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Let ty_2FEcanonical 2Ecanonical__sum : 1=t be given. Assume the follow-
ing.

VAO.nonempty A0=nonempty (ty-2Ecanonical 2Ecanonical__sum (1)
A0)

Let c.2Ecanonical 2ENil__monom : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Ecanonical 2ENil__monom A_27a €
(ty_2Ecanonical 2Ecanonical __sum A_27a)

(2)
Let ty 2Equote 2Findex : ¢ be given. Assume the following.
nonempty ty_2Equote_2Eindex (3)
Let ty 2Flist 2FElist : t=1 be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2FElist 2Elist A0) (4)

Let c.2Ecanonical 2ECons__varlist : 1=t be given. Assume the following.

VA 2Ta.nonempty A_27a=c_2Ecanonical 2ECons__varlist
A27a € (((ty72Ecanonical*QECCWLOTLZ.CCLZ,,S’U,m A727a)(tyiEcanonicalJE(:anonical,,sum A,27a))(ty,2Elist,2Eli.

(5)

Let ty_2EternaryComparisons_2FEordering : ¢ be given. Assume the following.
nonempty ty_2EternaryComparisons_2FEordering (6)
Let c.2Equote_2Findex__compare : ¢ be given. Assume the following.

c2Equote 2Eindex__compare € ((ty_2EternaryComparisons_2Eordering

(7)

ty_2FEquote_2FEindex ) ty_2Equote_2F



Let c2FEternaryComparisons_2Elist__compare : t=>1=>t be given. Assume the
following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEternaryComparisons
A27a A27b € (((ty2EternaryComparisons_2Fordering(ty-2Flist-2Elist A27b))(ty 2Blist 2Elist A-27a))((ty
(8)
Let ty_2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (9)

Let c_2EternaryComparisons_2FEordering2num : ¢ be given. Assume the fol-
lowing.

c2EternaryComparisons_2Eordering2num € (ty_2Enum_2Enumty-2EternaryComparisons_2Eordering)

Let c2Enum 2EZERO__REP : 1 be given. Assume the following. 1o
c2Enum 2EZERO__REP € omega (11)

Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (12)

Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € A.inj_o (x = vy)
of type t=>t.

Definition 2 We define c2Enum_2EQ to be (ap c.2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Definition 3 We define c_2Earithmetic_ 2EZERO to be c_2Enum_2EO.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (13)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

c2Enum 2ESUC__REP € (omega®™%) (14)

Definition 4 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (\V1z € 2.V
Definition 5 We define c_22Ebool 2E_21 to be AA_27a : t.(A\VOP € (24-27%) (ap (ap (c.2Emin_2E_3D (24-27
Definition 6 We define c2Enum_2ESUC to be AVOm € ty_2Enum_2Enum.(ap c2Enum 2EABS __num |
Let c2FEarithmetic2E 2B : ¢ be given. Assume the following.

c.2Earithmetic2E 2B € ((ty_2Enum_2Enumty-2Enum-2Enum )ty 2Enum_2Enum)
(15)

Definition 7 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_ 2Enum_2Enum.(ap (ap c2Earithmetic_



Definition 8 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.

Definition 9 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 10 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)

of type ¢.
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We define c2Ebool 2E_2F 5C to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c2Ebool 2E_21 2) (AV2t €

We define c 2Emin_2E 40 to be NAAP € 24.4f (3z € Ap (ap P x)) then (the (\z.x € AN

We define c22Ebool_2ECOND to be AA27a : t.(AVOt € 2.(AV1tl € A27a.(A\V2t2 € A27a.(
We define c2Ebool 2E _TE to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
We define c_2Ebool 2E_3F to be AA_27a : t.(AVOP € (24-27%).(ap VOP (ap (c2Emin_2E_40
We define c 2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum AV 1n € ty_2Enum_2Enu

We define c_2EternaryComparisons_2Eordering__CASE to be AA_27a : 1. AV 0z € ty_2FEternary

Let c_2Ecanonical 2ECons__monom : 1= be given. Assume the following.

YA 27a.nonempty A_27a=-c_2Ecanonical 2ECons__monom A_27a €

((((ty,QEcanom'cal,2Ecanonical,,sum A727a)(ty,2EcanonicaL2Ecanonical,,sum A,27a))(ty,2Elist,2Elist ty_2Eq

(16)
Let ty 2FEring 2Ering : 1=t be given. Assume the following.
VAO.nonempty AO=nonempty (ty_2Ering 2Ering A0) (17)
Let c2Ering 2Ering__RM : 1= be given. Assume the following.
VA 27a.nonempty A_27a=-c_ 2Ering 2Ering__RM A 27a € (((
A727aA,27a)A,27a)(ty,2Ering,2Ering A,27a)) (18)
Let c.2Ering 2Ering__RP : 1= be given. Assume the following.
VA 27a.nonempty A_27a=c_ 2Ering 2Ering__RP A 27a € (((
A727QA,27a)A,27a)(ty,2E'ring,2Ering A,27a)) (19)

Let c2Ering 2Ering__R1 : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Ering 2Ering._R1 A_27a € (A_27q(ty-2Ering2Ering A-2Ta))

(20)

Let c2Ering_ 2Ering__R0 : 1= be given. Assume the following.

VA_27a.nonempty A27a=>c_2Ering 2Ering._R0 A_27a € (A_27q(ty-2Ering2Ering A_2Ta))

(21)



Let ty 2Esemi_ring 2FEsemi__ring : =1 be given. Assume the following.
YV AO0.nonempty A0=nonempty (ty_2Esemi_ring 2Esemi_ring A0) (22)

Let c2Esemi_ring 2Erecordtype 2Esemi_ring : 1=t be given. Assume the
following.

VA 27a.nonempty A27a=c2Esemi_ring 2FErecordtype 2Esemi_ring

A27a € (((((ty-2Esemi_ring 2Esemi__ring A,27a)«AJMA*QM)AJN))((A*QMA*Z?G)AJM))Af27“)A*27“)
(23)

Definition 18 We define c_2Ering_2Esemi__ring__of to be A\A_27a : t.AVOr € (ty_2Ering_2Ering A_27a).(q;
Let c_2Ecanonical 2Emonom__insert : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=-c_2Ecanonical_2Emono
A27a € ( ( ( ( (ty,2ECCLTLOTL7:CCLl,2ECCLTLOTLZ.CCLZ,,SUTTL A,270,) (ty_2Ecanonical_2Ecanonical __sum A_27a) ) (ty_2Elist_2E
(24)

Definition 19 We define c 2EringNorm_2Er__monom__insert to be AA_27a : 1. A\VOr € (ty_ 2Ering 2Ering A

Let c.2Esemi_ring 2Esemi_ring__SRM : 1=t be given. Assume the follow-
ing.

VA 27a.nonempty A_27a=c2Esemi_ring 2Esemi_ring__SRM
A97a € (((A727GA,27a)A,27a>(ty,ZEsemi,,rinngsemi,J'ing A,27a)>

(25)
Let c.2Esemi_ring 2Esemi_ring__SRP : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=c2Esemi_ring 2Esemi_ring__SRP
A27a € (((A727aA,27a)A,27a) (ty_2Esemi__ring_2Esemi__ring A_27a) )

(26)
Let c.2Esemi__ring 2Esemi_ring__SR1 : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2Esemi_ring 2Esemi_ring__SR1

A27a € (A727a(ty,2Esemi,,ring,ZEsemi,J‘ing A,27a)) (27)

Let c.2Esemi__ring 2Esemi_ring__SR0 : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=c2Esemi_ring 2Esemi__ring__SR0

A97a € (A727a(ty,2Esemi,,ring,2Esemi,,ring A,27a)) (28)
Assume the following.
VA 27a.nonempty A 27a=(NVVO0x € A27a.(VV1y € (29)

A27a.(VOx = Viy)e(Viy = VOx))))



Assume the following.

VA 27a.nonempty A27a=((VV0t2 € (ty-2Ecanonical 2Ecanonical -_sum
A27a).(VV1sr € (ty_2Esemi_ring 2Esemi_ring A 27a).
(VV2I2 € (ty-2Elist 2Elist ty-2Equote_2Eindex).(YV3I1 €
(ty2Elist 2Elist ty_2Equote 2Eindex).(VV4c2 € A_27a.
(VV5el € A27a.((ap (ap (ap (ap (c-2Ecanonical 2Emonom__insert
A27a) V1sr) Vbel) V3I1) (ap (ap (ap (c.2Ecanonical 2ECons__monom
A27a) V4c2) V212) V0t2)) = (ap (ap (ap (ap (c2EternaryComparisons_2Eordering__CASE
(ty-2Ecanonical 2Ecanonical__sum A_27a)) (ap (ap (ap (c-2EternaryComparisons_2Elist__compare
ty_2Equote 2Eindex ty-2Equote_2Findex) c.2Equote_2Eindex__compare)
V3I1) V212)) (ap (ap (ap (c-2Ecanonical 2ECons__monom A_27a) V5cl)
V3I1) (ap (ap (ap (c-2Ecanonical 2ECons__monom A_27a) V4c2) V2I2)
V0t2))) (ap (ap (ap (c2Ecanonical 2ECons_monom A_27a) (ap (ap
(ap (0,2Esemz,ng,QEsemi,,ring,,SRP A27a) V1sr) Vbel) V4ce2))
V3I1) V0t2)) (ap (ap (ap (c2Ecanonical 2ECons__monom A_27a) V4c2)
V212) (ap (ap (ap (ap (c.2Ecanonical 2Emonom__insert A_27a) V1sr)
V5el) V3I1) V0t2)))))))A((YV6t2 € (ty-2Ecanonical 2Ecanonical -_sum
A27a).(VV7sr € (ty-2Esemi_ring 2Esemi_ring A27a).
(VV8I2 € (ty_2Elist 2Elist ty 2Equote_ 2Eindex).(VV9I1 €
(ty2Elist_2Elist ty 2Equote_2Findex).(VV10cl € A_27a.
((ap (ap (ap (ap (c:2Ecanonical_2Emonom__insert A_27a) V7sr) V10cl)
V9I1) (ap (ap (c2Ecanonical 2ECons_varlist A_27a) V8I2) V6t2)) =
(ap (ap (ap (ap (c-2EternaryComparisons_2Eordering__CASE (ty_-2Ecanonical 2Ecanonical __sum
A_27a)) (ap (ap (ap (c2EternaryComparisons_2Elist__compare
ty_2Equote 2Eindex ty-2Equote_2Findex) c.2Equote_2Eindex__compare)
V9I1) V8i2)) (ap (ap (ap (c-2Ecanonical 2ECons__monom A_27a) V10cl)
V9I1) (ap (ap (c2Ecanonical 2ECons_varlist A_27a) V8I2) V6t2)))
(ap (ap (ap (c2Ecanonical 2ECons_monom A_27a) (ap (ap (ap (c.2Esemi_ring 2Esemi_ring__SRP
A27a) V7sr) V10cl) (ap (c2Esemi_ring 2Esemi_ring__SR1 A_27a)
Vsr))) VIIl) V6t2)) (ap (ap (c2Ecanonical 2ECons_varlist A_27a)
V812) (ap (ap (ap (ap (c.2Ecanonical 2Emonom__insert A_27a) V'7sr)
V10c1) V911) V6t2))))))))) (VV1lsr € (ty-2Esemi_ring_2Esemi__ring
A_27a).(VV12I1 € (ty2Elist 2Elist ty_2Equote_ 2Eindex).
(VV13cl € A27a.((ap (ap (ap (ap (c_2Ecanonical 2Emonom__insert
A_27a) V1lsr) V13cl) V1211) (c2Ecanonical 2ENil__monom A_27a)) =
(ap (ap (ap (c2Ecanonical 2ECons__monom A-27a) V13cl) V12I1)
(c-2Ecanonical 2ENil__monom A27a))))))))
(30)



Assume the following.

VA 27a.nonempty A27a=((VV0a € A27a.(WVV1a0 €
A27a.(VV2f € ((A27a4-272)A-27) (YV3f0 € ((A27aA-270)A-2Ta),
((ap (c-2Esemi_ring-2Esemi__ring_-_SR0 A_27a) (ap (ap (ap (ap
(c-2Esemi_ring_2Erecordtype_2Esemi_ring A-27a) V0a) V1a0)

V2f) V3£0)) = V0a)))))A((VV4a € A27a.(VV'5a0 € A 27a.
(VV6f € ((A_27aA-2T0)A-2Ta) (WV7F0 € ((A_27aA-2T0)A-2Ta),
((ap (c.2Esemi_ring 2Esemi_ring_SR1 A 27a) (ap (ap (ap (ap

(c.2Esemi_ring_2Erecordtype 2Esemi_ring A27a) V4a) V5a0)
Ve6f) V7f0)) = V5a0)))))A((VV8a € A27a.(VV9a0 € A 27a.
(YV10f € ((A27aA-279)A-2Ta) (Y 11f0 € ((A27aA-272)A-2Ta),

((ap (c2Esemi_ring-2Esemi_ring_SRP A27a) (ap (ap (ap (ap

(c-2Esemi_ring_2Erecordtype 2Esemi_ring A-27a) V8a) V9a0)

V10f) V11£0)) = V10£))AYV12a € A_27a.(¥V13a0 €
A27a.(YV14f € ((A27aA-270)A-270) (YV15f0 € ((
A 27qA-270)A-270) ((ap (c2Esemi_ring 2Esemi_ring__SRM
A27a) (ap (ap (ap (ap (c2Esemi_ring-2Erecordtype_2Esemi__ring
A27a) V12a) V13a0) V14f) V150)) = V15£0))))))))
(31)



Theorem 1

VA 27a.nonempty A 27a=(VVOr € (ty_2Ering 2Ering
A_27a).(VV1t2 € (ty_2FEcanonical 2FEcanonical __sum A_27a).
(VV212 € (ty-2FElist 2Elist ty_2Equote_2Eindex).(VV3I1 €
(ty-2Elist_2Elist ty-2Equote_2Eindex).(YV4c2 € A_27a.
(VV5el € A27a.((ap (ap (ap (ap (c_2EringNorm_2Er__monom__insert
A27a) VOr) Vbel) V3I1) (ap (ap (ap (c_2Ecanonical 2ECons__monom
A27a) V4c2) V212) V1t2)) = (ap (ap (ap (ap (c2EternaryComparisons_2Eordering__CASE
(ty-2Ecanonical 2Ecanonical__sum A_27a)) (ap (ap (ap (c-2EternaryComparisons_2Elist__compare
ty_2Equote 2Eindex ty_2Equote_ 2Eindex) c_2Equote_2Eindex__compare)
V3I1) V212)) (ap (ap (ap (c2Ecanonical 2ECons__monom A_27a) V5cl)
V3i1) (ap (ap (ap (c2Ecanonical 2ECons__monom A_27a) V4c2) V2I2)
V1t2))) (ap (ap (ap (c-2Ecanonical 2ECons_monom A_27a) (ap (ap
(ap (c22Ering2Ering__RP A_27a) VOr) Vbcl) V4c2)) V3I1) V1t2))
(ap (ap (ap (c-2Ecanonical 2ECons_monom A_27a) V4c2) V2I2) (ap
(ap (ap (ap (c2EringNorm_2Er__monom__insert A_27a) VOr) V5cl)
V3I1) V1e2))))N)A((VV 62 € (ty-2Ecanonical 2 Ecanonical -_sum
A_27a).(VVT7I2 € (ty-2Elist 2Elist ty_2Equote 2Eindex).
(VV8I1 € (ty_2Elist 2Elist ty 2Equote 2Findex).(VV9cl €
A27a.((ap (ap (ap (ap (c_2EringNorm_2Er__monom__insert A_27a)
VOr) V9cl) V8I1) (ap (ap (c-2Ecanonical 2ECons__varlist A_27a)

V7i2) V6t2)) = (ap (ap (ap (ap (c_2EternaryComparisons_2Eordering__CASE
(ty_2Ecanonical 2Ecanonical__sum A_27a)) (ap (ap (ap (c2EternaryComparisons_2Elist__compare
ty 2Equote 2Eindex ty 2Equote 2Eindex) c_2Equote_2Eindex__compare)

V8I1) V7i2)) (ap (ap (ap (c2Ecanonical_2ECons__monom A-27a) V9cl)

V8I1) (ap (ap (c-2Ecanonical 2ECons__varlist A_27a) V712) V6t2)))

(ap (ap (ap (c-2Ecanonical 2ECons__monom A_27a) (ap (ap (ap (c2Ering_2Ering__RP
A_27a) VOr) V9cl) (ap (c2Ering 2Ering__R1 A_27a) VOr))) V8I1)

V6t2)) (ap (ap (c.2Ecanonical 2ECons_varlist A27a) V7I2) (ap
(ap (ap (ap (c2EringNorm_2Er__monom__insert A_27a) VOr) V9cl)

V8I1) V6t2))))))))A(YV10I1 € (ty-2Elist_2Elist ty_2Equote_2Eindex).

(VV1lel € A27a.((ap (ap (ap (ap (c-2EringNorm_2Er__monom__insert
A27a) VOr) V1lel) V10I1) (c-2Ecanonical 2ENil__monom A_27a)) =
(ap (ap (ap (c2Ecanonical 2ECons_monom A_27a) V1lel) V10I1)
(c.2Ecanonical 2ENil__monom A_27a))))))))



