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Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_7E to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Definition 7 We define c_2Ebool _2E_2F _5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c-2Ebool_2E_21 2) (AV2t € ¢
Let ty 2FEone_2Fone : 1 be given. Assume the following.

nonempty ty_2Eone_2Eone (1)
Let ty 2Esum_2Esum : t=-1=-1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2FEsum
A0 A1)

(2)
Let c2Esum 2EABS__sum : 1=t=-1 be given. Assume the following.
VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=c2Esum 2EABS__sum
_27a\2
A27a A27b € ((ty-2Esum_2Esum A_27a A,27b)(((2A727b)A i )
(3)
Definition 8 We define c_22Esum_2EINL to be AA_27a : t. N\A27b : 1.A\V0e € A 27a.(ap (c2Esum 2EABS_



Let ty_ 2FEoption_2FEoption : 1=t be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2FEoption_2FEoption A0) (4)
Let c.2FEoption_2FEoption__ABS : 1= be given. Assume the following.

VA 2Ta.nonempty A27a=-c2Eoption 2Eoption__ABS A 27a € (5)
((ty,2E0ptzon,2Eoptzon A727a) (ty2Esum_2Esum A_27a ty_2Eone_2Fone) )

Definition 9 We define c_2Eoption_.2ESOME to be AA_27a : 1. A\VO0zx € A27a.(ap (c-2Eoption_2Eoption.__/

Let ty_2Esptree 2Espt : 1= be given. Assume the following.
VAO.nonempty A0=nonempty (ty_2Esptree 2Espt A0) (6)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (7)
Let c.2Esptree_2Elookup : 1=t be given. Assume the following.

VA_27a.nonempty A27a=-c_2Esptree_ 2Elookup A-27a € ((( (8)
ty,2E0pt’L'O7’L,2E0ptZ'O7’L A727a) (ty-2Esptree_2Espt A_27a) )ty,2Enum,2Enum)

Let c2Esptree 2Esubspt : 1=>¢ be given. Assume the following.

VA 27a.nonempty A_27a=>c 2Esptree 2Esubspt A 27a € ((2(tv-2Esptree-2Espt A-2Ta))(ty-2Esptree 2Espt A2

(9)

True (10)

Assume the following.

Assume the following.

VA_27a.nonempty A 27a=(VVO0t € 2.((VV1x € (11)
A27a.(p VOL))<(p VOI)))

Assume the following.

(VVO0t € 2.(((True=(p VOt))=(p VOt))A(((p VOt)=>True)&s
True)A(((False=(p VOt))oTrue) AN((((p VOt)=(p VOt))=True)A((  (12)
(p VOt)=False)=(=(p V01))))))))

Assume the following.

VA_27a.nonempty A27a=(VV0x € A27a.(V0z = V0z)&
True))

Assume the following.

VA 2Ta.nonempty A27a=(VV0x € A27a.(VV1y €

A27a.(V0x = Viy)e(Viy = V0x)))) (14)



Assume the following.

(YVOt € 2.(((Trues(p VOt))<(p VOr))
(p VOO)A(((Falses(p VOt))<=(—(p VOt)))

p V01)))))))

A(((p VOt)eTrue)<
A(((p VOt)=False)<(—=( (15)

Assume the following.

(VW01 € 2.(YV 112 € 2.(VV2t3 € 2.(((p VOt1)= 16)
((p V1t2)=(p V2t3)))=(((p VOLA(p V1t2))=(p V2t3))))))

Assume the following.

(VW 0z € 2.(vV1z.27 € 2.(VV2y € 2.(VV3y27 €
2.((((p VOz)=(p V12 27))A((p V1z2T)=((p V2y)=(p V3y-27))))= (17)
(((p VOz)=(p V2y))&=((p V1z27)=(p V3y-27))))))))

Assume the following.

VA 27a.nonempty A27a=(VV0x € A27a.(VV1y €
A27a.(((ap (c-2Eoption_2ESOME A_27a) VO0z) = (ap (c-2Eoption 2ESOME
A27a) V1y))e(Vor = Viy))))
(18)
Assume the following.

VA_27a.nonempty A27a=(VVO0tl € (ty2Esptree 2Espt
A 27a).(VV1t2 € (ty_2Esptree 2Espt A_27a).((p (ap (ap (
c2Esptree 2Esubspt A_27a) VOtl) V1t2))&(VV 2z € ty 2Enum_2Enum.
(VV3y € A27a.(((ap (ap (c2Esptree_2Elookup A_27a) V2z)
V0tl) = (ap (c_2Eoption 2ESOME A_27a) V3y))=((ap (ap (c-2Esptree_2Elookup
A 27a) V2z) V1t2) = (ap (c-2Eoption_2ESOME A_27a) V3y))))))))
(19)

Theorem 1

VA_27a.nonempty A_27a=(VV0spl € (ty_2Esptree 2Espt
A27a).(VV1sp2 € (ty_2Esptree 2Espt A_27a).(VV2sp3 €
(ty2Esptree 2Espt A27a).(((p (ap (ap (c2Esptree 2Esubspt
A_27a) VOspl) V1sp2))A(p (ap (ap (c2Esptree 2Esubspt A_27a) V1sp2)
V2sp3)))=(p (ap (ap (c2Esptree2Esubspt A_27a) V0spl) V2sp3))))))



