e(p V2r)))e( p V1g)V(p V2r)))A(((p VOp)V((—(
p V2r)V(=(p V1g) DA(((p V1V ((=(p V2r))V(=(p VOp))))A((p V2r)V
((=(p V1g)V(=(p VOp))))))))))

Assume the following.

(VVOp € 2.(VW1g € 2.(WV2r € 2.(((p VOp)=(

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p V1g)V(p V2r)))<(((p VOp)V(=(p V1g)))A(((p VOp
((p V1ig)V((p V2r)V(=(p V0p))))))))))

Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)<(
(p V1g)=(p V2r)))=(((p VOp)V(p V1g))A((( WV(=(p V2r))A(( (42)
=(p V1g))V((p V2r)V(=(p V0p))))))))))

6



Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(b VIg)A((=(p VIg)V(~(p VOP)))) (43)
Assume the following.
(YVOp € 2.(vV1g € 2.((=((p VOp)=(p V1gq)))=(p VOp)))) (44)

Assume the following.

(VWop € 2.(VV1g € 2.((=((p VOp)=(p V1¢)))=(=(p V1q)))))  (45)
Assume the following.

(VWOp € 2.(VV1g € 2.((=((p VOp)V(p V1g)))=(=(p VOp)))))  (46)
Assume the following.

(VWOp € 2.(vW1g € 2.((=~((p VOp)V(p V1q)))=(~(p V1q)))))  (47)

Assume the following.

(VV0p € 2.((~(=(p VOp)))=(p VOp))) (48)
Theorem 1

VA_27a.nonempty A 27a=YA_27b.nonempty A_27b=(
YVOP € ((24-270)A-27a) (YW 1xs € (ty_2Elist 2Elist
A27a).(VV2ys € (ty 2Elist 2Elist A_27b).(VV3xzsl €
(ty2Elist 2Elist A 27a).(VV4ysl € (ty_2Elist 2Elist
A_27b).(((p (ap (ap (ap (c-2Elist 2ELIST__REL A 27a A27b) VOP)
(ap (ap (c2Elist 2EAPPEND A_27a) V1zs) V3xsl)) (ap (ap (c2Elist 2EAPPEND
A27b) V2ys) Vdysl)))A((ap (c2Elist 2ELENGTH A27a) V1zs) = (
ap (c2Elist 2ELENGTH A_27b) V2ys)))=((p (ap (ap (ap (c-2Elist 2ELIST__REL
A_27a A27b) VOP) Vizs) V2ys))A(p (ap (ap (ap (c2Elist 2ELIST__REL
A27a A27b) VOP) V3xsl) V4dysl)))))))))



