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Definition 1 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type ¢.

Definition 2 We define c 2Emin_2E_3D to be AA.\x € A y € A.inj_o (x =vy)
of type 1=>t.

Definition 3 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1z € 2.V
Definition 4 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27%).(ap (ap (c.2Emin_2E_3D (24-27
Definition 5 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV'1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € :
Definition 6 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV 0t € 2.V 01)).
Definition 7 We define c_2Ebool 2E_7E to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool 2EF
Definition 8 We define c_2Ebool 2E_2F 5C to be (AV0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2¢ € ¢
Let ty 2EternaryComparisons_2FEordering : ¢ be given. Assume the following.

nonempty ty_2EternaryComparisons_2FEordering (1)

Let c_2EternaryComparisons 2EGREATER : ¢ be given. Assume the follow-
ing.

c2EternaryComparisons 2EGREATER € ty_ 2FEternaryComparisons_2FEordering

(2)

Let c2EternaryComparisons 2ELESS : 1 be given. Assume the following.

c2EternaryComparisons 2ELESS € ty_2EternaryComparisons-2Eordering

(3)

Let c_2EternaryComparisons 2EEQU AL : ¢ be given. Assume the following.

c2EternaryComparisons 2EEQU AL € ty_2EternaryComparisons_2FEordering

(4)



Definition 9 We define c 2Emin_2E_40 to be AAAP € 24.4f (32 € Ap (ap P 7)) then (the (\z.x € AAp
of type t1=-t.

Definition 10 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(

Definition 11 We define c_2Erelation_2Etrichotomous to be AA_27a : t AVOR € ((24-270)"*") (ap (c_2Ebc

A_27a

Definition 12 We define c_2Erelation_2Etransitive to be AA_27a : L. A\VOR € ((24-27%) ).(ap (c-2Ebool

Definition 13 We define c_2Erelation_2Eantisymmetric to be N\A_27a : LAVOR € ((24-27)") (ap (c_2Eb

A,27g)

Definition 14 We define c_2Erelation 2EOrder to be A\A_27g : 1L.AV0Z € ((24-279) .(ap (ap c_2Ebool 2

Definition 15 We define c_2Erelation_2ELinearOrder to be AA_27a : t \VOR € ((24-279)"*") (ap (ap c_2E
Let ty 2Ftoto_2Etoto : 1= be given. Assume the following.

YV AO.nonempty AO=nonempty (ty-2Etoto2Etoto A0) (5)
Let c.2Etoto 2FEapto : 1= be given. Assume the following.

VA _27a.nonempty A 27a=c 2Etoto 2Eapto A 27a € (((ty_2EternaryComparisons_2Eordering?-27*)4-

(6)
Definition 16 We define c2Etoto_2ETotOrd to be NA_27a : 1. AV 0c € ((ty-2EternaryComparisons_2Eord
Definition 17 We define c 2Etoto 2ETO__of __LinearOrder to be AA_27a : 1. A\VOr € ((2‘4*27“)14’27&)./\1/113 €
Let ¢ 2FEtoto 2ETO : 1=-1 be given. Assume the following.

VA 27a.nonempty A_27a=c_2Etoto 2ETO A_27a € ((ty_2Etoto_2Etoto

A727a)((ty,2EternaryComparisons,2EorderingA*27a)A’”“) )

(7)
Definition 18 We define c_2Etoto_2Etoto_of __LinearOrder to be AA_27a : L AVOr € ((24-279)") (ap (c_

Assume the following.
True (8)

Assume the following.

(VVO0t1 € 2.(9V1t2 € 2.(((p VOr1)=(p V1£2)=(((p 0
V1t2)=(p VOt1))=((p VOt1)=(p V1t2)))))) 9)

Assume the following.
(VVOt € 2.(False=(p V0t))) (10)
Assume the following.

(VVot € 2.((p VOr)V(=(p VOL)))) (11)



Assume the following.

VA 27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)&
True)) (12)

Assume the following.

(YVOt € 2.(((Trues(p VOt))(p VOO))A((((p VOt )&True)<
(p VOOIA(((Falses(p VOr))<(—(p VOO)))A(((p VOt)=False)=(—-(  (13)

p V01)))))))

Assume the following.

VA_27a.nonempty A27a=(VVO0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1t2) = V1i2))))
(14)
Assume the following.

VA 27a.nonempty A27a=(YV0r € ((24-270)A-27a),
((p (ap (c_2Erelation_2ELinearOrder A_27a) VOr))=(p (ap (c-2Etoto_2ETotOrd
A27a) (ap (c2Etoto2ETO__of __LinearOrder A_27a) VOr)))))
(15)
Assume the following.

VYA_27a.nonempty A27a=(VVO0r € ((ty_2EternaryComparisons_2Eordering-274)4-27¢),
((p (ap (c2Etoto2ETotOrd A_27a) VOr))<((ap (c-2Etoto_2Eapto
A_27a) (ap (c2Etoto 2ETO A27a) VOr)) = VOr)))
(16)

Theorem 1

VA_27a.nonempty A_27a=(VVO0cmp € (ty_2Etoto_2Etoto
A_27a).(VV 1phi € ((24-27¢)A-272) (((p (ap (c_2Erelation_2ELinearOrder
A_27a) V1phi))A(VOcmp = (ap (c-2Etoto_2Etoto__of __LinearOrder
A27a) V1phi)))=(VV2zx € A27a.(VV3y € A27a.(((V2z =
V3y)eFalse)=(p (ap (ap (ap (c-2Ebool_2ECOND 2) (ap (ap V1phi V2x)
V3y)) (ap (ap (c2Emin_2E_3D ty_2EternaryComparisons_2Eordering)
(ap (ap (ap (c-2Etoto2Eapto A_27a) VOemp) V2x) V3y)) c2EternaryComparisons 2ELESS))
(ap (ap (c2Emin_2E_3D ty_2FternaryComparisons_2FEordering)
(ap (ap (ap (c2Etoto2Eapto A_27a) VOcmp) V2zx) V3y)) c2EternaryComparisons 2EGREATER))



