thm_2Etransc_ 2EDIVISION__UBOUND
(TMWK-
TNt4H7t6EPDLssN3WDjzP6m3bNkEZPp)

October 26, 2020

Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (1)
Let c.2Farithmetic2E 2B : 1 be given. Assume the following.
c2Earithmetic 2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
Let c.2Farithmetic2E 2D : . be given. Assume the following. 2

c2Earithmetic2E_2D € ((ty-2Enum_ 2 EnumtY-2Enum-2Enum)ty 2Enum-_2Enum)
(3)

Definition 1 We define c.22Emin_2E_3D to be AA.\x € A Xy € A.inj_o (z =y)
of type t=>t.

Definition 2 We define c 2Ebool 2ET to be (ap (ap (c_2Emin 2E_3D (22)) (A\V 0z € 2.V0z)) (A\V1z € 2.V
Definition 3 We define c_2Ebool 2E_21 to be AA_27a : t.(AVOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 5 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type t.

Definition 6 We define c_2Ebool 2E_7E to be (A\V Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Definition 7 We define c_2Ebool _2E_2F _5C to be (A\V0t1 € 2.(AV1t2 € 2.(ap (c-2Ebool _2E_21 2) (AV2t € :
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (4)



Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
c2Enum 2ESUC__REP € (omega®™®%) (5)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum’™®) (6)
Definition 8 We define c 2Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap ¢ 2Enum 2EABS__num

Definition 9 We define c_2Emin_2E_40 to be \A.XP € 24.if (3z € A.p (ap P x)) then (the (\z.x € AAp
of type t=-t.

Definition 10 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40
Definition 11 We define c_2Eprim__rec_2E_3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
Definition 12 We define c_2Ebool 2E_5C_2F to be (A\V0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 13 We define c_2Earithmetic_2E_3C_3D to be AVOm € ty_2Enum_2Enum. AV 1n € ty 2Enum_2
Definition 14 We define c_2Ebool 2ECOND to be AA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A27a.(
Definition 15 We define c_2Earithmetic_2E_3E to be A\VOm € ty_ 2Enum_2Enum. AV 1n € ty 2Enum_2En
Definition 16 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty_2Enum_2Enum. AV 1n € ty_2Enum_2
Let ty_2Fhreal 2Fhreal : 1 be given. Assume the following.
nonempty ty_ 2Ehreal 2Ehreal (7)
Let ty 2Epair_2Eprod : t=-1=t be given. Assume the following.

VAO.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair 2Eprod
A0 A1)
(8)

Let ty 2Erealax_2Ereal : 1 be given. Assume the following.
nonempty ty_2Erealax_2FEreal (9)
Let c.2Erealax 2Ereal __REP__CLASS : ¢ be given. Assume the following.

c2Frealax 2Ereal__ REP__ CLASS € ((2(ty,2Epai7',2Ep7'od ty_2Ehreal_2Ehreal ty_2Ehreal_2Ehreal) )ty,2E7'eala1'
(10)

Definition 17 We define c_2Erealax_2Ereal__REP to be AV 0a € ty_2FErealaz_2Ereal.(ap (c.2Emin_2E_40 (¢

Let c2Erealaxr_2FEtreal It : « be given. Assume the following.

c2Erealax 2Etreal_lt € ((2(ty,2Epair,2Eprod ty_2Ehreal_2Ehreal ty,QEhreal,ZEhreal))(ty,2Epai'r,2Eprod ty_2Eh
(11)



Definition 18 We define c_2Erealax_2Ereal__It to be AVOT'1 € ty 2Erealax 2Ereal A\V1T2 € ty 2Erealax-
Definition 19 We define c_2Etransc_2Edsize to be \VOD € (ty_2FErealax_2Ereal’V-2Emum-2Enumy (4, (¢ 2
Let c2Enum 2EZERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (12)
Definition 20 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).
Definition 21 We define c_2Ereal 2Ereal__lte to be A\VOx € ty 2Erealax 2Ereal AV 1y € ty 2Erealax 2Er
Let c2Epair 2EABS __prod : 1=1=1 be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A27a A27b € ((ty_2Epair 2Eprod A27a A727b)((2A—27b)A727Q))
(13)

Definition 22 We define c_2Epair 2E_2C to be NA_27a : t. AA27b : 1. AV 0z € A27a.N\V1y € A27b.(ap (c-2

Let ¢ 2Etransc 2Edivision : ¢ be given. Assume the following.

c2FEtransc2Edivision € ((2(ty,2Erealaw,2Erealty*2E"um*2E"“m))(ty,2Epair,2Eprod ty_2Erealax_2Ereal ty_-2Ereal
(14)
Assume the following.

((VVOm € ty-2Enum_2Enum.((ap (ap c2Earithmetic.2E_2D
c_2Enum_2EQ) VOm) = c_2Enum 2E0))A(YV1m € ty_2Enum_2Enum.
(VV2n € ty 2Enum_2Enum.((ap (ap c.2Earithmetic2E 2D (
ap c2Enum_2ESUC V1m)) V2n) = (ap (ap (ap (c-2Ebool_2ECOND ty_2Enum_2Enum)
(ap (ap c2Eprim__rec 2E_3C V1m) V2n)) c_2Enum_2EQ) (ap c2Enum_2ESUC
(ap (ap c2FEarithmetic2E 2D V1m) V2n)))))))
(15)
Assume the following.
(VVOm € ty_2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(

(ap (ap c2Earithmetic2E_ 2B VOm) V1n) = (ap (ap c.2Earithmetic2E 2B
Vin) VOm))))

(16)
Assume the following.
(VVOn € ty 2Enum_2Enum.(VV1m € ty 2Enum_2Enum.(
(p (ap (ap c2Earithmetic_2E_3C_3D (ap c-2Enum_2ESUC V0n)) (ap (17)

c2Enum_2ESUC V1m)))<(p (ap (ap c-2Earithmetic2E_3C_3D VOn)
Vim)))))

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
((=(p (ap (ap c2Eprim__rec.2E_3C VOm) V1n)))A(=(VOm = V1in)))=
(p (ap (ap c2Eprim__rec.2E_3C V1n) VOm)))))
(18)



Assume the following.

(VVOom € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(p (ap (ap c2Eprim__rec.2E_.3C VOm) V1n))V(p (ap (ap c2Earithmetic_2E_3C_3D
Vin) VOm)))))
(19)
Assume the following.

(YVOm € ty2Enum_2Enum.(p (ap (ap c-2Earithmetic 2E_3C_3D

VOm) (ap c.2Enum_2ESUC VOm)))) (20)

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(=(p (ap (ap c-2Eprim__rec2E_3C VOm) V1n)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Vin) VOm)))))
(21)
Assume the following,.

(VVOm € ty_2Enum_2Enum.(((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) VOm) = c2Enum_2E0)A((ap (ap c2Earithmetic2E_2D
V0Om) c.2Enum_2E0) = VOm)))

(22)
Assume the following.

(VVOn € ty 2Enum_2Enum.(NV1m € ty_ 2Enum_2Enum.(
(ap (ap c2Earithmetic2E 2D (ap c.2Enum_2ESUC VOn)) (ap c.2Enum_2ESUC
V1im)) = (ap (ap c2Earithmetic2E_2D VOn) V1m))))
(23)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV 1n € ty_2Enum_2Enum.(
((ap (ap c2Earithmetic.2E_2D VOm) V1n) = c22Enum_2E0)<(p (ap (
ap c_2Earithmetic_2E_3C_3D VOm) V1n)))))
(24)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
VV2p € ty2Enum_2Enum.(((p (ap (ap c-2Earithmetic_2E_3C_3D
VOom) V1n))A(p (ap (ap c-2Earithmetic2E_3C_3D V1n) V2p)))=(p (
ap (ap c2Earithmetic_2E_3C_3D VOm) V2p))))))

Assume the following.

(YVOm € ty2Enum_2Enum.(p (ap (ap c-2Earithmetic 2E_3C_3D
VOm) VOm)))

(25)

(26)

Assume the following.

(YVOm € ty_2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
(p (ap (ap c2Eprim__rec 2E_3C VOm) V1n))=(p (ap (ap c_2Earithmetic 2E_3C_3D
VOom) V1in)))))
(27)



Assume the following.

(VVOn € ty_2Enum_2Enum.(VV1m € ty_2Enum_2Enum.(
p (ap (ap c_2Earithmetic 2E_3C_3D (ap (ap c_2FEarithmetic 2E_2D (28)
VOn) V1im)) V0n))))

Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
((ap (ap c2Earithmetic2E 2D VOm) V1n) = VOm)<((VOm = c.2Enum_2E0)V
(V1n = c2Enum_2E0)))))
(29)
Assume the following.

(VV0a € ty 2Enum_2Enum.(YV1c € ty_2Enum_2Enum.(
(ap (ap c2Earithmetic2E_2D (ap (ap c2Earithmetic2E_2B V0a)  (30)
Vie)) Vie) = VO0a)))

Assume the following.

(YV0b € ty 2Enum_2Enum.(VV1c € ty 2Enum_2Enum.(

(p (ap (ap c2Earithmetic_2E_.3C_3D V'1c) VOb))=(VV2a € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2E_2D V2a) (ap (ap c2Earithmetic 2E_2D
Vob) Vic)) = (ap (ap c2Earithmetic2E_2D (ap (ap c2Earithmetic2E_2B
V2a) Ve)) V0b))))))

(31)
Assume the following.

(YVOn € ty 2Enum_2Enum.(VV1m € ty 2Enum_2Enum.(
(p (ap (ap c_2Earithmetic 2E_3E_3D VOn) V1m))<(p (ap (ap c-2Earithmetic2E_3C_3D
Vim) VOn)))))

(32)

Assume the following.
True (33)

Assume the following.
(VVO0tl € 2.(VV1t2 € 2.(((p VOtl)=(p V1t2))=(((p (34)

V1t2)=(p VOt1))=((p V0tl)&(p V1t2))))))

Assume the following.
(VVOt € 2.(False=(p V0t))) (35)

Assume the following.
(VVOt € 2.((p VOt)V(=(p VOt)))) (36)

Assume the following.
VA_27a.nonempty A 27a=(VVO0t € 2.(VV1x € (37)

A27a.(p VOt))=(p VOL)))



Assume the following.

(VVOt € 2.(((TrueA(p VOt))(p VO)A((((p VO) AT rue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (38)

t)
(((p VO)A(p VOI)) &= (p V01)))))))

Assume the following.

(VVOt € 2.(((TrueVv(p VOt))eTrue) AN((((p VOt)VTrue)=True)A
(((FalseV(p VOt))e(p VOO)A((((p VOt)VFalse)=(p VO)A(((p VOt)V
(p VO1))=(p V01)))))))
(39)
Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOr)A((((p
True)A(((False=(p VOt))=True) AN((((p VOt)=(p
(p VOt)=False)=(=(p V01))))))))

VOt)=True)s
Vot)eTrue)A(( (40)

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VOL)))A(((—True)<False) A\

((mFalse)=True))) (41)
Assume the following.
VA 27a.nonempty A 27a=(VV0x € A27a.(V0x = V0z)& (42)
True))
Assume the following.
VA 27a.nonempty A 27a=(VO0x € A27a.(VV1y € (43)

A27a.((V0z = V1y)e(V1y = VOx))))
Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p VOt))A(((p VOt)=True)s
(p VOO)A(((Falses(p VOt)) ( (pV )t))) (((p VOt)= False)=(=( (44)

V0t))))))

Assume the following.

VA 27a.nonempty A 27a=(VV0tl € A27a.(VV1t2 €
A27a.(((ap (ap (ap (c-2Ebool 2ECOND A_27a) c_2Ebool 2ET) V0t1)
V1t2) = VOt1)A((ap (ap (ap (c_2Ebool 2ECOND A_27a) c_2Ebool 2EF)
VOtl) V1e2) = V1t2))))
(45)
Assume the following.

(VVOn € ty_2Enum_2Enum.(—=((ap c22Enum_2ESUC V0n) = c_2Enum_2EQ)))
(46)



Assume the following.

(YVOP € (2tv-2Bnum-2Bnum) (((p (ap VOP c_2Enum_2E0))A
(VV1in € ty_2Enum_2Enum.((p (ap VOP V1n))=(p (ap VOP (ap c.2Enum_2ESUC
V1in))))))=(VV2n € ty 2Enum_2Enum.(p (ap VOP V2n)))))
(47)
Assume the following.

(VVOn € ty2Enum_2Enum.(=(p (ap (ap c_2Eprim__rec 2E_3C

V0n) c2Enum 2E0)))) (48)

Assume the following.

(VV 0z € ty_2Erealax 2Ereal . (VV 1y € ty 2Erealax_2Ereal.
((p (ap (ap c_2Erealax_2Ereal__It V0z) V1y))=(p (ap (ap c_2Ereal 2Ereal__lte
Voz) V1y)))))
(49)
Assume the following.

(YV 0z € ty_2Erealax2Ereal .(VV 1y € ty_2Erealax_2Ereal.
(VV2z € ty 2Erealax_2Ereal.(((p (ap (ap c_2Ereal 2Ereal__Ite
V0x) V1y))A(p (ap (ap c2Ereal 2Ereal__Ite V1y) V2z)))=(p (ap (
ap c_2Ereal_2Ereal__lte V0x) V22))))))

Assume the following.

(VVO0x € ty_2Erealax_2Ereal.(VV 1y € ty_2Erealax_2Ereal.
((VOx = V1y)=(p (ap (ap c-2Ereal 2Ereal__lte VOz) V1y)))))

Assume the following.
(VVOt € 2.((=(—(p VOt)))=(p VOL))) (52)

Assume the following.
(VV0A € 2.((p VOA)=((—(p VOA))=False))) (53)

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)&
(((p VOA)=False)=((—(p V1B))=False)))))

Assume the following.

(VV0A € 2.(WVV1B € 2.(((—((—=(p VOA))V(p V1B)))=False)=
((p VOA)=((=(p V1B))=False)))))

Assume the following.

(VV0A € 2.(((=(p VOA))=False)=(((p VOA)=False)=False))) (56)



Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p Vig)e(p V2r)))e(((p Vop)V((p Vig)V (

p V2r))V(=(p V1g))A(((p V1V ((=(p V2r
((=(p V1g))V(=(p VOp))

Assume the following.
(VWop € 2.(VV1q € 2.((=((p VOp)=(p V1q)))=(p VOp)))) (58)

Assume the following.
(VWop € 2.(vW1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (59)

Assume the following.

(VVOD € (ty-2Erealax_2Erealty-2Enum-2Enum) (gy/1q ¢
ty 2Frealax_2Ereal.(VV2b € ty_ 2Erealax_2Ereal .((p (ap
(ap c2Etransc2Edivision (ap (ap (c2Epair 2E_2C ty_2Erealax_2FEreal
ty_2Erealar_2FEreal) V1a) V2b)) VOD))<(((ap VOD c2Enum_2E0) =
V1a)A((VV3n € ty2Enum_2Enum.((p (ap (ap c2Eprim__rec_2E_3C
V3n) (ap c_2Etransc_2Edsize V0D)))=(p (ap (ap c_2Erealax_2Ereal__It
(ap VOD V3n)) (ap VOD (ap c22Enum_2ESUC V3n))))))A(VV4n €
ty_2Enum_2Enum.((p (ap (ap c2Earithmetic_2E_3E_3D V4n) (ap c_2Etransc_2Edsize
VOD)))=((ap VOD Vin) = V20)))))))))
(60)
Assume the following.

(VVOD € (ty-2Erealax_2Erealty-2Enum-2Enum) (gy/1q ¢
ty2Erealax_2Ereal .(VV2b € ty 2Erealax_2Ereal.((p (ap
(ap c2Etransc2Edivision (ap (ap (c_2Epair2E_2C ty_2Erealax_2Ereal
ty 2Erealaxz_2Ereal) V1a) V2b)) VOD))=(p (ap (ap c_2Ereal 2Ereal__lte
Vla) V2b))))))
(61)

Theorem 1

(VVOD € (ty 2Erealax 2Erealtv-2Enuvm-2Enum) (g 1q ¢
ty_2Erealar_2Ereal .(VV2b € ty_ 2Erealax_2Ereal .((p (ap
(ap c2Etransc_2Edivision (ap (ap (c-2Epair 2E_2C ty_2Erealax_2Ereal
ty 2Frealax_2Ereal) V1a) V2b)) VOD))=(VYV3r € ty_2Enum_2Enum.
(p (ap (ap c-2Ereal 2Ereal__lte (ap VOD V3r)) V2b)))))))



