thm_2Etoto_2Eaplistoto
(TMdAvcORDHWRuJ1r9iy VdzaxZPx6y Ve 7g8i)

October 26, 2020

Definition 1 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Let ty_2EternaryComparisons_2Eordering : ¢ be given. Assume the following.
nonempty ty_2FEternaryComparisons_2FEordering (1)
Let c.2EternaryComparisons 2ELESS : t be given. Assume the following.

c2EternaryComparisons 2ELESS € ty_2EternaryComparisons-2Eordering
(2)

Definition 2 We define c.2Emin_2E_3D to be AA.\x € A Xy € A.inj_o (z =vy)
of type L1=>t.

Definition 3 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1x € 2.V
Definition 4 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 5 We define c_2Ebool _2E_2F_5C to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool_2E_21 2) (AV2t € ¢

Let c_2EternaryComparisons 2EGREATER : ¢ be given. Assume the follow-
ing.

c2EternaryComparisons 2EGREATER € ty_ 2FEternaryComparisons_2FEordering
(3)

Let c.2EternaryComparisons 2EEQU AL : 1 be given. Assume the following.

c2EternaryComparisons 2EEQU AL € ty_2EternaryComparisons_2FEordering

(4)

Definition 6 We define c_2Etoto_2ETotOrd to be AA_27a : 1. AV Oc € ((ty-2FEternaryComparisons_2Eorde



Let ty_2Ftoto 2Etoto : ==t be given. Assume the following.
VAO0.nonempty A0=nonempty (ty_2FEtoto_2Etoto A0) (5)
Let c2Etoto 2FEapto : 1= be given. Assume the following.
VA _27a.nonempty A 27a=c_ 2Etoto 2Eapto A 27a € (((ty_2EternaryComparisons_2Eordering?-27¢)4-
Let ty 2Enum_2Enum : ¢ be given. Assume the following. )

nonempty ty_2Enum_2Enum (7)

Let c_2EternaryComparisons_2Eordering2num : ¢ be given. Assume the fol-
lowing.

c2EternaryComparisons_2Eordering2num € (ty_2Enum_2Enumty-2EternaryComparisons 2Eordering))
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following. )
c2Enum 2EZERO__REP € omega (9)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum’™®) (10)
Definition 7 We define cC2Enum_2EQ to be (ap c2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 8 We define c_2Earithmetic_2EZERO to be c_2Enum_2EOQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.
c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (11)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™9%) (12)

Definition 9 We define c 2Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap ¢ 2Enum 2EABS__num

Let c.2Earithmetic2E_2B : 1 be given. Assume the following.

c2Earithmetic 2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(13)

Definition 10 We define c 2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic
Definition 11 We define c_2Earithmetic 2ENUMERAL to be A\V 0z € ty_ 2Enum_2Enum.V0x.
Definition 12 We define c_2Ebool 2EF to be (ap (c2Ebool_2E_21 2) (AVO0t € 2.V 0t)).

Definition 13 We define c 2Emin_2E 40 to be A\A.AP € 24.if (3z € A.p (ap P x)) then (the (\z.z € AN
of type t=-t.



Definition 14 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(AV2t2 € A 27a.(
Definition 15 We define c_2Ebool 2E_TE to be (A\VOt € 2.(ap (ap c_2Emin_2E_3D_3D_3E V0t) c_2Ebool 2E
Definition 16 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 17 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_2Enum_2FEnu
Definition 18 We define c_2EternaryComparisons_2Eordering__CASE to be AA_27a : 1. AV 0z € ty_2FEternar:
Let ty 2Flist 2Flist : 1= be given. Assume the following.
VA0.nonempty A0=nonempty (ty_2FElist 2Elist A0) (14)
Let ¢ 2Elist 2ECONS : 1= be given. Assume the following.

VA 27a.nonempty A27a=c2FElist 2ECONS A27a € (((ty-2Elist 2Elist
A727a)(ty,2Elist,2Elist A,27a))A,27a)

(15)
Let ¢ 2Elist 2ENIL : 1= be given. Assume the following.

VA_27a.nonempty A27a=c 2Elist 2ENIL A 27a € (ty2Elist 2Elist
A_27a)
(16)

Definition 19 We define c_2Etoto_2EStrongLinearOrder_of __TO to be AA_27a : :. AV 0c € ((ty-2EternaryC
Let c_2Etoto_2FElistorder : 1= be given. Assume the following.

VA_27a.nonempty A_27a=-c_2Etoto_2Elistorder A 27a € ((

(Q(ty,zEust,zEzist A,27a))(ty,2Eust,2Elist A,27a))((2A*27")A’27a)) (17)

Definition 20 We define c_2Etoto_2ETO__of __LinearOrder to be AA_27a : ¢ A\VOr € ((2‘4*27“)‘4’27&).)\‘/130 €
Definition 21 We define c_2Etoto_2EListOrd to be AA_27a : 1t.A\V0c € (ty-2Etoto_2Etoto A_27a).(ap (c2E
Let c.2Etoto 2ETO : 1= be given. Assume the following.

VA_27a.nonempty A_27a=c_2FEtoto 2ETO A_27a € ((ty-2Etoto_2Etoto

A727a)((ty,2EternaryCompam’sons,2Eordering‘4*27‘1)A’27a) )

(18)
Definition 22 We define c_2Etoto_2Elistoto to be AA_27a : 1. AV 0c € (ty_2Etoto_2Etoto A27a).(ap (c2Et

Assume the following.

VA_27a.nonempty A 27a=(VVOr € ((ty_2EternaryComparisons_2FEordering”-274)4-27¢),

((p (ap (c2Etoto_2ETotOrd A_27a) VOr))=-((ap (c.2Etoto_2Eapto
A27a) (ap (c2Etoto 2ETO A27a) VOr)) = VOr)))
(19)



Assume the following.

VA 27a.nonempty A27a=-(YV0c € (ty-2Etoto_2Etoto
A27a).(p (ap (c-2Etoto_2ETotOrd (ty-2Elist 2Elist A27a)) (
ap (c_2Etoto_2EListOrd A 27a) V0c))))

Assume the following.

(20)

VA_27a.nonempty A_27a=(YV0c € (ty-2Etoto-2Etoto
A_27a).(((ap (ap (ap (c_2Etoto_2EListOrd A_27a) VOc) (c2Elist 2ENITL
A27a)) (c:2Elist 2ENIL A_27a)) = c2EternaryComparisons_ 2EEQU AL)A
(VV1b e A27a.(VV2y € (ty-2Elist 2Elist A27a).
((ap (ap (ap (c2Etoto_2EListOrd A_27a) VOc) (c2Elist 2ENIL A_27a))
(ap (ap (c2Elist 2ECONS A_27a) V1b) V2y)) = c.2EternaryComparisons 2ELESS)))A
((VV3a € A27a.(VV4z € (ty2Elist 2Elist A_27a).
((ap (ap (ap (c-2Etoto_2EListOrd A_27a) VO0c) (ap (ap (c-2Elist 2ECON S
A27a) V3a) Vizx)) (c2Elist 2ENIL A_27a)) = c.2EternaryComparisons 2EGREATER)))A
(VV5a € A27a.(VV 6z € (ty 2Elist 2Elist A27a).(
YVTb € A27a.(WV8y € (ty 2FElist 2Elist A_27a).((
ap (ap (ap (c2Etoto_2EListOrd A_27a) VOc) (ap (ap (c-2Elist 2ECONS
A_27a) V5a) V6z)) (ap (ap (c2Elist 2ECONS A27a) V'7b) V8y)) = (ap
(ap (ap (ap (c_2EternaryComparisons_2Eordering__CASE ty_2EternaryComparisons_2FEordering)
(ap (ap (ap (c2Etoto2Eapto A 27a) VO0c) V5a) V'Tb)) c2EternaryComparisons 2ELESS)
(ap (ap (ap (c2Etoto_2EListOrd A_27a) VOc) V6x) V8y)) c2EternaryComparisons 2EGREATER))))

(21)
Theorem 1

VA_27a.nonempty A-27a=(VV0c € (ty-2Etoto_2Etoto
A_27a).(((ap (ap (ap (c2Etoto2Eapto (ty_2FElist 2Elist A_27a))
(ap (c-2Etoto_2Elistoto A_27a) V0c)) (c2Elist 2ENIL A 27a))
(c2Elist 2ENIL A_27a)) = c2EternaryComparisons 2EEQU AL)A
(VV1b e A27a.(VV2y € (ty2Elist 2Elist A27a).
((ap (ap (ap (c-2Etoto2FEapto (ty-2Elist 2Elist A-27a)) (ap (c-2Etoto_2Elistoto
A_27a) VOc)) (c.2Elist 2ENIL A_27a)) (ap (ap (c2Elist 2ECONS
A_27a) V1b) V2y)) = c2EternaryComparisons 2ELESS)))A((YV3a €
A 27a.(VV4zx € (ty 2Elist 2Elist A 27a).((ap (ap (ap (c2Etoto_2Eapto
(ty2Elist 2Elist A_27a)) (ap (c_2Etoto_2Elistoto A_27a) V0c))
(ap (ap (c2Elist2ECONS A-27a) V3a) Viz)) (c2Elist 2ENIL A27a)) =
c2EternaryComparisons 2EGREATER)))A(VV5a € A27a.(
VV6x € (ty-2Elist 2Elist A_27a).(VV7b € A27a.(VV8y €
(ty2Elist 2Elist A_27a).((ap (ap (ap (c2Etoto2Eapto (ty_2Flist 2Elist
A_27a)) (ap (c2Etoto_2Elistoto A_27a) VOc)) (ap (ap (c2Elist 2ECONS
A27a) V5a) V6z)) (ap (ap (c2Elist 2ECONS A_27a) V7b) V8y)) = (ap
(ap (ap (ap (c-2EternaryComparisons_2Eordering__CASE ty_2 EternaryComparisons_2FEordering)
(ap (ap (ap (c-2Etoto2Eapto A_27a) V0c) V5a) Vb)) c2EternaryComparisons 2ELESS)
(ap (ap (ap (c2FEtoto2Eapto (ty-2FElist 2Elist A27a)) (ap (c-2Etoto_2Elistoto
A27a) V0c)) Vox) V8y)) c2EternaryComparisons 2EGREATER))))))))))



