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Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c 2Ecombin_2Eo to be AA_27a : t.AA27b : L.AA2Tc : LAVOf € (A276"27%) . AV 1g

Definition 5 We define c.2Ecombin_2EK to be A\A27a : 1. NA27b : 1.(AVO0z € A27a.(A\V1y € A27b.V0x))

Definition 6 We define cC2Ecombin_2ES to be AA_27a : 0. AA27b : L. XA 27c: 1. (AVOf € ((A,27CA*27Z’)A7270

Definition 7 We define c.2Ecombin_2El to be AA_27a : v.(ap (ap (c_2Ecombin_2ES A_27a (A_27a”-27) A_
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)

Let c2Earithmetic2EEV EN : 1 be given. Assume the following.

c2Earithmetic2EEV EN ¢ (2ty-2Fnum-2Enum) (2)
Let c.2Earithmetic2EODD : ¢ be given. Assume the following.

c2Earithmetic2EODD € (2tY-2Enum-2Enum) (3)
Definition 8 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 9 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type t.

Definition 10 We define c_2Ebool 2E_TE to be (AVOt € 2.(ap (ap c-2Emin_2E_3D_3D_3E V0t) c_2Ebool_2E

Definition 11 We define c 2Ebool 2E_2F 5C to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €



Let c.2Enum_2EREP__num : 1 be given. Assume the following.
c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following,.
c2Enum 2ESUC__REP € (omega®"%) (5)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (6)
Definition 12 We define c2Enum_2ESUC to be A\VOm € ty 2Enum_2Enum.(ap c2Enum_2EABS__num

Definition 13 We define c 2Emin_2E_40 to be N\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.xz € AN
of type t=>t.

Definition 14 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 15 We define c_2Eprim__rec_2E_3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
Definition 16 We define c_2Earithmetic_2E_3E to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty 2Enum_2En
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (7

Definition 17 We define c_2Enum_2EO to be (ap c.2Enum_2EABS_num c.2Enum_2EZERO__REP).
Definition 18 We define c_2Ebool 2ECOND to be NA_27a : 1.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Definition 19 We define c_2Eprim__rec_2EPRE to be A\VOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool_2E
Let c.2Farithmetic2EEXP : 1 be given. Assume the following.

c2Earithmetic 2EEX P € ((ty-2Enum_2EnumtY-2Enum-2Enum)ty_2Enum-2Enum)
Let c2Farithmetic2E 2D : . be given. Assume the following. )

c2Earithmetic 2E 2D € ((ty_2Enum_2Enum!y-2Enum-2Enum)ty-2Enum-2Enum)
Let c.2FEarithmetic2E_2A : . be given. Assume the following. )

c2Earithmetic 2E 2A € ((ty_2Enum_2EnumtY-2Fnum-2Enum)ty 2Enum_2Enum)
(10)

Definition 20 We define c_22Enumeral 2EiiSUC to be AVOn € ty_2Enum_2Enum.(ap c.2Enum_2ESUC (ap

Definition 21 We define c_2Enumeral 2EiZ to be A\V 0z € ty_ 2Enum_2Enum.V0x.



Let ty_2FEpair 2Eprod : t1=>1= be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty_2Epair 2Eprod
A0 A1)
(11)
Let c2Epair 2ESN D : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(12)
Let ¢ 2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Ep1‘od A_27a A,27b))
(13)

Definition 22 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L. AA27c 1 LAVOS € ((A27¢A-7

Definition 23 We define c 2Ebool 2EIN to be NA 27a : 1.(AVO0x € A 27a.(A\V1f € (24-27).(ap V1f VOz)]

Definition 24 We define c_2Epred__set 2ESURJ to be AA_27a : 1.AA27b : LAVOS € (A27b"-27) AV1s € (

Definition 25 We define c 2Epred__set 2EINJ to be AA_27a : tL.AA27b : LAVOf € (A270*2T") AV 1s € (2/

Let c.2Earithmetic2E_2B : ¢ be given. Assume the following.

c2Earithmetic 2E 2B € ((ty_2Enum _2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(14)

Definition 26 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic

Let ty_2Fhreal 2Fhreal : 1 be given. Assume the following.

nonempty ty_2FEhreal 2Ehreal (15)
Let ty 2FErealax_2Ereal : ¢ be given. Assume the following.

nonempty ty_2Erealax_2Ereal (16)

Let c2Erealaxr_2Ereal__REP__CLASS : i be given. Assume the following.

c2Erealar 2Ereal . REP__CLASS € ((Q(ty,2Epair,2Eprod ty-2Ehreal_2Ehreal ty,2E'h7‘eal,2Ehreal))ty,2E'reala:1:

(17)

Definition 27 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2FErealaxz_2Ereal.(ap (c.2Emin_2E_40 (¢

Let c.2FErealax_2Etreal__inv : ¢ be given. Assume the following.

c2Erealax_2Etreal__inv € ((ty2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEhreal,QEhreal) (ty-2Epair_2Eprod ty-2Ehreal_2Ehreal ty_-2Ehreal_2Ehreal) )

(18)



Let c.2Erealax_2Etreal__eq : 1 be given. Assume the following.

c2Erealaxr_2Etreal eq € ((Q(ty,ZEpair,2Eprod ty_2Ehreal_2Ehreal ty,2Ehreal,2Ehreal))(ty,QEpair,2Eprod ty_2Eh

(19)
Let c2Erealax 2Ereal __ABS_CLASS : 1 be given. Assume the following.

(Q(ty,ZEpai'r72Eprod ty-2FEhreal_2Ehreal ty_2Ehreal _2Ehn
(20)
Definition 28 We define c 2Erealax_2Ereal __ABS to be A\VOr € (ty_2Epair 2Eprod ty_2Ehreal 2Ehreal ty

c2Erealax 2Ereal__ABS__CLASS € (ty_2Erealax_2Ereal

Definition 29 We define c_2Erealax_2Einv to be \VO0T'1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal __ABS
Definition 30 We define c_2Earithmetic 2EZERO to be c_2Enum _2EQ.

Definition 31 We define c 2Earithmetic_2EBIT2 to be A\VOn € ty 2Enum_2Enum.(ap (ap c_2Earithmetic
Definition 32 We define c_2Earithmetic 2ENUMERAL to be A\VO0x € ty_2Enum_2Enum.V0zx.

Let c.2Erealax_2Etreal__mul : ¢ be given. Assume the following.

c2Erealax_2Etreal__mul € (((ty-2Epair 2Eprod ty_2Ehreal 2Ehreal
ty,QEh’l“eal,ZEh’l“eal)(ty*QEpm.r*2Epr0d ty_2Ehreal _2Ehreal ty,QEhreal,QEhreal))(ty,ZEpair,?Eprad ty_2Ehreal _2Ehi

(21)
Definition 33 We define c_2Erealax_2Ereal__mul to be \VOT'1 € ty_2FErealax 2Ereal A\V1T2 € ty_2FEreala
Definition 34 We define c_2Ereal 2E_2F to be \VOx € ty_2FErealax 2Ereal AV 1y € ty_2Erealax_2Ereal.(
Let c.2FErealax_2FEtreal__neg : 1 be given. Assume the following.

c2Erealax_2FEtreal_neg € ((ty_2Epair 2Eprod ty 2Ehreal 2Ehreal
ty72Eh,,,ea172Eh,,,eal)(ty,2Epair,2Eprod ty_2FEhreal _2Ehreal ty,QEhreal,QEhreal))

(22)
Definition 35 We define c_2Erealax_2Ereal__neg to be \VOT'1 € ty_2Erealax_2Ereal.(ap c_2Erealax_2Ereal
Let c.2Erealax_2Etreal__add : ¢ be given. Assume the following.

c2Erealax_2Etreal__add € (((ty-2Epair_2Eprod ty_2Ehreal 2Ehreal
ty,2Ehreal,2Ehreal) (ty_2Epair_2Eprod ty_2Ehreal _2Ehreal ty_2Ehreal_2Ehreal) ) (ty_2Epair_2Eprod ty_2Ehreal _2Eh:

(23)
Definition 36 We define c_2Erealax_2Ereal__add to be A\VOT'1 € ty_2Erealar 2Ereal \V1T2 € ty_2FEreala
Definition 37 We define c_2Ereal 2Ereal__sub to be A\V0x € ty_2FErealax 2Ereal A\V1y € ty_2Erealax 2E"
Let c2Ereal 2Ereal__of __num : ¢ be given. Assume the following.

c2Freal 2Ereal _of_num € (ty_2Erealax_2FEreqltV-2Erum-2Enumy — (o4)

Let c.2FErealax_2Etreal__It : v be given. Assume the following.

c2Erealax 2Etreal_lt € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,QEhreal,ZEhreal))(ty,2Epai'r,2Eprod ty_2Eh
(25)



Definition 38 We define c_2Erealax_2Ereal__It to be AVOT'1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax-
Definition 39 We define c_2Ereal 2Ereal__lte to be A\VOx € ty 2Erealax 2Ereal AV 1y € ty 2Erealax 2Er
Definition 40 We define c_2Ereal 2Eabs to be \V 0z € ty_2Erealax_2Ereal.(ap (ap (ap (c2Ebool 2ECONI
Definition 41 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 42 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum. AV 1n € ty_2Enum_2
Let ty_2Emetric.2Emetric : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2Emetric.2Emetric A0) (26)
Let c.2Emetric.2Emetric : 1=t be given. Assume the following.

VA_27a.nonempty A_27a=-c_2Emetric.2Emetric A27a € ((ty_2Emetric 2Emetric

A727a) (ty,QE’I"ealail),QE’l"eal(f'il/72Epai7‘72Ep'rod A_27a A_27a) ) )

(27)
Definition 43 We define c_2Emetric 2Emrl to be (ap (c-2Emetric2Emetric ty_2Erealax_2Ereal) (ap (c.
Let c2Epair 2EABS__prod : t=t=-t be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c 2Epair 2EABS__prod

A27a A27b € ((tnyEpaihQEprod A27a A727b)((2A727b)A727a))
(28)

Definition 44 We define c 2Epair 2E 2C to be A\A27a : t. \A27b : 1. AV O0x € A2Ta AV 1y € A27b.(ap (c2

Let c.2Emetric_2Edist : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c_2Emetric2Edist A27a € ((ty_2Erealax_2Ereal(tV-2Fpair-2Eprod A-2Ta A2
(29)
Let ty_2FEtopology_2Etopology : 1=t be given. Assume the following.

VAO.nonempty AO=nonempty (ty-2Etopology-2Etopology A0) (30)
Let c_2FEtopology_2FEtopology : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEtopology_2Etopology A_27a € 31)
A_27a
((ty-2Etopology_2Etopology 14,27a)(2<2 )))
Definition 45 We define c_2Emetric 2Emtop to be AA_27a : 1. AVOm € (ty_2Emetric_2Emetric A_27a).(ay
Let c.2Enets_ 2Ftends : t=>t=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2FEnets_2Etends
A927a A27Th € (((2(ty,2Epair,2Eprod (ty-2FEtopology-2Etopology A_27a) ((2A*27b)A’27b)))A,27a)(A,27aA*27b))

(32)



Definition 46 We define c_2Eseq_2E_2D_2D_3E to be \V 0z € (ty_2Erealax_2Ereql'¥-2Emm-2Enumy \y1,
Definition 47 We define c_2Earithmetic 2EMAX to be \VOm € ty 2Enum _2Enum. A\V1n € ty 2Enum _2E
Let c.2Ereal 2Esum : ¢ be given. Assume the following.

c2Ereal 2Esum € ((tyizETealawizEreal(ty,2Erealaz,2ETealty*2E"um*2E"um))(ty,2Epair,2Eprod ty_2Enum_2En
(33)

Definition 48 We define c_2Eseq_2Esums to be \VOf € (ty_2Erealax_2Ereal™V-2Emum-2Emumy \yq g ¢ ¢y
Definition 49 We define c_2Eseq_2Esuminf to be \VOf € (ty_2Erealax_2ErealV-2Emum-2Emum) (4 (¢ 2E
Definition 50 We define c_2Eseq_2Esummable to be \VOf € (ty_2Erealaxz_2FEreal™-2Emm-2Enumy (qp (c.
Definition 51 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty 2Enum_2Enum. AV 1n € ty 2Enum_2
Let c2Epred__set 2EGSPEC : 1=1= be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A27a A27b € ((2,4,27(1)((ty,ZE'pair,QEprod A_27a 2)A*27b))

(34)

Definition 52 We define c_2Epred__set 2EIMAGE to be AA_27a : 1t.AA27b : LAVOf € (A27b"-27) A\V1s €
Definition 53 We define c_2Epred__set_2Ecount to be \VOn € ty_2Enum_2Enum.(ap (c2Epred__set 2EG
Definition 54 We define c 2Epred__set 2ESUBSET to be AA_27a : t.AV0s € (24-272) AV 1t € (24-27) (ap (
Definition 55 We define c 2Epred__set 2ECROSS to be AA_27a : t.AA27b : L A\VOP € (24-27%) A\V1Q € (2
Definition 56 We define c_2Epred__set 2EUNIV to be AA_27a : 1. (A\V0x € A_-27a.c_2Ebool 2ET).
Definition 57 We define c_2Epred__set 2EBIJ to be NA_27a : 1t.ANA27b : LAVOS € (A27b4-274) AV 1s € (24
Assume the following.

(VVOm € ty_2Enum_2Enum.((ap (ap c2Earithmetic.2E 2B V0m) (35)
c2Enum_2E0) = VOm))

Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
((ap (ap c2Earithmetic.2E_2B c_2Enum_2E0) VOm) = VOm)A(((ap (
ap c2Earithmetic 2E_2B VO0m) c_2Enum_2EQ) = VOm)A(((ap (ap c2Earithmetic.2E_2B
(ap c.22Enum_2ESUC VOm)) V1n) = (ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B
Vom) Vin)))A((ap (ap c2Earithmetic2E 2B VOm) (ap c.2Enum_2ESUC
V1n)) = (ap c2Enum_2ESUC (ap (ap c2Earithmetic2E 2B VOm) V1n))))))))
(36)



Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty_ 2Enum_2Enum.(
(ap (ap c2Earithmetic2E 2B VOm) V1n) = (ap (ap c.2Earithmetic.2E 2B
Vin) VOm))))
(37)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
YV 2p € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2B VO0m)
(ap (ap c2FEarithmetic2E 2B V1n) V2p)) = (ap (ap c.2Earithmetic2E 2B
(ap (ap c2Earithmetic2E 2B VOm) V1n)) V2p)))))

(38)
Assume the following.
(VVOn € ty_2Enum_2Enum.(VV1m € ty_2Enum_2Enum.(
(p (ap (ap c-2Earithmetic 2E_3C_3D (ap c2Enum_2ESUC VOn)) (ap (39)

c2Enum_2ESUC V1m)))<(p (ap (ap c-2Earithmetic2E_3C_3D VOn)
Vim)))))

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(p (ap (ap c2Eprim__rec_2E_.3C VOm) V1n))<(p (ap (ap c_2Earithmetic_2E_3C_3D
(ap c22Enum_2ESUC VOm)) V1n)))))
(40)
Assume the following.

(VVOn € ty_2Enum_2Enum.(p (ap (ap c2Earithmetic_2E_3C_3D (41)
c_2Enum_2EQ) V0n)))

Assume the following.

(YVOm € ty_2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
(=(p (ap (ap c-2Eprim__rec 2E_3C VOm) V1n)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Vin) VOm))))
(42)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(=(p (ap (ap c-2Earithmetic2E_3C_3D VOm) V1n)))<(p (ap (ap c_2Eprim__rec 2E_3C
Vin) VOm)))))
(43)



Assume the following.

(YVOm € ty_2Enum_2Enum.(YV1n € ty 2Enum_2Enum.(

((ap (ap c2Earithmetic2E 2A c_2Enum_2EQ) VOm) = c_.2Enum_2EQ)A
(((ap (ap c2Earithmetic2E_2A VOm) c.2Enum_2EQ) = c_2Enum_2E0)A
(((ap (ap c2Earithmetic2E 2A (ap c_2EarithmeticZ2ENUMERAL
(ap c-2Earithmetic 2EBIT1 c_2Earithmetic.2EZERO))) V0Om) = VOm)A
(((ap (ap c2Earithmetic2E 2A VOm) (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) = VOm)A(

((ap (ap c2Earithmetic.2E_2A (ap c.22Enum_2ESUC VOm)) V1in) = (ap
(ap c2Earithmetic2E_2B (ap (ap c2Earithmetic2E_2A VOm) Vin))
Vin))A((ap (ap c2Earithmetic2E_2A VOm) (ap c22Enum_2ESUC V1n)) =
(ap (ap c2Farithmetic2E 2B VOm) (ap (ap c.2Earithmetic.2E 2A
Vom) Vin))))))))))

(44)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV 1n € ty_2Enum_2Enum.(
((ap (ap c2Earithmetic.2E_2B VOm) V1n) = c.22Enum_2E0)<((VOm =
c_2Enum_2E0)A(V'1n = c.2Enum_2E0)))))
(45)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.(((p (ap (ap c-2Earithmetic_2E_3C_3D
VOom) V1in))A(p (ap (ap c-2Earithmetic2E_3C_3D V1n) V2p)))=(p (
ap (ap c_2Earithmetic 2E_3C_3D VOm) V2p))))))

(46)

Assume the following.

(YVOm € ty2Enum_2Enum.(p (ap (ap c-2Earithmetic 2E_3C_3D (47)
VOm) VOm)))

Assume the following.

(YVOn € ty 2Enum_2Enum.(NV1m € ty 2Enum_2Enum.(
(p (ap (ap c_2Earithmetic_2E_3E_3D VOn) V1m))<(p (ap (ap c-2Earithmetic2E_3C_3D
Vim) VOn)))))
(48)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV 1n € ty_2Enum_2Enum.(
(VOm = Vin)<((p (ap (ap c-2Earithmetic 2E_3C_3D VOm) V1in))A(p (
ap (ap c-2Earithmetic 2E_3C_3D V'1n) VO0m))))))
(49)



Assume the following.

(YVOm € ty2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.((p (ap (ap c-2Earithmetic_2E_3C_3D
(ap (ap c2Earithmetic2E 2B VOm) V1n)) (ap (ap c.2Earithmetic2E 2B
Vom) V2p)))<(p (ap (ap c2Earithmetic 2E_3C_3D Vin) V2p))))))
(50)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(=(p (ap (ap c_2Earithmetic_2E_3C_3D VOm) V1n)))<(p (ap (ap c_2Earithmetic2E_3C_3D
(ap c2Enum_2ESUC V'1n)) VOm)))))
(51)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(

(=(VOm = V1n))<((p (ap (ap c2Earithmetic.2E_3C_3D (ap c_2Enum_2ESUC
VOom)) V1n))V(p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Enum_2ESUC
Vin)) Vom))))))

(52)
Assume the following.

(VVOn € ty_2Enum_2Enum.((ap c.2Enum_2ESUC VOn) = (ap (ap
c2Earithmetic2E_2B (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic_.2EZERO))) V0n)))
(53)
Assume the following.

((VVOn € ty 2Enum_2Enum.((p (ap (ap c_2Earithmetic 2E_3C_3D
VOn) c.22Enum_2E0))<(V0n = c.2Enum_2E0)))A(VV1m € ty_2Enum_2Enum.
(VV2n € ty 2Enum_2Enum.((p (ap (ap c_2Earithmetic 2E_3C_3D
V1m) (ap c2Enum_2ESUC V2n)))<((V1im = (ap c.22Enum_2ESUC V2n))V
(p (ap (ap c_2Earithmetic 2E_3C_3D V1m) V2n)))))))

(54)

Assume the following.
True (55)

Assume the following.
(VV0tl € 2.(VV1#2 € 2.(((p VOt)=(p V1t2))=(((p (56)

V1t2)=(p VOt1))=((p VOtl)=(p V112))))))

Assume the following.
(VVOt € 2.(False=(p V0t))) (57)

Assume the following.
(VVot € 2.((p VOr)V(=(p VOL)))) (58)



Assume the following.

VA 27a.nonempty A_27a=(VV 0t € 2.((VV1x €

A 27a.(p VOt (p VOL)) (59)
Assume the following.
VA_27a.nonempty A27a=(VVO0t € 2.((IV1z €
A 27a.(p VOB)) & (p VOR)) (60)
Assume the following.
(VVOt1 € 2.(vV1t2 € 2.(vV2t3 € 2.(((p VOt1)A
(0 V1A V23) & (((p VOIAG VDA V23))) OV
Assume the following.
(VVOt € 2.(((p VOt)=False)=(~(p VOL)))) (62)
Assume the following.
(YVOt € 2.((=(p VOt))=((p VOt)=False))) (63)

Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO)A((((p VOt)ATrue)<
(p VOO))A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (64)

(((p VOOA(p VOE))&(p V01)))))))

Assume the following.

(VVOt € 2.(((TrueV(p VOt))=True) A(((p VOt)VTrue)<True) A
(((FalseV(p VOt))<=(p VOt))A((((p VOt)VFalse)<(p VO)A(((p VO)V
(p VOt))&=(p V01)))))))
(65)
Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A(((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A((  (66)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

(VVOt € 2.((—(—(p VOL)))=(p VO)A(((—-True)=False) A (67)
((—False)=True)))
Assume the following.

VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&

True)) (68)
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Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p VO)A((((p VOt)=True)<
(p VOO)A(((Falses(p VOt))=(—(p VO))A(((p VOt)=False)=(—=( (70)

p V0i)))))))

Assume the following.

VA 27a.nonempty A27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1e2) = V112))))
(71)
Assume the following.

VYA_27a.nonempty A27a=(VVOP € (24-27%).((~(VV 1z €

A27a.(p (ap VOP V1z)))e(3V2z € A 27a.(~(p (ap VOP V22))))) 2

Assume the following.

VA_27a.nonempty A27a=(VVOP € (24-27%).((~(3V1x €
A27a.(p (ap VOP Vx))))e(VV2x € A27a.(—(p (ap VOP V22))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
(24-279) ((YV2z € A27a.((p (ap VOP V22))A(p (ap V1Q V22))))=
((VV3x € A27a.(p (ap VOP V3x)))A(VVix € A27a.(p (
ap V1Q V4x)))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-277).(VV1Q €
(24-27) (V2 € A27a.((p (ap VOP V2z))V(p (ap V1Q V2z))))=
((FV3x € A27a.(p (ap VOP V3zx)))v(IV4x € A27a.(p (

(
ap V1Q Viz)))))))

Assume the following.

VA 27a.nonempty A27a=(VVOP € (24-277).(VV1Q €
2.(((3V2zx € A27a.(p (ap VOP V22)))V(p V1Q))=(IV3z € (76)
A27a.((p (ap VOP V3z))V(p V1Q))))))

Assume the following.

VA 27a.nonempty A_27a=(YVOP € 2.(WV1Q € (
24-27a) (((p VOP)V(3V2zx € A27a.(p (ap V1Q V2z))))=(3V3z e  (77)
A27a.((p VOP)V(p (ap V1Q V3x)))))))
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Assume the following.

VA 27a.nonempty A27a=(VVOP € (24-277).(VV1Q €
2.((3V2z e A27a.((p (ap VOP V2z))A(p V1Q)))=((IV3z € (78)
A27a.(p (ap VOP V3z)))A(p V1Q)))))

Assume the following.

VA 27a.nonempty A_27a=(VYVOP € 2.(WV1Q € (
24-27a) (V22 € A27a.((p VOP)A(p (ap V1Q V2x))))<=((p (79)
VOP)A(IV3z € A27a.(p (ap V1Q V3z)))))))

Assume the following.

VA 27a.nonempty A 27a=(VVOP € 2.(VV1Q € (
24-27a) ((YV2z € A 27a.((p VOP)V(p (ap V1Q V2x))))<=((p (80)
VOP)V(VV3z € A27a.(p (ap V1Q V3z)))))))

Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%).(VV1Q €
2.((VV2zx € A27a.((p (ap VOP V2z))=(p V1Q)))=((3V3zx € (81)
A27a.(p (ap VOP V3z)))=(p V1Q)))))

Assume the following.

(VV0A € 2.(YW1B € 2.(vV2C € 2.(((p VOA)V(

(0 VIB)V(p V2C)))&(((p VOAN(p VIB)V(p V2O))) D)
Assume the following.
(YVO0A € 2.(¥V1B € 2.(((p VOAN(p V1B))=((p V1B)V (53

(p V0A)))))

Assume the following.

(VW0A € 2.(vV1B € 2.(((=((p VOA)A(p V1B)))e((~(
p VOA)V(=(p V1B))A((=((p VOA)V(p V1B)))&((—(p VOA)A(=(p V1B)))))))

(84)

Assume the following.
(VV0A € 2.(WV1B € 2.(((p VOA)=(p V1B))=((—(p VOA))V (85)

(p V1B)))))

Assume the following.
(YV0ot € 2.(((p VOt)=False)=((p VOt)&False))) (86)

Assume the following.
(VVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOtl)= (87)

((p V12)=(p V2t3)))=(((p VOtL)A(p V1E2))=(p V213))))))

12



Assume the following.

(VVOLL € 2.(VW1t2 € 2.(((p VOtl)(p V12)) = (((p
VOt A(p V1t2))V((=(p VOIL)A(=(p V1£2)))))))

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV 0b € 2.(VV1f € (A27b4-279) (VV2g € (A_27pA-272),
(VV3z € A27a.((ap (ap (ap (ap (c2Ebool 2ECOND (A_27b4-272))
V0b) V1f) V2g) V3z) = (ap (ap (ap (c-2Ebool 2ECOND A_27b) V0Ob) (ap
V1f V3x)) (ap V2g V3z)))))))
(39)
Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VVOf € (A27p4-279) (VV1b € 2.(VV 22 € A 2T7a.
(VV3y € A27a.((ap VOf (ap (ap (ap (c-2Ebool 2ECOND A_27a)
V1b) V2z) V3y)) = (ap (ap (ap (c-2Ebool 2ECOND A_27b) V'1b) (ap VOf
V2z)) (ap VOf V3y)))))))
(90)
Assume the following.

(VVOb € 2.(WVV1tl € 2.(VV2t2 € 2.((p (ap (ap
(ap (c2Ebool_2ECOND 2) V0b) V1t1) V2¢2))<=(((—(p VOb))V(p V1t1))A
(b VOBV (p V212))))))
(91)
Assume the following.

(VW0z € 2.(VW 1z 27 € 2.(VV2y € 2.(VV3y_27 €
2.((((p VOz)=(p V12 27))A((p V12 27)=((p V2y)=(p V3y27))))= (92)
(((p VOz)=(p V2y))=((p V12 27T)=(p V3y-27))))))))

Assume the following.

VA_27a.nonempty A 27a=(VVOP € 2.(VV1Q € 2.

(VV2z € A27a.(VV32.27 € A27a.(VV4y € A27a.
(WWby-27 € A27a.((((p VOP)=(p V1IQ)A((p V1Q)=(V2z = V3z27))A
((=(p V1Q))=(V4y = V5y_27))))=((ap (ap (ap (c-2Ebool_2ECOND A_27a)
VOP) V2z) V4y) = (ap (ap (ap (c2Ebool 2ECOND A _27a) V1Q) V3x_27)

Vy21)))
(93)
Assume the following.

VA_27a.nonempty A27a=(YVOP € (24-27%).(VV1a €
A27a.((3V2x € A27a.((V2x = V1a)A(p (ap VOP V2z))))<=(p ( (94)
ap VOP V1a)))))
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Assume the following.

VA 27a.nonempty A27a=((VVO0tl € A27a.(VV1t2 €
A27a.((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)))A(YV2tl € A27a.(VV3t2 € A27a.((ap
(ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF) V2t1) V3t2) = V3t2))))
(95)
Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=V A 27c.
nonempty A 27c=(VVOf € (A27b4-27%) (VW 1g € (A_27a"-7¢).
(VV2zx € A27c.((ap (ap (ap (c_2Ecombin_2Eo A_27c A_27b A_27a)
VOf) Vig) V2z) = (ap VOf (ap V1g V2x))))))

(96)

Assume the following.

VA 27a.nonempty A-27a=(¥YV0x € A27a.((ap (c_2Ecombin_2El (97)
A27a) VOz) = V0z))

Assume the following.

(VVOP € (2ty-2Enum-2Enum) (((p (ap VOP c_2Enum_2EQ))A
(VV1n € ty_2Enum_2Enum.((p (ap VOP V1n))=(p (ap VOP (ap c.2Enum_2ESUC
Vin))))))=(NV2n € ty_2Enum_2Enum.(p (ap VOP V2n)))))
(98)
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Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n)))A((YV25n € ty_28num_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.
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Assume the following.

(VVOn € ty2Enum_2Enum.(YV1m € ty_2Enum_2Enum.(

((ap c_2Enumeral 2EiZ (ap (ap c2Earithmetic.2E_2B c_2Earithmetic 2EZERO)
VOon)) = VOn)A(((ap c2Enumeral 2EiZ (ap (ap c2Earithmetic2E 2B
VOn) c_2Earithmetic22EZERO)) = VOn)A(((ap c-2Enumeral 2EiZ (
ap (ap c2Earithmetic.2E_2B (ap c_2Earithmetic 2EBIT1 V0n)) (
ap c_2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT2 (
ap c_2Enumeral 2EiZ (ap (ap c2Earithmetic.2E 2B V0On) V1m))))A
(((ap c2Enumeral 2EiZ (ap (ap c2Earithmetic.2E_2B (ap c_2Earithmetic 2EBIT1
VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c.2Enumeral 2EiZ (ap (ap c-2Earithmetic.2E 2B (ap c_2Earithmetic 2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c2Enum_2ESUC (ap (ap c2Earithmetic2E 2B VOn) V1m))))A(

((ap c_2Enumeral 2EiZ (ap (ap c_2Earithmetic 2E_2B (ap c_2Earithmetic 2EBIT?2
VOn)) (ap c-2Earithmetic2EBIT2 V'1m))) = (ap c_2Earithmetic_2EBIT2
(ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c22Enum_2ESUC (ap (ap c2Earithmetic2E_2B c_2Earithmetic 2EZERO)
V0n)) = (ap c2Enum_2ESUC VOn))A(((ap c.22Enum_2ESUC (ap (ap c2Earithmetic.2E 2B
VO0n) c_2Earithmetic 2EZERO)) = (ap c_2Enum 2ESUC VOn))A(((ap
c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c22Enum _2ESUC (ap (ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1
VOn)) (ap c2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic 2EBIT2
(ap c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c2Enum_2ESUC (ap (ap c-2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT1 V1m))) = (ap c_2Earithmetic_2EBIT2
(ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOn) V1m))))A(

((ap c.2Enum_2ESUC (ap (ap c2Earithmetic 2E_2B (ap c_2Earithmetic 2EBIT?2
VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) = (ap c_2Earithmetic_2EBIT1
(ap c22Enumeral 2EiSUC (ap (ap c-2Earithmetic2E 2B V0On) V1m))))A
(((ap c2Enumeral 2EiiSUC (ap (ap c-2Earithmetic.2E_2B c_2Earithmetic.2EZERO)
VOn)) = (ap c.2Enumeral 2EiiSUC VOn))A(((ap c-2Enumeral 2EiSUC
(ap (ap c2Earithmetic2E_2B VO0n) c_2Earithmetic.2EZERO)) = (
ap c_2Enumeral 2EiiSUC VOn))A(((ap c2Enumeral 2EiiSUC (ap (
ap c2Earithmetic2E_2B (ap c_2Earithmetic_2EBIT1 VOn)) (ap c_2Earithmetic_2EBIT1
V1m))) = (ap c2Earithmetic_2EBIT2 (ap c_.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B
Von) V1im))))A(((ap c-2Enumeral 2EiiSUC (ap (ap c2Farithmetic2E_2B
(ap c_2Earithmetic 2EBIT1 VOn)) (ap c_2Earithmetic 2EBIT2 V1m))) =
(ap c2Earithmetic_2EBIT1 (ap c_2Enumeral 2EiiSUC (ap (ap c2Earithmetic2E_2B
Von) V1im))))A(((ap c-2Enumeral 2EiiSUC (ap (ap c2FEarithmetic 2E_2B
(ap c2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic2EBIT1 V1m))) =
(ap c2Earithmetic_2EBIT1 (ap c_2Enumeral 2EiiSUC (ap (ap c-2Farithmetic2E_2B
Von) V1im))))A((ap c2Enumeral 2EiiSUC (ap (ap c2Earithmetic 2E 2B
(ap c2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic 2EBIT2 V1m))) =
(ap c2Earithmetic_2EBIT2 (ap c_2Enumeral 2EiiSUC (ap (ap c2FEarithmetic2E 2B

Von) ¥¢m))))))))))))))))))
(100)



Assume the following.

(VVOn € ty 2Enum_2Enum.(NVV1m € ty_2Enum_2Enum.(
((c_2Earithmetic.2EZERO = (ap c_2Earithmetic_2EBIT1 VOn))< False)A
(((ap c_2Earithmetic_2EBIT1 VOn) = c_2Earithmetic_ 2EZERO) <
False)A(((c2Earithmetic 2EZERO = (ap c_2Earithmetic_2EBIT2
VOn))<e False) AN((((ap c2Earithmetic_2EBIT2 VOn) = c_2Earithmetic 2EZERO)<
False)A((((ap c-2Earithmetic 2EBIT1 V0On) = (ap c_2Earithmetic_2EBIT2
Vim))< False)A((((ap c-2Earithmetic2EBIT2 V0n) = (ap c_2Earithmetic_2EBIT1
Vim))e False)A((((ap c-2Earithmetic_2EBIT1 VOn) = (ap c-2Earithmetic 2EBIT1
V1im))<(Von = V1im))A(((ap c2Earithmetic_2EBIT2 VOn) = (ap c_2Earithmetic_2EBIT2
Vim))&(Von = V1m)))))))))))

(101)
Assume the following.

(VVOn € ty_2Enum_2Enum.(VV1m € ty_2Enum_2Enum.(

((p (ap (ap c_2Earithmetic_2E_3C_3D c_2Earithmetic 2EZERO) V0n))<
True)AN(((p (ap (ap c2Earithmetic 2E_3C_3D (ap c_2Earithmetic 2EBIT1
VO0n)) c2Earithmetic 2EZERO))< False) A(((p (ap (ap c2Earithmetic_2E_3C_3D
(ap c_2Earithmetic_2EBIT2 VOn)) c_2Earithmetic 2EZERO) )< False)A
(((p (ap (ap c-2Earithmetic2E_3C_3D (ap c_2Earithmetic_2EBIT1

VOn)) (ap c-2Earithmetic 2EBIT1 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
(

)
Von) V1im)))A(((p (ap (ap c-2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c_2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) Vim)A(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic2EBIT1 V1m)))<(=(p (ap (ap c-2Earithmetic.2E_3C_3D
Vim) VOon))))A((p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
VOn) Vim)))))))))))

(102)
Assume the following.

YA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV0x € A27a.(VV1y € A27b.(VV2a € A27a.(VV3b €
A27b.(((ap (ap (c2Epair2E2C A_27a A_27b) VO0z) V1y) = (ap (ap
(c-2Epair2E_2C A_27a A_27b) V2a) V3b))=((V0x = V2a)A(V1y = V3D)))))))
(103)
Assume the following.
VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=(
VYVO0x € (ty-2Epair 2Eprod A_27a A27b).(3V1q € A 27a. (104)
(FV2r € A27b.(VOzx = (ap (ap (c2Epair 2E 2C A_27a A_27b)
Vig) V2r)))))

Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YV0x € A27a.(WVV1y € A27b.((ap (¢ 2Epair 2EFST A 27a (105)
A_27b) (ap (ap (c-2Epair2E_2C A_27a A_27b) VOzx) V1y)) = VO0x)))
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Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV0x € A27a.(VW1y € A27b.((ap (¢c2Epair 2ESND A_27a (106)
A_27b) (ap (ap (c-2Epair2E_2C A_27a A27b) VOx) V1y)) = V1y)))

Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=V A 27c.
nonempty A27c=(VVOf € ((A27cA-270)A-270) (VW 1z €
A27a.(VV2y € A27b.((ap (ap (c2Epair2EUNCURRY A_27a
A_27b A27¢) VOf) (ap (ap (c_2Epair2E_2C A_27a A27b) V1zx) V2y)) =
(ap (ap VOf Viz) V2y)))))

(107)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(p (ap (ap (c_2Ebool 2EIN
A_27a) VOz) (c_2Epred_set 2EUNIV A_27a))))
(108)
Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YV0y € A27b.(YV1s € (24-270) (YV2f € (A_27bA-27a),
((p (ap (ap (c-2Ebool 2EIN A_27b) VOy) (ap (ap (c_2Epred__set_2EIMAGE
A27a A27b) V2f) V1s)))=(TV3x € A27a.(VOy = (ap V2f V3zx))A
(p (ap (ap (c2Ebool_2EIN A_27a) V3z) V1s))))))))
(109)
Assume the following.

(VVOm € ty 2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
(p (ap (ap (c2Ebool 2EIN ty_2Enum_2Enum) VOm) (ap c2Epred__set_2Ecount
Vin)))<(p (ap (ap c2Eprim__rec 2E_3C VOm) V1n)))))
(110)
Assume the following.

VA 27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOP € (24-279) (VV1Q € (24-270).(VV 2z €
(ty-2Epair 2Eprod A27a A_27b).((p (ap (ap (c-2Ebool 2EIN (ty_2Epair_2Eprod
A27a A27b)) V2z) (ap (ap (c-2Epred__set 2ECROSS A_27a A_27b)
VOP) V1Q)))<((p (ap (ap (c_2Ebool 2EIN A_27a) (ap (c2Epair 2EFST
A 27a A27b) V2z)) VOP))A(p (ap (ap (c.2Ebool 2EIN A_27b) (ap (c2Epair 2ESN D
A 27a A27b) V2z)) V1Q)))))))
(111)
Assume the following.

(VVOn € ty-2Enum_2Enum.(—(p (ap (ap c.2Eprim__rec2E_3C

Von) Von)))) (112)



Assume the following.

(YVOn € ty 2Enum_2Enum.(—(p (ap (ap c_2Eprim__rec 2E_3C

VOn) c.2Enum 2E0)))) (113)

Assume the following.

(VV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((ap (ap c_2Erealax_2Ereal__add V0z) V1y) = (ap (ap c_2Erealax_2Ereal__add
Viy) Voz))))
(114)
Assume the following.

(VVO0x € ty_2Erealax 2Ereal. (VV1y € ty_2Erealax_2Ereal.
(VV2z € ty 2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__add
VO0z) (ap (ap c2Erealax_2Ereal__add V1y) V2z)) = (ap (ap c_2Erealax_2Ereal__add
(ap (ap c_2Erealax_2Ereal__add VO0z) V1y)) V2z)))))
(115)
Assume the following.

(VVO0x € ty-2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal __add

(ap c2Ereal 2Ereal__of __num c_2Enum_2E0)) V0z) = V0z)) (116)

Assume the following.

(VVOz € ty_2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__add
(ap c_2Erealax_2Ereal_neg V0z)) VOx) = (ap c2Ereal 2Ereal_of _num
c2Enum_2E0)))

(117)
Assume the following.
(VVO0zx € ty_2Erealax_2Ereal .(VV1y € ty_ 2Erealax_2Ereal.
(VV2z € ty_2Erealax_2Ereal.(((p (ap (ap c-2Erealax_2Ereal__It (118)

VOz) V1y))A(p (ap (ap c2Erealax_2Ereal__It V1y) V22)))=(p (ap
(ap c_2Erealax_2Ereal__It V0x) V22))))))

Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((ap (ap c-2Erealax_2Ereal__mul V0z) V1y) = (ap (ap c_2Erealax_2Ereal__mul
Vly) VOz))))
(119)
Assume the following.

(VVO0zx € ty_2Erealax 2Ereal .(VV 1y € ty_ 2Erealaz_2Ereal.
(VV2z € ty_2Erealax_2Ereal.((ap (ap c-2Erealax_2Ereal__mul
VO0x) (ap (ap c2Erealax_2Ereal__mul V1y) V2z)) = (ap (ap c_2Erealax_2Ereal__mul
(ap (ap c2Erealax_2Ereal__mul V0zx) V1y)) V2z)))))
(120)
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Assume the following.

(VVO0z € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__mul
(ap c.2Ereal 2Ereal__of__num (ap c_2Earithmetic. 2ENUMERAL (  (121)
ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO)))) V0x) = V0x))

Assume the following.

(VVO0x € ty-2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal __add

V0zx) (ap c2Ereal 2Ereal__of __num c_2Enum_2EQ)) = V0x)) (122)

Assume the following.

(VVO0x € ty_2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add
VO0zx) (ap c-2Erealax_2Ereal__neg V0z)) = (ap c2Ereal 2Ereal_of__num
c_2Enum_2E0)))
(123)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.((~(V0x = (ap c2Ereal 2Ereal__of __num
c_2Enum_2E0)))=-((ap (ap c-2Erealax_2Ereal__mul V0z) (ap c_2Erealax_2Einv
VO0z)) = (ap c2Ereal 2Ereal _of _num (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))))))

(124)
Assume the following.

(VVO0x € ty_2Erealax 2Ereal. (VV 1y € ty_2Erealax_2Ereal.
(VV2z € ty 2Erealax_2Ereal.(((ap (ap c_2Erealax_2Ereal __add
V0x) V1y) = (ap (ap c_2Erealax 2Ereal__add VO0zx) V2z2))<(Viy = V22)))))

(125)
Assume the following.
(VVO0zx € ty_2Erealax_2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((ap c_2Erealax_2Ereal__neg (ap (ap c_2Erealax 2Ereal__add V0zx) (126)

V1y)) = (ap (ap c-2Erealax_2Ereal__add (ap c_2Erealax_2Ereal__neg
V0z)) (ap c2Erealax_2Ereal__neg V'1y)))))

Assume the following.

(VVOz € ty_2Erealax_2Ereal.((ap (ap c2Erealax_2Ereal__mul

(ap c2Ereal 2Ereal __of __num c_2Enum_2E0)) V0z) = (ap c2Ereal 2Ereal__of __num

c_2Enum_2E0)))
(127)
Assume the following.

(VVO0x € ty_2Erealax 2Ereal.(VV 1y € ty_2Erealax_2Ereal.
(VV2z € ty 2Erealaz_2Ereal.((p (ap (ap c2Erealax_2Ereal__It
(ap (ap c-2Erealax_2Ereal__add VO0z) V1y)) (ap (ap c2Erealax_2Ereal__add
VOz) V2z)))<(p (ap (ap c2Erealax_2Ereal__It V1y) V22))))))
(128)
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Assume the following.

(VV 0z € ty-2Erealax2Ereal.(p (ap (ap c_2Ereal 2Ereal__Ite
V0z) VO0zx)))

Assume the following.

(VVO0zx € ty_2Erealax_2Ereal . (VV1y € ty 2Erealax_2Ereal.
(VV2z € ty 2Erealar_2Ereal.(((p (ap (ap c-2Erealax_2Ereal__It
VOzx) V1y))A(p (ap (ap c2Ereal 2Ereal__lte V1y) V2z)))=(p (ap (
ap c_2Erealax_2Ereal__It V0x) V22))))))

Assume the following.

(YVO0zx € ty_2Erealax_2Ereal .(VV1y € ty 2Erealax_2Ereal.
(VV2z € ty2Erealaz2Ereal .(((p (ap (ap c-2Ereal_2Ereal__lte
VOz) V1y))A(p (ap (ap c2Erealax_2Ereal__It V1y) V2z)))=(p (ap
(ap c-2Erealax_2Ereal__It V0z) V22))))))

Assume the following.

(VVO0zx € ty_ 2Erealax_2Ereal .(VV1y € ty 2Erealax_2Ereal.
(VV2z € ty2Erealaz_2Ereal .(((p (ap (ap c-2Ereal_2Ereal__lte
V0zx) V1y))A(p (ap (ap c2Ereal 2Ereal__lte V1y) V2z)))=(p (ap (
ap c_2Ereal 2Ereal__lte V0zx) V2z2))))))

Assume the following.

(YV 0z € ty-2Erealax 2Ereal . (VV 1y € ty_2Erealax_2Ereal.

(129)

(130)

(131)

(132)

(((p (ap (ap c-2Ereal 2Ereal__Ite VO0z) V1y))A(p (ap (ap c_2Ereal 2Ereal__lte

Viy) V0z)))=(V0r = Vly))))

Assume the following.

(YV 0z € ty-2Erealax 2Ereal .(VV 1y € ty_2Erealax_2Ereal.
(VV2z € ty_2Erealaz_2Ereal .((p (ap (ap c2Ereal 2Ereal__Ite

(133)

(ap (ap c_2Erealax_2Ereal__add VO0z) V2z)) (ap (ap c2Erealax_2Ereal__add

V1y) V22)))<(p (ap (ap c2Ereal 2Ereal__te VOz) V1y))))))

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(

(134)

((ap c2Ereal 2Ereal__of —_num VOm) = (ap c2Ereal 2Ereal __of __num

Vin))&(Vom = Vin))))

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(ap (ap c_2Erealax_2Ereal__add (ap c.2Ereal 2Ereal__of __num
VOm)) (ap c2Ereal 2Ereal__of __num V1n)) = (ap c.2Ereal 2Ereal__of__num

(ap (ap c2Earithmetic2E 2B VOm) V1n)))))
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Assume the following.

(VVOn € ty_2Enum_2Enum.((=(VOn = c_22Enum_2E0))=-(p (ap (
ap c_2Erealax_2Ereal__It (ap c.2Ereal 2Ereal__of__num c_2Enum_2E0))
(ap c2Ereal 2Ereal__of __num V0n)))))
(137)
Assume the following.

(VVO0d € ty_2Erealaz_2Ereal.((p (ap (ap c2Erealax_2Ereal__It
(ap c2Ereal 2Ereal _of __num c_2Enum_2EQ)) (ap (ap c_2Ereal 2E_2F
V0d) (ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL

(ap c2Earithmetic_2EBIT2 c_2Earithmetic_2EZEROQ))))))<(p (

ap (ap c_2Erealax 2Ereal__lt (ap c2Ereal 2Ereal__of __num c_2Enum_2EQ))
Vod))))
(138)
Assume the following.

(VVO0z € ty-2Erealax_2Ereal.((ap (ap c_2Erealax_2Ereal__add
(ap (ap c2Ereal 2E_2F V0z) (ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO))))) (ap (ap
c_2Ereal 2E_2F V0x) (ap c2Ereal 2Ereal__of __num (ap c_2Earithmetic. 2ENUMERAL
(ap c2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO))))) = V0x))
(139)
Assume the following.

(VVO0zx € ty_2Erealax 2Ereal.(VV 1y € ty_ 2Erealax_2Ereal.
(((p (ap (ap c-2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num
c2Enum_2E0)) VO0z))A(p (ap (ap c2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of __num
c2Enum_2E0)) V1y)))=-(p (ap (ap c2Erealax_2Ereal__It (ap c.2Ereal 2Ereal__of __num
c_2Enum_2EQ)) (ap (ap c2Ereal 2E_2F VO0zx) V1y))))))
(140)
Assume the following.

(YVO0zx € ty_2Erealax_2Ereal .(VV1y € ty_ 2Erealaz_2Ereal.
((ap c_2Ereal 2Eabs (ap (ap c_2Ereal 2Ereal_sub V0z) V1y)) = ( (141)
ap c_2Ereal 2Eabs (ap (ap c_2Ereal 2Ereal_sub V1y) VO0z)))))

Assume the following.

(VVOn € ty2Enum 2Enum.(VV1f € (ty-2Erealax_2Ereqlty-2Enum-2Enum)

((ap (ap c-2Ereal 2Esum (ap (ap (c2Epair-2E_2C ty_2Enum_2Enum

ty 2Enum_2Enum) VOn) c.2Enum_2EQ)) V1f) = (ap c2Ereal 2Ereal__of__num

c2Enum_2E0))))A(YV2n € ty_2Enum_2Enum.(¥V3m €
ty2Enum_2Enum.(VVAf € (ty-2Erealax_2ErealtV-2Enum-2Enum)
((ap (ap c-2Ereal 2Esum (ap (ap (c-2Epair.2E_2C ty_2Enum_2Enum
ty 2Enum_2Enum) V2n) (ap c.22Enum_2ESUC V3m))) V4f) = (ap (ap c_2Erealax_2Ereal__add

(ap (ap c2Ereal 2Esum (ap (ap (c2Epair_2E_2C ty_2Enum_2Enum

ty_ 2Enum 2Enum) V2n) V3m)) V4f)) (ap V4f (ap (ap c2Earithmetic 2E_2B

Van) Vam)))))
(142)
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Assume the following.

(YVOf € (ty2Erealar_2Erealtv-2Enum-2Enum) (¢ 14 ¢
(ty2Erealax_2ErealtV-2Enum-2Enum) (¢ om ¢ ty 2 Enum_2Enum.
(VV3n € ty 2Enum 2Enum.((VV4r € ty_2Enum_2Enum.
(((p (ap (ap c-2Earithmetic2E_3C_3D V2m) V4r))A(p (ap (ap c_2Eprim__rec2E_3C
V4r) (ap (ap c2Earithmetic2E_2B V3n) V2m))))=(p (ap (ap c_2Ereal 2Ereal__lte
(ap VOf V4r)) (ap V1g V4r)))))=(p (ap (ap c_2Ereal 2Ereal__Ite (
ap (ap c2Ereal 2Esum (ap (ap (c2Epair 2E_2C ty_ 2Enum_2Enum ty_2Enum_2Enum)
V2m) V3n)) VOf)) (ap (ap c2Ereal 2Esum (ap (ap (c_2Epair 2E_2C
ty_2Enum_2Enum ty2Enum_2Enum) V2m) V3n)) V1g))))))))
(143)
Assume the following.

(VVOf € (ty2Erealaxr_2Ereqlty-2Enum-2Enum) (g1 N
ty_2Enum_2Enum.((VV2n € ty_2Enum_2Enum.((p (ap (ap c2Earithmetic_2E_3E_3D
V2n) VIN))=((ap VOf V2n) = (ap c.2Ereal 2Ereal__of __num c_2Enum_2EQ))))=
(VV3m € ty_2Enum_2Enum.(VVin € ty_2Enum_2Enum.(
(p (ap (ap c2Earithmetic.2E_3E_3D V3m) V1IN))=((ap (ap c2Ereal 2Esum
(ap (ap (c-2Epair 2E_2C ty_2Enum_2Enum ty_2Enum_2Enum) V3m) Vin))
VOf) = (ap c.2Ereal 2Ereal__of_num c2Enum_2E0))))))))
(144)
Assume the following.

(VVOf € (ty_2Erealax_2Erealty-2Enum-2Enum) (gy/14 ¢
(ty2Erealax_2Erealty-2Enum-2Enum) (g om ¢ ty 2 Enum_2Enum.
(VV3n € ty2Enum_2Enum.((ap (ap c2Ereal 2Esum (ap (ap (
c_2Epair 2E_2C ty_2Enum_2Enum ty_2Enum_2Enum) V2m) V3n)) (\V4n €
ty_2Enum_2Enum.(ap (ap c_2Erealax_2Ereal__add (ap VOf V4n)) (
ap V1g V4n)))) = (ap (ap c_2Erealax 2Ereal__add (ap (ap c.2Ereal 2Esum
(ap (ap (c-2Epair2E_2C ty_2Enum_2Enum ty_2Enum_2Enum) V2m) V3n))
VOf)) (ap (ap c2Ereal 2Esum (ap (ap (c-2Epair2E_2C ty_2Enum_2Enum
ty-2Enum_2Enum) V2m) V3n)) Vlg)))))))

(145)
Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
(ap (ap c2Ereal 2Esum (ap (ap (c2Epair_2E_2C ty_2Enum_2Enum
ty2Enum_2Enum) VOm) V1n)) (AV2r € ty_2Enum_2Enum.(ap c2Ereal 2Ereal__of __num
c2Enum_2E0))) = (ap c2Ereal 2Ereal__of __num c2Enum_2E0))))

(146)
Assume the following.
(VVO0z € ty_2Erealax_2Ereal. (VV1y € ty_2Erealax_2Ereal.
((ap (ap c_2Erealax_2Ereal__mul (ap c_2Erealax_2Ereal__neg V0x)) (147)

V1y) = (ap c_2Erealax_2Ereal__neg (ap (ap c_2Erealax_2Ereal__mul
Voz) V1y)))))
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Assume the following.

(YVO0y € ty 2Erealax 2Ereal.(VV1x € ty 2Erealax_2Ereal.
((p (ap (ap c2Erealax_2Ereal__It V1z) VOy))<(—(p (ap (ap c_2Ereal 2Ereal__lte
Vo) Viz)))
(148)
Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV 1y € ty_2Erealax_2Ereal.
(VV2z € ty 2Erealax_2Ereal.((p (ap (ap c2Ereal 2Ereal__lte
V1y) V2z))=(p (ap (ap c_2Ereal 2Ereal__lte (ap (ap c_2Erealax_2Ereal__add
VO0z) V1y)) (ap (ap c2Erealax_2Ereal__add V0z) V2z)))))))
(149)
Assume the following.

(VVO0x € ty_2Erealax 2Ereal.(VV 1y € ty_2Erealax_2Ereal.
((p (ap (ap c_2Ereal 2Ereal__lte (ap c_2Erealax_2Ereal__neg V0z))
V1y))<(p (ap (ap c2Ereal 2Ereal__lte (ap c2Ereal 2Ereal__of __num
c2Enum_2EO0)) (ap (ap c_2Erealax_2Ereal__add V0zx) V1y))))))

(150)
Assume the following.
(YVO0zx € ty_2Erealax_2Ereal .(VV1y € ty_ 2Erealaz_2Ereal.
((p (ap (ap c-2Ereal_2Ereal__Ite (ap c_2Erealax_2Ereal__neg V0x)) (151)
(ap c_2Erealax_2Ereal__neg V1y)))<(p (ap (ap c_2Ereal 2Ereal__lte
Vly) VOz)))))
Assume the following.
(VVO0x € ty_2Erealax_2Ereal.((ap c_2Erealax_2Ereal__neg (152)

(ap c_2Erealax_2Ereal__neg V0z)) = V0z))
Assume the following.

(YV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.

((p (ap (ap c-2Ereal_2Ereal__Ite VOz) (ap c_2Erealax_2Ereal__neg
V1y)))<(p (ap (ap c2Ereal 2Ereal__Ite (ap (ap c_2Erealax_2Ereal__add
V0zx) V1y)) (ap c2Ereal 2Ereal__of __num c_2Enum_2EQ))))))

(153)
Assume the following.

(VV 0z € ty_2Erealax 2Ereal . (VV1y € ty 2Erealax_2Ereal.
(VV2z € ty_2Erealar_2Ereal.((ap (ap c-2Erealax_2Ereal__mul

(ap (ap c2Erealax_2Ereal__add VO0z) V1y)) V2z) = (ap (ap c-2Erealax_2Ereal__add

(ap (ap c2Erealax_2Ereal__mul V0z) V2z)) (ap (ap c_2Erealax_2Ereal__mul

Vly) V22))))))
(154)
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Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
(p (ap (ap c_2Ereal 2Ereal__lte (ap c2Ereal 2Ereal__of __num
VOom)) (ap c2Ereal 2Ereal__of —_num V1n)))<(p (ap (ap c2Earithmetic 2E_3C_3D
Vom) Vin)))))
(155)
Assume the following.

(VVOn € ty_2Enum_2Enum.(YV1m € ty_2Enum_2Enum.(

(((ap c.2Ereal 2Ereal_of _num VOn) = (ap c.2Ereal 2Ereal_of _num
V1im))<(VOon = V1im))A((((ap c2Erealax_2Ereal__neg (ap c_2Ereal 2Ereal__of __num
VOon)) = (ap c2Ereal 2Ereal__of __num V1m))<((VOn = c_2Enum_2E0)A
(V1im = c.2Enum_2E0)))A((((ap c-2Ereal 2Ereal__of __num V0n) =
(ap c_2Erealax_2Ereal__neg (ap c.2Ereal 2Ereal__of _num V1m)))<
((VOn = c.2Enum_2E0)A(V1m = c_2Enum_2E0)))A(((ap c_2Erealax_2Ereal__neg
(ap c2Ereal 2Ereal__of _num VOn)) = (ap c_2Erealax_2Ereal__neg
(ap c2Ereal 2Ereal__of _num V1m)))<(V0n = V1im)))))))

(156)

Assume the following.
(YVOt € 2.((=(=(p VOH)))&(p VO1))) (157)

Assume the following.
(VV0A € 2.((p VOA)=((=(p VOA))=False))) (158)

Assume the following.

(VV0A € 2.(YV1B € 2.(((~((p VOAW (p V1B)))=False)<

(((p VOA)=False)=((~(p V1B))=Falsc))))) (159)

Assume the following.
(Y04 € 2.(WV1B € 2(~((~(p VOA)V(p VIB))=False)s (e

((p VOA)=((—(p V1B))=False)))))
Assume the following.
(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (161)

Assume the following.

(VVOp € 2.(¥V1q € 2.(¥V2r € 2.(
(p Vig)e(p V2r)))e(((p Vop)V(lp V1g)V(p V2
p V2r))V(=(p V1g))A(((p V1g)V((=(p V2r))
((=(p V1g))V(=(p VOp)))))
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Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)=(

(p VigIn(p V2r)))=(((p VOop)V((=(p V1g))V(=(p V2r)) )A(((p V1g)V
(=(p VOp)))A((p V2r)V(=(p VOp))))))))) 163
163

Assume the following.

(VVOp € 2.(VW1g € 2.(VV2r € 2.(((p VOp)=(
(p Vig)V(p V2r)))=(((p VOp)V(=(p V1g)))A(((p VOp)V(=(p V2r)))A
((p V1ig)V((p V2r)V(=(p VO0p))))))))))

(164)
Assume the following.
(VVOp € 2.(VV1g € 2.(WVV2r € 2.(((p VOp)=(
(p V1g)=(p V2r)))=(((p VOp)V(p V1g))A(((p VOp)V(=(p V2r)))A((
=(p V1g))V((p V2r)V(=(p VOp))))))))))
(165)
Assume the following.
(VVOp € 2.(vV1g € 2.(((p VOp)=(=(p V1g)))=(((p VOp)V (166)
(p V1g))A((=(p V1g))V(~(p VOp)))))))
Assume the following.
(VVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (167)
Assume the following.
(YVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q))))) (168)
Assume the following.
(VWOp € 2.(vV1q € 2.((~((p VOp)V(p V1g)))=(=(p VOp))))) (169)
Assume the following.
(VV0p € 2.(VV1g € 2.((=((p VOp)V(p V1q)))=(=(p V1q))))) (170)

Assume the following.

(YVOp € 2.((—(=(p VOp)))=(p VOp))) (171)

Assume the following.

(VVO0x € (ty2Erealax_2Erealv-2Enum-2Enum) (g7 140 ¢
ty_2Erealax_2Ereal.((p (ap (ap c-2Eseq-2E_2D_2D_3E V0z) V120))<
(VV2e € ty2Erealax_2Ereal .((p (ap (ap c2Erealax_2Ereal__It
(ap c.2Ereal 2Ereal__of __num c_2Enum_2E0)) V2e))=(3V3N €

ty 2Enum_2Enum.(YV4n € ty 2Enum_2Enum.((p (ap (ap c2Earithmetic_2E_3E_3D

Vi4n) V3N))=(p (ap (ap c_2Erealax_2Ereal__It (ap c_2Ereal 2Eabs
(ap (ap c-2Ereal 2Ereal__sub (ap VO0z V4n)) V1z0))) V26)))))))())) |
172

26



Assume the following.

(VVOf € (ty_2Erealax_2Erealty-2Enum-2Enum) ((y, (qp ¢ 2Eseq 2Esummable
VOf))=(p (ap (ap c2Eseq_2Esums VOf) (ap c_2Eseq_2Esuminf V0f)))))
(173)
Assume the following.

(YVOf € (ty2Erealax_2ErealtV-2Enum-2Enum) (gy/1p ¢
ty_2Enum_2Enum.(((p (ap c-2Eseq-2Esummable VOf))A(VV2m €
ty_2Enum_2Enum.((p (ap (ap c_2Earithmetic 2E_3C_3D V1n) V2m))=
(p (ap (ap c2Ereal_2Ereal__lte (ap c.2Ereal 2Ereal__of __num
c_2Enum_2EQ)) (ap VOf V2m))))))=(p (ap (ap c_2Ereal 2Ereal__lte
(ap (ap c2Ereal 2Esum (ap (ap (c2Epair_2E_2C ty_2Enum_2Enum
ty_2Enum_2Enum) c_2Enum_2EQ) V1n)) VOf)) (ap c2Eseq_2Esuminf
VO£)N)))

(174)
Assume the following.

(YVOf € (ty_2Erealax_2Erealty-2Enum-2Enum) (g 1] ¢
ty_2Erealaz_2Ereal .((VV2n € ty_2Enum_2Enum.(p (ap (ap
c_2Ereal 2Ereal__Ite (ap VOf V2n)) (ap VOf (ap c22Enum_2ESUC V2n)))))A
((VV3n € ty-2Enum_2Enum.(p (ap (ap c_2Ereal 2Ereal__lte
(ap VOf V3n)) V1I)))A(VV4e € ty_2Erealax_2Ereal.((p (ap
(ap c_2Erealax_2Ereal__It (ap c2Ereal 2Ereal__of_num c_2Enum_2E0))
Vde))=(IVhn € ty_2Enum_2Enum.(p (ap (ap c_2Erealax_2Ereal__It
V1l) (ap (ap c-2Erealax_2Ereal__add (ap VOf V5n)) Vde))))))))=
(p (ap (ap c2Eseq2E_2D_2D_3E VOf) V'11)))))

(175)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
VYV 2k € ty_2Enum_2Enum.((p (ap (ap c_2Earithmetic.2E_3C_3D
V2k) (ap (ap c2Earithmetic.2EMAX VOm) V1n)))<((p (ap (ap c2Earithmetic_2E_3C_3D
V2k) VOm))V(p (ap (ap c2Earithmetic_2E_3C_3D V2k) V1n)))))))
(176)
Assume the following.

(VVOf € (ty-2Erealax_2Erealty-2Enum-2Enum) (((p (ap c_2Eseq-2Esummable
VOf)ANVV1n € ty 2Enum_2Enum.(p (ap (ap c_2Ereal 2Ereal__Ite
(ap c2Ereal 2Ereal__of __num c_2Enum_2E0)) (ap VOf V1n)))))=
(p (ap (ap c_2Ereal 2Ereal__lte (ap c2Ereal 2Ereal__of __num
c_2Enum_2EQ)) (ap c-2Eseq_2Esuminf V0f)))))
(177)
Assume the following.

(VVOf € (ty_2Erealax_2Ereqlty-2Enum-2Enum) (g1 ¢
ty 2Erealax_2Ereal.((p (ap (ap c2Eseq 2Esums VOf) Viz))<((p
(ap c2Eseq_2Esummable VOf))A((ap c_2Eseq_2Esuminf VOf) = V1x)))))
(178)
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Assume the following.

(VVOn € ty 2Enum_2Enum.(VV 1k € ty 2Enum_2Enum.(
VV2x € ty 2Erealax_2Ereal.((ap (ap c2Ereal 2Esum (ap (
ap (c2Epair 2E_2C ty_2Enum_2Enum ty-2Enum_2Enum) c2Enum_2E0)
Von)) (AV3m € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2ECOND ty_2Erealaz_2Ereal)
(ap (ap (c-2Emin_2E_3D ty_2Enum_2Enum) V3m) V1k)) V2z) (ap c.2Ereal 2Ereal__of __num
c_2Enum_2E0)))) = (ap (ap (ap (c-2Ebool 2ECOND ty_2Erealax_2Ereal)
(ap (ap c2Eprim__rec 2E_3C V'1k) VOn)) V2z) (ap c.2Ereal 2Ereal__of __num
c_2Enum_2E0))))))
(179)
Assume the following.

(VVOf € (ty-2Erealax_2ErealtV-2Fnum-2Enum) (g1 ¢
(ty_2Erealax_2Erealty-2Enum-2Enum) (g om € ty 2 Enum_2Enum.
(VV3n € ty 2Enum_2Enum.((YV4r € ty_ 2Enum_2Enum.

(((p (ap (ap c_2Earithmetic2E_3C_3D V2m) V4r))A(p (ap (ap c_2Eprim__rec_2E_3C
Vir) (ap (ap c2Earithmetic2E_2B V3n) V2m))))=(p (ap (ap c_2Erealax_2Ereal__It
(ap VOf V4r)) (ap V1g V4r))))A(p (ap (ap c2Eprim__rec_2E_3C c_2Enum_2E0)
V3n)))=(p (ap (ap c2Erealax_2Ereal__It (ap (ap c-2Ereal 2Esum
(ap (ap (c-2Epair_2E_2C ty_2Enum_2Enum ty_2Enum_2Enum) V2m) V3n))
VOf)) (ap (ap c2Ereal 2Esum (ap (ap (c-2Epair 2E_2C ty_2Enum_2Enum

ty 2Enum_2Enum) V2m) V3n)) V1g))))))))
(180)
Assume the following.

(VVOn € ty_2Enum_2Enum.(YV1r € ty_2Erealax_2Ereal.
((ap (ap c.2Ereal 2Esum (ap (ap (c-2Epair 2E_2C ty_2Enum_2Enum
ty_2Enum_2Enum) c_2Enum_2E0) VOn)) (ap (c-2Ecombin_2EK ty_2Erealax_2Ereal
ty 2Enum_2Enum) V1r)) = (ap (ap c2Erealax_2Ereal__mul (ap ¢_2Ereal 2Ereal__of __num
Von)) V1r)))
(181)
Assume the following.

(VV0a € ty_2Enum_2Enum.(YV1b € ty_2Enum_2Enum.(
(p (ap (ap c2Eprim__rec_2E_3C V0a) (ap c.2Enum_2ESUC V'1b)))<=( (182)
(p (ap (ap c2Eprim__rec 2E_3C V0a) V1b))V(V0a = V1b)))))

Assume the following.

VA_27a.nonempty A_27a=YA_27b.nonempty A_27b=(
YV0x € A27a.((ap (c_2Ecombin 2EK A_27a A 27b) VOx) = (A\V1z € (183)
A27b.V0x)))
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Assume the following.

(YVOf € ((ty2Epair 2Eprod ty_2Enum_2Enum ty_2Enum_2Enum)tv-2Enum-2Enum)
(VV1N € ty 2Enum_2Enum.((p (ap (ap (ap (c_2Epred__set_2EBIJ
ty 2Enum_2Enum (ty-2Epair 2Eprod ty 2Enum_2Enum ty_2Enum_2Enum))
VOf) (c2Epred__set_2EUNIV ty_2Enum_2Enum)) (ap (ap (c-2Epred__set_2ECROSS
ty_2Enum_2Enum ty_2Enum_2Enum) (c-2Epred__set 2EUNIV ty_2Enum_2Enum))
(c-2Epred__set 2EUNIV ty_2Enum_2Enum))))=(3V 2k € ty_2Enum_2Enum.
(p (ap (ap (c2Epred__set 2ESUBSET (ty_2Epair 2Eprod ty_2Enum_2Enum
ty 2Enum_2Enum)) (ap (ap (c2Epred__set 2EIMAGE ty_2Enum_2Enum
(ty-2Epair 2Eprod ty-2Enum_2Enum ty_2Enum_2Enum)) VOf) (ap c2Epred__set_2Ecount
V1N))) (ap (ap (c2Epred__set_2ECROSS ty_2Enum_2Enum ty-2Enum_2Enum)
(ap c2Epred__set_2Ecount V2k)) (ap c_2Epred__set_2Ecount V'2k))))))))
(184)
Assume the following.

(VVOf € ((ty2Epair 2Eprod ty_2Enum_2Enum ty_2Enum_2Enum)ty-2Enum-2Enum)
(VV1k € ty2Enum_2Enum.((p (ap (ap (ap (c-2Epred__set 2EBIJ
ty2Enum_2Enum (ty-2Epair 2Eprod ty 2Enum_2Enum ty-2Enum_2Enum))
VOf) (c2Epred__set 2EUNIV ty_2Enum_2Enum)) (ap (ap (c-2Epred__set_2ECROSS
ty_2Enum_2Enum ty_2Enum_2Enum) (c_2Epred__set 2EUNIV ty_2FEnum_2Enum))
(c_2Epred__set 2EUNIV ty_2Enum_2Enum))))=(3V2N € ty_2Enum_2Enum.

(p (ap (ap (c2Epred__set 2ESUBSET (ty_2Epair 2Eprod ty_2Enum_2Enum
ty2Enum_2Enum)) (ap (ap (c_2Epred__set_2ECROSS ty_2Enum_2Enum
ty_2Enum_2Enum) (ap c2Epred__set_ 2Ecount V'1k)) (ap c_2Epred__set_2Ecount
V1k))) (ap (ap (c_2Epred__set 2EIMAGE ty_2Enum_2Enum (ty-2Epair_2Eprod
ty_ 2Enum_2Enum ty 2Enum_2Enum)) VOf) (ap c_2Epred__set_ 2Ecount

V2N))))))) (155)

Theorem 1

(vvof c ((ty72E,realaI72Erealty,2Enum,2Enum)ty,ZEnum,ZEnum).
(VV1g € (ty-2Erealax_2Erealty-2Enum-2Enum) (yy/9h ¢
((ty_2Epair 2Eprod ty_2Enum_2Enum ty_2Enum_2Enum)ty-2Enum-2Enum)
((VV3m € ty_2Enum_2Enum.(VV4n € ty_2Enum_2Enum.

(p (ap (ap c_2Ereal 2Ereal__lte (ap c2Ereal 2Ereal__of __num
c_2Enum_2EQ)) (ap (ap VOf V3m) V4An)))A((VV5n € ty 2Enum_2Enum.

(p (ap (ap c-2Eseq_2Esums (ap VOf V5n)) (ap V1g V5n))))A((p (ap c_2Eseq_2Esummable
V1g))A(p (ap (ap (ap (c_2Epred__set 2EBIJ ty_2Enum_2Enum (ty-2Epair 2Eprod
ty2Enum_2Enum ty_2Enum_2Enum)) V2h) (c_2Epred__set_2EUNIV
ty_2Enum_2Enum)) (ap (ap (c_2Epred__set 2ECROSS ty_2Enum_2Enum
ty_2Enum_2Enum) (c_2Epred__set 2EUNIV ty_2Enum_2Enum)) (c_2Epred__set 2EUNIV
ty_2Enum_2Enum)))))))=(p (ap (ap c_2Eseq_2Esums (ap (ap (c_2Ecombin_2Eo
ty 2Enum_2Enum ty_2Erealax_2Ereal (ty-2Epair 2Eprod ty-2Enum_2Enum
ty_2Enum_2Enum)) (ap (c_2Epair 2EUNCURRY ty_2Enum_2Enum ty_2Enum_2Enum
ty 2FErealax_2Ereal) VOf)) V2h)) (ap c-2Eseq-2Esuminf V1g)))))))
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