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Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V

Definition 3 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Let ty 2Ering 2Ering : t=-t be given. Assume the following.
VAO.nonempty AO=nonempty (ty-2Ering_2Ering A0) (1)
Let c2Ering 2Ering__RN : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Ering 2Ering._ RN A_27a € ((A27a-27®)(ty-2Ering-2Ering A-27a))
(2)

Let ¢ 2Ering 2Ering__RM : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=c2Ering 2Ering__RM A_27a € (((
A727aA,27a)A,27a)(ty,2Ering,2Ering A,27a)) (3)

Let c.2Ering 2Ering__RP : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_ 2Ering 2Ering__RP A 27a € (((
A727aA,27a)A,27a)(ty,QEring,QEring A,27a)) (4)

Definition 4 We define c_2Ebool 2E_21 to be A\A_27a : t.(A\VOP € (24-27%) (ap (ap (c.2Emin_2E_3D (24-27

Let c.2Ering 2Ering__R0O : 1= be given. Assume the following.

VA 27a.nonempty A_27a=>c2Ering 2Ering__R0 A_27a € (A_27q(ty-2Ering-2Ering A-2Ta))
(5)
Definition 5 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢



Let c2Ering 2Ering__R1 : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c2Ering 2Ering__R1 A_27a € (A_27q(ty-2Ering-2Ering A-2Ta))

(6)
Definition 6 We define c_2Ering_2Eis__ring to be AA_27a : L. \VOr € (ty-2Ering_ 2Ering A_27a).(ap (ap c-

Let ty_2Esemi__ring 2Esemi_ring : t=>¢ be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2Esemi_ring 2Esemi_ring A0)  (7)

Let c2Esemi_ring 2Erecordtype 2Esemi_ring : 1=t be given. Assume the
following.

VA 27a.nonempty A_27a=c2Esemi_ring 2Erecordtype 2Esemi_ring
A27a € (((((ty-2Esemi__ring_2Esemi__ring A,27a)“AJMAJM)A*ZM))((A*QMA*ZM)AJM))A*27a)A*27“)

(8)
Definition 7 We define c_2Ering_2Esemi__ring__of to be A\A_27a : 1. \VOr € (ty2Ering_2Ering A_27a).(ap

Let c.2Esemi__ring 2Esemi_ring__SR1 : 1= be given. Assume the following.

VA 27a.nonempty A27a=c_2Esemi_ring 2Esemi_ring__SR1
A97a € (A727a(ty,2Esemi,,ring,QEsemi,,ring A,27a)) (9)

Let c.2Esemi__ring 2Esemi_ring__SR0 : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=-c2Esemi_ring 2Esemi__ring__SR0

A27a € (A727a(ty,2Esemi,,ring,2Esemi,,ring A,27a)) (10)

Let c2Esemi_ring 2Esemi_ring._SRM : 1=-1 be given. Assume the follow-
ing.

YA 27a.nonempty A_27a=c2Esemi_ring 2FEsemi_ring__SRM

A927a € (((A727aA,27a)A,27a)(ty,2Esemi,J‘ing,2Esemi,,ring A,27a)) (11)

Let c2Esemi__ring 2Esemi_ring__SRP : 1= be given. Assume the following.

VA 2Ta.nonempty A_27a=c2Esemi_ring 2Esemi_ring__SRP

A927a € (((A727GA,27a)A,27a>(ty,2Esemi,,m’nngsemi,Jing A,27a)> (12)

Definition 8 We define c_2Esemi__ring 2Eis__semi__ring to be A\A_ 27a : t. AV Or € (ty_2Esemi_ring_2FEsem

Assume the following.
True (13)

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VOzx = VOz)&

True)) (14)



Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.((V0z = V1y)e(V1y = VOx))))

Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(VV1y €
A27a.(VV2z € A27a.((VOx = V1iy)A(V1y = V2z))=(V0x = V2z2)))))
(16)
Assume the following.

VA 27a.nonempty A27a=((¥V0a € A27a.(VV1a0 €
A27a.(VV2f € ((A27aA270)A2Ta) (V30 € ((A.27aA-2T0)A-2Ta),
((ap (c.2Esemi_ring 2Esemi_ring_.SR0 A_27a) (ap (ap (ap (ap
(c.2Esemi_ring_2Erecordtype 2Esemi_ring A-27a) V0a) V1a0)

V2f) V370)) = V0a)))))A((VV4da € A27a.(VV5a0 € A27a.
(VV6f € ((A27a4-272)A-27a) (VVTf0 € ((A27a?-272)A-2Ta),
((ap (c2Esemi_ring 2Esemi_ring__SR1 A_27a) (ap (ap (ap (ap

(c-2Esemi_ring_2Erecordtype 2Esemi_ring A27a) V4a) V5a0)
V6F) VT£0)) = V5a0)))A((VV8a € A_27a.(¥V9a0 € A_27a.
(YV10f € ((A27aA-279)A=2Ta) (Y 11f0 € ((A27aA-272)A-2Ta),

((ap (c2Esemi_ring-2Esemi_ring__SRP A27a) (ap (ap (ap (ap

(c-2Esemi_ring_2Erecordtype 2Esemi_ring A27a) V8a) V9a0)

V10f) V11£0)) = V10£))ANVV12a € A_27a.(VV13a0 €
A27a.(VV14f € ((A27aA-270)A-27a) (Y 15f0 € ((
A27a4-2T0)A27a) ((gp (c2Esemi_ring 2Esemi__ring__SRM
A_27a) (ap (ap (ap (ap (c2Esemi_ring 2Erecordtype 2Esemi_ring
A27a) V12a) V13a0) V14f) V15f0)) = V15£0))))))))
(17)

Theorem 1

VA 27a.nonempty A27a=(VVOr € (ty-2Ering_2Ering
A_27a).((p (ap (c2Ering_2Eis__ring A_27a) VOr))=(p (ap (c_2Esemi__ring_2Eis__semi__ring
A_27a) (ap (c-2Ering_2Esemi__ring__of A_27a) V0r)))))



