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Let c2Enum 2EZERO__REP : 1 be given. Assume the following.
c2Enum 2EZERO__REP € omega (1)
Let ty 2Enum_2Enum : ¢ be given. Assume the following.
nonempty ty_2Enum_2Enum (2)
Let c2Enum 2EABS__num : ¢ be given. Assume the following.
c2Enum 2EABS__num € (ty_2Enum_2Enum’™®) (3)

Definition 1 We define c2Emin_2E_3D to be \A Az € A y € A.inj_o (x = y)
of type t=-t.

Definition 2 We define c2Enum_2EQ to be (ap c2Enum_2EABS_num ¢ 2Enum 2EZERO__REP).
Definition 3 We define c_2Earithmetic_2EZERO to be c_2Enum_2EQ.
Let c2Enum 2EREP__num : ¢ be given. Assume the following.

c2Enum 2EREP_num € (omegay-2Fnum-2Enum) (4)
Let c2Enum 2ESUC__REP : 1 be given. Assume the following.

c2Enum 2ESUC_REP € (omega®™9%) (5)

Definition 4 We define c_2Ebool 2ET to be (ap (ap (c.2Emin_2E_3D (22)) (A\V0x € 2.V0z)) (A\V1z € 2.V
Definition 5 We define c 2Ebool 2E 21 to be AA_27a : 1. (AVOP € (24-27).(ap (ap (c.2Emin_2E_3D (24-27
Definition 6 We define c_22Enum_2ESUC to be AVOm € ty 2Enum_2Enum.(ap c2Enum 2EABS__num |
Let c2Farithmetic2E 2B : ¢ be given. Assume the following.

c2Earithmetic 2E 2B € ((ty_2Enum _2Enumty-2Enum-2Enum)ty 2Enum-2Enum)

(6)



Definition 7 We define c_2Earithmetic_2EBIT2 to be A\VOn € ty 2Enum_2Enum.(ap (ap c2Earithmetic_
Definition 8 We define c_2Earithmetic 2ENUMERAL to be A\VOx € ty_2Enum_2Enum.V0x.
Let c2Earithmetic2EEXP : 1 be given. Assume the following.
c2Earithmetic 2EEX P € ((ty-2Enum_2Enum!Y-2Enum-2Enum)ty_2Enum-2Enum)
(7)

Let c.2FEarithmetic2EDIV : 1 be given. Assume the following.

c.2Earithmetic2EDIV € ((ty_2Enum_2Enumty-2Erum-2Enum )ty 2Enum_2Enum)
(8)
Definition 9 We define c_2Ebit_2EDIV_2EXP to be A\V 0z € ty_2Enum_2Enum.\V1n € ty_ 2Enum_2FEnu

Let c.2Farithmetic2E 2D : . be given. Assume the following.
c2Earithmetic 2E 2D € ((ty_2Enum_ 2 EnumtY-2Enum-2Enum)ty 2Enum _2Enum )
(9)
Let c2FEarithmetic2EMOD : ¢ be given. Assume the following.

c2Earithmetic2EMOD € ((ty-2Enum_2EnumtY-2Enum-2Enum)ty_2Enum-2Enum)
(10)

Definition 10 We define c_2Ebit 2EMOD__2EXP to be A\V0x € ty 2Enum_2Enum.\V1n € ty 2Enum_2F
Definition 11 We define c_2Ebit_2EBITS to be A\VOh € ty_2Enum_2Enum. AV 1l € ty_2Enum_2Enum. AV
Definition 12 We define c_2Ebit_2ESLICE to be A\VOh € ty_2Enum 2Enum AV 1l € ty_2Enum_2Enum. A
Let c.2Farithmetic2EEV EN : 1 be given. Assume the following.

c2Earithmetic2EEV EN ¢ (2ty-2Fnum-2Enum) (11)
Let c.2Earithmetic2EODD : 1 be given. Assume the following.

c2Earithmetic2EODD ¢ (2ty-2EFnum-2Enum) (12)
Definition 13 We define c_2Ebool 2EF to be (ap (c_2Ebool_2E_21 2) (AV0t € 2.V 0t)).

Definition 14 We define c 2Emin_2E_3D_3D_3E to be AP € 2.\Q € 2.inj_o (p P=p Q)
of type .

Definition 15 We define c_2Ebool 2E_TE to be (AV Ot € 2.(ap (ap c.2Emin_2E_3D_3D_3E V0t) c_2Ebool _2E
Definition 16 We define c_2Ebool 2E_2F_5C to be (AVO0t1 € 2.(A\V1¢2 € 2.(ap (c_2Ebool 2E_21 2) (A\V2¢ €

Definition 17 We define c 2Emin_2E 40 to be A\A.AP € 24.if (3z € A.p (ap P x)) then (the (\z.z € AN,
of type t=-t.

Definition 18 We define c_2Ebool 2E_3F to be AA_27a : 1. (AVOP € (24-27).(ap VOP (ap (c_2Emin_2E_40



Definition 19 We define c_2Eprim__rec_2E_3C to be A\VOm € ty_2Enum_2Enum.\V1n € ty_2Enum_2FEnu
Definition 20 We define c_2Earithmetic_2E_3E to be A\VOm € ty 2Enum _2Enum \V1n € ty 2Enum_2En
Definition 21 We define c 2Ebool 2E 5C_2F to be (A\V0t1 € 2.(A\V'1t2 € 2.(ap (c_2Ebool 2E_21 2) (AV2t €
Definition 22 We define c_2Earithmetic_2E_3E_3D to be \VOm € ty 2Enum_2Enum.A\V1n € ty_2Enum_2
Let c.2Farithmetic2E 2A : ¢« be given. Assume the following.

c2Earithmetic2E_2A € ((ty-2Enum_2EnumtY-2Fnum-2Enum)ty 2Enum-_2Enum)
(13)

Definition 23 We define c_2Enumeral 2EiZ to be A\VO0x € ty_ 2Enum_2Enum.V0x.

Definition 24 We define c_2Ebool 2ECOND to be NA_27a : t.(AVOt € 2.(AV1tl € A 27a.(A\V2t2 € A_27a.(
Definition 25 We define c2Eprim__rec_2EPRE to be A\VOm € ty_2Enum_2Enum.(ap (ap (ap (c_2Ebool 2F
Let c.2Enumeral 2Etexp__help : ¢ be given. Assume the following.

c2Enumeral 2Etexp__help € ((ty_2Enum_ 2 Enumty-2Enum-2Enum)ty-2Enum-_2Enum)
(14)
Let ty_2FEpair 2Eprod : t1=>1=>t be given. Assume the following.

VA0.nonempty A0=VYAl.nonempty Al=nonempty (ty-2Epair_2Eprod
A0 A1)
(15)
Let c.2Epair 2EABS__prod : t=t=t be given. Assume the following.

VA 2Ta.nonempty A_27a=YA_27b.nonempty A_27b=c_2FEpair 2EABS __prod

A27a A27b € ((ty-2Epair 2Eprod A 27a A727b)((2A—27b)A727Q))
(16)

Definition 26 We define c 2Epair 2E 2C to be A\A 27a : t. AA27b : 1. AV0x € A2Ta AV1y € A 27b.(ap (c2
Let c2Esum_num 2EGSUM : ¢ be given. Assume the following.

c2Esum_num2EGSUM € ((ty,2Enum,2Enum(ty*ZE"“m*QE"“mtyJEnumiEmm))(ty*QEp“i"*QEPT'Od ty-2Er
(17)

Definition 27 We define c_2Earithmetic_2EBIT1 to be A\VOn € ty 2Enum_2Enum.(ap (ap c.2Earithmetic

Let ty 2F fcp 2F finite_simage : 1=t be given. Assume the following.
YV AOQ.nonempty A0=nonempty (ty-2E fcp2F finite__image A0) (18)
Let ty 2FEbool 2Fitself : 1= be given. Assume the following.

Y AO.nonempty A0=nonempty (ty_2FEbool 2Eitsel f A0) (19)



Let c_2Ebool 2FEthe__value : 1= be given. Assume the following.

VA 27a.nonempty A_27a=-c_2Ebool 2Ethe_value A 27a € (

ty_2Ebool 2FEitsel f A 27a) (20)

Let c2E fep 2Edimindex : 1=>1 be given. Assume the following.

VA_27a.nonempty A27a=c2E fep 2Edimindex A27a € (ty_2Enum_2Enum(ty-2Fbool-2Eitself A-2Ta))
(21)

Definition 28 We define c_2Ebool 2E_3F_21 to be A\A_27a : 1.(AVOP € (24-27%).(ap (ap c_2Ebool 2E_2F _5C
Definition 29 We define c_2Efcp_2Efinite__index to be NA_27a : 1.(ap (c_2Emin_2E_40 (A_27q'V-2Enum-2Enu
Let ty 2F fecp2Ecart : t=1=-t be given. Assume the following.

YV AOQ.nonempty A0=VAl.nonempty Al=nonempty (ty-2E fcp-2Ecart
A0 A1)
(22)
Let c2E fecp_2FEdest__cart : t=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27Ta=VA_27b.nonempty A_27b=c_2F fcp_2FEdest__cart
A927a A27Tb ¢ ((A727a(ty,2Efcp,2Efinite,,image A,27b))(ty,2Efcp,2Ecart A_27a A,27b))

(23)
Definition 30 We define c_2Efcp_2Efcp__index to be AA_27a : t.AA27b : 1L.AVOx € (ty_2E fep_2Ecart A27
Definition 31 We define c_2Ebit_2ESBIT to be A\V0b € 2.\V1n € ty 2Enum_2Enum.(ap (ap (ap (c_2Eboc

Let c2Esum_num 2ESUM : ¢ be given. Assume the following.

c2Esum_num_2ESUM € ((ty_2Enum_2Enum(W-2Bnum-2Bnum =25 2500 y iy Enum-2Enum)
(21)

Definition 32 We define c2Ebit 2EBIT to be AV0b € ty_2Enum_2Enum.AV1n € ty 2Enum_2Enum.(ap
Definition 33 We define c 2Efcp 2EFCP to be AA_27a : t.AA_27b : 1.(A\V0g € (A_27q¥-2Emum-2Enum) (g,
Let c2Ewords 2EINT__MIN : 1= be given. Assume the following.

VA 27a.nonempty A27a=c 2Ewords 2EINT__MIN A_27a € (ty_2Enum_2Enum/(ty-2Ebool-2Eitself A-2T
(25)

Definition 34 We define c_2Ewords_2En2w to be AA_27a : 1. AVOn € ty_2Enum_2Enum.(ap (c_2Efcp_2EFC
Definition 35 We define c 2Ewords 2Eword__L to be AA_27a : v.(ap (c_2Ewords_2En2w A _27a) (ap (¢ 2Ewc
Let c.2FEwords_2Edimword : 1=>t be given. Assume the following.

VA_27a.nonempty A_27a=c_2Ewords 2Edimword A27a € (ty_2Enum_2FEnum(ty-2Ebool-2Eitsclf A-2Ta))
(26)



Definition 36 We define c_2Ewords_2Eword__msb to be AA_27a : ¢ A\VOw € (ty_2E fep2Ecart 2 A_27a).(q
Definition 37 We define c 2Ewords 2Ew2n to be NA_27a : L. AVOw € (ty 2E fep 2Ecart 2 A_27a).(ap (ap «
Definition 38 We define c_2Earithmetic_2E_3C_3D to be A\VOm € ty 2Enum_2Enum. AV 1ln € ty 2Enum_2
Definition 39 We define c_2Ewords_2Eword__2comp to be AA_27a : t.A\VOw € (ty_2E fep2Ecart 2 A_27a).
Definition 40 We define c 2Ebool 2ELET to be AMA 27a : t.AA27b : t.(AVOf € (A276*-*7") (A\V1z € A 27
Definition 41 We define c 2Ewords_2Enzcv to be AA_27a : 1.AV0a € (ty 2E fep 2Ecart 2 A 27a).\V1b € (
Let c2Epair 2ESND : t=-1=>1 be given. Assume the following.

VA 27a.nonempty A_27a=YA_27b.nonempty A_27b=-c_2FEpair 2ESN D
A927a A27b € (A727b(ty,2Epair,2Eprod A_27a A,27b))
(27)
Let c2Epair 2EF ST : 1=1=1 be given. Assume the following.

VA 27a.nonempty A_27a=VA_27b.nonempty A_27b=c_2Epair 2EFST
A927a A27b € (A727a(ty,2Epair,2Eprod A_27a A,27b))
(28)

Definition 42 We define c_2Epair 2EUNCURRY to be AA_27a : t.AA2Tb : L. AA27c 1 LAVOS € ((A27¢A-7
Definition 43 We define c_2Ewords_2Eword__ls to be NA_27a : t.AV0a € (ty 2F fep 2Ecart 2 A_27a).A\V1b

Assume the following.

(VVOm € ty_2Enum_2Enum.((ap (ap c2Earithmetic.2E_ 2B V0m) (29)
c_2Enum_2E0) = VOm))

Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
((ap (ap c2FEarithmetic2E_2B c_2Enum_2EQ) VOm) = VOm)A(((ap (
ap c2Earithmetic2E_2B VOm) c_2Enum_2EQ) = VOm)A(((ap (ap c2Earithmetic2E 2B
(ap c22Enum_2ESUC VOm)) Vin) = (ap c.22Enum_2ESUC (ap (ap c2Earithmetic2E_2B
Vom) Vin)))A((ap (ap c2Earithmetic2E 2B VOm) (ap c.2Enum_2ESUC
Vin)) = (ap c.2Enum_2ESUC (ap (ap c2Earithmetic2E_2B VOm) V1n))))))))
(30)
Assume the following.

(YVOm € ty 2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
(ap (ap c2Earithmetic2E 2B VOm) V1n) = (ap (ap c.2Earithmetic.2E 2B
Vin) VOm))))
(31)



Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(ap (ap c2Earithmetic2E 2B VOm) V1n) = (ap (ap c.2Earithmetic.2E 2B
Vin) VOm))))

(32)
Assume the following.
(YVOm € ty-2Enum_2Enum.((VOm = c_22Enum_2E0)V(IV1n € (33)
ty2Enum_2Enum.(VOm = (ap c.2Enum_2ESUC V1n)))))
Assume the following.
(VVOn € ty_2Enum_2Enum.(VV1m € ty_2Enum_2Enum.(
(p (ap (ap c2Earithmetic_2E_3C_3D (ap c-2Enum_2ESUC V0n)) (ap (34)

c2Enum_2ESUC V1m)))<=(p (ap (ap c-2Earithmetic2E_3C_3D V0n)
Vim)))))

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(p (ap (ap c2Eprim__rec.2E_.3C VOm) V1n))<(p (ap (ap c-2Earithmetic_2E_3C_3D
(ap c.22Enum_2ESUC VOm)) V1n)))))
(35)
Assume the following.

(YVOn € ty2Enum_2Enum.(p (ap (ap c-2Earithmetic_2E_3C_3D

c2Enum 2E0) V0n))) (36)

Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(=(p (ap (ap c-2Eprim__rec2E_3C VOm) V1n)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Vin) VOm)))))
(37)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(

((ap (ap c2Earithmetic.2E_2A c.2Enum_2EQ) VOm) = c_.2Enum_2EQ)A
(((ap (ap c2Earithmetic2E_2A VO0m) c.2Enum_2E0) = c_2Enum_2E0)A
(((ap (ap c2Earithmetic2E 2A (ap c_2Earithmetic. 2ENUMERAL
(ap c2Earithmetic_2EBIT1 c_2Earithmetic 2EZERO))) VOm) = VOm)A
(((ap (ap c2Earithmetic2E 2A VOm) (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic_2EBIT1 c_2Earithmetic.2EZERO))) = VOm)A(
((ap (ap c2Earithmetic.2E_2A (ap c2Enum_2ESUC VOm)) V1in) = (ap
(ap c2Earithmetic2E 2B (ap (ap c2Earithmetic2E_2A VOm) Vin))
Vin))A((ap (ap c2Earithmetic2E_2A VOm) (ap c.22Enum_2ESUC V'1n)) =
(ap (ap c2Earithmetic 2E 2B VOm) (ap (ap c2Earithmetic 2E 2A

VOom) Vin))))))))))
(38)



Assume the following.

(VVOm € ty_2Enum_2Enum.(VV 1n € ty_2Enum_2Enum.(
YV 2p € ty 2Enum_2Enum.(((p (ap (ap c2Earithmetic2E_3C_3D

VOom) V1n))A(p (ap (ap c-2Earithmetic2E_3C_3D V1n) V2p)))=(p ( (39)
ap (ap c2Earithmetic_2E_3C_3D VOm) V2p))))))
Assume the following.
(YVOm € ty 2Enum_2Enum.(p (ap (ap c-2Earithmetic_2E_3C_3D (40)

VOm) VOom)))
Assume the following.

(VVOm € ty2Enum_2Enum.(VV1n € ty 2Enum_2Enum.(
YV2p € ty 2Enum_2Enum.((p (ap (ap c-2Earithmetic_2E_3C_3D
(ap (ap c2Earithmetic2E_2B VOm) V1n)) (ap (ap c.2Earithmetic2E_2B
Vom) V2p)))<(p (ap (ap c2Earithmetic 2E_3C_3D Vin) V2p))))))
(41)
Assume the following.

(YVOm € ty-2Enum_2Enum.(VV 1n € ty_2Enum_2Enum.(
(—(p (ap (ap c_2Earithmetic_2E_3C_3D V0Om) V1in)))<(p (ap (ap c-2Earithmetic2E_3C_3D
(ap c2Enum_2ESUC V1n)) VOm)))))
(12)
Assume the following.

(VVOn € ty-2Enum_2Enum.((ap c22Enum_2ESUC VOn) = (ap (ap
c2Earithmetic2E_2B (ap c_2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic_2EZEROQ))) V0n)))
(43)
Assume the following.

(VVOm € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
VYV 2p € ty 2Enum_2Enum.((p (ap (ap c2Eprim__rec_2E_3C (
ap (ap c2Earithmetic2E 2D VO0m) V1n)) V2p))<((p (ap (ap c_2Eprim__rec2E_3C
Vom) (ap (ap c2Earithmetic2E 2B V1n) V2p)))A(p (ap (ap c2Eprim__rec_2E_3C
c_2Enum_2E0) V2p)))))))
(44)
Assume the following.

(VVOE € ty_2Enum_2Enum.((ap (ap c2Earithmetic 2EMOD VO0k)
(ap c2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1 c_2Earithmetic 2EZERO))) =
c_2Enum_2EQ))
(45)
Assume the following.

(VVOn € ty_2Enum_2Enum.(VV1k € ty_2Enum_2Enum.(
(p (ap (ap c2Eprim__rec 2E_.3C V1k) VOn))=((ap (ap c2Earithmetic 2EMOD
V1k) VOn) = V1k))))
(46)



Assume the following.

(VV0b € ty2Enum_2Enum.((p (ap (ap c_2Eprim__rec_2E_3C

(ap c2Earithmetic2ZENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZERO)))

V0b))=(VV1in € ty 2Enum_2Enum.(¥YV2m € ty_2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap (ap c-2Earithmetic2EEX P V0b)
V2m)) (ap (ap c2Earithmetic2EEX P VOb) V1n)))<(p (ap (ap c2Eprim__rec_2E_3C
V2m) Vin)))))))
(47)
Assume the following.

(VVOh € ty_2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
(ap (ap (ap c2Ebit 2EBITS VOh) c2Enum_2EQ) V1n) = (ap (ap c2Earithmetic2EMOD
Vin) (ap (ap c2Earithmetic 2EEX P (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic 2EBIT2 c_2Earithmetic.2EZERO))) (ap c.2Enum_2ESUC
VOR))))))
(48)
Assume the following,.

(VVOn € ty2Enum_2Enum.(NV1h € ty_2Enum_2Enum.(
(ap (ap (ap c2Ebit_2ESLICE V'1h) c22Enum_2E0) VOn) = (ap (ap (ap c_2Ebit_2EBITS
V1h) c.2Enum_2EQ) VO0n))))
(49)
Assume the following.

(VVOR € ty_2Enum_2Enum.(NV1m € ty_2Enum_2Enum.(
YV2I € ty2Enum_2Enum.(YV3n € ty_2Enum_2Enum.((
(p (ap (ap c2Earithmetic_2E_3C_3D (ap c.2Enum_2ESUC V'1m)) VOh))A
(p (ap (ap c_2Earithmetic_2E_3C_3D V2I) V1im)))=((ap (ap c-2Earithmetic2E_2B
(ap (ap (ap c2Ebit 2ESLICE VOR) (ap c.2Enum_2ESUC V1m)) V3n)) (
ap (ap (ap c2Ebit_2ESLICE V1m) V2l) V3n)) = (ap (ap (ap c-2Ebit_2ESLICE
VOR) V1) V3n)))))
(50)
Assume the following.

(VVOz € ty-2Enum_2Enum.(YV1n € ty 2Enum_2Enum.(
(ap (ap c-2Ebit2ESBIT (ap (ap c2Ebit_2EBIT VO0z) V1n)) V0z) = (ap
(ap (ap c_2Ebit 2ESLICE VO0z) V0x) V1n))))

(51)

Assume the following.
True (52)

Assume the following.
VA 27a.nonempty A_27a=(VVO0t € 2.((VV1x € (53)

A27a.(p VOt))=(p VOL)))



Assume the following.

(YVOt € 2.(((Truen(p VOt))<=(p VOO))A((((p VOt)ATrue)<
(p VOO)A(((Falsen(p VOt))=False)A((((p VOt)AFalse)< False)A  (54)
(((p VOO)A(p VO)) & (p V01)))))))

Assume the following.

(YVOt € 2.(((TrueV(p VOt))=True) AN((((p VO)VTrue)=True) A
(((FalseV(p VOt))e(p VO)A((((p VOt)VFalse)<=(p VOt)A(((p VOt)v

(p VOt))&=(p V01)))))))
(55)
Assume the following.

(YVOt € 2.(((True=(p VOt))=(p VOO)A((((p VOt)=True)<
True)A(((False=(p VOt))eTrue) A((((p VOt)=(p VOt))=True)A((  (56)
(p VOt)= False)=(=(p V01))))))))

Assume the following.

((VVOt € 2.((=(—(p VOt)))=(p VOL)) )A(((—-True)<False) A\

((=False)=True))) (57)
Assume the following.
VA 27a.nonempty A27a=(VV0x € A27a.(V0z = V0z)&
True)) (58)
Assume the following.
VA 2Ta.nonempty A27a=(VV0x € A27a.(VV1y € (59)

A27a.(VOx = Viy)e(Viy = V0x))))
Assume the following.

(VVOt € 2.(((Trues(p VOt))<(p VOt) ) A(((p VOt)=True)s
(p VO)A(((Falses(p VOt))=(—(p VO))A(((p VOt)=False)<(—=( (60)

p V0)))))))

Assume the following.

(VWO0A € 2.(VV1B € 2.(VV2C € 2.(((p VOA)V( (61)
(p V1B)V(p V20)))&(((p VOA)V(p VIB))V(p V2C))))))

Assume the following.

(YV0A € 2.(vV1B € 2.(((=((p VOA)A(p V1B)))=((~(
p VOA))V(=(p V1B))A((—=((p VOA)V(p V1B)))&((—(p VOA)A(=(p Vl(fg%;)))))



Assume the following.
(VVOt € 2.(((p VOt)=False)<((p VOt)<False))) (63)

Assume the following.

(VWOt1 € 2.(VV1t2 € 2.(VV2t3 € 2.(((p VOt1)=

(0 V12)=(p V2B3))((p VOI)AG VIE2)=(p V23)))) (oY
Assume the following.
(VW0 € 2.(vV1t2 € 2.(((p VOl ) (p V1)) (((p 5)

VOtL)A(p V1t2))v((=(p VOI1))A(=(p V1t2)))))))
Assume the following.

(VVO0z € 2.(VV12.27 € 2.(VV2y € 2.(VV3y 27 €
2.((((p VOz)=(p V1z27))A((p V1z27)=((p V2y)=(p V3y-27))))= (66)
(((p VOz)=(p V2y))=((p V12 27)=(p V3y.27))))))))

Assume the following.

VA_27a.nonempty A_27a=VA_27b.nonempty A_27b=(
VYV0g € (A27qty-2Enum-2Enum) (y\/1; ¢ ty 2 Enum_2Enum.

((p (ap (ap c2Eprim__rec_2E_3C V'1i) (ap (c-2E fep2Edimindex A_27b)
(c-2Ebool 2Ethe_value A-27b))))=((ap (ap (c2Efcp_2Efcp__index
A27a A27b) (ap (c-2Efcp2EFCP A_27a A_27b) V0g)) V1i) = (ap VOyg
V1i)))))

(67)
Assume the following.

(VVOP € (2ty-2Enum-2Enum) (((p (ap VOP c_2Enum_2EQ))A
(VV1in € ty-2Enum_2Enum.((p (ap VOP V1n))=(p (ap VOP (ap c.2Enum_2ESUC
V1in))))))=(¥VV2n € ty_2Enum_2Enum.(p (ap VOP V2n)))))
(68)

10



Assume the following.

((VVOn € ty_2Enum_2Enum.((ap (ap c.2Earithmetic 2E 2B
c_2Enum_2EQ) VOn) = VOon))A((VV1n € ty 2Enum_2Enum.((ap
(ap c2Earithmetic2E 2B V1n) c.2Enum_2E0) = V1n))A((VV2n €
ty_2Enum_2Enum.(NYV3m € ty_2Enum_2Enum.((ap (ap c.2Earithmetic.2E 2B
(ap c-2Earithmetic2ENUMERAL V2n)) (ap c-2Earithmetic 2ENUMERAL
V3m)) = (ap c2Earithmetic 2ENUMERAL (ap c_2Enumeral 2EiZ (ap
(ap c2Earithmetic2E_2B V2n) V3m))))))A((VV4n € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E 2A c_2Enum_2EQ) V4n) = c_2Enum_2EQ))A
((VV5n € ty 2Enum_2Enum.((ap (ap c2Earithmetic 2E 2A
Vbn) c.2Enum_2E0) = c_2Enum_2E0))A((VV6n € ty_2Enum_2Enum.
(VVTm € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2A (
ap c_2Earithmetic 2ENUMERAL V6n)) (ap c_2EarithmeticZ 2ENUMERAL
Vim)) = (ap c2Earithmetic 2ENUMERAL (ap (ap c_2FEarithmetic 2E 2A
Vén) Vim)))WA((YV8n € ty_2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
c2Enum_2E0) V8n) = c.2Enum_2E0))A((YVIn € ty_2Enum_2Enum.
((ap (ap c2Earithmetic.2E_2D V9n) c2Enum_2E0) = VIn))A((VV10n €
ty 2Enum_2Enum.(YV11lm € ty 2Enum_2Enum.((ap (ap c2Earithmetic2E_2D
(ap c2Earithmetic2ENUMERAL V'10n)) (ap c_2EarithmeticC2ENUMERAL
V11m)) = (ap c_2Earithmetic 2ENUMERAL (ap (ap c2Earithmetic2E_2D
V10n) V11m))A((VV12n € ty-2Enum_2Enum.((ap (ap c2Earithmetic 2EEX P
c_2Enum_2EQ) (ap c-2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
V12n))) = c2Enum_2E0))A((VV13n € ty_2Enum_2Enum.((ap
(ap c2Earithmetic 2EEX P c_2Enum_2E0) (ap c_2Earithmetic 2ENUMERAL
(ap c2Earithmetic_2EBIT2 V13n))) = c.2Enum_2E0))A((VV14n €
ty 2Enum_2Enum.((ap (ap c2Earithmetic2EEX P V14n) c2Enum_2EQ) =
(ap c2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT1 c_2Earithmetic_.2EZEROQ))))A
((VV15n € ty-2Enum_2Enum.(VV16m € ty_2Enum_2Enum.
((ap (ap c2Earithmetic2EEX P (ap c_2Earithmetic 2ENUMERAL V'15n))
(ap c_2EarithmeticZ2ENUMERAL V'16m)) = (ap c_2Earithmetic 2ENUMERAL
(ap (ap c2Earithmetic2EEX P V15n) V16m)))))A(((ap c22Enum_2ESUC
c2Enum_2E0) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1
c_2Earithmetic2EZERO)))A((VV17Tn € ty_2Enum_2Enum.(

(ap c22Enum_2ESUC (ap c_2EarithmeticZ 2ENUMERAL V17n)) = (ap c-2Earithmetic 2ENUMERAL
(ap c.22Enum_2ESUC V'17n))))A(((ap c2Eprim__rec2EPRE c_2Enum_2EQ) =
c_2Enum_2EQ)A((VV 18n € ty_2Enum_2Enum.((ap c2Eprim__rec_2EPRE
(ap c2Earithmetic 2ENUMERAL V'18n)) = (ap c_2Earithmetic 2ENUMERAL
(ap c2Eprim__rec.2EPRE V'18n))))A((VV19n € ty_2Enum_2Enum.

(((ap c_2Earithmetic 2ENUMERAL V197) = c_2Enum_2E0)<(V19n = c_2Earithmetic. 2EZERO)))A
((VV20n € ty-2Enum_2Enum.((c.2Enum_2E0 = (ap c_2Earithmetic 2ENUMERAL
V20n))<(V20n = c_2Earithmetic 2EZERO)))A((YV21n € ty_2Enum_2Enum.
(VV22m € ty_2Enum_2Enum.(((ap c2Earithmetic 2ENUMERAL
V21n) = (ap c-2Earithmetic 2ENUMERAL V22m))<(V21n = V22m))))A
((VV23n € ty2Enum_2Enum.((p (ap (ap c-2Eprim__rec_2E_3C
V23n) c_2Enum_2EQ0))< False))A((VV24n € ty_2Enum_2Enum.

((p (ap (ap c2Eprim__rec 2E_3C c_2Enum _2EQ) (ap c_2Earithmetic 2ENUMERAL
V24n)))<(p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO)
V24n))))A((YV25n € ty_2Enum_2Enum.(YV26m € ty-2Enum_2Enum.

((p (ap (ap c-2Eprim__rec_2E_3C (ap c_2Earithmetic 2ENUMERAL
V25n)) (ap c_2Earithmetic 2ENUMERAL V26m)))<(p (ap (ap c-2Eprim__rec_2E_3C
V25n) V26m)))))A((YV27n € ty2Enum_2Enum.((p (ap (ap c_2Earithmetic_2E_3E
c_2Enum_2E0) V27n))< False))A((VV28n € ty_2Enum_2Enum.

((p (ap (ap c_2Earithmetic 2E_3E (ap c_2Earithmetic. 2ENUMERAL
V28n)) c.2Enum_2E0))<(p (ap (ap c-2Eprim__rec_2E_3C c_2Earithmetic.2EZERO)
V28n))))A((YV29n € ty_2Enum_2Enum.(YV30m € ty_2Enum_2Enum.

((p (ap (ap c-2Earithmetic_2E_3E (ap c_2EarithmeticZ2ENUMERAL
V29n)) (ap c_2Earithmetic 2ENUMERAL V30m)))<(p (ap (ap c-2Eprim__rec 2E_3C
V30m) V29n)))A((YV31n € ty 2Enum 2Enum.((p (ap (ap c2Earithmetic_2E_3C_3D
c_2Enum_2EQ) V31n))eTrue))A((VV32n € ty_2Enum_2Enum.
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Assume the following.

(YVOn € ty 2Enum_2Enum.(VYV1m € ty 2Enum_2Enum.(
((p (ap (ap c2Eprim__rec_2E_3C c_2Earithmetic_2EZERO) (ap c_2Earithmetic_2EBIT1
Von)))eTrue)AN(((p (ap (ap c.2Eprim__rec2E_3C c_2Earithmetic_.2EZERO)
(ap c_2Earithmetic_2EBIT2 VOn)))<True) A(((p (ap (ap c2Eprim__rec_2E_3C
VOn) c_2Earithmetic2EZERO))< False) A(((p (ap (ap c2Eprim__rec_2E_3C
(ap c_2Earithmetic_2EBIT1 VOn)) (ap c-2Earithmetic 2EBIT1 V1m)))<
(p (ap (ap c2Eprim__rec_2E_3C VOn) V1m)))A(((p (ap (ap c2Eprim__rec_2E_3C
(ap c_2Earithmetic_2EBIT2 VOn)) (ap c-2Earithmetic_2EBIT2 V1m)))<
(p (ap (ap c2Eprim__rec.2E_3C VOn) V1m)))A(((p (ap (ap c2Eprim__rec_2E_3C
(ap c_2Earithmetic_2EBIT1 VOn)) (ap c-2Earithmetic 2EBIT2 V1m)))<
(=(p (ap (ap c-2Eprim__rec2E_3C V1m) VOn))))A((p (ap (ap c_2Eprim__rec2E_3C
(ap c_2Earithmetic_2EBIT2 VOn)) (ap c_2Earithmetic 2EBIT1 V1m)))<
(p (ap (ap c2Eprim__rec.2E_.3C VOn) V1m)))))))))))
(70)
Assume the following.

(VVOn € ty-2Enum_2Enum.(YV1m € ty_2Enum_2Enum.(

((p (ap (ap c_2Earithmetic_2E_3C_3D c_2Earithmetic 2EZERO) V0n))<
True)AN(((p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Earithmetic 2EBIT1
V0n)) c2Earithmetic 2EZERO))< False) A(((p (ap (ap c2Earithmetic_2E_3C_3D
(ap c_2Earithmetic_2EBIT2 VOn)) c_2Earithmetic 2EZERO))< False)A
(((p (ap (ap c-2Earithmetic2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c-2Earithmetic 2EBIT1 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) V1im)))A(((p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT1
VOn)) (ap c_2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
Von) V1im)))A(((p (ap (ap c2Earithmetic_2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic2EBIT1 V1m)))<(=(p (ap (ap c-2Earithmetic.2E_3C_3D
Vim) VOon))))A((p (ap (ap c_2Earithmetic 2E_3C_3D (ap c_2Earithmetic_2EBIT2
VOn)) (ap c-2Earithmetic 2EBIT2 V1m)))<(p (ap (ap c2Earithmetic_2E_3C_3D
VOn) Vim)))))))))))

(1)
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Assume the following.

(VVOn € ty-2Enum_2Enum.(((ap (ap c2Earithmetic2EEX P
(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic 2EZERO)))
c_2Enum _2EQ) = (ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic 2EBIT1
c_2Earithmetic 2EZERO)))A(((ap (ap c2Earithmetic 2EEX P (ap
c_2Earithmetic2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic.2EZERO)))

(ap c_2Earithmetic 2ENUMERAL (ap c_2Earithmetic_2EBIT1 VOn))) =
(ap c_2Earithmetic2ENUMERAL (ap (ap c.2Enumeral 2Etexp__help

(ap c2Eprim__rec2EPRE (ap c_2Earithmetic 2EBIT1 VOn))) c_2Earithmetic2EZERO)))A
((ap (ap c2Earithmetic 2EEX P (ap c_2Earithmetic 2ENUMERAL (

ap c_2Earithmetic_2EBIT2 c_2Earithmetic2EZERO))) (ap c_2Earithmetic 2ENUMERAL
(ap c_2Earithmetic 2EBIT2 VOn))) = (ap c-2Earithmetic 2ENUMERAL
(ap (ap c2Enumeral 2Etexp__help (ap c_2Earithmetic 2EBIT1 V0On))

c_2Earithmetic_2EZEROQ))))))

(72)

Assume the following.
(YV0t € 2.((~(~(p V08)))=(p VO1))) (73)

Assume the following,
(YV0A € 2.((p VOA)=((~(p VOA))= False))) (74)

Assume the following.

(VV0A € 2.(WV1B € 2.(((—((p VOA)V(p V1B)))=False)&

(((p VOA)= False)=((~(p V1B))=False))))) (75)

Assume the following,
(W04 € 2(4V1B € 2((~((~(p VOA)V(p VIB))=False)s 0

((p VOA)=((~(p V1B))=False)))))
Assume the following.
(VVO0A € 2.(((—(p VOA))=False)=(((p VOA)=False)=False))) (77)
Assume the following.

(VVOp € 2.(VV1q €

2.(vV2r € 2.(((p VOp)=(
(p Vig)e(p V2r)))e(((p Vop)V(lp V1g)V(p V2 7(")))/\(

V

(=

(
p V2r))V(=(p V1g)A(((p V1g)V((=(p V2r))V(=
((=(p V1g))V(=(p VOp)))))))))))
(78)
Assume the following.
(VVOp € 2.(WV1qg € 2.(VV2r € 2.(((p VOp)&=(
(p V1igA(p V2r)))<(((p VOp)V((=(p V1g)V(=(p V2r))))A((p V1g)

(=(p VOp)))A((p V2r)V(=(p VOp))))))))) -
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Assume the following.

(VVOp € 2.(VW1qg € 2.(VV2r € 2.(((p VOp)=(
(p V1ig)Vv(p V2r)))=(((p VOp)V(=(p V1g))A(((p VOp)V(=(p V2r)))A
((p V1ig)V((p V2r)V(=(p V0p)))))))))) )
Assume the following.

(VWop € 2.(VV1g € 2.(((p VOp)&(=(p V1g)))=(((p VOp)V
(p V1g)A((=(p V1g))V(=(p V0p)))))))

Assume the following.

(81)

(VVOp € ty 2Enum_2Enum.(VV1n € ty_2Enum_2Enum.(
VV2f € (ty 2Enum_2Enumty-2Enum-2Enum) (gy/34 ¢ (
ty_2Enum_2Enumty-2Enum-2Enum) (g 4y ¢ ty 2 Enum_2Enum.
(((p (ap (ap c-2Earithmetic2E_3C_3D VOp) V4z))A(p (ap (ap c-2Eprim__rec_2E_3C
Vdz) (ap (ap c2Earithmetic2E 2B VO0p) V1n))))=((ap V2f Viz) = (
ap V3g Vdx))))=((ap (ap c2Esum_num 2EGSUM (ap (ap (c_2Epair 2E_2C
ty_ 2Enum_2Enum ty_ 2Enum_2Enum) V0p) V1n)) V2f) = (ap (ap c2Esum_num_2EGSUM
(ap (ap (c-2Epair2E_2C ty_2Enum_2Enum ty_2Enum_2Enum) VO0p) Vin))
V39)))))))
(2)
Assume the following.

(VVOf € (ty-2Enum_2Enumty-2Enum-2Enum) ((qp (ap c 2Esum_num _2ESUM
c2Enum_2E0) VOf) = c.2Enum_2E0))A(VV1m € ty 2Enum_2Enum.
(VV2f € (ty_2Enum_2Enumty-2Enum-2Enum) ((qp (ap c 2Esum_num 2ESUM
(ap c2Enum 2ESUC V1m)) V2f) = (ap (ap c2Earithmetic 2E 2B (ap
(ap c2Esum_num 2ESUM V1m) V2f)) (ap V2f V1m))))))
(83)
Assume the following.

(YVOm € ty2Enum 2Enum.(VV1f € (ty-2Enum_2EnumtY-2Enum-2Enum)
((ap (ap c2Esum_num 2ESUM VOm) V1f) = (ap (ap c2Esum__num_2EGSUM
(ap (ap (c_2Epair 2E_2C ty 2Enum_2Enum ty 2Enum_2Enum) c_2Enum_2E0Q)
Vom)) V1£))))
(34)
Assume the following.

VA 27a.nonempty A_27a=((ap (c2Ewords_2Edimword A_27a)
(c-2Ebool 2Ethe_wvalue A27a)) = (ap (ap c2Earithmetic2EEX P
(ap c2Earithmetic2ZENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic_2EZERO)))
(ap (¢ 2E fep 2Edimindex A 27a) (c2Ebool 2Ethe__value A 27a))))
(85)
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Assume the following.

VA 27a.nonempty A27a=((ap (c2Ewords 2EINT__MIN A_27a)
(c-2Ebool 2Ethe_wvalue A27a)) = (ap (ap c2Earithmetic2EEX P
(ap c2EarithmeticZ2ENUMERAL (ap c_2Earithmetic_2EBIT2 c_2Earithmetic_.2EZERO)))
(ap (ap c2Farithmetic2E 2D (ap (¢2E fep2Edimindex A27a) (
c-2Ebool 2Ethe__value A27a))) (ap c_2Earithmetic.2ENUMERAL
(ap c2Earithmetic 2EBIT1 c_2Earithmetic 2EZERQ)))))
(86)
Assume the following.

VA_27a.nonempty A_27a=(p (ap (ap c_2Eprim__rec 2E_3C c_2Enum_2EOQ)
(ap (c2E fep2Edimindex A_27a) (c-2Ebool 2Ethe__value A-27a))))
(87)
Assume the following.

VA 27a.nonempty A27a=(VVOw € (ty 2E fecp2Ecart
2 A27a).(3V1n € ty_2Enum_2Enum.((VOw = (ap (c_2Ewords_2En2w
A27a) V1n))A(p (ap (ap c2Eprim__rec2E_3C V1n) (ap (c.2Ewords_2Edimword
A_27a) (c.2Ebool 2Ethe_value A_27a)))))))
(88)
Assume the following.

VA_27a.nonempty A_27a=(YV0n € ty_ 2Enum_2Enum.(

(p (ap (c_2Ewords_2Eword__msb A_27a) (ap (c_2Ewords_2En2w A_27a)
Von)))<(p (ap (ap c2Earithmetic 2E_3C_3D (ap (c2Ewords 2EINT__MIN
A_27a) (c-2Ebool 2Ethe_value A27a))) (ap (ap c2Earithmetic2EMOD
VOon) (ap (c.2EBwords_2Edimword A-27a) (c-2Ebool_2Ethe__value
A.27a)))))))

(89)
Assume the following.

VA_27a.nonempty A27a=(VV0a € (ty 2E fcp 2Ecart
2 A27a).(VV1b € (ty2E fep2Ecart 2 A27a).((p (ap (ap
(c-2Ewords_2Eword__Is A_27a) V0a) V1b))<(p (ap (ap c-2Earithmetic.2E_3C_3D
(ap (c2Ewords2Ew2n A_27a) V0a)) (ap (c-2Ewords_2Ew2n A_27a)

V1)) %0

Theorem 1

VA_27a.nonempty A 27a=(YV0a € (ty2E fcp_2Ecart
2 A 27a).((p (ap (c2Ewords_2Eword__msb A_27a) V0a))<(p (ap (
ap (c_2Ewords_2Eword__Is A_27a) (c-2Ewords_2Eword__L A_27a))
V0a))))
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