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Let ty_2FEcanonical 2E spolynom : 1=t be given. Assume the following.
VA0.nonempty A0=nonempty (ty-2Ecanonical 2Espolynom A0) (1)
Let c.2Ecanonical 2ESPmult : 1=t be given. Assume the following.

VA 2T7a.nonempty A_27a=-c2Ecanonical 2ESPmult A 27a €
(((ty,2Ecanonical,QEspolynom A,27a) (ty_2Ecanonical _2Espolynom A_27a) ) (ty_2Ecanonical 2Espolynom A_27a) )

(2)

Let c_2Ecanonical 2ES Pplus : t=-t be given. Assume the following.

VA 27a.nonempty A_27a=c_2Ecanonical 2ESPplus A 27a €
(((ty,QEcanonical,QEspolynom A727a) (ty-2Ecanonical 2Espolynom A_2T7a) ) (ty-2Ecanonical -2Espolynom A_2Ta) )

(3)

Let ty_2FEcanonical _2FEcanonical __sum : t=-¢ be given. Assume the following.

VAO.nonempty A0=nonempty (ty-2Ecanonical 2Ecanonical __sum (4)
A0)

Let ty_2FEquote 2Findex : ¢ be given. Assume the following.
nonempty ty_2FEquote_2Findex (5)
Let ty 2Flist 2Elist : 1= be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2FElist 2Elist A0) (6)
Let c.2Ecanonical 2ECons__monom : 1=t be given. Assume the following.

VA 2Ta.nonempty A_27a=-c_2Ecanonical 2ECons__monom A_27a €
((((ty,ZEcanom'cal,2Ecanom'cal,,sum A727a)(ty,ZEcanonical,QEcanom'cal,,sum A,27a))(ty,2Elist,2Elist ty_2Eq

(7)

Let c.2Ecanonical 2ES Pconst : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2Ecanonical 2ESPconst A 27a € (8)
((ty_2Ecanonical 2E spolynom A,27a)A—27a)



Let c.2Ecanonical 2ENil__monom : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=-c2Ecanonical 2ENil__monom A_27a €
(ty-2Ecanonical 2Ecanonical -_sum A_27a)

(9)

Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Elist 2ENIL A 27a € (ty2Elist 2Elist
A_27a)
(10)
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.
VA 27a.nonempty A27a=c2Elist 2ECONS A27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)
(11)
Let c.2Ecanonical 2ECons__varlist : 1=t be given. Assume the following.

VA 27Ta.nonempty A_27a=c_2Ecanonical 2ECons_varlist
A27a € ( ( (ty,QEcanom‘cal,2Ecanom‘cal,,sum A727a) (ty_2Ecanonical_2Ecanonical —_sum A_27a) ) (ty_2Elist_2Eli

(12)
Let c.2Ecanonical 2ES Pvar : 1= be given. Assume the following.
VA 27a.nonempty A_27a=c_2Ecanonical 2ESPvar A27a € ( (13)
(ty_2Ecanonical 2Espolynom A_27a)t-2Fauote-2Eindex)

Let ty_2FEsemi__ring 2Esemi_ring : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2Esemi_ring_2Esemi_ring A0) (14)

Definition 1 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 2 We define c.22Emin_2E_3D to be AA.\x € A \y € A.inj_o (z =vy)
of type t=>t.

Definition 3 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1xz € 2.V
Definition 4 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 5 We define c_2Ebool _2E_2F _5C to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool_2E_21 2) (AV2t € ¢

Let c_2Ecanonical 2Espolynom__normalize : 1= be given. Assume the fol-
lowing.

VA_27a.nonempty A_27a=c_2FEcanonical 2E spolynom__normalize
A 927a € (((ty,QECCWLORZ.CCLZ,QECCLRONZ.CCLZ,,SU,WL A727a)(ty,2Ecanonical,2Espolynom A,27a))(ty,ZEsemi,J’ing,ZE(
(15)
Let ty 2Ering 2Ering : 1=t be given. Assume the following.

VAO.nonempty AO=nonempty (ty_2Ering 2Ering A0) (16)



Let c.2Ering 2Ering__RM : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c2Ering 2Ering__RM A_27a € (((
A727aA,27a)A,27a)(ty,2E'ring,2Em’ng A,27a)) (17)

Let c.2Ering 2Ering__RP : 1= be given. Assume the following.

VA_27a.nonempty A_27a=-c2Ering 2Ering__RP A_27a € (((
A727aA,27a)A,27a)(ty,QE'r'ing,QEring A,27a)) (18)

Let c2Ering 2Ering__R1 : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Ering 2Ering._R1 A_27a € (A_27q(ty-2Ering2Ering A-2Ta))
(19)
Let c2Ering 2FEring__R0 : 1= be given. Assume the following.

VA_27a.nonempty A_27a=c2Ering 2Ering__R0 A_27a € (A_27q(ty-2Ering-2Ering A-2Ta))
(20)
Let c2Esemi_ring 2Erecordtype 2Esemi_ring : 1=t be given. Assume the
following.

VA 27a.nonempty A27a=-c2Esemi_ring 2FErecordtype 2Esemi_ring

A27a € (((((ty-2Esemi_ring_2Esemi__ring A,27a)((A*27“A727Q)A727a))((A*27“A727E)A727a))A*27“)A*27“)
(21)

Definition 6 We define c_2Ering_2Esemi__ring__of to be AA_27a : t.\VOr € (ty_2Ering 2Ering A_27a).(ap
Definition 7 We define c_2EringNorm_2Er__spolynom__normalize to be AA_27a : t.A\VOr € (ty_2Ering_2Eri

Let c2Ecanonical_2Ecanonical__sum__prod : 1= be given. Assume the fol-
lowing.

VA 27a.nonempty A_27a=c_2Ecanonical_2Ecanonical
A97a € ( ( ( (ty,QEcanom'cal,2Ecanonical,,sum A727a) (ty_2Ecanonical _2Ecanonical —_sum A_27a) ) (ty_2Ecanonic
(22)

Definition 8 We define c_2EringNorm_2Er__canonical__sum__prod to be A\A_27a : t. AV Or € (ty_2Ering 2Eri

Let c.2Ecanonical 2Ecanonical__sum__merge : 1= be given. Assume the fol-
lowing.

VA 2T7a.nonempty A_27a=c_2Ecanonical_2Ecanonical __.
A27a € ( ( ( (ty,QECCl’IIOTM:C(IZ,QECCLTLOTLZ.C(IZ,,S”UJTR A727a) (ty-2Ecanonical_2Ecanonical__sum A_27a) ) (ty_2Ecanonic
(23)

Definition 9 We define c_2EringNorm _2Er__canonical__sum__merge to be AA_27a : 1. A\VOr € (ty_ 2Ering 2F
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €

A27a.(V0x = Viy)e(Viy = V0x)))) (24)



Assume the following.

VA 27a.nonempty A_27a=((VVO0sr € (ty_2Esemi_ring 2Esemi_ring
A_27a).(VV1i € ty_2FEquote 2Eindex.((ap (ap (c.2Ecanonical 2Espolynom__normalize
A27a) VOsr) (ap (c-2Ecanonical 2ESPvar A-27a) V1i)) = (ap (ap (
c2Ecanonical 2ECons__varlist A27a) (ap (ap (c2Elist 2ECON S
ty_2FEquote 2Findex) V1i) (c2Elist 2ENIL ty 2Equote_2Eindex)))
(c.2Ecanonical 2ENil__monom A_27a)))))A((YV2sr € (ty-2Esemi__ring_2Esemi_ring
A27a).(VV3c € A27a.((ap (ap (c2Ecanonical 2Espolynom__normalize
A27a) V2sr) (ap (c2Ecanonical 2ESPconst A27a) V3c)) = (ap (ap
(ap (c22Ecanonical 2ECons__monom A27a) V3c) (c2Elist 2ENIL
ty_2Fquote 2Findex)) (c-2Ecanonical 2ENil__monom A_27a)))))A
((VV4sr € (ty2Esemi_ring_2Esemi_ring A27a).(VV5l €
(ty_2Ecanonical 2Espolynom A_27a).(VV6r € (ty_2Ecanonical 2E spolynom
A27a).((ap (ap (c2Ecanonical 2Espolynom__normalize A_27a)
Vdsr) (ap (ap (c.2Ecanonical 2ESPplus A-27a) V5l1) V6r)) = (ap (ap
(ap (c2Ecanonical 2Ecanonical __sum_-merge A_27a) V4sr) (ap
(ap (c2Ecanonical 2Espolynom_normalize A_27a) Vdsr) V5l))

(ap (ap (c.2Ecanonical 2Espolynom_normalize A_27a) Vasr) V6r))))))A
(VV7sr € (ty 2Esemi_ring 2Esemi_ring A27a).(VV8l €
(ty-2Ecanonical 2Espolynom A_27a).(YVIr € (ty-2Ecanonical 2E spolynom
A27a).((ap (ap (c-2Ecanonical 2Espolynom__normalize A_27a)
V7sr) (ap (ap (c-2Ecanonical 2ESPmult A27a) V8) VIr)) = (ap (ap
(ap (c2Ecanonical 2Ecanonical __sum__prod A27a) V7sr) (ap (
ap (c2Ecanonical 2Espolynom_normalize A27a) V7sr) V8I)) (
ap (ap (c22Ecanonical 2E spolynom__normalize A27a) V7sr) VIr)))))))))

(25)



Theorem 1

VA 27a.nonempty A 27a=(VVOr € (ty_2Ering 2Ering
A27a).((YV1i € ty_2Equote 2Eindex.((ap (ap (c-2EringNorm_2Er__spolynom__normalize
A_27a) VOr) (ap (c-2Ecanonical 2ESPvar A_27a) V1i)) = (ap (ap (c-2Ecanonical 2ECons__varlist
A27a) (ap (ap (c2Elist 2ECONS ty_2Equote 2FEindex) V1i) (c2Elist 2ENITL
ty 2FEquote_2Findex))) (c-2Ecanonical 2ENil__monom A_27a))))A
((VV2c € A27a.((ap (ap (c_2EringNorm_2Er__spolynom__normalize
A27a) VOr) (ap (c2Ecanonical 2ESPconst A_27a) V2¢)) = (ap (ap
(ap (c22Ecanonical 2ECons__monom A27a) V2¢) (c2Elist 2ENIL
ty 2FEquote_2Findex)) (c.2Ecanonical 2ENil__monom A_27a))))A
((VV3l € (ty-2Ecanonical 2Espolynom A_27a).(NVV4r_ 27 €
(ty_2Ecanonical 2Espolynom A_27a).((ap (ap (c2EringNorm_2Er__spolynom__normalize
A27a) VOr) (ap (ap (c-2Ecanonical 2ESPplus A_27a) V3l) V4r 27)) =
(ap (ap (ap (c-2EringNorm_2Er__canonical__sum__merge A_27a)
VOr) (ap (ap (c-2EringNorm_2Er__spolynom__normalize A_27a) VOr)
V3l)) (ap (ap (c2EringNorm_2Er__spolynom__normalize A_27a)
VOr) V4ar_27))))A(VV5I € (ty-2Ecanonical 2Espolynom A_27a).

(YV6r_27 € (ty_2Ecanonical 2Espolynom A_27a).((ap (ap
(c_2EringNorm_2Er__spolynom__normalize A_27a) VOr) (ap (ap (
c2Ecanonical 2ESPmult A_27a) V5l) V6r_27)) = (ap (ap (ap (c-2EringNorm_2Er__canonical__sum__proc
A_27a) VOr) (ap (ap (c-2EringNorm_2Er__spolynom__normalize A_27a)

VOr) V5l)) (ap (ap (c_2EringNorm _2Er__spolynom__normalize A_27a)

Vor) V6r27)))))))))



