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Definition 1 We define c.22Emin_2E_3D to be AA.\x € A y € A.inj_o (z =vy)
of type t=>t.

Definition 2 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (\VO0z € 2.V0z)) (A\V1x € 2.V
Definition 3 We define c_2Ebool 2E 21 to be N\A_27a : t.(A\VOP € (24-27%) (ap (ap (c_2Emin_2E_3D (24-27
Definition 4 We define c_2Ebool_2EF to be (ap (c_2Ebool 2E_21 2) (AVO0t € 2.V 0t)).

Definition 5 We define c.22Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_-o (p P=p Q)
of type ¢.

Definition 6 We define c_2Ebool 2E_2F 5C to be (AV0t1 € 2.(AV1¢2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Definition 7 We define c_2Ebool 2E_5C_2F to be (AVO0t1 € 2.(AV1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t € ¢
Definition 8 We define c.2Ebool 2E_7E to be (A\V 0t € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0¢) c_2Ebool 2EF
Let ty 2F fep 2F finite__image : 1=t be given. Assume the following.

YV AO0.nonempty A0=nonempty (ty_2E fcp_2FE finite_image AO0) (1)
Let ty_2FEbool 2Fitsel f : 1= be given. Assume the following.

VAO.nonempty AO=nonempty (ty_2Ebool 2Eitsel f A0) (2)

Let ¢c_2Ebool 2Ethe__value : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Ebool 2Ethe_value A27a € ( (3)
ty_2Ebool 2FEitsel f A 27a)

Let ty 2Enum_2Enum : ¢ be given. Assume the following.

nonempty ty_2Enum_2Enum (4)



Let ¢ 2F fep 2 Edimindex : 1=t be given. Assume the following.
VA 27a.nonempty A_27a=c2E fep 2Edimindex A 27a € (ty_2Enum_2Enum(ty-2Ebool-2Eitself A-2Ta))
Let c2Enum 2EREP__num : ¢ be given. Assume the following. ®)
c2Enum 2EREP_num € (omega'y-2Fnum-2Enum) (6)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.
¢ 2Enum 2ESUC__REP € (omega®™9%) (7)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty-2Enum_2Enum°™9%) (8)
Definition 9 We define c 2Enum_2ESUC to be AVOm € ty_2Enum_2Enum.(ap c2Enum 2EABS __num |

Definition 10 We define c 2Emin_2E_40 to be A\A.AP € 24.if (3z € A.p (ap P z)) then (the (\z.z € AN
of type t=>t.

Definition 11 We define c_2Ebool 2E_3F to be AA 27a : 1. (AVOP € (24-27%).(ap VOP (ap (c_2Emin_2E_40
Definition 12 We define c_2Eprim__rec_2E_3C to be AVOm € ty_ 2Enum_2Enum. AV 1n € ty_2Enum_2Enu
Definition 13 We define c 2Ebool 2E_3F 21 to be AA_27a : t.(AVOP € (24-27%).(ap (ap c_2Ebool 2E_2F _5C
Definition 14 We define c_2Efcp_2Efinite__index to be NA_27a : t.(ap (c_2Emin_2E_40 (A_27q"V-2Enum-2Enu
Let ty 2F fep 2Ecart : t=1=-1 be given. Assume the following.

VAO.nonempty A0=VAl.nonempty Al=nonempty (ty-2E fcp2Ecart
A0 A1) )

Let c2E fep 2Edest__cart : t=-1=>1 be given. Assume the following.

VYA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2F fcp_2FEdest__cart
A92Ta A27Th € ((A727a(ty,2Efcp,2Efinite,,image A,27b))(ty,QEfcp,QEcart A_27a A,27b))

(10)
Definition 15 We define c2Efcp_2Efcp__index to be A\A27a : L. AA27b : 1. AVOx € (ty2E fep_2Ecart A27
Let c2Enum 2EZFERO__REP : 1 be given. Assume the following.

c2Enum 2EZERO__REP € omega (11)
Definition 16 We define c_2Enum_2EQ to be (ap c.2Enum_2EABS_num c2Enum 2EZERO__REP).

Definition 17 We define c_2Earithmetic_2EZERO to be c_2Enum_2EOQ.



Let c.2Farithmetic2E 2B : 1 be given. Assume the following.

c2Earithmetic2E_2B € ((ty-2Enum_2Enumty-2Enum-2Enum)ty-2Enum-2Enum)
(12)

Definition 18 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty_2Enum_2Enum.(ap (ap c2Earithmetic
Definition 19 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let c2Earithmetic2EEXP : 1 be given. Assume the following.

c2Earithmetic 2EEX P € ((ty_2Enum_2Enum?tY-2Enum-2Enumty_2Enum-2Enum)
(13)

Definition 20 We define c_2Ebool 2ECOND to0 be AA_27a : t.(AVOt € 2.(AV1tl € A27a.(AV2t2 € A27a.(
Definition 21 We define c 2Ebit 2ESBIT to be A\V0b € 2.\V1n € ty 2Enum_2Enum.(ap (ap (ap (c-2Eboc
Let c2Esum_num 2ESUM : ¢ be given. Assume the following.

c2Esum_num_2ESUM € ((ty_2Enum_2Enum/(W-2Bnum 2Bnum =25 =250 y vy Enum-2Enum)
(14)

Definition 22 We define c_2Ewords_2Ew2n to be AA_27a : 1. A\VOw € (ty_2E fep2Ecart 2 A27a).(ap (ap ¢

Let c.2FEwords_2Edimword : 1=t be given. Assume the following.

VA 27a.nonempty A_27a=c 2Ewords 2Edimword A 27a € (ty_2Enum_2Enum(tV-2Bbool-2Eitself A-2Ta))
(15)
Let c.2Earithmetic2E 2D : ¢ be given. Assume the following.

c.2Earithmetic 2E 2D € ((ty_2Enum_2Enum!v-2Pnum-2Enum)ty 2Enum 2Enum)
(16)

Definition 23 We define c_2Earithmetic 2EBIT1 to be A\VOn € ty_2Enum_2Enum.(ap (ap c_2Earithmetic

Let c.2Earithmetic2EDIV : 1 be given. Assume the following.

c2Earithmetic 2EDIV € ((ty_2Enum_2EnumtY-2Erum-2Enum)ty-2Enum_2Enum)
(17)

Definition 24 We define c_2Ebit_2EDIV_2EXP to be \V 0z € ty 2Enum_2Enum.A\V1n € ty 2Enum_2En

Let c.2FEarithmetic2EMOD : ¢ be given. Assume the following.

c2Earithmetic2EMOD € ((ty-2Enum_2Enumty-2Enum-2Enum)ty_2Enum-2Enum)
(18)

Definition 25 We define c_2Ebit 2EMOD_2EXP to be A\V 0z € ty_2Enum_2Enum.\V1n € ty 2Enum_2F

Definition 26 We define c_2Ebit_2EBITS to be A\VOh € ty 2Enum_2Enum. AV 1l € ty_2Enum_2Enum. AV



Definition 27

Definition 28

Definition 29

Definition 30

Definition 31

Definition 32

We define c_2Ebit 2EBIT to be AVO0b € ty_2Enum_2Enum. AV 1n € ty_2Enum_2Enum.(ap
We define c 2Efcp 2EFCP to be AA_27a : t.AA2Tb : 1.(A\V0g € (A_27q"¥-2Emum-2Enumy (g,
We define c 2Ewords 2En2w to be N\A 27a : t.A\VOn € ty 2Enum_2Enum.(ap (c_2Efcp_2EFC
We define c_2Ewords_2Eword__2comp to be AA_27a : 1. \VOw € (ty_2E fep_2Ecart 2 A_27a).
We define c_2Ewords_2Eword__add to be AA_27a : t.AVOv € (ty-2E fecp2Ecart 2 A27a) AV

We define c_2Ewords_2Eword__sub to be A\A_27a : t.A\VOv € (ty2E fep 2Ecart 2 A_27a) AV

Assume the following.

True (19)

Assume the following.

(VV0iL € 2.(vV 182 € 2.(((p VOr)=(p V1£2))=(((p

V1t2)=>(p VOt1))=((p VOt1)=(p V12))))))

Assume the following.

(VVOt € 2.(((True=(p VOt))=(p VO)A((((p VOt)=True)=
True)A(((False=(p VOt))=True) AN((((p VOt)=(p VOt))=True)A((  (21)

t
(p VOt)=False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VO)))A(((—True)<False) A

((-False)=True)))

Assume the following.

(YVOt € 2.(((Trues(p VOt))=(p VOO)A((((p VOt )&True)<
(p VOOIA(((Falses(p VOr)<(—(p VOO)))A(((p VOt)=False)=(—-( (23)

Assume the following.

Assume the following.

p V01)))))))
(YOt € 2.((~(=(p VO1)))=(p VOL))) (24)
(VVO0A € 2.((p VOA)=((~(p VOA))=False))) (25)

Assume the following.

(VV0A € 2.(WV1B € 2.(((=((p VOA)V(p V1B)))=False)&
(((p VOA)=False)=((—(p V1B))=False)))))



Assume the following.

(VV0A € 2.(WV1B € 2.(((=((—(p VOA))V(p V1B)))=False)=

((p VOA)=((~(p V1B))=False))))) 27

Assume the following.
(VVO0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (28)
Assume the following.

(VVOp € 2.(VV1g € 2.(VV2r € 2.(((p VOp)<(

(p Vig)e(p V2r)))<(((p VOp)V((p V1g)V(p V2 (

p V2r))V(=(p V1g) )A(((p V1g)V((=(p V2r))
(=(p V1g))v(=(p VOp)))))

Assume the following.

(VVOp € 2.(WV1g € 2.(WV2r € 2.(((p VOp)=(
(p Vig)=(p V2r)))=(((p VOp)V(p V1g))A((( )V (=(p V2r)))AC (30)
~(p V1g))V((p V2r)V(=(p V0p))))))))))

Assume the following.

(YVOp € 2.(VV1g € 2.((—((p VOp)=(p V1q)))=(p VOp)))) (31)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)=(p V1q)))=(=(p V1q)))))  (32)

Assume the following.

(VVOp € 2.(VV1g € 2.((=((p VOp)V(p V1g)))=(—(p VOp))))) (33)

Assume the following.

(YVOp € 2.(VV1g € 2.((=((p VOp)V(p V1q)))=(~(p V1g))))) (34)

Assume the following.

(YVOp € 2.((—(=(p VOp)))=(p VOp))) (35)

Assume the following.

VA_27a.nonempty A27a=(NVV0v € (ty-2E fecp2Ecart
2 A27a).(VV1w € (ty-2E fep-2Ecart 2 A27a).((ap (ap (c-2Ewords_2Eword__sub
A_27a) (ap (ap (c-2Ewords_2Eword__add A_27a) VOv) Viw)) V1iw) = VOv)))
(36)
Assume the following.

VA 2Ta.nonempty A27a=(VV0v € (ty2E fep 2Ecart
2 A27a).(VV1w € (ty 2E fep 2Ecart 2 A 27a).((ap (ap (c.2Ewords_2Eword __add
A_27a) (ap (ap (c-2Ewords_2Eword__sub A_27a) VOv) V1w)) V1w) = VOv)))
(37)



Theorem 1

VA 27anonempty A 27a=(VV v € (ty 2E fcp 2Ecart
2 A27a).(VV1w € (ty 2E fep 2Ecart 2 A 27a).(VV2zx €
(ty2E fep2Ecart 2 A27a).(((ap (ap (c-2Ewords_2Eword__add
A27a) VOv) V1iw) = V2z)<(VOv = (ap (ap (c-2Ewords_2Eword__sub A_27a)
V2z) Viw))))))



