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Definition 1 We define c 2Emin_2E_3D to be AA.Xx € A y € Ainj_o (x =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (\V 0z € 2.V0z)) (\V1z € 2.V
Definition 3 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Definition 5 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 6 We define c_2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Definition 7 We define c_.2Ebool 2E_2F_5C to be (AV 01 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c.2Farithmetic2E 2B : 1 be given. Assume the following.
c2Earithmetic 2E 2B € ((ty_2Enum_2EnumtY-2Enum-2Enum)ty-2Enum_2Enum)

Let ty 2FElist 2Flist : 1= be given. Assume the following. 2

YV AOQ.nonempty A0=nonempty (ty-2Elist 2Elist A0) (3)
Let c2Elist 2EAPPEND : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Elist 2EAPPEND A 27a € (((ty-2Elist_2Elist
A727a)(ty,2Elist,2Elist A,27a))(ty,2Elist,2Elist A,27a))

(4)



Let c2Elist 2EFILTER : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2FElist 2EFILTER A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))(2A*27a))

(5)
Let ¢ 2Elist 2ELENGTH : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c2Elist 2ELENGTH A_27a € (ty_2Enum_2Enum/ (tv-2Elist-2Elist A-2Ta))
(6)
Definition 8 We define c_2Esorting_2EPERM to be AA_27a : L. AVOL1 € (ty_2Elist 2Elist A-27a).A\V1L2 ¢

Assume the following.

(VVOm € ty_2Enum_2Enum.(VYV1n € ty_2Enum_2Enum.(
YV 2p € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2B V0m)
(ap (ap c2Earithmetic2E 2B V1n) V2p)) = (ap (ap c.2Earithmetic 2E 2B
(ap (ap c2Earithmetic2E 2B VOm) V1n)) V2p)))))
(7)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.(((ap (ap c2Earithmetic2E 2B V0m)
V2p) = (ap (ap c2Earithmetic2E 2B V1n) V2p))<(VOm = Vin)))))

Assume the following.
True (9)
Assume the following.

VA_27a.nonempty A27a=(VVO0t € 2.((VV1x €
A27a.(p VOL))=(p VOL)))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=True)&
True)A((False=(p VOt))True) A((((p VOt)=(p VOt))=True)A((  (11)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VO0zx = VOz)&

True)) (12)
Assume the following.
VA_27a.nonempty A27a=(VV0zx € A27a.(VV1y €
A27a.(V0z = V1g)e(Vly = Vo)) (13)
Assume the following.
(YVOt1 € 2.(WV 12 € 2.(vV213 € 2.(((p VOil)= (14

((p V1t2)=(p V2t3)))=(((p VOtL)A(p V1E2))=(p V213))))))



Assume the following.

(VV0z € 2.(VV 1227 € 2.(YV2y € 2.(YV3y.27 €
2.((((p VOoz)=(p V1x27)A((p V1z27)=((p V2y)<=(p V3y-27))))= (15)
(((p VOz)=(p V2y))=((p V1z2T)=(p V3y-27))))))))

Assume the following.

VA_27a.nonempty A27a=(VVO0I1 € (ty-2Elist_2Elist
A_27a).(WV1i2 € (ty-2Elist 2Elist A27a).(VV2I3 €
(ty-2Elist_2Elist A27a).((ap (ap (c2Elist 2EAPPEND A 27a)
V0I1) (ap (ap (c2Elist 2EAPPEND A_27a) V112) V213)) = (ap (ap (c2Elist 2EAPPEN D
A27a) (ap (ap (c2Elist 2EAPPEND A_27a) VOI1) V112)) V2I3)))))
(16)
Assume the following.

VA_27a.nonempty A27a=(VVO0I1 € (ty-2Elist 2Elist
A 27a). (VW12 € (ty-2Elist 2Elist A27a).((ap (c2Elist 2ELENGTH
A27a) (ap (ap (c2Elist 2EAPPEND A 27a) V0I1) V1i2)) = (ap (ap c2Earithmetic2E 2B
(ap (c2Blist 2ELENGTH A_27a) VOI1)) (ap (c.2Elist 2ELENGTH A_27a)
V112)))
(17)
Assume the following.

VA _27a.nonempty A 27a=(VVOP € (24-27%) (VV1L €
(ty-2Elist 2Elist A27a).(VV2M € (ty-2Elist_2Elist A_27a).
((ap (ap (c-2Elist 2EFILTER A_27a) VOP) (ap (ap (c2Elist 2EAPPEND
A 27a) V1L) V2M)) = (ap (ap (c2Elist 2EAPPEND A_27a) (ap (ap (c2Elist 2EFILTER
A_27a) VOP) V1L)) (ap (ap (c2Elist 2EFILTER A_27a) VOP) V2M))))))
(18)
Assume the following.

YA_27a.nonempty A27a=(VVOL1 € (ty-2Elist_2Elist
A27a).(VV1L2 € (ty2Elist 2Elist A27a).((p (ap (ap (c_2Esorting_2EPERM
A27a) VOL1) V1L2))(VV2z € A27a.((ap (c2Elist 2ELENGTH
A27a) (ap (ap (c2Elist 2EFILTER A 27a) (ap (c.2Emin_2E_3D A_27a)
V2z)) VOL1)) = (ap (c-2Elist 2ELENGTH A_27a) (ap (ap (c2Elist 2EFILTER

A_27a) (ap (c2Emin_2E_3D A_27a) V2zx)) V1L2)))))))
(19)
Assume the following.

VA 27a.nonempty A27a=(VVO0x € (ty_2Elist 2Elist
A 27a).(VV1y € (ty-2Elist 2Elist A27a).((p (ap (ap (c-2Esorting_2EPERM
A27a) VOz) V1y))<((ap (c-2Esorting_2EPERM A_27a) V0z) = (ap (c_2Esorting_.2EPERM
A27a) V1y)))))
(20)



Theorem 1

VA 27a.nonempty A27a=(VV0I1 € (ty_ 2Elist 2Elist
A27a).(YV 2 € (ty_2Elist 2Elist A_27a).(YV2I3 €
(ty2Elist_2Elist A27a).(VV3l4 € (ty_2Elist_2Elist A27a).
(((ap (c_2Esorting2EPERM A _27a) V0I1) = (ap (c_2Esorting_2EPERM
A27a) (ap (ap (c2Elist 2EAPPEND A_27a) V112) V213)))=((ap (c2Esorting_2EPERM
A_27a) (ap (ap (c2Elist 2EAPPEND A_27a) V0I1) V3Il4)) = (ap (c_2Esorting_2EPERM
A_27a) (ap (ap (c2Elist 2EAPPEND A_27a) V1i2) (ap (ap (c2Elist 2EAPPEND
A27a) V2I3) V3I4)))))))



