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Let ty_2Flist 2Elist : 1= be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty_2Elist 2Elist A0) (1)
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2ECONS A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(2)

Let ty_2FEquote_2Evarmap : t=-t be given. Assume the following.
VAO.nonempty AO=nonempty (ty_2Equote_2Evarmap AQ) (3)
Let ty_ 2Equote 2Finder : ¢ be given. Assume the following.
nonempty ty_2Equote_2Eindex (4)
Let c.2Equote_2Evarmap__find : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=-c2Equote_2Evarmap__find A_27a €
((A727a(ty,QEquote,QEvarmap A,27a))ty,QEquote,QEindew) (5)

Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2FElist 2ENIL A 27a € (ty_2FElist_2Elist
A_27a)
(6)

Let ty 2Ering 2Ering : t=-t be given. Assume the following.
VAO.nonempty AO=nonempty (ty-2Ering_2Ering A0) (7)

Let c2Ering 2Ering__RM : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Ering 2Ering__RM A_27a € (((
A727GA727a)A,27a)(ty,2E7'ing,2E’7'ing A,27a)> (8)



Let c.2Ering 2Ering__RP : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_ 2Ering 2Ering__RP A 27a € (((
A727aA,27a)A,27a)(ty,2Ering,2Er7Lng A,27a)) (9)

Let c2Ering 2Ering__R1 : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Ering 2Ering__R1 A_27a € (A_27q(ty-2Ering2Ering A_2Ta))
(10)
Let c2Ering 2Ering__R0 : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Ering 2Ering__R0 A_27a € (A_27q(ty-2Ering-2Ering A-2Ta))
(11)
Let ty_2FEsemi__ring 2Esemi_ring : 1=t be given. Assume the following.

VAO.nonempty A0=nonempty (ty_2Esemi_ring_2Esemi_ring A0) (12)

Let c2Esemi__ring 2Erecordtype 2Esemi_ring : 1= be given. Assume the
following.

VA 27a.nonempty A27a=c2Esemi_ring 2Erecordtype 2Esemi_ring

A27a € (((((ty-2Esemi__ring_2Esemi__ring A,27a)((A*QMAJM)Ajh))((A*QMA*Q“)AJM))A*27“)A*27a)
(13)

Definition 1 We define c 2Emin_2E_3D to be \AAx € A y € A.inj_o (x = y)
of type t=-t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c.2Emin 2E_3D (22)) (\V0x € 2.V0z)) (\V1z € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ering_2Esemi__ring__of to be AA_27a : 1. \VOr € (ty_2Ering 2Ering A_27a).(ap
Let c.2Ecanonical 2Eivl__aux : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c2FEcanonical 2Eivl__aux A 27a €
((((A727a(ty,2Elist,2Elist ty,QEquote,QEindew))ty,ZEquote,ZEindem)(ty,QEquote,QE'Ua'rmap A,27a))(ty,QEsemi,J“ing,i
(14)
Definition 5 We define c_2EringNorm_2Er__ivl__aux to be AA_27a : 1. A\VOr € (ty_2Ering 2Ering A-27a).(a

Let c.2FEsemi_ring 2Esemi_ring_.SRM : 1=t be given. Assume the follow-
ing.

VA 27a.nonempty A27a=c2Esemi_ring 2Esemi_ring__SRM
A927a € (((A727aA,27a)A,27a)(ty,2Esem1',,,r1',ng,2Esemz’,,m‘ng A,27a)) (15)

Let c.2Esemi_ring 2FEsemi_ring__SRP : 1= be given. Assume the following.

VYA 27a.nonempty A_27a=c 2Esemi_ring 2Esemi_ring__SRP

A27a € (((A727GJA,27(L)A,Z?a)(ty,2Esemi,,’r‘ing,QEsemLJ"ing A,27a)) (16)



Let c.2Esemi__ring 2Esemi_ring__SR1 : 1= be given. Assume the following.

VA 27a.nonempty A27a=c 2Esemi_ring 2Esemi_ring__SR1

A27a € (A727a(ty,2Esemi,,ring,2Esemi,,ring A,27a)) (17)

Let c.2Esemi__ring 2Esemi_ring__SR0 : 1= be given. Assume the following.

VYA 27a.nonempty A_27a=c 2Esemi_ring 2Esemi_ring__SR0

A927a € (A727a(ty,2Esemi,,'ring,ZEsemi,,ring A,27a)) (18)

Definition 6 We define c.2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 7 We define c.2Ebool 2E_2F_5C to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Assume the following.

VA_27a.nonempty A27a=NVV0zx € A27a.(VV1y € (19)
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

VA_27a.nonempty A27a=((VVO0sr € (ty-2Esemi_ring-2Esemi_ring
A27a).(VV1vm € (ty2Equote 2Evarmap A27a).(VV2z €
ty 2Equote 2Eindex.((ap (ap (ap (ap (c2Ecanonical 2Eivl__aux
A27a) VOsr) V1ivm) V2zx) (c2Elist 2ENIL ty 2Equote_ 2Eindex)) =
(ap (ap (c.2Equote_2Evarmap__find A-27a) V2zx) V1vm)))))A(VV3sr €
(ty2Esemi__ring 2Esemi_ring A27a).(VV4vm € (ty-2Equote_2Evarmap
A_27a).(VVbz € ty_ 2Equote_ 2Eindex.(NV6x_27 € ty_2Equote_2FEindex.
(YV7t 27 € (ty 2Elist 2Elist ty 2Fquote 2Eindex).((ap
(ap (ap (ap (c2Ecanonical 2Eivl__aur A27a) V3sr) Vdvm) Viz) (
ap (ap (c2Elist_ 2ECONS ty_2Equote_2Eindex) V6x27) VTt_27)) =
(ap (ap (ap (c-2Esemi__ring-2Esemi_ring__SRM A_27a) V3sr) (ap
(ap (c2Equote_2Evarmap__find A_27a) V5z) V4dvm)) (ap (ap (ap (ap
(c.2Ecanonical 2FEivl__aux A 27a) V3sr) V4dvm) V6x_27) V7t 27)))) )
(20)



Assume the following.

VA 27a.nonempty A27a=((VV0a € A27a.(WVV1a0 €
A27a.(VV2f € ((A27a4-272)A-27) (YV3f0 € ((A27aA-270)A-2Ta),
((ap (c-2Esemi_ring-2Esemi__ring_-_SR0 A_27a) (ap (ap (ap (ap
(c-2Esemi_ring_2Erecordtype_2Esemi_ring A-27a) V0a) V1a0)

V2f) V3£0)) = V0a)))))A((VV4a € A27a.(VV'5a0 € A 27a.
(VV6f € ((A_27aA-2T0)A-2Ta) (WV7F0 € ((A_27aA-2T0)A-2Ta),
((ap (c.2Esemi_ring 2Esemi_ring_SR1 A 27a) (ap (ap (ap (ap

(c.2Esemi_ring_2Erecordtype 2Esemi_ring A27a) V4a) V5a0)
Ve6f) V7f0)) = V5a0)))))A((VV8a € A27a.(VV9a0 € A 27a.
(YV10f € ((A27aA-279)A-2Ta) (Y 11f0 € ((A27aA-272)A-2Ta),

((ap (c2Esemi_ring-2Esemi_ring_SRP A27a) (ap (ap (ap (ap

(c-2Esemi_ring_2Erecordtype 2Esemi_ring A-27a) V8a) V9a0)

V10f) V11£0)) = V10£))AYV12a € A_27a.(¥V13a0 €
A27a.(YV14f € ((A27aA-270)A-270) (YV15f0 € ((
A 27qA-270)A-270) ((ap (c2Esemi_ring 2Esemi_ring__SRM
A27a) (ap (ap (ap (ap (c2Esemi_ring-2Erecordtype_2Esemi__ring
A27a) V12a) V13a0) V14f) V150)) = V15£0))))))))
(21)

Theorem 1

VA 27a.nonempty A 27a=(VVOr € (ty_2Ering 2Ering
A27a).(VV1vm € (ty_2Equote_2Evarmap A_27a).(VV2zx €
ty_2Equote 2Eindex.((ap (ap (ap (ap (c-2EringNorm _2Er__ivl__aux
A_27a) VOr) V1iem) V2z) (c.2Elist 2ENIL ty 2Equote_2Eindex)) =
(ap (ap (c-2Equote_2Evarmap__find A_27a) V2z) V1vm))))A(VV3vm €
(ty2Equote_ 2Evarmap A_27a).(VV4x € ty_2FEquote 2Findex.
(VV52 27 € ty_2Equote_2Eindex.(VV6t_27 € (ty_2Elist 2Elist
ty_ 2Equote 2Eindex).((ap (ap (ap (ap (c2EringNorm_2Er__ivl__aux
A_27a) VOr) V3vm) Vdx) (ap (ap (c2Elist_ 2ECONS ty_2Equote_2FEindex)
Vbx_27) V6t27)) = (ap (ap (ap (c2Ering 2Ering__RM A_27a) VOr)
(ap (ap (c2Equote_2Evarmap__find A_27a) V4x) V3vm)) (ap (ap (ap
(ap (c_2EringNorm_2Er__ivl__aux A_27a) VOr) V3um) V5z_27) V6t_27)))))))))



