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1. Introduction

In this chapter we introduce some topologies on the category of algebraic spaces.
Compare with the material in [Gro71], [BLR90], [LMBO00] and [Knu71]. Before
doing so we would like to point out that there are many different choices of sites
(as defined in Sites, Definition which give rise to the same notion of sheaf on
the underlying category. Hence our choices may be slightly different from those in
the references but ultimately lead to the same cohomology groups, etc.

2. The general procedure

In this section we explain a general procedure for producing the sites we will be
working with. This discussion will make little or no sense unless the reader has
read Topologies, Section

Let S be a base scheme. Take any category Sch, constructed as in Sets, Lemma
[0.2) starting with S and any set of schemes over S you want to be included. Choose
any set of coverings Covy,pr on Sch, as in Sets, Lemma starting with the
category Sch, and the class of fppf coverings. Let Schyy,, s denote the big fppf site
so obtained, and let (Sch/S)fpps denote the corresponding big fppf site of S. (The
above is entirely as prescribed in Topologies, Section )

Given choices as above the category of algebraic spaces over S has a set of iso-
morphism classes. One way to see this is to use the fact that any algebraic space
over S is of the form U/R for some étale equivalence relation j : R — U xg U
with U, R € Ob((Sch/S) ppr), see Spaces, Lemma Hence we can find a full
subcategory Spaces/S of the category of algebraic spaces over S which has a set of
objects such that each algebraic space is isomorphic to an object of Spaces/S. We
fix a choice of such a category.
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2 TOPOLOGIES ON ALGEBRAIC SPACES

In the sections below, given a topology 7, the big site (Spaces/S), (resp. the big
site (Spaces/X). of an algebraic space X over S) has as underlying category the
category Spaces/S (resp. the subcategory Spaces/X of Spaces/S, see Categories,
Example . The procedure for turning this into a site is as usual by defining a
class of 7-coverings and using Sets, Lemma [I1.T]to choose a sufficiently large set of
coverings which defines the topology.

We point out that the small étale site Xgiq1e of an algebraic space X has already
been defined in Properties of Spaces, Definition Its objects are schemes étale
over X, of which there are plenty by definition of an algebraic spaces. However,
a more natural site, from the perspective of this chapter (compare Topologies,
Deﬁnition is the site X paces,étate Of Properties of Spaces, Deﬁnition These
two sites define the same topos, see Properties of Spaces, Lemma [15.3] We will not
redefine these in this chapter; instead we will simply use them.

Finally, we intend not to define the Zariski sites, since these do not seem particularly
useful (although the Zariski topology is occasionally useful).

3. Fpqc topology

We briefly discuss the notion of an fpqc covering of algebraic spaces. Please compare
with Topologies, Section[8] We will show in Descent on Spaces, Proposition [4.1] that
quasi-coherent sheaves descent along these.

Definition 3.1. Let S be a scheme, and let X be an algebraic space over S. An
fpgc covering of X is a family of morphisms {f; : X; — X },er of algebraic spaces
such that each f; is flat and such that for every affine scheme Z and morphism
h : Z — X there exists a standard fpqc covering {g; : Z; — Z};=1,.._, which
refines the family {X; xx Z — Z}ier.

In other words, there exists indices i1,...,%, € I and morphisms h; : U; — X,
such that f;; o hj = hog;. Note that if X and all X; are representable, this is the
same as a fpqc covering of schemes by Topologies, Lemma [8.11

Lemma 3.2. Let S be a scheme. Let X be an algebraic space over S.
(1) If X! = X is an isomorphism then {X' — X} is an fpgc covering of X.
(2) If {X; — X}ier is an fpge covering and for each i we have an fpqc covering
{Xij = Xitjes,, then {X;; = Xticrjes, is an fpge covering.
(3) If{X; = X}ier is an fpgc covering and X' — X is a morphism of algebraic
spaces then { X' xx X; = X'}ier is an fpge covering.

Proof. Part (1) is clear. Consider g : X' — X and {X; — X };¢5 an fpqc covering
as in (3). By Morphisms of Spaces, Lemma the morphisms X’ xx X; — X'
are flat. If A’ : Z — X' is a morphism from an affine scheme towards X', then
set h = goh’ : Z — X. The assumption on {X; — X},c;r means there exists
a standard fpqc covering {Z; — Z};—1.., and morphisms Z; — Xy covering
h for certain i(j) € I. By the universal property of the fibre product we obtain
morphisms Z; — X' xx X,y over h/ also. Hence {X’ xx X; — X'}ier is an fpqe
covering. This proves (3).

Let {X; — X}tier and {X;; — X;}jes, be asin (2). Let h : Z — X be a
morphism from an affine scheme towards X. By assumption there exists a standard
fpqc covering {Z; — Z};—1 .. and morphisms h; : Z; — X, covering h for
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some indices i(j) € I. By assumption there exist standard fpqc coverings {Z;; —
Zjti=1,...n(;) and morphisms Z;; — X,(;y;¢) covering hj; for some indices j(I) €
Ji(j)- By Topologies, Lemmathe family {Z;; — Z} is a standard fpqc covering.
Hence we conclude that {X;; — X }ier jes, is an fpqc covering. O

Lemmal 3.3. Let S be a scheme, and let X be an algebraic space over S. Suppose
that {f; : X; — Xt}ier is a family of morphisms of algebraic spaces with target
X. Let U = X be a surjective étale morphism from a scheme towards X. Then
{fi : Xi = X}ier is an fpqc covering of X if and only if {U xx X; = Ulier is an
frqc covering of U.

Proof. If {X; — X}icr is an fpqe covering, then so is {U xx X; — U}ier by
Lemma Assume that {U xx X; — U}ier is an fpqce covering. Let h: Z — X
be a morphism from an affine scheme towards X. Then we see that U xx Z — Z
is a surjective étale morphism of schemes, in particular open. Hence we can find
finitely many affine opens Wy, ..., W; of U x x Z whose images cover Z. For each
j we may apply the condition that {U xx X; — U}icr is an fpqc covering to the
morphism W; — U, and obtain a standard fpqc covering {W;; — W;} which refines
{W; xx X; = Wj}ticr. Hence {W;; — Z} is a standard fpqc covering of Z (see
Topologies, Lemma [8.10) which refines {Z x x X; — X} and we win. O

Lemmal 3.4. Let S be a scheme, and let X be an algebraic space over S. Suppose
thatU = {f; : X; — X }ier is an fpge covering of X. Then there exists a refinement
V=A{g;:T; — X} of U which is an fpqc covering such that each T; is a scheme.

Proof. Omitted. Hint: For each i choose a scheme T; and a surjective étale mor-
phism T; — X;. Then check that {T; — X} is an fpqc covering. a

To be continued...

4. Fppf topology

In this section we discuss the notion of an fppf covering of algebraic spaces, and
we define the big fppf site of an algebraic space. Please compare with Topologies,
Section [7

Definition 4.1. Let S be a scheme, and let X be an algebraic space over S. An
fopf covering of X is a family of morphisms {f; : X; — X }ier of algebraic spaces
over S such that each f; is flat and locally of finite presentation and such that

X1 =, 1fil(1XD),
i.e., the morphisms are jointly surjective.

This is exactly the same as Topologies, Definition In particular, if X and all
the X; are schemes, then we recover the usual notion of an fppf covering of schemes.

Lemma 4.2. Let S be a scheme. Let X be an algebraic space over S.
(1) If X! = X is an isomorphism then {X' — X} is an fppf covering of X.
(2) If {X; — X}ier is an fppf covering and for each i we have an fppf covering
{Xij = Xi}ies,, then {X;; — Xtier jea, is an fppf covering.
(3) If {X; — X}icr is an fppf covering and X' — X is a morphism of algebraic
spaces then { X' xx X; = X'}ier is an fppf covering.

Proof. Omitted. O
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Lemma) 4.3. Let S be a scheme, and let X be an algebraic space over S. Suppose
thatU = {f; : X; = X}ier is an fppf covering of X. Then there exists a refinement
V=A{g;i:T; = X} of U which is an fppf covering such that each T; is a scheme.

Proof. Omitted. Hint: For each ¢ choose a scheme T; and a surjective étale mor-
phism T; — X;. Then check that {T; — X} is an fppf covering. a

Lemma 4.4. Let S be a scheme. Let {f; : X; — X}ier be an fppf covering of
algebraic spaces over S. Then the map of sheaves

[[xi—x
18 surjective.

Proof. This follows from Spaces, Lemma[5.9] See also Spaces, Remark [5.2]in case
you are confused about the meaning of this lemma. O

To be continued...

5. Syntomic topology

In this section we discuss the notion of a syntomic covering of algebraic spaces,
and we define the big syntomic site of an algebraic space. Please compare with
Topologies, Section [6}

Definition 5.1. Let S be a scheme, and let X be an algebraic space over S. A

syntomic covering of X is a family of morphisms {f; : X; — X}ier of algebraic
spaces over S such that each f; is syntomic and such that

X =J,_, 1f:l(1 XD,
i.e., the morphisms are jointly surjective.

This is exactly the same as Topologies, Definition In particular, if X and all
the X; are schemes, then we recover the usual notion of a syntomic covering of
schemes.

Lemmal 5.2. Let S be a scheme. Let X be an algebraic space over S.
(1) If X' — X s an isomorphism then {X' — X} is a syntomic covering of
X.
(2) If {X; = X}ier is a syntomic covering and for each i we have a syntomic
covering {X;; — Xi}jer,, then {X;; = X}ier jes, is a syntomic covering.
(3) If {X; — X}icr is a syntomic covering and X' — X is a morphism of
algebraic spaces then {X' xx X; — X'}ier is a syntomic covering.

Proof. Omitted. (]

To be continued...

6. Smooth topology

In this section we discuss the notion of a smooth covering of algebraic spaces, and we
define the big smooth site of an algebraic space. Please compare with Topologies,
Section Bl
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Definition 6.1. Let S be a scheme, and let X be an algebraic space over S. A
smooth covering of X is a family of morphisms {f; : X; — X };er of algebraic spaces
over S such that each f; is smooth and such that

xI=U_, 1100,
i.e., the morphisms are jointly surjective.

This is exactly the same as Topologies, Definition[5.1} In particular, if X and all the
X; are schemes, then we recover the usual notion of a smooth covering of schemes.

Lemma 6.2. Let S be a scheme. Let X be an algebraic space over S.

(1) If X! = X is an isomorphism then {X' — X} is a smooth covering of X.

(2) If {X; — X}ier is a smooth covering and for each i we have a smooth
covering {X;; = X;}jcu,, then {X;; = Xticrjes, is a smooth covering.

(3) If {X; — X}ier is a smooth covering and X' — X is a morphism of
algebraic spaces then {X' xx X; = X'}ier is a smooth covering.

Proof. Omitted. O

To be continued...

7. Etale topology

In this section we discuss the notion of a étale covering of algebraic spaces, and
we define the big étale site of an algebraic space. Please compare with Topologies,
Section El

Definition 7.1. Let S be a scheme, and let X be an algebraic space over S. A
étale covering of X is a family of morphisms {f; : X; — X };cs of algebraic spaces
over S such that each f; is étale and such that

| X| = Uie[ | fil(1X3),
i.e., the morphisms are jointly surjective.

This is exactly the same as Topologies, Definition In particular, if X and all
the X; are schemes, then we recover the usual notion of a étale covering of schemes.

Lemmal 7.2. Let S be a scheme. Let X be an algebraic space over S.

(1) If X! = X is an isomorphism then {X' — X} is a étale covering of X.

(2) If {X; = X}icr is a étale covering and for each i we have a étale covering
{Xij = Xi}ieu,, then {X;; — X}ier jey; s a étale covering.

(3) If {Xi — X}icr is a étale covering and X' — X is a morphism of algebraic
spaces then { X' xx X; — X'}ier is a étale covering.

Proof. Omitted. O

To be continued...
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8. Zariski topology

In Spaces, Section [12] we introduced the notion of a Zariski covering of an algebraic
space by open subspaces. Here is the corresponding notion with open subspaces
replaces by open immersions.

Definition 8.1. Let S be a scheme, and let X be an algebraic space over S. A
Zariski covering of X is a family of morphisms {f; : X; — X };er of algebraic spaces
over S such that each f; is an open immersion and such that

X1 =, 1f:l(1X:D).
i.e., the morphisms are jointly surjective.

Although Zariski coverings are occasionally useful the corresponding topology on
the category of algebraic spaces is really too coarse, and not particularly useful.
Still, it does define a site.

Lemmal 8.2. Let S be a scheme. Let X be an algebraic space over S.
(1) If X! = X is an isomorphism then {X' — X} is a Zariski covering of X.
(2) If {X; — Xt}ier is a Zariski covering and for each i we have a Zariski
covering {X;; — Xi}jeu,, then {X;; = X}ier je, is a Zariski covering.
(3) If {X; — X}ier is a Zariski covering and X' — X is a morphism of
algebraic spaces then {X' xx X; — X'}ier is a Zariski covering.

Proof. Omitted. O
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