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Definition 1 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type .

Definition 2 We define c 2Emin_2E_3D to be \A Az € A )y € A.inj_o (x = y)
of type t=-t.

Definition 3 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Definition 4 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap (c_2Emin_2E_3D (24-27
Definition 5 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 0t)).

Definition 6 We define c.2Ebool 2E_2F_5C to be (AV0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢

Definition 7 We define c_2Emin_2E_40 to be \A.XP € 24.if (3z € A.p (ap P x)) then (the (\z.x € AAp
of type t=-t.

Definition 8 We define c.2Ebool_2ECOND to be AA_27a : t.(AVOt € 2.(A\V1tl € A_27a.(AV2t2 € A 27a.(a
Definition 9 We define c_2Ebool 2E_7E to be (A\V Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Let ty 2Esum_2FEsum : t=>1=>¢ be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2Esum_2Esum
A0 A1)
(1)

Let c2Esum 2EISL : t=1=-. be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A 27b=c2FEsum 2EISL
A927a A27b € (2(ty,2Esum,2Esum A_27a A,27b))

(2)

Let c2Esum 2EOQUTL : 1=1=-t be given. Assume the following.

VA 2Ta.nonempty A_27a=VA_27b.nonempty A27b=c 2Esum_2EOUTL
A927a A2Tb € (A727a(ty,2Esum,2Esum A_27a A,27b))

(3)



Let c2Esum 2EOUTR : 1=1= be given. Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c 2Esum_2EOUTR
A927a A27b € (A727b(ty,2Esum,2Esum A_27a A,27b))

(4)

Let c2Esum 2EABS__sum : 1=>1=>1 be given. Assume the following.

VA 2Ta.nonempty A27a=VA_27b.nonempty A_27b=c 2Esum_2FEABS__sum

A27a A27b € ((ty2Esum_2Esum A_27a A,27b)(((2A727b)A727a)2))
()
Definition 10 We define c_2Esum_2EINR to be AA_27a : t. NA_27b : 1. AV 0e € A27b.(ap (c-:2Esum_2EABS

Definition 11 We define c 2Esum_2EINL to be AA_27a : t. XA 27b : t.A\V0e € A 27a.(ap (c.2Esum _2EABS
Let c2Esum 2E_2B_2B : 1=1=1=-1=>¢ be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=Y A 27c.
nonempty A_27c=VA_27d.nonempty A_27d=c 2FEsum_2FE 2B 2B

A27a A27b A27c A27d € ((((ty2Esum_2Esum A_27c A_27d)(ty-2Bsum-2Esum A-2Ta A-27b))(A-27d"=2")
(6)

True (7)

Assume the following.

Assume the following.

(YVOLL € 2.(vV 112 € 2.(((p VOt1)=(p V112))=(((p <
V12)=(p V0t1))=((p VOt1)=(p V112)))))) ®)

Assume the following.
(VVOt € 2.(False=(p V0t))) 9)
Assume the following.

VA 27a.nonempty A27a=(VV 0t € 2.((VV1x €
A27a.(p VOt))=(p VOL)))

Assume the following.

(VVOt € 2.(((TrueA(p VOt))(p VOO))A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (11)

t)
(((p VOO)A(p VOI)) &= (p VO01)))))))

Assume the following.

VA_27a.nonempty A27a=(YV0x € A27a.(VO0z = VOz)&
True))



Assume the following.

VA_27a.nonempty A27a=NVV0zx € A27a.(VV1y €

A27a.(V0z = Vig)s(V1y = V0z)))) (13)

Assume the following.

(VVO0t € 2.(((Trues(p VOtr))<(p Vo)) A(((p VOt)=True)s
(p VO)A(((Falses(p VOt))=(—(p VOO))A(((p VOt)=False)e(—=( (14)

p V0i)))))))

Assume the following.

(VW01 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(0 V12)=(p V23))(((p VOAG V1) =(p Va3))) (1P

Assume the following.

VA_27a.nonempty A27a=(VVOP € 2.(VV1Q € 2.

(VV2zx € A27a.(VV32.27 € A27a.(VV4y € A27a.
(VVhy 27 € A27a.((((p VOP)=(p V1Q)A(((p V1Q)=(V2z = V3z27))A
((=(p V1Q))=(V4y = V5y.27))))=((ap (ap (ap (c_2Ebool 2ECOND A _27a)
VOP) V2z) V4y) = (ap (ap (ap (c-2Ebool 2ECOND A_27a) V1Q) V3z_27)

Vy 21)))
(16)
Assume the following.

VA 27a.nonempty A27a=-((VV0tl € A27a.(VV1t2 €
A27a.((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)))A(YV 21 € A27a.(VV3t2 € A27a.((ap
(ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF) V2t1) V3t2) = V3t2))))
(17)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(

(VVoy € A27a.(WV1x € A27a.(((ap (c-2Esum_2EINL
A27a A27b) Viz) = (ap (c-2Esum_2EINL A_27a A_27b) VOy))= (Vi =

VOoy))AVV2y € A27b.(VV3zx € A27b.(((ap (c-2Esum_2EINR
A27a A27b) V3x) = (ap (c-2Esum_2EINR A_27a A_27b) V2y))=(V3x =
v2y)
(18)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YV OP e (2(ty,2Esurn,2Esu7n A_27a A’27b)).((VV1S c
(ty2Esum_2Esum A27a A27b).(p (ap VOP V1s)))=((VV2 €
A27a.(p (ap VOP (ap (c-2Esum_2EINL A_27a A_27b) V2x))))A(VV3y €
A27b.(p (ap VOP (ap (c2Esum_2EINR A_27a A_27b) V3y)))))))
(19)



Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

(VV0x € A27a.(p (ap (c2Esum2EISL A 27a A27b) (ap (c-2Esum_2EINL
A27a A27b) VOx))))A(VV1y € A27b.(=(p (ap (c2Esum_2E1SL
A27a A27b) (ap (c.2Esum_2EINR A_27a A_27b) V1y))))))

(20)
Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
YV0x € A27a.((ap (¢c2Esum 2EOUTL A 27a A27b) (ap (c_2Esum_2EINL
A27a A27b) VOx)) = VO0x))
(21)
Assume the following.

YA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YV0x € A27b.((ap (¢c2Esum 2EOUTR A_27a A-27b) (ap (c.2Esum_2EINR
A 27a A27b) VOz)) = V0x))
(22)
Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=V A 27c.
nonempty A 27c=YA_27d.nonempty A27d=((VVOf € (
A27¢A-270) (YW 1g € (A27dA-2™).(VV2a € A2Ta.
((ap (ap (ap (c2Esum2E_2B_2B A_27a A27b A27c A27d) VOf) V1g)
(ap (c2Esum_2EINL A_27a A_27b) V2a)) = (ap (c-2Esum_2EINL A_27¢
A27d) (ap VOf V2a)))))AYV3f € (A27cA-270) (VW4g €
(A27d4-2™).(YV5b € A27b.((ap (ap (ap (c2Esum 2E 2B 2B
A27a A27b A27c A27d) V3f) V4g) (ap (c.2Esum_2EINR A_27a A_27b)
V5b)) = (ap (c2Esum_2EINR A_27¢ A_27d) (ap V4g V5D)))))))
(23)

Theorem 1

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=YA 27c.
nonempty A_27c=YA 27d.nonempty A 27d=(VVOf € (A27cA-279).
(YV1g € (A27d4-270).(VV2z € (ty2Esum _2Esum A_27a
A_27b).((ap (ap (ap (c2Esum2E_2B_2B A 2Ta A27b A27c A27d)
VOf) V1g) V2z) = (ap (ap (ap (c_2Ebool 2ECOND (ty_2FEsum_2Esum A_2Tc
A27d)) (ap (c2Esum2EISL A_27a A27b) V2z)) (ap (c_2Esum_2EINL
A27c A27d) (ap VOf (ap (c2Esum 2EOUTL A 27a A27b) V2z)))) (ap
(c-2Esum_2EINR A_27¢ A 27d) (ap V1g (ap (c2Esum 2EOUTR A_27a A_27b)

V22))))))))



