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Let ty_2Flist 2Elist : 1= be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty_2Elist 2Elist A0) (1)
Let c2Elist 2ENIL : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Elist 2ENIL A 27a € (ty2Elist 2Elist
A_27a)
(2)
Let ¢ 2Flist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2ECONS A 27a € (((ty_2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)
(3)

Let ¢ 2Elist 2EHD : 1=t be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2EHD A 27a € (A_27q(ty-2Flist-2Elist A-2Ta))
(4)

Definition 1 We define c 2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type 1=>t.

Definition 2 We define c 2Emin_2E_3D to be AA.\x € A y € Ainj_o (z =vy)
of type 1=>t.

Definition 3 We define c_2Ebool 2E_3F to be NA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E 40 2
Let c2Elist 2ELIST_TO_SET : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2Elist 2ELIST_TO__SET A 27a €
((214727@)(ty,2Elist,2Elist A,27a)) (5)

Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (6)



Let c.2Farithmetic2EEV EN : 1 be given. Assume the following.

c2Earithmetic2EEV EN ¢ (2ty-2Fnum-2Enum) (7)
Let c.2Earithmetic2EODD : 1 be given. Assume the following.

c2Earithmetic 2EODD € (2t¥-2Emnum-2Enum) (8)
Definition 4 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 5 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 6 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 7 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type t.

Definition 8 We define c_2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 9 We define c_2Ebool 2E_2F _5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool _2E_21 2) (AV2t € ¢
Let c2Enum 2EREP__num : 1 be given. Assume the following.
c2Enum 2EREP_num € (omega'V-2Enum-2Enum) 9)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™®9%) (10)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (11)
Definition 10 We define c2Enum_2ESUC to be A\VOm € ty 2Enum_2Enum.(ap c2Enum_2EABS__num
Definition 11 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
Definition 12 We define c_2Earithmetic_2E_3E to be A\VOm € ty 2Enum _2Enum. \V1n € ty 2Enum_2En
Definition 13 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2¢ €
Definition 14 We define c_2Earithmetic_2E_3E_3D to be A\VOm € ty 2Enum_2Enum. AV 1n € ty_2Enum_2
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (12)
Definition 15 We define c22Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).

Definition 16 We define c 2Ebool 2ECOND to be AA_27a : t.(A\VOt € 2.(AV1tl € A 27a.(AV2t2 € A 27a.(



Definition 17 We define c2Eprim__rec_2EPRE to be A\VOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2F
Let c.2Farithmetic2EEX P : 1 be given. Assume the following.

c2Earithmetic 2EEX P € ((ty-2Enum_2EnumtY-2Enum-2Enum)ty_2Enum-2Enum)
(13)
Let c.2Farithmetic2E 2A : ¢« be given. Assume the following.

c2Earithmetic2E_2A € ((ty-2Enum_2 EnumtY-2Fnum-2Enum)ty_2Enum_2Enum)
(14)

Definition 18 We define c_2Earithmetic 2ENUMERAL to be A\V 0z € ty_2Enum_2Enum.V0x.
Definition 19 We define c_2Enumeral 2EiiSUC to be A\VOn € ty_2Enum_2Enum.(ap c_2Enum 2ESUC (ap
Definition 20 We define c_22Enumeral 2EiZ to be A\VO0x € ty_2Enum_2Enum.V0zx.

Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(15)

Definition 21 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty 2Enum_2Enum.(ap (ap c_2Earithmetic
Definition 22 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic
Definition 23 We define c_2Earithmetic 2EZERO to be c_2Enum _2EQ.

Definition 24 We define c_2Epred__set 2EEMPTY to be AA_27a : ¢.(A\VO0x € A-27a.c_.2Ebool_2EF).
Definition 25 We define c 2Ebool 2EIN to be AA_27a : 1.(AVO0x € A 27a.(A\V1f € (24-27%).(ap V1f VOz)]
Let ty 2Epair_2Eprod : t=-1=-t be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(16)
Let c2Epair 2EABS__prod : t=1=-t be given. Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A 27a A27b € ((ty-2Epair 2Eprod A 27a A727b)((2A—27b)A727Q))
(17)

Definition 26 We define c_2Epair 2E_2C to be AA27a : t. AA2Tb : 1. AVOz € A27a.\V1y € A27b.(ap (c2

Let c.2Epred__set 2EGSPEC : t1=>1= be given. Assume the following.

VA 2Ta.nonempty A 27a=YA_27b.nonempty A_27b=c_2FEpred_set 2EGSPEC
A927a A27b € ((2147270,)((ty,2Epai'r,2Eprod A_27a Z)A*Wb))

(18)



Definition 27 We define c_2Epred__set 2EUNION to be AA_27a : t.AV0s € (24-27%) AV 1t € (24-27%) (ap (c
Definition 28 We define c_2Epred__set 2EINSERT to be AA_27a : t.AVOx € A27a.\V1s € (24-27%).(ap (c-
Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.

c2Earithmetic 2E 2D € ((ty_2Enum_2EnumtY-2Enum-2Enum)ty 2Enum _2Enum )
(19)
Let c2Elist 2EAPPEND : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Elist 2EAPPEND A 27a € (((ty-2Elist_2Elist
A_27q)(ty-2Blist 2Blist A_2Ta))(ty-2Elist-2Blist A-2Ta))

(20)
Definition 29 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty 2Enum_2Enum. AV 1n € ty 2Enum_2
Let ¢ 2Elist 2EDROP : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c2Elist 2EDROP A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))ty,2E'num,2Enum)
(21)
Let ¢ 2Flist 2ELENGTH : 1= be given. Assume the following.

VYA 27a.nonempty A 27a=c 2FElist 2ELENGTH A 27a € (ty 2Enum 2Enum/ (ty-2Plist-2Blist A-2Ta))
(22)
Let c2Flist 2ETAKE : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Flist 2ETAKE A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))ty,2Enum,2Enum)
(23)
Let c2Flist 2EEL : 1= be given. Assume the following.

VA 2Ta.nonempty A 27a=c 2Elist 2EEL A 27a € ((A_27q(ty-2Flist-2Elist A-2Ta))ty-2Enum_2Enum)
(24)
Assume the following.

(YVOm € ty2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
((ap (ap c2Earithmetic.2E_2B c¢_2Enum_2E0) VOm) = VOm)A(((ap (
ap c2Earithmetic 2E_2B V0m) c_2Enum_2EQ) = VOm)A(((ap (ap c2Earithmetic2E 2B
(ap c.22Enum_2ESUC VOm)) V1in) = (ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B
VOom) V1in)A((ap (ap c.2Earithmetic2E 2B V0m) (ap c.2Enum_2ESUC
Vin)) = (ap c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B V0Om) V1n))))))))
(25)
Assume the following.

(YVOm € ty_2Enum_2Enum.(VV1n € ty_ 2Enum_2Enum.(
(ap (ap c2FEarithmetic2E 2B VOm) V1n) = (ap (ap c.2Earithmetic2E 2B
Vin) VOm))))
(26)



Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.((ap (ap c.2Earithmetic.2E_2B V0m)
(ap (ap c2Earithmetic2E 2B V1n) V2p)) = (ap (ap c.2Earithmetic2E 2B
(ap (ap c2Earithmetic2E 2B VOm) V1n)) V2p)))))
(27)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(p (ap (ap c2Eprim__rec.2E_.3C VOm) V1in))<(p (ap (ap c_2Earithmetic_2E_3C_3D
(ap c.2Enum_2ESUC VOm)) V1n)))))
(28)
Assume the following.

(VVOn € ty 2Enum 2Enum.(p (ap (ap c2Earithmetic_2E_3C_3D

c_2Enum_2E0) VOn))) (29)

Assume the following.

(YVOm € ty_2Enum_2Enum.(NV1n € ty_ 2Enum_2Enum.(
(=(p (ap (ap c-2Eprim__rec 2E_3C VOm) V1n)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Vin) VOm))))
(30)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(

((ap (ap c2Earithmetic.2E_2A c_2Enum_2EQ) VOm) = c_2Enum_2EQ)A
(((ap (ap c2Earithmetic2E_2A VOm) c_2Enum_2EQ) = c_2Enum_2EQ)A
(((ap (ap c2Earithmetic2E 2A (ap c_2Earithmetic. 2ENUMERAL
(ap c2Earithmetic_2EBIT1 c_2Earithmetic.2EZERO))) VOm) = VOm)A
(((ap (ap c2Earithmetic.2E_2A VOm) (ap c2EarithmeticZ 2ENUMERAL
(ap c_2Earithmetic 2EBIT1 c_2Earithmetic 2EZERO))) = V0m)A(

((ap (ap c2Earithmetic.2E 2A (ap c_2Enum_2ESUC VOm)) V1n) = (ap
(ap c2Earithmetic 2E 2B (ap (ap c2Earithmetic2E_ 2A VOm) V1n))
Vin))A((ap (ap c2Earithmetic2E_2A VOm) (ap c2Enum_2ESUC V1n)) =
(ap (ap c2Earithmetic2E 2B VOm) (ap (ap c.2Earithmetic.2E_2A
Vom) Vin)))

(31)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.(((p (ap (ap c_2Earithmetic 2E_3C_3D
VOom) V1n))A(p (ap (ap c-2Earithmetic 2E_3C_3D V1n) V2p)))=(p (
ap (ap c-2Earithmetic 2E_3C_3D VOm) V2p))))))

(32)

Assume the following.

(YVOm € ty 2Enum_2Enum.(p (ap (ap c_2Earithmetic 2E_3C_3D

VOom) Vom))) (33)



Assume the following.

(VVO0c € ty 2Enum_2Enum.((ap (ap c.2Earithmetic2E 2D V0c) (34)
V0c) = c.2Enum_2EQ))

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(VOm = Vin)<((p (ap (ap c-2Earithmetic.2E_3C_3D VOm) V1n))A(p (
ap (ap c-2Earithmetic2E_3C_3D V'1n) VO0m))))))
(35)
Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.((p (ap (ap c_2Earithmetic 2E_3C_3D
(ap (ap c2Earithmetic2E 2B VOm) V1n)) (ap (ap c.2Earithmetic 2E 2B
Vom) V2p)))<(p (ap (ap c-2Earithmetic 2E_3C_3D Vin) V2p))))))
(36)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(=(p (ap (ap c-2Earithmetic2E_3C_3D VOm) V1n)))<(p (ap (ap c_2Earithmetic2E_3C_3D
(ap c2Enum_2ESUC V'1n)) VOm)))))
(37)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV 1n € ty_2Enum_2Enum.(

(=(VOom = V1in))<e((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Enum_2ESUC
VOom)) V1n))V(p (ap (ap c-2Earithmetic2E_3C_3D (ap c_2Enum_2ESUC
Vin)) VOm))))))

(38)
Assume the following.

(VVOn € ty-2Enum_2Enum.((ap c.22Enum_2ESUC VOn) = (ap (ap
c2Earithmetic2E_2B (ap c_2Earithmetic2ZENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic_2EZEROQ))) V0n)))
(39)
Assume the following.

(VVOP € (2ty-2Enum-2Enum) (¢V1q € ty_2Enum_2Enum.
(VV2b € ty2Enum_2Enum.((p (ap VOP (ap (ap c2Earithmetic2E_2D
Vla) V2b)))=(VV3d € ty2Enum_2Enum.(((V2b = (ap (ap c2Earithmetic2E_2B
V1a) V3d))=(p (ap VOP c_2Enum_2E0)))A((V1a = (ap (ap c.2Earithmetic.2E 2B
V2b) V3d)=(p (ap VOP V3d))))))))
(40)
Assume the following.
True (41)



Assume the following.

(VV0t1 € 2.(9V1t2 € 2.(((p VOr1)=(p V1£2)=(((p

V1£2)=(p VOt1)=((p VOr) e (p V1t2)))))) (42)

Assume the following.
(VVOt € 2.(False=(p V0t))) (43)

Assume the following.
(VVot € 2.((p VOr)V(=(p VOL)))) (44)

Assume the following.

VA 27a.nonempty A27a=(VYVO0t € 2.((VV1x €

A 27a.(p VOR) ) (p VO1))) (45)

Assume the following.
(VVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)A (46)

((p VLIE2)A(p V213)))=(((p VOIL)A(p V1E2))A(p V2t3))))))
Assume the following.

(VVOt € 2.(((TrueV(p VOt))eTrue) AN((((p VOt)VTrue)=True) A
(((FalseV(p VOt))(p VOO))A((((p VOt)VFalse)=(p VOr)A(((p VOt)V

(p VO1))=(p V01)))))))
(47)
Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOt))A((((p VOt)=True)&
True)A(((False=(p VOt))=True) A((((p VOt)=(p VOt))=True)A((  (48)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A\

((mFalse)=True))) (49)
Assume the following.
VA_27a.nonempty A27a=(VV0zx € A27a.(V0x = VOz)& (50)
True))
Assume the following.
VA_27a.nonempty A27a=(NVV0zx € A27a.(VV1y € (51)

A27a.(V0z = V1yg)=(Viy = VOz))))



Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p Vo)) A(((p VOt)=True)s
(p VOO)A(((Falses(p VOt)) ( (pV )t))) (((p VOt)= False)=(=( (52)

V0t))))))

Assume the following.

(VV0A € 2.(WW1B € 2.(vV2C € 2.(((p VOA)V(
(p V1B)V(p V20)))=(((p VOA)V(p V1B))V(p V2C))))))

Assume the following.

(VV0A € 2.(YV1B € 2.(((~((p VOA)A(p V1B)))e((~
p VOA)V(=(p VIB)))A((=((p VOA)V(p VIB)))=((=(p VOA)A(=(p V1B)))))))

(53)

—~

(54)

Assume the following.
(VV0A € 2.(WVV1B € 2.(((p VOA)=(p V1B))=((—(p VOA))V (55)

(p V1B)))))

Assume the following.
(VVOt € 2.(((p VOt)=False)=((p VOt)<False))) (56)

Assume the following.
(VVOtL € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOtl)= (57)

((p V12)=(p V2t3)))=(((p VOIL)A(p V112))=(p V213))))))

Assume the following.
(VVOLL € 2.(VW1t2 € 2.(((p VOtl)e(p V12))=(((p .
Votl)=(p V1t2))A((p V1t2)=(p V0t1)))))) (58)

Assume the following.
(VVOtl € 2.(VV1t2 € 2.(((p VOtl)=(p V12)<(((p (59)

VOt A(p V1t2))V((=(p VOt1))A(=(p V112)))))))

Assume the following.

VA 27a.nonempty A27a=(VV0h € A27a.(VV1t €
(ty2Elist 2Elist A27a).((ap (c2Elist 2EHD A_27a) (ap (ap ( (60)
c2Elist 2ECONS A_27a) VOh) V1t)) = VOR)))

Assume the following.

VA 27a.nonempty A27a=(((ap (c2Elist 2ELENGTH A_27a)
(c.2Elist 2ENIL A_27a)) = c.2Enum_2E0)A(VVOh € A_27a.(
VV1t € (ty-2Elist 2Elist A_27a).((ap (c.2Elist 2ELENGTH
A27a) (ap (ap (c2Elist 2ECONS A 27a) VOh) V1t)) = (ap c.2Enum_2ESUC
(ap (c2Elist 2ELENGTH A_27a) V1t))))))
(61)



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOh € A27b.(VV 1t € (ty_2Elist 2Elist A_27b).((
(ap (c2Elist 2ELIST_TO_SET A.27a) (c2Elist 2ENIL A_27a)) =
(c-2Epred__set 2EEMPTY A_27a))A((ap (c2Elist 2ELIST_TO_SET
A_27b) (ap (ap (c-2Elist 2ECONS A_27b) VOh) V1t)) = (ap (ap (c_2Epred__set 2EINSERT
A_27b) VOh) (ap (c2Elist 2ELIST_TO_SET A_27b) V1t))))))
(62)
Assume the following.

VA 27a.nonempty A 27a=(VVO0I1 € (ty_2Elist 2Elist
A 27a).(VV1i2 € (ty-2Elist 2Elist A-27a).((ap (c2Elist 2ELENGTH
A27a) (ap (ap (c2Elist 2EAPPEND A_27a) V0I1) V1i2)) = (ap (ap c-2Earithmetic2E_2B
(ap (c2Elist 2ELENGTH A_27a) VO0I1)) (ap (c.2Elist 2ELENGTH A_27a)
V1i2))))
(63)
Assume the following,.

VA_27a.nonempty A27a=(VVO0I1 € (ty-2Elist_2Elist
A27a).(YV 12 € (ty2Elist 2Elist A-27a).((VOIl = V1i2)<

(((ap (c2Elist 2ELENGTH A_27a) VOI1) = (ap (c.2Elist 2ELENGTH
A27a) VIR)ANV 2z € ty 2Enum _2Enum.((p (ap (ap c_2Eprim__rec 2E_3C
V2z) (ap (¢ 2Elist 2ELENGTH A_27a) V0I1)))=((ap (ap (c2Elist 2EEL

A27a) V2z) VOI1) = (ap (ap (c-2Elist 2EEL A27a) V2x) V1i2))))))))
(64)

Assume the following.

Y A_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOn € ty 2Enum_2Enum.(YV1l € A27b.(VV2s €

(ty2Elist 2Elist A27b).(((ap (c2Elist 2EEL A_27a) c_2Enum_2EQ) =
(c2Elist 2EHD A27a))A((ap (ap (c2Elist 2EEL A_27b) (ap c.2Enum_2ESUC
Von)) (ap (ap (c2Elist 2ECONS A27b) V1) V2Is)) = (ap (ap (c.2Elist 2EEL

A27b) VOn) V2Is))))))
(65)
Assume the following.

VA 2Ta.nonempty A27a=(VV 0l € (ty_2Elist 2Elist
A27a).(VWW1lz € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V1z)

(ap (c2Blist 2ELIST_TO_SET A27a) VOI)))<(3V2n € ty2Enum_2Enum.
((p (ap (ap c2Eprim__rec.2E_3C V2n) (ap (c2Elist 2ELENGTH A_27a)
VOD)A(V1x = (ap (ap (c2Elist 2EEL A_27a) V2n) V0I)))))))

(66)



Assume the following.

VA 27a.nonempty A27a=(YV0On € ty 2Enum_2Enum.(
VYV1l € (ty-2Elist 2Elist A_27a).((p (ap (ap c_2Earithmetic 2E_3C_3D
VOon) (ap (¢c:2Elist 2ELENGTH A27a) V11)))=((ap (c2Elist 2ELENGTH
A27a) (ap (ap (c2Elist 2ETAKE A 27a) VOn) V11)) = VOn))))
(67)
Assume the following.

VA 27a.nonempty A_27a=(VVO0n € ty_2Enum_2Enum.(
YV1l € (ty2Elist 2Elist A27a).((ap (c-2Elist 2ELENGTH
A27a) (ap (ap (c2Elist 2EDROP A 27a) VOn) V1I)) = (ap (ap c2Earithmetic2E 2D
(ap (c2Elist 2ELENGTH A-27a) V11)) V0n))))
(68)
Assume the following.

VA 27a.nonempty A_27a=(VYVO0I1 € (ty2Elist_2Elist
A27a).(VV1i2 € (ty2Elist 2Elist A27a).((ap (c2Elist 2ELIST_TO_SET
A27a) (ap (ap (c2Elist 2EAPPEND A_27a) V0I1) V1i2)) = (ap (ap (
c_2Epred__set 2EUNION A_27a) (ap (c-2Elist 2ELIST_TO__SET
A27a) VOI1)) (ap (c2Elist 2ELIST_TO_.SET A_27a) V112)))))
(69)
Assume the following.

(((ap c2Enum_2ESUC c_2Earithmetic 2EZERO) = (ap c_2Earithmetic 2EBIT1
c_2Earithmetic . 2EZERO))A((VVOn € ty_2Enum_2Enum.((ap
c_2Enum_2ESUC (ap c_2Earithmetic2EBIT1 V0n)) = (ap c-2Earithmetic_2EBIT2
Von)))A(VV1in € ty-2Enum_2Enum.((ap c22Enum_2ESUC (ap c_2Earithmetic_2EBIT2
V1n)) = (ap c-2Earithmetic 2EBIT1 (ap c2Enum_2ESUC V'1n))))))

(70)

10



Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n))))A((YV25n € ty_2Enum_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.
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Assume the following.

(VVOn € ty2Enum_2Enum.(YV1m € ty_2Enum_2Enum.(

((ap c_2Enumeral 2EiZ (ap (ap c2Earithmetic.2E_2B c_2Earithmetic 2EZERO)
VOon)) = VOn)A(((ap c2Enumeral 2EiZ (ap (ap c2Earithmetic2E 2B
VOn) c_2Earithmetic22EZERO)) = VOn)A(((ap c-2Enumeral 2EiZ (
ap (ap c2Earithmetic.2E_2B (ap c_2Earithmetic 2EBIT1 V0n)) (
ap c_2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT2 (
ap c_2Enumeral 2EiZ (ap (ap c2Earithmetic.2E 2B V0On) V1m))))A
(((ap c2Enumeral 2EiZ (ap (ap c2Earithmetic.2E_2B (ap c_2Earithmetic 2EBIT1
VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c.2Enumeral 2EiZ (ap (ap c-2Earithmetic.2E 2B (ap c_2Earithmetic 2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c2Enum_2ESUC (ap (ap c2Earithmetic2E 2B VOn) V1m))))A(

((ap c_2Enumeral 2EiZ (ap (ap c_2Earithmetic 2E_2B (ap c_2Earithmetic 2EBIT?2
VOn)) (ap c-2Earithmetic2EBIT2 V'1m))) = (ap c_2Earithmetic_2EBIT2
(ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B c_2Earithmetic 2EZERO)
V0n)) = (ap c2Enum_2ESUC VOn))A(((ap c.22Enum_2ESUC (ap (ap c2Earithmetic.2E 2B
VO0n) c_2Earithmetic 2EZERO)) = (ap c_2Enum 2ESUC VOn))A(((ap
c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c22Enum _2ESUC (ap (ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1
VOn)) (ap c2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic 2EBIT2
(ap c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c2Enum_2ESUC (ap (ap c-2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT2
(ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c.2Enum_2ESUC (ap (ap c2Earithmetic 2E_2B (ap c_2Earithmetic 2EBIT?2
VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c22Enumeral 2EiSUC (ap (ap c-2Earithmetic2E 2B V0On) V1m))))A
(((ap c2Enumeral 2EiiSUC (ap (ap c-2Earithmetic.2E_2B c_2Earithmetic.2EZERO)
VOn)) = (ap c.2Enumeral 2EiiSUC VOn))A(((ap c-2Enumeral 2EiSUC
(ap (ap c2Earithmetic2E_2B VO0n) c_2Earithmetic.2EZERO)) = (
ap c_2Enumeral 2EiiSUC VOn))A(((ap c2Enumeral 2EiiSUC (ap (
ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1 VOn)) (ap c_2Earithmetic_2EBIT1
V1m))) = (ap c2Earithmetic_2EBIT2 (ap c_.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B
Von) V1im))))A(((ap c-2Enumeral 2EiiSUC (ap (ap c2Farithmetic2E_2B
(ap c_2Earithmetic 2EBIT1 VOn)) (ap c_2Earithmetic 2EBIT2 V1m))) =
(ap c2Earithmetic_2EBIT1 (ap c_2Enumeral 2EiiSUC (ap (ap c2Earithmetic2E_2B
Von) V1im))))A(((ap c-2Enumeral 2EiiSUC (ap (ap c2FEarithmetic 2E_2B
(ap c2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic2EBIT1 V1m))) =
(ap c2Earithmetic_2EBIT1 (ap c_2Enumeral 2EiiSUC (ap (ap c-2Farithmetic2E_2B
Von) V1im))))A((ap c2Enumeral 2EiiSUC (ap (ap c2Earithmetic 2E 2B
(ap c2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) =
(ap c2Earithmetic_2EBIT2 (ap c_2Enumeral 2EiiSUC (ap (ap c2FEarithmetic2E 2B

VOn) 2m))))))))))))))))))
(72)



Assume the following.

(YVOn € ty 2Enum_2Enum.(VYV1m € ty 2Enum_2Enum.(
((p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO) (ap c_2Earithmetic_2EBIT1
Von)))eTrue)AN(((p (ap (ap c.2Eprim__rec2E_3C c_2Earithmetic_.2EZERO)
(ap c_2Earithmetic_2EBIT2 VOn)))<True) A(((p (ap (ap c2Eprim__rec_2E_3C
VOn) c_2Earithmetic2EZERO))< False) A(((p (ap (ap c2Eprim__rec_2E_3C
(ap c_2Earithmetic_2EBIT1 VOn)) (ap c-2Earithmetic 2EBIT1 V1m)))<
(p (ap (ap c2Eprim__rec_2E_3C VOn) V1m)))A(((p (ap (ap c2Eprim__rec_2E_3C
(ap c_2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic_2EBIT2 V1m)))<
(p (ap (ap c2Eprim__rec.2E_3C VOn) V1m)))A(((p (ap (ap c2Eprim__rec_2E_3C
(ap c_2Earithmetic_2EBIT1 VOn)) (ap c-2Earithmetic 2EBIT2 V1m)))<
(=(p (ap (ap c-2Eprim__rec2E_3C V1m) VOn))))A((p (ap (ap c_2Eprim__rec2E_3C
(ap c_2Earithmetic_2EBIT2 VOn)) (ap c_2Earithmetic 2EBIT1 V1m)))<
(p (ap (ap c2Eprim__rec.2E_.3C VOn) V1m)))))))))))
(73)
Assume the following.

(VVOn € ty-2Enum_2Enum.(YV1m € ty_2Enum_2Enum.(

((p (ap (ap c_2Earithmetic_2E_3C_3D c_2Earithmetic 2EZERO) V0n))<
True)AN(((p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Earithmetic 2EBIT1
V0n)) c2Earithmetic 2EZERO))< False) A(((p (ap (ap c2Earithmetic_2E_3C_3D

(ap c_2Earithmetic_2EBIT2 VOn)) c_2Earithmetic 2EZERO))< False)A
(((p (ap (ap c-2Earithmetic2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic 2EBIT1 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) V1im)))A(((p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c_2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) V1im)))A(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic2EBIT1 V1m)))<(=(p (ap (ap c-2Earithmetic.2E_3C_3D
Vim) VOon))))A((p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
VOn) Vim)))))))))))
(74)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(—(p (ap (ap (75)
(c-2Ebool 2EIN A_27a) VO0x) (c-2Epred__set 2EEMPTY A_27a)))))

Assume the following.

VA 27a.nonempty A27a=(YV0s € (24-272) (VV 1t €
(24-27a) (VW22 € A27a.((p (ap (ap (c_2Ebool 2EIN A_27a)
V2z) (ap (ap (c2Epred__set 2EUNION A_27a) V0s) V1t)))<((p (ap  (76)
(ap (c2Ebool 2EIN A_27a) V2x) V0s))V(p (ap (ap (c_2Ebool 2EIN
A27a) V2z) V1t)))))))
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Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(VV2s € (22-27%).((p (ap (ap (c.2Ebool 2EIN A_27a)
VO0z) (ap (ap (c2Epred_set 2EINSERT A_27a) V1y) V2s)))<=((VOx =
V1y)V(p (ap (ap (c2Ebool 2EIN A_27a) VO0z) V2s)))))))
(77)
Assume the following.

VA_27a.nonempty A27a=(VVOn € ty_2Enum_2Enum.(
VYV1I1 € (ty2Elist 2Elist A_27a).(VV2I2 € (ty-2Elist_2Elist
A27a).((p (ap (ap c_2Eprim__rec2E_3C VOn) (ap (c2Elist 2ELENGTH
A 27a) V1i1)))=((ap (ap (c2Elist 2EEL A_27a) VOn) (ap (ap (c2Elist 2EAPPEND
A27a) V111) V212)) = (ap (ap (c2Elist 2EEL A_27a) VOn) V1I1))))))
(78)
Assume the following,.

VA 27a.nonempty A27a=-(VVO0I1 € (ty_2Elist 2Elist
A27a).(VV1n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
(ap (c2Elist 2ELENGTH A-27a) VO0I1)) V1n))=(YV2I2 € (ty-2Elist_2Elist
A27a).((ap (ap (c2FElist 2EEL A 27a) V1n) (ap (ap (c2Elist 2EAPPEND
A27a) VOI1) V212)) = (ap (ap (c2Elist 2EEL A_27a) (ap (ap c.2Earithmetic2E_2D
V1n) (ap (c.2Elist 2ELENGTH A_27a) VOI1))) V212))))))
(79)
Assume the following.

VA 27a.nonempty A27a=(YV0m € ty_2Enum_2Enum.(
YVin € ty2Enum_2Enum.(VV 2l € (ty_2Elist_2Elist
A_27a).((p (ap (ap c_2Eprim__rec2E_3C (ap (ap c2Earithmetic2E_2B
VOom) V1in)) (ap (c2Elist 2ELENGTH A_27a) V21)))=((ap (ap (c2Elist 2EEL
A27a) VOm) (ap (ap (c-2Elist 2EDROP A 27a) V1n) V2I)) = (ap (ap (
c2Elist 2EEL A 27a) (ap (ap c2Earithmetic2E 2B VOm) V1n)) V21))))))
(80)
Assume the following.

VA 27a.nonempty A27a=(VV0n € ty_2Enum_2Enum.(
VV1z € ty_2Enum_2Enum.(VV2l € (ty-2Elist 2Elist
A27a).((p (ap (ap c2Eprim__rec2E_3C V1z) VOn))=((ap (ap (c2Elist 2EEL
A27a) V1z) (ap (ap (c2Elist 2ETAKE A 27a) VOn) V21)) = (ap (ap (
c2Elist 2EEL A 27a) V1z) V21))))))

(81)

Assume the following.
(YVOt € 2.((—(—~(p VOL)))(p VOL))) (82)

Assume the following.
(VVO0A € 2.((p VOA)=((~(p VOA))=False))) (83)
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Assume the following.

(VV0A € 2.(WVV1B € 2.(((—((p VOA)V(p V1B)))=False)&

(((p VOA)=False)=((—(p V1B))=False))))) (84)
Assume the following.
(VV0A € 2.(WVV1B € 2.(((=((=(p VOA))V(p V1B)))=False)= (85)

((p VOA)=((=(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (86)

Assume the following.

(VVOp € 2.(VV1qg € 2.(VV2r € 2.(((p VOp)&=(

(p Vig)e(p V2r)))=(((p VOp)V((p V1ig)V (

p V2r))V(=(p V1g) )A(((p V1V ((=(p V2r
((=(p V1g))v(=(p VOp))

Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(
(p VigIn(p V2r)))e(((p VOp)V((—(p V1Q))V(ﬁ)(p V27")))))A(((p Vig)Vv

Assume the following.

(VVOp € 2.(VV1g € 2.(WV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(-(p V1g)))A(((p VOp
((p V1g)V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V

(p V1g))A((p V1)V (~(p VOp)))))) (90)

Theorem 1

VA_27Ta.nonempty A 27a=(YV0d € (ty_2Elist 2Elist
A27a).(VV1b € A27a.((VV2a € (ty-2Elist 2Elist
A27a).(VV3c € (ty-2Elist_2Elist A27a).(—~(V0d = (ap (ap

(c.2Elist 2EAPPEND A_27a) (ap (ap (c2Elist 2EAPPEND A_27a) V2a)

(ap (ap (c2Elist 2ECONS A_27a) V1b) (c2Elist 2ENIL A_27a))))

V3c)))))<(—(p (ap (ap (c2Ebool 2EIN A_27a) V'1b) (ap (c2Elist 2ELIST_TO__SET

A27a) V0d)))))))
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