thm_2Ewellorder 2EWIN__wobound
(TMGbT2gStmQTyvackAUouMj3t88wrngJ5rl)

October 26, 2020

Definition 1 We define c.2Emin_2E_3D to be AA.\x € A y € A.inj_o (z =y)
of type L1=-t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\V0z € 2.V0z)) (A\V1z € 2.V
Definition 3 We define c_22Ebool 2E_21 to be A\A_27a : t.(A\VOP € (24-27%) (ap (ap (c.2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool 2EF to be (ap (c_2Ebool 2E_21 2) (AV Ot € 2.V 01)).

Let ty 2Epair 2Eprod : t=-1=-t be given. Assume the following.

VA0.nonempty A0=VAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(1)

Let c2Epair 2ESND : 1=-1=>1 be given. Assume the following.

VA 27a.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpair 2ESN D
A927a A27Th € (A727b(ty,2Epair,2Eprod A_27a A,27b))

(2)

Let c2Epair 2EF ST : 1=1=- be given. Assume the following.

VA 27Ta.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927Ta A27b € (A727a(ty,2Epair,2Ep1‘od A_27a A,27b))

(3)

Definition 5 We define c.2Emin_2E_40 to be NAAP € 24.if (32 € Ap (ap P x)) then (the (\z.x € AAp
of type t=>t.

Definition 6 We define c_22Ebool 2E_3F to be AA_27a : 1.(AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40 2

Definition 7 We define c 2Emin_2E_3D_3D_3E to be AP € 2.0\Q € 2.inj_o (p P=p Q)
of type .

Definition 8 We define c_2Ebool 2E_7E to be (A\V Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF

Definition 9 We define c_2Ebool 2E_2F 5C to be (AVO0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢



Definition 10 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L. AA27c : LAVOS € ((A27¢A-7
Let c2Epair 2EABS __prod : 1=>1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=-c_2Epair 2EABS__prod

A27a A2Tb € ((tnyEpaiTJEprod A27a A727b)((2A727b)A727a))
(4)
Definition 11 We define c 2Epair 2E 2C to be N\A 27a : t. \A27b : 1. AV0x € A27a AV1y € A 27b.(ap (c2

Definition 12 We define c_2Ebool 2EIN to be AA27a : 1. (A\V0z € A27a.(A\V1f € (24-27%).(ap V1f VOx)
Let c2Epred__set 2EGSPEC : 1=-1=- be given. Assume the following.

VA 2Ta.nonempty A27a=YA_27b.nonempty A_27b=c_2FEpred__set 2EGSPEC
A927a A27b € ((2A727a)((ty,QEpair,QEprod A_27a Z)A*Z%))

()

Definition 13 We define c_2Eset__relation_2Estrict to be AA_27a : 1. AV Or € (2(ty-2Epair2Eprod A-2Ta A_27a)
Definition 14 We define c_2Eset__relation_2Erange to be A\A_27a : t.AA27b : 1. AV Or € (2(ty-2Epair 2Eprod 4
Definition 15 We define c_2Eset__relation_2Edomain to be NA_27a : t.AA27b : LAV Or € (2(ty-2Epair_2Eprod
Definition 16 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(A\V1¢2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2¢ €
Definition 17 We define c 2Epred__set 2EUNION to be AA_27a : 1.AV 0s € (24-279) AV 1t € (24-27%) (ap (c
Definition 18 We define c 2Eset__relation_2Ereflexive to be NA_27a : 1. AV Or € (2(ty-2Fpair-2Eprod A-2Ta A-2
Definition 19 We define c_2Eset__relation_2Eantisym to be AA_27a : 1. \VOr € (2(ty-2Epair2Eprod A27a A2’
Definition 20 We define c_2Eset__relation_2Etransitive to be AA_27a, : 1. AV Or € (2(ty-2Fpair2Eprod A-2Ta A
Definition 21 We define c 2Epred__set 2ESUBSET to be AA_27a : t.AV0s € (24-272) \V1t € (24-27) (ap (
Definition 22 We define c_2Eset__relation_2Elinear__order to be N\A_27a : 1. \VOr € (2(ty-2Epair 2Eprod A_27a
Definition 23 We define c_2Ewellorder 2Ewellfounded to be NA_27a : L. \VOR € (2(ty-2Epair2Eprod A-27a A-
Definition 24 We define c_2Ewellorder 2Ewellorder to be AA_27a : 1. \VOR € (2(tv-2Epair-2Eprod A-27a A_27a
Let ty_ 2FEwellorder_2FEwellorder : 1=t be given. Assume the following.
VAO.nonempty AO=nonempty (ty-2Ewellorder_2Ewellorder A0)  (6)
Let c.2FEwellorder_2FEwellorder__REP : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEwellorder_2FEwellorder__REP
A97a € ((2(ty,2Epair,2Eprod A_27a A,27a))(ty,ZEwellorder,QEwellorder A,27a))

(7)



Definition 25 We define c_2Ewellorder_2Eiseg to be AA_27a : 1. \VOw € (ty-2Ewellorder 2FEwellorder A2
Definition 26 We define c 2Eset__relation_2Errestrict to be AA_27a : 1. AV Or € (2(ty-2Epair-2Eprod A-2Ta A-2
Let c2Ewellorder 2Ewellorder__ABS : 1= be given. Assume the following.

VA 27a.nonempty A_27a=c_2FEwellorder_2FEwellorder__ABS
A27a € ((ty-2Ewellorder 2Ewellorder A,27a)(2(ty72Epai“2Epmd A Ajh)))
(8)
Definition 27 We define c_2Ewellorder_2Ewobound to be AA_27a : 1. A\VO0z € A_27a.\V 1w € (ty-2Fwellord

Assume the following.
True (9)

Assume the following.

(VV0tl € 2.(VV1#2 € 2.(((p VOt)=(p V1t2))=(((p

V12)=(p VOLL)=((p VOI)=(p V1£2))))) (10)

Assume the following.
(VVOt € 2.(False=(p V0t))) (11)

Assume the following.
(VVOot € 2.((—(p VOt))=((p VOt)=False))) (12)

Assume the following.
VA_27a.nonempty A_27a=(VV0z € A27a.(VV1y € (13)

A27a.(VOz = V1y)e(Viy = VOx))))
Assume the following.

(VVO0t € 2.(((Trues(p VOt))<=(p VOr))A(((p VOt)=True)s
(p VOO)A(((Falses(p VOt))=(—(p VOO))A(((p VOt)=False)s(—=( (14)

p V0i)))))))

Assume the following.

VA 27a.nonempty A27a=(YVOP € (24-27%).(YV1a €
A27a.((3V2x € A27a.((V22 = V1a)A(p (ap VOP V2z))))<=(p ( (15)
ap VOP V1a)))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YV0x € A27a.(VV1y € A27b.(VV2a € A27a.(VV3b €
A27b.(((ap (ap (c2Epair2E2C A_27a A_27b) VOzx) V1y) = (ap (ap
(c-2Epair2E2C A_27a A_27b) V2a) V3b))=((V0x = V2a)A(V1y =V3D)))))))
(16)



Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=(

YV0x € A27a.(VV1y € A27b.(VV2a € A27a.(VV3b €
A27b.(((ap (ap (c2Epair2E2C A_27a A_27b) VOz) V1y) = (ap (ap
(c-2Epair2E_.2C A_27a A_27b) V2a) V3b))=((VOx = V2a)A(V1y = V3D)))))))
(17)

Assume the following.

VA_27a.nonempty A_27a=NA_27b.nonempty A_27b=(
YV O0x € (ty-2Epair 2Eprod A-27a A27b).((ap (ap (c-2Epair2E_2C
A27a A27D) (ap (c2Epair 2EFST A27a A_27b) VOx)) (ap (c2Epair 2ESND
A27a A27b) VOx)) = VO0x))
(18)
Assume the following.

VA 27a.nonempty A 27a=VA_27b.nonempty A_27b=YA 27c.
nonempty A27c=(VVOf € ((A27cA-270)A-27a) (VW 1ix €
A27a.(WVV2y € A27b.((ap (ap (c2Epair2EUNCURRY A_27a
A27b A27¢) VOf) (ap (ap (c_2Epair 2E_2C A 27a A27b) V1zx) V2y)) =
(ap (ap VOF Viz) V2y))))

(19)
Assume the following.

VA_27a.nonempty A27a=VA_27b.nonempty A_27b=(
YVOf € ((ty-2Epair 2Eprod A-27a 2)4-2™).(VV1v €
A27a.((p (ap (ap (c_2Ebool 2EIN A_27a) V1v) (ap (c-2Epred-_set 2EGSPEC
A27a A27b) VOf)))=(3V2x € A27b.((ap (ap (c2Epair_2E_2C
A_27a 2) V1v) c_2Ebool 2ET) = (ap VOf V2z))))))
(20)
Assume the following.

VA_27a.nonempty A27a=(VV0r € (2(ty-2Epair-2Eprod A-2Ta A-27a))
((p (ap (c2Ewellorder_2Ewellorder A_27a) VOr))=((ap (c-2Ewellorder_2Ewellorder__REP
A27a) (ap (c2Ewellorder_2Ewellorder__ABS A_27a) VOr)) = VO0r)))
(21)
Assume the following.

VA 27a.nonempty A27a=(YV 0w € (ty-2Ewellorder_2Ewellorder
A27a).(VV1s € (24-27%) (p (ap (c_2Ewellorder 2Ewellorder
A27a) (ap (ap (c-2Eset__relation_2Errestrict A_27a) (ap (c-2Ewellorder_2Ewellorder__REP
A27a) VOw)) Vls)))))
(22)



Theorem 1

VA_27a.nonempty A 27a=(VV0x € A27a.(VV1y €
A27a.(VV2z € A27a.(VV3w € (ty_2Ewellorder_2Ewellorder
A_27a).((p (ap (ap (c2Ebool_2EIN (ty_2Epair_2Eprod A27a A_27a))

(ap (ap (c2Epair2E2C A_27a A 27a) VOz) V1y)) (ap (c_2Eset__relation_2Estrict
A_27a) (ap (c-2Ewellorder 2Ewellorder__REP A_27a) (ap (ap (c-2Ewellorder_2Ewobound
A27a) V2z2) V3w)))))<((p (ap (ap (c_2Ebool 2EIN (ty_2Epair_2Eprod
A 27a A27a)) (ap (ap (c2Epair2E2C A_27a A_27a) VOz) V2z2)) (ap
(c_2Eset__relation_2Estrict A_27a) (ap (c-2Ewellorder 2Ewellorder _REP
A27a) V3w))))A((p (ap (ap (c-2Ebool_2EIN (ty_2Epair_2Eprod A_27a
A27a)) (ap (ap (c2Epair2E2C A_27a A 27a) V1y) V2z)) (ap (c_2Eset__relation_2Estrict
A27a) (ap (c2Ewellorder 2Ewellorder __REP A_27a) V3w))))A(

p (ap (ap (c2Ebool_2EIN (ty_2Epair 2Eprod A27a A-27a)) (ap (ap
(c-2Epair2E_2C A_27a A-27a) VOx) V1y)) (ap (c-2Eset__relation_2Estrict
A27a) (ap (c2Ewellorder 2Ewellorder _.REP A_27a) V3w)))))))))))



