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Definition 1 We define c.22Emin_2E_3D to be AA.\x € A \y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E 3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).

Definition 5 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 6 We define c_2Ebool 2E_7E to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Definition 7 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € ¢
Let ty_2Flist 2Elist : 1= be given. Assume the following.

VA0.nonempty A0=nonempty (ty_2Elist 2Elist A0) (1)
Let ¢ 2Elist 2ELIST_TO__SET : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c2Elist 2ELIST_TO_SET A27a €
((2A,27a)(ty,ZE'list,QElist A,Z'?a)) (2)

Definition 8 We define c 2Ebool 2EIN to be A\A_27a : 1.(AVO0x € A27a.(A\V1f € (24-27%).(ap V1f VOx)))
Definition 9 We define c_2Ebool 2E_2F 5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2¢ € ¢
Definition 10 We define c_2Emarker_2EAC to be A\V0b1 € 2.\V1b2 € 2.(ap (ap c_2Ebool 2E_2F 5C V0b1) |
Let c2Elist 2EFILTER : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2EFILTER A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))(2A*27“))

(3)



Definition 11 We define c_2Esorting_2EPERM to be AA_27a : 1. \VOL1 € (ty-2Elist 2Elist A_27a).\V1L2
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2FElist 2ECONS A 27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(4)
Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA_27a.nonempty A27a=c2Elist 2ENIL A 27a € (ty2Elist 2Elist
A_27a)

Assume the following.
True (6)

Assume the following.

VA_27a.nonempty A27a=(VVO0t € 2.((VV1x € (7)
A27a.(p VOt))=(p VOL)))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VO)A((((p VOt)=True)<
True)AN(((False=(p VOt))eTrue)A((((p VOt)=(p VOt))=True)A(( (8)
(p VOt)= False)=(=(p V01))))))))

Assume the following.

VA_27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)& )
True))

Assume the following.

VA 27a.nonempty A 27a=(NVVO0zx € A27a.(VV1y €

A27a.(VOz = Vig)e(Viy = VOx)))) (10)

Assume the following.
(VV0A € 2.(vV1B € 2.(vV2C € 2.(((p VOA)V( )

(p V1B)V(p V2C)))=(((p VOA)V(p V1B))V(p V2C))))))

Assume the following.

(VOA € 2(W1B € 2(((p VOOV VIE) (0 VIBN )
(p V0A4)))))

Assume the following.

(VW01 € 2.(VV 12 € 2.(YV2t3 € 2.(((p VOt1)= 13

((p V1t2)=(p V2t3)))=(((p VOtL)A(p V1i2))=(p V213))))))



Assume the following.

(VV0z € 2.(VV 1227 € 2.(YV2y € 2.(YV3y.27 €
2.((((p VOoz)=(p V1x27)A((p V1z27)=((p V2y)<=(p V3y-27))))= (14)
(((p VOz)=(p V2y))=((p V1z2T)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A27a=(VVOf € ((A27a4-272)A-27a),
(VWlx € A27a.(VV2y € A27a.(VV3z € A27a.
((ap (ap VOf V1z) (ap (ap VOf V2y) V3z)) = (ap (ap VOf (ap (ap VOf Viz)
V2y)) V32))))=((VVdx € A27a.(VV5y € A27a.((ap
(ap VOf Vdz) V5y) = (ap (ap VOf V5y) Vdx))))=(VV6x € A27a.(
YVTy € A27a.(VV8z € A27a.((ap (ap VOf V62) (ap (ap
VOf VTy) V8z)) = (ap (ap VOf VTy) (ap (ap VOf V6z) VSZ))))))))() )
15
Assume the following.

VA_27a.nonempty A27a=((VV0x € A27a.((p (ap (ap
(c-2Ebool 2EIN A_27a) VO0z) (ap (c2Elist 2ELIST_TO_SET A_27a)
(c2Elist 2ENIL A 27a))))<False))AN(VV1x € A27a.(VV2h €
A27a.(VV3t € (ty2FElist 2Elist A_27a).((p (ap (ap (c_2Ebool 2EIN
A27a) V1z) (ap (c2Elist 2ELIST_TO_SET A_27a) (ap (ap (c2Elist 2ECONS
A_27a) V2h) V3t))))e((V1ie = V2h)V(p (ap (ap (c-2Ebool 2EIN A_27a)
Viz) (ap (c2Elist 2ELIST_TO__SET A 27a) V3t)))))))))
(16)
Assume the following.

VA,Q?a.nonempty A727a:>(vvop c ((Q(ty,QElist,QE'list A,27a))(ty,2Elist,2Elist A,27a))'
(((p (ap (ap VOP (c2Elist 2ENIL A 27a)) (c2Elist 2ENIL A27a)))A
(WWlx € A27a.(VV2I1 € (ty_2Elist 2Elist A27a).

(VV3i2 € (ty-2Flist 2Elist A27a).((p (ap (ap VOP V2I1) V3i2))=
(p (ap (ap VOP (ap (ap (¢c2Elist 2ECONS A 27a) V1x) V2I1)) (ap (ap
(c.2Elist 2ECONS A_27a) Viz) V3I12))A((VW4z € A27a.

(VVby € A27a.(VV6I1 € (ty-2Elist 2Elist A_27a).

(VVTI2 € (ty2Flist 2Elist A27a).((p (ap (ap VOP V6I1) V7i2))=
(p (ap (ap VOP (ap (ap (c2Elist 2ECONS A 27a) V4x) (ap (ap (c2Elist 2ECONS
A_27a) V5y) V6I1))) (ap (ap (¢c2Elist 2ECONS A_27a) V5y) (ap (ap
(c.2Elist 2ECONS A27a) Vix) V712))))))))ANVV8IL € (ty-2Elist 2Elist
A27a).(VV9I2 € (ty-2Elist 2Elist A27a).(WVV10I3 €
(ty2Elist_2Elist A_27a).(((p (ap (ap VOP V8I1) V9I2))A(p (ap (
ap VOP V912) V1013)))=(p (ap (ap VOP V8I1) V10i3)))))))))=(VV11il €
(ty2Elist 2Elist A27a).(VV12I2 € (ty-2Elist 2Elist
A27a).((p (ap (ap (c2Esorting 2EPERM A _27a) V11[1) V12i(2))=
(p (ap (ap VOP V1111) V12i2)))))))

(17)



Theorem 1

VA_27a.nonempty A 27a=-(VV0I1 € (ty_2FElist 2Elist
A_27a).(WV1i2 € (ty-2Elist 2Elist A_27a).((p (ap (ap (c_2Esorting_2EPERM
A27a) VOI1) V1i2))=(VV2z € A27a.((p (ap (ap (c-2Ebool_2EIN
A 27a) V2z) (ap (c2Elist 2ELIST_TO_SET A 27a) VOI1)))<(p (
ap (ap (c2Ebool 2EIN A_27a) V2x) (ap (c.2Elist 2ELIST_TO__SET
A.270) V12))))))



