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Definition 1 We define c2Emin_2E_3D to be \A.Ax € A )y € A.inj_o (x = y)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0x € 2.V0z)) (\V1z € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_.2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).

Definition 5 We define c_2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 6 We define c.2Ebool 2E_7E to be (AV 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 7 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € :
Let ty_2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c2FEarithmetic2E 2B : 1 be given. Assume the following.
c2Earithmetic 2E 2B € ((ty_2Enum_2EnumtY-2Enum-2Enum)ty-2Enum_2Enum)
(2)
Definition 8 We define c_2Ebool _2E_2F_5C to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € ¢
Definition 9 We define c_2Erelation_2Etransitive to be A\A_27a : t.AVOR € ((24-279)*-*") (ap (c_2Ebool 2F
Let ty 2FElist_2Elist : 1= be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2FElist 2Elist A0) (3)
Let c2FElist 2ENIL : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c 2Elist 2ENIL A 27a € (ty 2Elist 2Elist
A_27a)
(4)



Let c2Elist 2EFILTER : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2Elist 2EFILTER A 27a € (((ty_2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))(2A*27”’))

(5)
Let ¢ 2FElist 2ELENGTH : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c2Elist 2ELENGTH A_27a € (ty 2Enum_2Enum/ty-2Elist-2Elist A-27a))
(6)
Definition 10 We define c_2Esorting_2EPERM to be AA_27a : 1. \VOL1 € (ty-2Elist 2Elist A_27a).\V1L2

Definition 11 We define c 2Emin_2E_40 to be AA.AP € 24.if (32 € A.p (ap P z)) then (the (\z.x € AN,
of type t=-t.

Definition 12 We define c 2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Let ¢ 2Elist 2EAPPEND : 1= be given. Assume the following.

VA 27a.nonempty A 27a=c 2FElist 2EAPPEND A 27a € (((ty_2Elist 2Elist
A_27q)(ty-2Blist 2Blist A_2Ta))(ty-2Elist-2Blist A-2Ta))

(7)
Let ¢ 2Elist 2ECONS : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c2Elist 2ECONS A27a € (((ty-2Elist_2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(8)
Definition 13 We define c_2Esorting_2EPERM__SINGLE__SWAP to be AA_27a : 1.AV0I1 € (ty_2Elist 2Elis

Definition 14 We define c_2Erelation 2ETC to be A\A_27a : L AVOR € ((24-27)*"") \V1a € A27a.\V2b
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
(ap (ap c2Earithmetic2E 2B VOm) V1n) = (ap (ap c.2Earithmetic.2E 2B
Vin) VOm))))
(9)

Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty_ 2Enum_2Enum.(
YV 2p € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2B V0m)
(ap (ap c2Earithmetic2E 2B V1n) V2p)) = (ap (ap c.2Earithmetic2E 2B
(ap (ap c2Earithmetic2E 2B VOm) V1n)) V2p)))))
(10)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.(((ap (ap c2Earithmetic 2E 2B V0Om)
V2p) = (ap (ap c.2Farithmetic 2E 2B V1n) V2p))<(V0Om = Vin)))))
(11)



Assume the following.
True

Assume the following.

(VVOtL € 2.(VV1t2 € 2.(((p VOt1)=(p V1t2))=(((p
V1t2)=(p VOt1))=((p VOt1)(p V1£2))))))

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(V0x = VO0z)&
True))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(VOx = Viy)e(Viy = V0x))))

Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YVOf € (A2764-270) (YV1g € (A2764-270).((VOf =
Vig)e(VV2x € A27a.((ap VOf V2z) = (ap V1g V2z))))))

Assume the following.

(VVO0t € 2.(((Trues(p VOt))<(p VOt) ) A(((p VOt)=True)s
(p VOO)A(((Falses(p VOt))e(—(p VO)A(((p VOt)e False)<(—(

p V0i)))))))

Assume the following.

(VW0A € 2.(YW1B € 2.(((p VOA)=(p V1B))a((=(p VOA))V
(p V1B)))))

Assume the following.

(VVOtl € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=
((p V12)=(p V2t3)))=(((p VOI1)A(p V112))=(p V213))))))

Assume the following.

(VV0zx € 2.(VV1x 27 € 2.(VV2y € 2.(VV3y 27 €
2.((((p VOz)=(p V1e27))A((p V1z2T)=((p V2y)=(p V3y-27))))=
(((p VOx)=(p V2y))&((p V1z27)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A27a=(VVOf € (24-27%).(VW1v €
A27a.(VV2x € A27a.(V2z = V1v)=(p (ap VOf V2x))))=(p (
ap VOf V1v)))))

(12)

(13)

(15)

(16)

(17)

(20)



Assume the following.

VA 27a.nonempty A_27a=-((VV 0l € (ty-2Elist_2Elist
A 27a).((ap (ap (c2Elist 2EAPPEND A_27a) (c2Elist 2ENIL A_27a))
VOl) = VO AWV € (ty 2Elist 2Elist A-27a).(VV2I2 €
(ty2Elist 2Elist A27a).(VV3h € A27a.((ap (ap (c-2Elist 2EAPPEND
A27a) (ap (ap (c2Elist 2ECONS A_27a) V3h) V1I1)) V2I12) = (ap (ap
(c.2Elist 2ECONS A27a) V3h) (ap (ap (c2Elist 2EAPPEND A_27a)
VilL) V212))))))
(22)
Assume the following.

VA 27a.nonempty A_27a=(YVOP ¢ (2(ty-2Elist-2Blist A27a)),

(((p (ap VOP (c2Elist 2ENIL A_27a)))AN(VV1t € (ty_2Elist 2Elist
A27a).((p (ap VOP V1t))=(VV2h € A27a.(p (ap VOP (ap (ap (
¢2Elist 2ECONS A_27a) V2h) V1t)))))))=(VV3l € (ty_2Elist 2Elist
A_27a).(p (ap VOP V3I)))))

(23)
Assume the following.

VA_27a.nonempty A27a=(VVO0I1 € (ty-2Elist 2Elist
A27a).(VV1i2 € (ty2Elist 2Elist A27a).((ap (c2Elist 2ELENGTH
A27a) (ap (ap (c2Elist 2EAPPEND A 27a) V0I1) V1i2)) = (ap (ap c2Earithmetic2E 2B
(ap (c2Blist 2ELENGTH A_27a) VOI1)) (ap (c.2Elist 2ELENGTH A_27a)
V112)))
(24)
Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-27%).(VV1L €
(ty2Elist_2Elist A_27a).(VV2M € (ty2Elist_2Elist A_-27a).
((ap (ap (c2Elist 2EFILTER A-27a) VOP) (ap (ap (c2Elist 2EAPPEND
A27a) V1L) V2M)) = (ap (ap (c2Elist 2EAPPEND A_27a) (ap (ap (c2Elist 2EFILTER
A27a) VOP) V1L)) (ap (ap (c2Elist 2EFILTER A_27a) VOP) V2M))))))
(25)
Assume the following.

VA 27a.nonempty A 27a=(VVOR € ((24-272)A-27a),
(VVlx € A27a.(WVV2y € A27a.((p (ap (ap VOR Viz) V2y))=

(p (ap (ap (ap (c2Erelation 2ETC A_27a) VOR) V1x) V2y)))))A(VV3z €

A27a.(VWWiy € A27a.(VV5z € A27a.(((p (ap (ap (ap
(c-2Erelation 2ETC A_27a) VOR) V3z) V4y))A(p (ap (ap (ap (c2Erelation_2ETC
A_27a) VOR) Vdy) V5z2)))=(p (ap (ap (ap (c_2Erelation 2ETC A_27a)
VOR) V3z) V52)))
(26)
Assume the following.

VA 27a.nonempty A 27a=(YVOR € ((24-27¢)A-27a),
(VVix e A27a.(WVV2y € A27a.((p (ap (ap VOR Viz) V2y))= (27)
(p (ap (ap (ap (c_2Erelation 2ETC A_27a) VOR) V1x) V2y))))))



Assume the following.

VA_27a.nonempty A27a=(YVOR € ((24-27¢)A-27a),
((p (ap (c_2Erelation_2Etransitive A 27a) VOR))=>((ap (c_2Erelation 2ETC
A_27a) VOR) = VOR))

(28)
Assume the following.

VA 27a.nonempty A27a=(VVOR € ((24-274)A-2Ta),
(YV1Q € ((24-270)A-27) (VV 22 € A 27a.(VV3y €
A27a.((VWdx € A27a.(WVby € A27a.((p (ap (ap VOR
Viz) V5y))=(p (ap (ap V1Q Vdx) V5y)))))=((p (ap (ap (ap (c2Erelation 2ETC
A_27a) VOR) V2z) V3y))=(p (ap (ap (ap (c2Erelation 2ETC A_27a)
V1Q) V2z) V3y))))))))
(29)
Assume the following.

VA_27a.nonempty A_27a=>(p (ap (c_2Erelation_2Etransitive (30)
(ty_2Elist 2Elist A_27a)) (c_2Esorting 2EPERM A _27a)))

Assume the following.

VA 27a.nonempty A_27a=(NVOL € (ty_ 2Elist 2Elist
A27a).(((p (ap (ap (c2Esorting_2EPERM A_27a) VOL) (c_2Elist 2ENIL
A27a)))=(VOL = (c2EBlist 2ENIL A_27a)))A((p (ap (ap (c2Esorting_2EPERM
A_27a) (c2Elist 2ENIL A_27a)) VOL))&(VOL = (c.2Elist 2ENIL A_27a)))))
(31)
Assume the following.

VA 27a.nonempty A27a=(VVO0t € (ty-2Elist 2Elist

A27a).(VV1L € (ty2FElist 2Elist A_27a).(VV2h €
A27a.((p (ap (ap (c2Esorting2EPERM A_27a) (ap (ap (c2Elist 2ECONS

A27a) V2h) VOt)) V1L))<(3V3M € (ty-2Elist 2Elist A27a).
(VAN € (ty2Flist 2Elist A27a).(V1L = (ap (ap (c2Elist 2EAPPEND
A27a) V3M) (ap (ap (c-2Elist 2ECONS A_27a) V2h) VAN)))A(p (ap (
ap (c_2Esorting 2EPERM A _27a) V0t) (ap (ap (c.2Elist 2EAPPEN D
A27a) V3M) V4N))))))))))
(32)
Assume the following.

YA_27a.nonempty A27a=(VVOL1 € (ty-2Elist_2Elist
A27a).(VV1L2 € (ty2Elist 2Elist A27a).((p (ap (ap (c_2Esorting_2EPERM
A27a) VOL1) V1L2))&(VV 2z € A27a.((ap (c2Elist 2ELENGTH
A27a) (ap (ap (c2Elist 2EFILTER A 27a) (ap (c.2Emin_2E_3D A_27a)
V2z)) VOL1)) = (ap (c-2Elist 2ELENGTH A_27a) (ap (ap (c2Elist 2EFILTER
A_27a) (ap (c2Emin_2E_3D A_27a) V2zx)) V1L2)))))))

(33)



Assume the following.

VA_27a.nonempty A 27a=(VV0x2 € (ty_2Elist 2Elist
A 27a).(VV1z3 € (ty2Elist 2Elist A_27a).(p (ap (ap (c_2Esorting 2EPERM__SINGLE__SWAP
A27a) (ap (ap (c-2Elist 2EAPPEND A_27a) V0x2) V123)) (ap (ap (c-2Elist 2EAPPEN D
A27a) V1z3) V022)))))
(34)
Assume the following.

VA_27a.nonempty A27a=(VYVOIl € (ty_2Elist_2Elist
A_27a).(p (ap (ap (c_2Esorting 2EPERM__SINGLE__SWAP A_27a) V0I)
von)))
(35)
Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1M €
(ty2Elist 2Elist A27a).(VV2N € (ty-2Elist 2Elist A_27a).
((p (ap (ap (ap (c2Erelation 2ETC (ty_2FElist 2Elist A 27a)) (
c_2Esorting 2EPERM__SINGLE__SWAP A_27a)) V1IM) V2N))=(p (ap (
ap (ap (c2Erelation 2ETC (ty_2Elist_2Elist A_27a)) (c_2Esorting2EPERM__SINGLE__SWAP
A27a)) (ap (ap (c-2Elist 2ECONS A27a) VO0z) VIM)) (ap (ap (c2Elist 2ECONS
A_27a) VOx) V2N)))))))
(36)

Theorem 1

VA_27a.nonempty A_27a=((c_2Esorting_ 2EPERM A_27a) = (
ap (c_2Erelation 2ETC (ty_2Flist 2Elist A_27a)) (c_2Esorting 2EPERM__SINGLE__SWAP
A_27a)))



