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Today: Computers Checking Large Math Proofs
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Kepler conjecture, Automated Reasoning and AI

• J. Kepler (1611, Prague): The most compact way of
stacking balls of the same size in space is a pyramid.

V =
π√
18
≈ 74%

• Big proof: 300 pages + computations (Hales, Fergusson, 1998)
• Formal proof finished in 2014, 20000 theorems & proofs
• All of it computer-understandable and verified
• polyhedron s /\ c face_of s ==> polyhedron c

• My work:
• Learn/reason automatically over the large corpus of proofs
• Our methods can fully automate 40% of the proofs (2014)
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Applications – Verification of HW Designs at Intel
Formal Verification at Intel 1

Formal Verification
at Intel

John Harrison

Intel Corporation

• The cost of bugs

• Testing and formal verification

• Automated and general methods

• HOL Light

• Floating point verification

• Tangent example

• Square root example

• Conclusions

John Harrison Intel Corporation, 21 June 2002
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HOL floating point theory

Generic floating point theory in HOL.

Can be applied to all the required formats, and

others supported in software.

Precise specification of floating point rounding,

floating point exceptions etc. Typical theorems

include monotonicity of rounding:

|- ~(precision fmt = 0) /\ x <= y

==> round fmt rc x <= round fmt rc y

and subtraction of nearby floating point numbers:

|- a IN iformat fmt /\ b IN iformat fmt /\

a / &2 <= b /\ b <= &2 * a

==> (b - a) IN iformat fmt

John Harrison Intel Corporation, 21 June 2002
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Applications – Verified Operating Systems
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Applications – Verified Internet Protocols
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Applications – Verified Transport Systems
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Applications – Verified Compilers
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Minimal Example – Proving Equivalence of Two Programs
(* simple list reversal - runs in quadratic time *)
primrec rev :: "’a list => ’a list" where
"rev [] = []" |
"rev (x # xs) = rev xs @ [x]"

(* more advanced list reversal - runs in linear time *)
primrec itrev:: "’a list => ’a list => ’a list" where

"itrev [] ys = ys" |
"itrev (x#xs) ys = itrev xs (x#ys)"

strategy CDInd=Thens [Conjecture,Fastforce,Quickcheck,DInd]
strategy DInd_Or_CDInd = Ors [DInd, CDInd]

lemma "itrev xs [] = rev xs"
find_proof DInd_Or_CDInd
apply (subgoal_tac "\forall y. itrev xs y = Demo.rev xs @ y")
apply fastforce
apply (induct xs)
apply auto
done
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The Technology: Automated Theorem Provers

Theorem Proving: Big Picture

8X : human(X) ! mortal(X)
8X : philosopher(X) ! human(X)

philosopher(socrates)

?
|=

mortal(socrates)

Real World Problem Formalized Problem

ATP

Proof Search
Proof

Countermodel
Timeout

or

or

3
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Simple Theorem Prover: leanCoP

• lean Connection Prover – building proof trees
• gets first-order clauses, extension and reduction steps
• proof finished when all branches of the tree are closed
• a lot of nondeterminism, requires backtracking
• the search space quickly explodes

Clauses:
c1 : P(x)
c2 : R(x , y) ∨ ¬P(x) ∨
Q(y)
c3 : S(x) ∨ ¬Q(b)
c4 : ¬S(x) ∨ ¬Q(x)
c5 : ¬Q(x) ∨ ¬R(a, x)
c6 : ¬R(a, x) ∨Q(x)

Closed Connection Tableau: P(a)

R(a,b)

¬R(a,b) Q(b)

¬Q(b) ¬R(a,b)

¬P(a) Q(b)

S(b)

¬S(b) ¬Q(b)

¬Q(b)
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Using Reinforcement Learning to Guide leanCoP

• Monte-Carlo Tree Search (MCTS) – used in AlphaGo
• MCTS search nodes are sequences of clause application
• a good heuristic to explore new vs exploit good nodes:

wi

ni
+ c · pi ·

√
ln N
ni

(UCT - Kocsis, Szepesvari 2006)

• we learn the policy – clause selection
• ... and the value – proof state evaluation
• big issue: representing clauses and proofs for learning
• many approaches - none too good yet
• deep learning far from good – we need deep semantics
• feedback loop between proving and learning - many

iterations
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Statistical Guidance of Connection Tableau – rlCoP
• On 32k Mizar40 problems using 200k inference limit
• nonlearning CoPs:

System leanCoP bare prover rlCoP no policy/value (UCT only)
Training problems proved 10438 4184 7348
Testing problems proved 1143 431 804
Total problems proved 11581 4615 8152

• rlCoP with policy/value after 5 proving/learning iters on the
training data

• 1624/1143 = 42.1% improvement over leanCoP on the
testing problems

Iteration 1 2 3 4 5 6 7 8

Training proved 12325 13749 14155 14363 14403 14431 14342 14498
Testing proved 1354 1519 1566 1595 1624 1586 1582 1591
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Future Potential - Science

• Use strong AI/reasoning and formal verification for:
• Science

• Routinely verify complex math, software, hardware?
• Make all of math/science computer-understandable?
• Strong AI assistants for math/science?

• Examples
• Automatically understand/verify/explain all arXiv papers?
• Can we train a superhuman system like AlphaGo/Zero for

math/physics? What will it take?
• Can we prove that the Amazon Cloud cannot be hacked?
• The same for critical government/private IT systems?
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Future Potential - Society

• Use strong AI/reasoning and formal verification for:
• Society

• Leibniz’s dream: Let us Calculate! (solve any dispute)
• J. McCarthy: Mathem. Objectivity and the Power of Initiative
• AI/reasoning assistants for law/regulations
• Verification of financial, transport/traffic systems, ...
• Explainable and very securely verified systems

• Examples
• Prove that two Paris metro trains will never crash?
• Prove that a trading system doesn’t violate regulations?
• Prove that a new law is inconsistent with an old one?
• Automatically debunk fallacies in political campaigns?
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Links and Impacts on Other AI Areas

• Main areas: Machine Learning, Automated Reasoning
• Needs advances in Representation Learning
• AI needs intuition, but also reasoning and explanations
• Impact on Formal Verification (SW, HW, etc.)
• Potentially on any (hard) science/thinking/arguing
• Alan Turing, 1950, AI:

“We may hope that machines will eventually compete with
men in all purely intellectual fields.”
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Outlook – Scientific Revolution, AI?

• What did Kepler, Galileo & Co start to do in 1600s?
• What are we trying to do today?
• Kepler’s Conjecture in Strena in 1611 (with many others)
• Kepler’s laws, Newton, ..., age of science, math, machines
• ..., Hilbert, ..., Turing, ... age of computing machines?
• 1998 machine helps to find a proof of Kepler’s Conjecture
• 2014 machine verifies a proof of Kepler’s Conjecture
• ... 2050? machine finds a proof of Kepler’s Conjecture?
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