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1. Introduction

Let C be a site, see Sites, Definition [6.2] Let X be an object of C. Given an abelian
sheaf F on C we would like to compute its cohomology groups

HY(X,F).

According to our general definitions (Cohomology on Sites, Section this cohomol-
ogy group is computed by choosing an injective resolution 0 — F — 7° — ' — ...
and setting

HY(X,F)=H(T(X,I° - I'(X,T") - T(X,Z?) — ...)

The goal of this chapter is to show that we may also compute these cohomology
groups without choosing an injective resolution (in the case that C has fibre prod-
ucts). To do this we will use hypercoverings.

A hypercovering in a site is a generalization of a covering, see [AGV 71, Exposé V,
Sec. 7]. Given a hypercovering K of an object X, there is a Cech to cohomology
spectral sequence expressing the cohomology of an abelian sheaf F over X in terms
of the cohomology of the sheaf over the components K, of K. It turns out that there
are always enough hypercoverings, so that taking the colimit over all hypercoverings,
the spectral sequence degenerates and the cohomology of F over X is computed by
the colimit of the Cech cohomology groups.

This is a chapter of the Stacks Project, version 714994, compiled on Oct 28, 2014.
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2 HYPERCOVERINGS

A more general gadget one can consider is a simplicial augmentation where one
has cohomological descent, see [AGVT71], Exposé Vbis]. A nice manuscript on coho-
mological descent is the text by Brian Conrad, see http://math.stanford.edu/
~conrad/papers/hypercover.pdf. We will come back to these issue in the chapter
on simplicial spaces where we will show, for example, that proper hypercoverings
of “locally compact” topological spaces are of cohomological descent (Simplicial
Spaces, Section @ Our method of attack will be to reduce this statement to the
Cech to cohomology spectral sequence constructed in this chapter.

2. Hypercoverings

In order to start we make the following definition. The letters “SR” stand for
Semi-Representable.

Definition 2.1. Let C be a site. We denote SR(C) the category of semi-representable
objects defined as follows
(1) objects are families of objects {U; }ier, and
(2) morphisms {U; }ier — {V;} e are given by a map o : I — J and for each
i € I a morphism f; : U; — Vi) of C.
Let X € Ob(C) be an object of C. The category of semi-representable objects over
X is the category SR(C, X) = SR(C/X).

This definition differs from the one in [AGVTIl Exposé V, Sec. 7], but it seems
flexible enough to do all the required arguments. Note that this is a “big” category.
We will later “bound” the size of the index sets I that we need for hypercoverings
of X. We can then redefine SR(C, X) to become a category. Let’s spell out the
objects and morphisms SR(C, X):

(1) objects are families of morphisms {U; — X };er, and

(2) morphisms {U; = X}ier = {V; — X}jes are given by amap a : [ — J

and for each i € I a morphism f; : U; — V) over X.

There is a forgetful functor SR(C, X) — SR(C).

Definition 2.2. Let C be a site with fibre products. We denote F' the functor
which associates a presheaf to a semi-representable object. In a formula

F:SR(C) — PSK(C)
{Uitier = Iierhy,
where hy; denotes the representable presheaf associated to the object U.

Given a morphism U — X we obtain a morphism hy — hx of representable
presheaves. Thus we often think of F' on SR(C, X) as a functor into the category
of presheaves of sets over hx, namely PSh(C)/hx. Here is a picture:

SR(C, X) ——= PSh(C)/hx

| |

SR(C) —E— PSh(C)

Next we discuss the existence of limits in the category of semi-representable objects.

Lemmal 2.3. Let C be a site.
(1) the category SR(C) has coproducts and F' commutes with them,
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(2) the functor F : SR(C) — PSh(C) commutes with limits,

(3) if C has fibre products, then SR(C) has fibre products,

(4) if C has products of pairs, then SR(C) has products of pairs,
(5) if C has equalizers, so does SR(C), and

6) if C has a final object, so does SR(C).

Let X € Ob(C).
(1) the category SR(C, X) has coproducts and F commutes with them,
(2) if C has fibre products, then SR(C, X) has finite limits and F : SR(C, X ) —
PSKh(C)/hx commutes with them.

Proof. Proof of the results on SR(C). Proof of (1). The coproduct of {U;};c; and
{V;}ieris {Uitier I{V;} e, in other words, the family of objects whose index set
is II1J and for an element k € I11J gives U; if k =4 € I and gives V; if k = j € J.
Similarly for coproducts of families of objects. It is clear that F' commutes with
these.

Proof of (2). For U in Ob(C) consider the object {U} of SR(C). It is clear that
Morgrcy({U}, K)) = F(K)(U) for K € Ob(SR(C)). Since limits of presheaves are
computed at the level of sections (Sites, Section |4) we conclude that F' commutes
with limits.

Proof of (3). Suppose given a morphism (e, f;) : {Ui}tier = {Vj}jes and a mor-
phism (5, gx) : {Wk}trex — {V;}jes. The fibred product of these morphisms is
given by

Ui X4, V00 W} (i,j,k)eIx Tx K such that j—a(i)=B(k)
The fibre products exist if C has fibre products.
Proof of (4). The product of {U; }ier and {V; }jes is {Ui XV} }ier,jes. The products
exist if C has products.

Proof of (5). The equalizer of two maps (a, f;), (', f{) : {Uitier = {Vj}jes is
{Ea(fi, f] : Ui = Vo)) Yier, at)=a'()

The equalizers exist if C has equalizers.

Proof of (6). If X is a final object of C, then {X} is a final object of SR(C).

Proof of the statements about SR(C, X). These follow from the results above ap-
plied to the category C/X using that SR(C/X) = SR(C, X) and that PSh(C/X) =
PSh(C)/hx (Sites, Lemma applied to C endowed with the chaotic topol-
ogy). However we also argue directly as follows. It is clear that the coproduct
of {[Jz — X}ie[ and {‘/J — X}je] is {Uz — X}ie[ I {‘/J — X}je] and simi-
larly for coproducts of families of families of morphisms with target X. The object
{X — X} is a final object of SR(C, X). Suppose given a morphism («, f;) : {U; —
X}ie[ — {‘/J — X}jeJ and a morphism (ﬂ,gk) : {Wk — X}kEK — {V] — X}jeJ.
The fibred product of these morphisms is given by

{Ui X 5.,vi.0n Wi = X} jk)eIx Ix K such that j=a(i)=p(k)

The fibre products exist by the assumption that C has fibre products. Thus
SR(C, X) has finite limits, see Categories, Lemma We omit verifying the
statements on the functor F' in this case. (]
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Definition 2.4. Let C be a site. Let f = (a, fi) : {Uitier = {Vj}jes be a
morphism in the category SR(C). We say that f is a covering if for every j € J the
family of morphisms {U; = Vj}icr a(i)=; is a covering for the site C. Let X be an
object of C. A morphism K — L in SR(C, X) is a covering if its image in SR(C) is
a covering.

Lemmal 2.5. Let C be a site.
(1) A composition of coverings in SR(C) is a covering.
(2) If K — L is a covering in SR(C) and L' — L is a morphism, then L' x K
exists and L' x;, K — L' is a covering.
(3) If C has products of pairs, and A — B and K — L are coverings in SR(C),
then A x K — B x L is a covering.
Let X € Ob(C). Then (1) and (2) holds for SR(C,X) and (3) holds if C has fibre

products.

Proof. Part (1) is immediate from the axioms of a site. Part (2) follows by the
construction of fibre products in SR(C) in the proof of Lemma and the require-
ment that the morphisms in a covering of C are representable. Part (3) follows
by thinking of A x K — B x L as the composition A x K —- Bx K — B x L
and hence a composition of basechanges of coverings. The final statement follows
because SR(C, X) = SR(C/X). O

By Lemma [2.3|and Simplicial, Lemma the coskeleton of a truncated simplicial
object of SR(C, X) exists if C has fibre products. Hence the following definition
makes sense.

Definition 2.6. Let C be a site. Assume C has fibre products. Let X € Ob(C) be
an object of C. A hypercovering of X is a simplicial object K of SR(C, X) such that
(1) The object Ky is a covering of X for the site C.
(2) For every n > 0 the canonical morphism
K1 — (coskysk, K)pa1

is a covering in the sense defined above.

Condition (1) makes sense since each object of SR(C, X) is after all a family of
morphisms with target X. It could also be formulated as saying that the morphism
of Ky to the final object of SR(C, X) is a covering.

Example 2.7. Let {U; — X}icr be a covering of the site C. Set Koy = {U; —
X}tier. Then Ky is a O-truncated simplicial object of SR(C, X). Hence we may
form

K= COSkoKo.

Clearly K passes condition (1) of Definition Since all the morphisms K, 11 —
(cosk, sk, K)p41 are isomorphisms by Simplicial, Lemma [18.10] it also passes con-
dition (2). Note that the terms K, are the usual

Kn = {Ulo X x Ui1 Xx ... Xx Uin — X}(io,il,“.,in)elnﬂ

Lemma 2.8. Let C be a site with fibre products. Let X € Ob(C) be an object of C.
The collection of all hypercoverings of X forms a set.
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Proof. Since C is a site, the set of all coverings of X forms a set. Thus we see
that the collection of possible Ky forms a set. Suppose we have shown that the
collection of all possible Ky, ..., K, form a set. Then it is enough to show that given
Ky, ..., K, the collection of all possible K, ;1 forms a set. And this is clearly true
since we have to choose K, 11 among all possible coverings of (cosk, sk, K)p+1. O

Remark|2.9. The lemma does not just say that there is a cofinal system of choices
of hypercoverings that is a set, but that really the hypercoverings form a set.

The category of presheaves on C has finite (co)limits. Hence the functors cosk,,
exists for presheaves of sets.

Lemma 2.10. Let C be a site with fibre products. Let X € Ob(C) be an object of
C. Let K be a hypercovering of X. Consider the simplicial object F(K) of PSh(C),
endowed with its augmentation to the constant simplicial presheaf hx .

(1) The morphism of presheaves F(K )y — hx becomes a surjection after sheafi-
fication.
(2) The morphism

(o, dy) : F(K)1 — F(K)o xny F(K)o

becomes a surjection after sheafification.
(3) For every n > 1 the morphism

F(K)p+1 — (cosky sk, F(K))p+t1
turns into a surjection after sheafification.

Proof. We will use the fact that if {U; — U};er is a covering of the site C, then
the morphism

Wicrhy, — hy

becomes surjective after sheafification, see Sites, Lemma Thus the first asser-
tion follows immediately.

For the second assertion, note that according to Simplicial, Example the sim-
plicial object coskgsko K has terms Ky X ... x Ky. Thus according to the definition
of a hypercovering we see that (d§,d}) : K1 — Ko x Ko is a covering. Hence (2)
follows from the claim above and the fact that F' transforms products into fibred
products over hx.

For the third, we claim that cosk,sk,F(K) = F(cosk,sk,K) for n > 1. To prove
this, denote temporarily F’ the functor SR(C, X) — PSh(C)/hx. By Lemma
the functor F’ commutes with finite limits. By our description of the cosk,, functor
in Simplicial, Section [12| we see that cosk,sk,F’'(K) = F'(cosk,sk,K). Recall
that the category used in the description of (cosk,U),, in Simplicial, Lemma m
is the category (A/[m])Z?. It is an amusing exercise to show that (A/[m])<, is
a connected category (sge Categories, Definition as soon as n > 1. Hence,
Categories, Lemma shows that cosk,,sk, F'(K) = cosk,sk, F(K). Whence the
claim. Property (2) follows from this, because now we see that the morphism in
(2) is the result of applying the functor F' to a covering as in Definition and
the result follows from the first fact mentioned in this proof. O
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3. Acyclicity

Let C be a site. For a presheaf of sets F we denote Zx the presheaf of abelian
groups defined by the rule

Z 7 (U) = free abelian group on F(U).

We will sometimes call this the free abelian presheaf on F. Of course the con-
struction F — Zx is a functor and it is left adjoint to the forgetful functor
PAb(C) — PSh(C). Of course the sheafification Zﬁ is a sheaf of abelian groups,
and the functor F — ij is a left adjoint as well. We sometimes call Z?ﬁ_— the free
abelian sheaf on F.

For an object X of the site C we denote Zx the free abelian presheaf on hx, and
we denote Zj’; its sheafification.

Definition 3.1. Let C be a site. Let K be a simplicial object of PSh(C). By the
above we get a simplicial object Zﬁ of Ab(C). We can take its associated complex
of abelian presheaves S(Zﬁ), see Simplicial, Section The homology of K is the
homology of the complex of abelian sheaves s(Zf{).

In other words, the ith homology H;(K) of K is the sheaf of abelian groups
H;(K) = Hl(s(Z?{)) In this section we worry about the homology in case K
is a hypercovering of an object X of C.

Lemmal 3.2. Let C be a site. Let F — G be a morphism of presheaves of sets.
Denote K the simplicial object of PSh(C) whose nth term is the (n + 1)st fibre
product of F over G, see Simplicial, Example [3.5, Then, if F — G is surjective
after sheafification, we have
0 4f i>0

Hi(K) = {zg if i=0
The isomorphism in degree 0 is given by the morphism Hy(K) — Z§ coming from
the map (Zﬁ)o = Z#_- — Zg.
Proof. Let G’ C G be the image of the morphism F — G. Let U € Ob(C). Set
A=F(U) and B = G'(U). Then the simplicial set K(U) is equal to the simplicial
set with n-simplices given by

AxpAxp...xg A (n+1 factors).

By Simplicial, Lemma the morphism K(U) — B is a trivial Kan fibration.
Thus it is a homotopy equivalence (Simplicial, Lemma [31.3]). Hence applying the
functor “free abelian group on” to this we deduce that

ZK(U) — ZB

is a homotopy equivalence. Note that s(Zp) is the complex

20,2 D2 Dy 2 Dy 20

see Simplicial, Lemma Thus we see that H;(s(Zx(U))) = 0 for ¢ > 0, and
Ho(s(Zk(U))) = @pep Z = Dseg () Z- These identifications are compatible with
restriction maps.
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We conclude that H;(s(Zk)) = 0 for i > 0 and Ho(s(Zk)) = Zg:, where here we
compute homology groups in PAb(C). Since sheafification is an exact functor we
deduce the result of the lemma. Namely, the exactness implies that Hy(s(Zg))# =
Hy (s(Zﬁ)), and similarly for other indices. O

Lemma 3.3. Let C be a site. Let f: L — K be a morphism of simplicial objects
of PSh(C). Let n > 0 be an integer. Assume that

(1) Fori < n the morphism L; — K; is an isomorphism.

(2) The morphism L, — K, is surjective after sheafification.

(3) The canonical map L — coskysknL is an isomorphism.

(4) The canonical map K — cosky, sk, K is an isomorphism.

Then H;(f) : H;(L) — H;(K) is an isomorphism.

Proof. This proof is exactly the same as the proof of Lemma above. Namely,
we first let K/, C K, be the sub presheaf which is the image of the map L,, — K.
Assumption (2) means that the sheafification of K], is equal to the sheafification
of K,. Moreover, since L; = K; for all ¢ < n we see that get an n-truncated
simplicial presheaf U by taking Uy = Ly = Ky,...,Up_1 = L, 1 = K,_1,U, =
K] . Denote K’ = cosk,U, a simplicial presheaf. Because we can construct K/, as
a finite limit, and since sheafification is exact, we see that (K/ )# = K,,. In other
words, (K')# = K#. We conclude, by exactness of sheafification once more, that
H;(K) = H;(K’). Thus it suffices to prove the lemma for the morphism L — K’, in
other words, we may assume that L,, — K, is a surjective morphism of presheaves!

In this case, for any object U of C we see that the morphism of simplicial sets
L(U) — K(U)

satisfies all the assumptions of Simplicial, Lemma Hence it is a trivial Kan
fibration. In particular it is a homotopy equivalence (Simplicial, Lemma .
Thus

Z;,(U)— Zk(U)

is a homotopy equivalence too. This for all U. The result follows. (]

Lemma 3.4. Let C be a site. Let K be a simplicial presheaf. Let G be a presheaf.
Let K — G be an augmentation of K towards G. Assume that
(1) The morphism of presheaves Ky — G becomes a surjection after sheafifica-
tion.
(2) The morphism
(db,d}) : Ky — Ko xg Ko
becomes a surjection after sheafification.
(3) For every n > 1 the morphism

Kny1 — (cosknsknK)pi1
turns into a surjection after sheafification.
Then Hy(K) =0 fori >0 and Hy(K) = Z}.

Proof. Denote K™ = cosk,sk,K for n > 1. Define K° as the simplicial object
with terms (K°),, equal to the (n + 1)-fold fibred product Ky xg ... xg Ko, see
Simplicial, Example We have morphisms

K— ... 5K'"S K15 ... 5K K.
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The morphisms K — K, K7 — K for j > i > 1 come from the universal properties
of the cosk,, functors. The morphism K' — K9 is the canonical morphism from
Simplicial, Remark We also recall that K° — cosk;sk; K is an isomorphism,
see Simplicial, Lemma [19.3

By Lemma@we see that H;(K") =0 for i > 0 and Ho(K°) = Zg.

Pick n > 1. Consider the morphism K™ — K™ !. It is an isomorphism on terms
of degree < n. Note that K™ — cosk,sk, K™ and K"~! — cosk,sk,K""! are
isomorphisms. Note that (K"), = K, and that (K" '), = (cosk,_18k,_1K),.
Hence by assumption, we have that (K™), — (K"~ 1!),, is a morphism of presheaves
which becomes surjective after sheafification. By Lemma [3.3] we conclude that
H;(K™) = H;(K"~!). Combined with the above this proves the lemma. O

Lemma 3.5. Let C be a site with fibre products. Let X be an object of of C. Let
K be a hypercovering of X. The homology of the simplicial presheaf F(K) is 0 in
degrees > 0 and equal to Z’;ﬁ( in degree 0.

Proof. Combine Lemmas B.4] and .10 O

4. Cech cohomology and hypercoverings

Let C be a site. Consider a presheaf of abelian groups F on the site C. It defines a
functor

F:SR(EC)" — Ab

{Utier — e ach
Thus a simplicial object K of SR(C) is turned into a cosimplicial object F(K) of
Ab. The cochain complex s(F)(K)) associated to F(K) (Simplicial, Section is

called the Cech complex of F with respect to the simplicial object K. We set
H'(K,F) = H'(s(F(K))).

and we call it the ith Cech cohomology group of F with respect to K. In this
section we prove analogues of some of the results for Cech cohomology of open
coverings proved in Cohomology, Sections and

Lemmal 4.1. Let C be a site with fibre products. Let X be an object of C. Let K be
a hypercovering of X. Let F be a sheaf of abelian groups on C. Then H°(K,F) =
F(X).
Proof. We have

HO(K,F) = Ker(F(Ko) — F(K1))
Write Ko = {U; — X }. It is a covering in the site C. As well, we have that K; —
Ky x K is a covering in SR(C, X). Hence we may write K1 = IL;, i, er{Vipi,; = X}
so that the morphism Ky — Ky x K is given by coverings {V;,i,; = Ui, Xxx U, }
of the site C. Thus we can further identify

H(K,F) =Ker([[ F(U:) — ]‘Lm F(Vigirs))
with obvious map. The sheaf property of F implies that H°(K, F) = H(X,F). O

In fact this property characterizes the abelian sheaves among all abelian presheaves
on C of course. The analogue of Cohomology, Lemmal4.2]in this case is the following.
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Lemma 4.2. Let C be a site with fibre products. Let X be an object of C. Let K
be a hypercovering of X. Let T be an injective sheaf of abelian groups on C. Then

AP (K, T) = {I(g() Z ﬁig

Proof. Observe that for any object Z = {U; — X} of SR(C, X) and any abelian
sheaf F on C we have

Fz) = [[Fwy
= HMOI"PSh(C)(hUia]:)
= Morpgpc)(F(2),F)
= Morpayc)(Zr(z),F)
= Moraye)(Z 5, F)
Thus we see, for any simplicial object K of SR(C, X) that we have
(4.2.1) s(F(K)) = Hom aye)(s(Z ) F)

see Definition|3.1|for notation. The complex of sheaves s(Zif( K)) is quasi-isomorphic

to Zﬁ if K is a hypercovering, see Lemma We conclude that if Z is an injective
abelian sheaf, and K a hypercovering, then the complex s(Z(K)) is acyclic except
possibly in degree 0. In other words, we have

HY (K,T)=0
for i > 0. Combined with Lemma [£.1] the lemma is proved. O

Next we come to the analogue of Cohomology on Sites, Lemmal[I1.6] Let C be a site.
Let F be a sheaf of abelian groups on C. Recall that H'(F) indicates the presheaf
of abelian groups on C which is defined by the rule H(F) : U — H*(U, F). We
extend this to SR(C) as in the introduction to this section.

Lemmal 4.3. Let C be a site with fibre products. Let X be an object of C. Let K
be a hypercovering of X. Let F be a sheaf of abelian groups on C. There is a map

s(F(K)) — RIT(X,F)

in DT (Ab) functorial in F, which induces natural transformations
H'(K,-) — H'(X,-)

as functors Ab(C) — Ab. Moreover, there is a spectral sequence (E,,d,),>o with
By = (K, H(F)

converging to HPT4(X, F). This spectral sequence is functorial in F and in the
hypercovering K.

Proof. We could prove this by the same method as employed in the corresponding
lemma in the chapter on cohomology. Instead let us prove this by a double complex
argument.

Choose an injective resolution F — Z°® in the category of abelian sheaves on C.
Consider the double complex A®*® with terms

AP = T9(K,)
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where the differential d}*? : AP — APT19 ig the one coming from the differential
P — ZPT1 and the differential db? : AP — AP9F! is the one coming from the
differential on the complex s(ZP(K)) associated to the cosimplicial abelian group
7P (K) as explained above. As usual we denote sA® the simple complex associated
to the double complex A**. We will use the two spectral sequences ('E,,’d,) and
("E,,"d,) associated to this double complex, see Homology, Section

By Lemma the complexes s(ZP(K)) are acyclic in positive degrees and have
HY equal to ZP(X). Hence by Homology, Lemma and its proof the spectral
sequence ('E,.,’d,) degenerates, and the natural map

T*(X) —» sA®

is a quasi-isomorphism of complexes of abelian groups. In particular we conclude
that H"(sA®) = H"(X,F).

The map s(F(K)) — RI'(X,F) of the lemma is the composition of the natural
map s(F(K)) — sA® followed by the inverse of the displayed quasi-isomorphism
above. This works because Z®(X) is a representative of RI'(X,F).

Consider the spectral sequence ("E,,”d,),>o. By Homology, Lemma we see
that

"B = Hj,(HJ(4""))
In other words, we first take cohomology with respect to d; which gives the groups
"EVY = HP(F)(K,). Hence it is indeed the case (by the description of the differ-
ential /dy) that " E5? = HP(K, HY(F)). And by the other spectral sequence above
we see that this one converges to H" (X, F) as desired.

We omit the proof of the statements regarding the functoriality of the above con-
structions in the abelian sheaf F and the hypercovering K. O

5. Hypercoverings a la Verdier

The astute reader will have noticed that all we need in order to get the Cech to
cohomology spectral sequence for a hypercovering of an object X, is the conclusion
of Lemma Therefore the following definition makes sense.

Definition| 5.1. Let C be a site. Assume C has equalizers and fibre products. Let
G be a presheaf of sets. A hypercovering of G is a simplicial object K of SR(C)
endowed with an augmentation F'(K) — G such that
(1) F(Ko) — G becomes surjective after sheafification,
(2) F(Ky) — F(Ky) xg F(Kp) becomes surjective after sheafification, and
(3) F(Kp+1) — F((coskpskyK)py1) for n > 1 becomes surjective after sheafi-
fication.

We say that a simplicial object K of SR(C) is a hypercovering if K is a hypercovering
of the final object * of PSh(C).

The assumption that C has fibre products and equalizers guarantees that SR(C)
has fibre products and equalizers and F' commutes with these (Lemma which
suffices to define the coskeleton functors used (see Simplicial, Remark and
Categories, Lemma . If C is general, we can replace the condition (3) by the
condition that F(K,+1) — ((cosk,sk,F(K))p+1) for n > 1 becomes surjective
after sheafification and the results of this section remain valid.
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Let F be an abelian sheaf on C. In the previous section, we defined the Cech complex
of F with respect to a simplicial object K of SR(C). Next, given a presheaf G we
set
H%(G,F) = Mor pg(c) (G, F) = Morgyc)(G#, F) = H*(G#, F)

with notation as in Cohomology on Sites, Section [L3)). This is a left exact functor
and its higher derived functors (briefly studied in Cohomology on Sites, Section
will be denoted H*(G,F). We will show that given a hypercovering K of G, there
is a Cech to cohomology spectral sequence converging to the cohomology H*(G, F).
Note that if G = *, then H'(*, F) = H*(F) recovers the global cohomology of F.

Lemma 5.2. Let C be a site with equalizers and fibre products. Let G be a presheaf
on C. Let K be a hypercovering of G. Let F be a sheaf of abelian groups on C.
Then H°(K,F) = H°(G, F).

Proof. This follows from the definition of H°(G, F) and the fact that
F(K,) —__ F(K¢)——=G

_—
becomes an coequalizer diagram after sheafification. ([

Lemma 5.3. Let C be a site with equalizers and fibre products. Let G be a presheaf
on C. Let K be a hypercovering of G. Let T be an injective sheaf of abelian groups

on C. Then . HOG.T) if p=0
(K’I):{ 0 if p>0

Proof. By we have
s(F(K)) = Hom ayc)(s(Z ) F)

The complex s(Z}f( K)) is quasi-isomorphic to Zg, see Lemma (3.4, We conclude
that if Z is an injective abelian sheaf, then the complex s(Z(K)) is acyclic except
possibly in degree 0. In other words, we have I:Ii(K, Z) =0 for i > 0. Combined
with Lemma [5.2] the lemma is proved. O

Lemmal 5.4. Let C be a site with equalizers and fibre products. Let G be a presheaf
on C. Let K be a hypercovering of G. Let F be a sheaf of abelian groups on C.
There is a map
s(F(K)) — RI(G,F)
in DT (Ab) functorial in F, which induces a natural transformation
H'(K,—) — H'(G,-)
of functors Ab(C) — Ab. Moreover, there is a spectral sequence (Ey,dy)r>0 with
By = HP(K, H'(F))
converging to HPT4(G,F). This spectral sequence is functorial in F and in the
hypercovering K.

Proof. Choose an injective resolution F — Z°® in the category of abelian sheaves
on C. Consider the double complex A®® with terms

AP = TU(K,)

where the differential d}'? : AP¢ — APT1:4 is the one coming from the differential
7P — ZP*L and the differential d5? : AP9 — AP4F! is the one coming from the
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differential on the complex s(ZP(K)) associated to the cosimplicial abelian group
IP(K) as explained above. We will use the two spectral sequences ('Ey,’d,) and
("E,,"d,) associated to this double complex, see Homology, Section

By Lemmanthe complexes s(ZP(K)) are acyclic in positive degrees and have H
equal to HY(G,ZP). Hence by Homology, Lemma [22.7] “ 7| and its proof the spectral
sequence ('E,.,’d,) degenerates, and the natural map

HY(G,T°%) — Tot(A**)
is a quasi-isomorphism of complexes of abelian groups. The map s(F(K)) —
RT'(G, F) of the lemma is the composition of the natural map s(F(K)) — Tot(A**)

followed by the inverse of the displayed quasi-isomorphism above. This works be-
cause HY(G,Z°) is a representative of RT(G,F).

Consider the spectral sequence ("E,,"”d,),>o. By Homology, Lemma we see
that

"B = Hj,(H}(4""))
In other words, we first take cohomology with respect to d; which gives the groups
"EYY = HP(F)(Ky). Hence it is indeed the case (by the description of the differ-
ential ”d;) that ”EY? = HP(K, H1(F)). Since this spectral sequence converges to
the cohomology of Tot(A' *) the proof is finished. O

Lemmal 5.5. Let C be a site with equalizers and fibre products. Let K be a hy-
percovering. Let F be an abelian sheaf. There is a spectral sequence (E,d,)r>0
with

EPY = HP(K, HY(F))
converging to the global cohomology groups HPT(F).

Proof. This is a special case of Lemma O

6. Covering hypercoverings

Here are some ways to construct hypercoverings. We note that since the category
SR(C, X) has fibre products the category of simplicial objects of SR(C, X) has fibre
products as well, see Simplicial, Lemma[7.2]

Lemma) 6.1. Let C be a site with fibre products. Let X be an object of C. Let
K, L, M be simplicial objects of SR(C,X). Leta : K — L, b: M — L be morphisms.
Assume

(1) K is a hypercovering of X,

(2) the morphism My — Lo is a covering, and

(3) for alln >0 in the diagram

M1 (cosky skn M )11

\/

TL+1 X (cosky sky L) n+1 (COSan]{,' M n+1

/

Lyt (cosky skn L) nt1

the arrow vy is a covering.
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Then the fibre product K xp M is a hypercovering of X.

Proof. The morphism (K x; M)y = Ko x5, My — Ky is a base change of a
covering by (2), hence a covering, see Lemma And Ky - {X - X} is a
covering by (1). Thus (K xp M)y — {X — X} is a covering by Lemma[2.5] Hence
K x 1, M satisfies the first condition of Definition [2.6

We still have to check that
Kn+1 XLpa1 Mn+1 = (K X, M)nJrl — (COSankn(K X M))n+1

is a covering for all n > 0. We abbreviate as follows: A = (cosk,sk,K)n+1,
B = (cosknskyL)pt1, and C = (coskp,sk, M), 41. The functor cosk,sk,, commutes
with fibre products, see Simplicial, Lemma Thus the right hand side above
is equal to A x g C. Consider the following commutative diagram

Kn+1 XL,I_H Mn+1 _— Mn+1

| | SN

KnJrl Ln+1 <7Ln+1 XB c——=C

A B

This diagram shows that

K1 Xp, Mg = (Kng1 XB C) X(L, 1 x50)y Mgt

Now, K41 xp C — A xp C is a base change of the covering K,+1 — A via the
morphism A x g C — A, hence is a covering. By assumption (3) the morphism -~ is
a covering. Hence the morphism

(Kn41 XBC) X (L1 x50y Mny1 — Kpy1 xp C

is a covering as a base change of a covering. The lemma follows as a composition
of coverings is a covering. O

Lemmal 6.2. Let C be a site with fibre products. Let X be an object of C. If K, L
are hypercoverings of X, then K x L is a hypercovering of X.

Proof. You can either verify this directly, or use Lemma [6.1 above and check that
L — {X — X} has property (3). O

Let C be a site with fibre products. Let X be an object of C. Since the category
SR(C, X) has coproducts and finite limits, it is permissible to speak about the
objects U x K and Hom(U, K) for certain simplicial sets U (for example those with
finitely many nondegenerate simplices) and any simplicial object K of SR(C, X).
See Simplicial, Sections [13] and

Lemma) 6.3. Let C be a site with fibre products. Let X be an object of C. Let K
be a hypercovering of X. Let k > 0 be an integer. Let u: Z — Kj be a covering in
in SR(C, X). Then there exists a morphism of hypercoverings f : L — K such that
L, — Ky, factors through u.
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Proof. Denote ¥ = K. There is a canonical morphism K — Hom(Ak],Y)
corresponding to idy via Simplicial, Lemma We will use the description
of Hom(A[k],Y) and Hom(A[k], Z) given in that lemma. In particular there is a
morphism Hom(A[k],Y) — Hom(Alk], Z) which on degree n terms is the morphism

Ha:[k]ﬁ[n] y— Ha:[k]ﬂ[n] Z

L = K XHom(a[n),y) Hom(A[n], Z).

The morphism L — K}, sits in to a commutative diagram

Set

prid[k]
L —Ilapom Y —=Y

.

Ky, Ha:[k]—)[n] Z

Since the composition of the two bottom arrows is the identity we conclude that
we have the desired factorization.

We still have to show that L is a hypercovering of X. To see this we will use Lemma
Condition (1) is satisfied by assumption. For (2), the morphism

Hom(Al[%],Y)o — Hom(Alk], Z)o

is a covering because it is a product of coverings, see Lemma For (3) suppose
first that n > 1. In this case by Simplicial, Lemma [20.12] we have Hom(A[k],Y) =
cosk, sk, Hom(A[k],Y) and similarly for Z. Thus condition (3) for n > 0 is clear.
For n = 0, the diagram of condition (3) of Lemma is, according to Simplicial,

Lemma [20.13] the diagram
oo —=42x2

o

Ha:[k]%[l] Y —=Y xY

with obvious horizontal arrows. Thus the morphism + is the morphism

Ha:[k]—)[l] z— Ha:[k]—>[1} not onto 2 ¢ Ha:[k]—>[1] onto ©

which is a product of coverings and hence a covering according to Lemma |6.1] once
again. [

Lemmal 6.4. Let C be a site with fibre products. Let X be an object of C. Let
K be a hypercovering of X. Let n > 0 be an integer. Let u : F — F(K,) be
a morphism of presheaves which becomes surjective on sheafification. Then there
exists a morphism of hypercoverings f : L — K such that F(f,) : F(L,) — F(K,)
factors through u.

Proof. Write K,, = {U; = X };cr. Thus the map u is a morphism of presheaves of
sets u : F — Ilh,,. The assumption on v means that for every ¢ € I there exists a
covering {U;; — U;}jer, of the site C and a morphism of presheaves t;; : hy,;, — F
such that u o t;; is the map hy,; — hy, coming from the morphism U;; — U;. Set
J = Werl;, and let o : J — I be the obvious map. For j € J denote V; = Uy;);-
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Set Z = {V; — X}jes. Finally, consider the morphism v’ : Z — K,, given by
a :J — I and the morphisms V; = U,(;); — Uq(y) above. Clearly, this is a
covering in the category SR(C,X), and by construction F(u') : F(Z) — F(Kj)
factors through u. Thus the result follows from Lemma [6.3| above. (]

7. Adding simplices

In this section we prove some technical lemmas which we will need later. Let C be
a site with fibre products. Let X be an object of C. As we pointed out in Section
|§| above, the objects U x K and Hom(U, K) for certain simplicial sets U and any
simplicial object K of SR(C, X) are defined. See Simplicial, Sections [13| and

Lemma 7.1. Let C be a site with fibre products. Let X be an object of C. Let K
be a hypercovering of X. Let U C V' be simplicial sets, with U,,V,, finite nonempty
for allm. Assume that U has finitely many nondegenerate simplices. Suppose n > 0
and x € V,,, x € U, are such that

(1) V; =U; fori<mn,

(2) Vi, =U, U{z},

(3) any z €V}, z ¢ U; for j > n is degenerate.
Then the morphism

Hom(V, K)o — Hom(U, K)g

of SR(C,X) is a covering.
Proof. If n = 0, then it follows easily that V' = U II A[0] (see below). In this
case Hom(V, K)o = Hom(U, K)o x K. The result, in this case, then follows from
Lemma 2.5
Let a : Aln] — V be the morphism associated to x as in Simplicial, Lemma m
Let us write A[n] = i¢,—1ysk,_1A[n] for the (n — 1)-skeleton of A[n]. Let b :
0A[n] — U be the restriction of a to the (n — 1) skeleton of A[n]. By Simplicial,
Lemma we have V = U Iy, Aln]. By Simplicial, Lemma we get that

Hom(V, K)o Hom(U, K)q

l |

Hom(A[n], K)o — Hom(0A[n], K)o

is a fibre product square. Thus it suffices to show that the bottom horizontal arrow
is a covering. By Simplicial, Lemma [20.11] this arrow is identified with

K,, — (cosk,,—1skp,—1K),
and hence is a covering by definition of a hypercovering. [

Lemmal 7.2. Let C be a site with fibre products. Let X be an object of C. Let K
be a hypercovering of X. Let U C V' be simplicial sets, with U,,V,, finite nonempty
for all n. Assume that U and V have finitely many nondegenerate simplices. Then
the morphism

Hom(V, K)o — Hom(U, K)o
of SR(C, X) is a covering.

Proof. By Lemma [7.1] above, it suffices to prove a simple lemma about inclusions
of simplicial sets U C V' as in the lemma. And this is exactly the result of Simplicial,
Lemma 20.8 O
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8. Homotopies

Let C be a site with fibre products. Let X be an object of C. Let L be a simplicial
object of SR(C, X). According to Simplicial, Lemma there exists an object
Hom(A[1], L) in the category Simp(SR(C, X)) which represents the functor

T +— Morgimp(sr(c,x))(A[l] x T, L)
There is a canonical morphism
Hom(A[l],L) - L x L
coming from e; : A[0] — A[1] and the identification Hom(A[0], L) = L.

Lemmal 8.1. Let C be a site with fibre products. Let X be an object of C. Let L be
a simplicial object of SR(C,X). Let n > 0. Consider the commutative diagram

(8.1.1) Hom(A[1], L)y,+1 — (cosky, sk, Hom(A[1], L)),+1
(L X L)py1 ——— (coskysky (L X L)) pi1

coming from the morphism defined above. We can identify the terms in this diagram
as follows, where OA[n+1] = iy sk, Aln+1] is the n-skeleton of the (n+1)-simplex:

Hom(A[1],L)p+1 = Hom(A[1l] x A[n+1],L)o
(cosky sk, Hom(A[1],L))p+1 = Hom(A[l] x 0An+1], L)
(Lx L)ny1 = Hom((Aln+ 1] Aln+ 1], L),
(cosknskn(L X L))py1 = Hom(0A[n+ 1] 0A[n+ 1], L)

and the morphism between these objects of SR(C,X) come from the commutative
diagram of simplicial sets

(8.1.2) All] x Aln+1] =——— All] x dA[n + 1]

| !

Aln+ 1T A[n + 1] =<— 9A[n + 1] T 0An + 1]

Moreover the fibre product of the bottom arrow and the right arrow in 18
equal to

Hom(U, L),

where U C A[1] x Aln + 1] is the smallest simplicial subset such that both Aln +
1] T A[n 4 1] and A[1] x 0A[n + 1] map into it.

Proof. The first and third equalities are Simplicial, Lemma The second and
fourth follow from the cited lemma combined with Simplicial, Lemma The
last assertion follows from the fact that U is the push-out of the bottom and right
arrow of the diagram , via Simplicial, Lemma To see that U is equal
to this push-out it suffices to see that the intersection of An + 1] II A[n + 1] and
A[l] x 0An+1] in A[1] x A[n+1] is equal to dA[n+ 1] ITOA[n 4+ 1]. This we leave
to the reader. (]
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Lemma 8.2. Let C be a site with fibre products. Let X be an object of C. Let K, L
be hypercoverings of X. Let a,b: K — L be morphisms of hypercoverings. There
exists a morphism of hypercoverings ¢ : K' — K such that a o ¢ is homotopic to
boc.

Proof. Consider the following commutative diagram

def

K’ K X(1.x 1) Hom(A[1], L) — Hom(A[1], L)

T e

K LxL

By the functorial property of Hom(A[1], L) the composition of the horizontal mor-
phisms corresponds to a morphism K’A[1] — L which defines a homotopy between
coa and cob. Thus if we can show that K’ is a hypercovering of X, then we
obtain the lemma. To see this we will apply Lemma to the pair of morphisms
K — L x L and Hom(A[1],L) — L x L. Condition (1) of Lemma [6.1] is satis-
fied. Condition (2) of Lemma is true because Hom(A[1], L)y = L1, and the
morphism (d§,d}) : Ly — Lo x Lo is a covering of SR(C, X) by our assumption
that L is a hypercovering. To prove condition (3) of Lemma we use Lemma
above. According to this lemma the morphism «y of condition (3) of Lemma is
the morphism

Hom(A[1] x A[n + 1], L)g — Hom(U, L),

where U C A[l] x A[n + 1]. According to Lemma this is a covering and hence
the claim has been proven. O

Remark| 8.3. Note that the crux of the proof is to use Lemma This lemma
is completely general and does not care about the exact shape of the simplicial
sets (as long as they have only finitely many nondegenerate simplices). It seems
altogether reasonable to expect a result of the following kind: Given any mor-
phism a : K x 0A[k] — L, with K and L hypercoverings, there exists a morphism
of hypercoverings ¢ : K/ — K and a morphism g : K’ x A[k] — L such that
glrrxoamk = ao (¢ x idgapy)). In other words, the category of hypercoverings is in
a suitable sense contractible.

9. Cohomology and hypercoverings

Let C be a site with fibre products. Let X be an object of C. Let F be a sheaf of
abelian groups on C. Let K, L be hypercoverings of X. If a,b: K — L are homo-
topic maps, then F(a), F(b) : F(K) — F(L) are homotopic maps, see Simplicial,
Lemma Hence have the same effect on cohomology groups of the associated
cochain complexes, see Simplicial, Lemma We are going to use this to define
the colimit over all hypercoverings.

Let us temporarily denote HC(C, X) the category of hypercoverings of X. We have
seen that this is a category and not a “big” category, see Lemma [2.8 This will
be the index category for our diagram, see Categories, Section for notation.
Consider the diagram

Hi(—,F):HC(C, X) — Ab.
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By Lemmal6.2] and Lemma [8:2] and the remark on homotopies above, this diagram
is directed, see Categories, Definition Thus the colimit

Hiyo (X, F) = colimgencie,x) H' (K, F)
has a particularly simple description (see location cited).

Theorem 9.1. Let C be a site with fibre products. Let X be an object of C. Let
1> 0. The functors

Ab(C) — Ab
F — HY(X,F)
F — Hjyo(X,F)
are canonically isomorphic.

Proof using spectral sequences. Suppose that £ € HP(X,F) for some p > 0.
Let us show that £ is in the image of the map H?(X,F) — HP(X,F) of Lemma
for some hypercovering K of X.

This is true if p = 0 by Lemma If p = 1, choose a Cech hypercovering K of
X as in Example starting with a covering Ky = {U; — X} in the site C such
that &y, = 0, see Cohomology on Sites, Lemma It follows immediately from
the spectral sequence in Lemma that ¢ comes from an element of H' (K, F)in
this case. In general, choose any hypercovering K of X such that £ maps to zero in
HP(F)(Ky) (using Example and Cohomology on Sites, Lemma [8.3| again). By
the spectral sequence of Lemmal[4.3] the obstruction for £ to come from an element of
HP(K, F) is a sequence of elements &, ... ,€p—1 with &, € HP=4(K,H(F)) (more
precisely the images of the &, in certain subquotients of these groups).

We can inductively replace the hypercovering K by refinements such that the ob-
structions &1, . ..,&p_1 restrict to zero (and not just the images in the subquotients
— 50 no subtlety here). Indeed, suppose we have already managed to reach the sit-
uation where &,11,...,&, 1 are zero. Note that &, € HP~9(K, HY(F)) is the class
of some element

€, € HY(F)(K,p—y) = [[ H' (U, F)

if K,y = {Ui — X}ics. Let & be the component of &, in HI(U;, F). As
q > 1 we can use Cohomology on Sites, Lemma yet again to choose coverings
{Ui,; — Ui} of the site such that each restriction £, ;|y, ; = 0. Consider the object
Z ={U, ; — X} of the category SR(C, X) and its obvious morphism v : Z — K,_,.
It is clear that w is a covering, see Definition [2.4 By Lemma there exists a
morphism L — K of hypercoverings of X such that L,_, — K,_, factors through
u. Then clearly the image of &, in HY(F)(Ly—q). is zero. Since the spectral
sequence of Lemma is functorial this means that after replacing K by L we
reach the situation where &;,...,&,—1 are all zero. Continuing like this we end up
with a hypercovering where they are all zero and hence £ is in the image of the map
HP(X,F) — HP(X, F).

Suppose that K is a hypercovering of X, that £ € H?(K, F ) and that the image of
¢ under the map HP(X,F) — HP?(X,F) of Lemma is zero. To finish the proof
of the theorem we have to show that there exists a morphism of hypercoverings
L — K such that & restricts to zero in HP(L, F). By the spectral sequence of
Lemma the vanishing of the image of ¢ in HP(X,F) means that there exist
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elements &;,...,&,_» with £, € HP~'79(K, HY(F)) (more precisely the images of
these in certain subquotients) such that the images dZH*q’qfq (in the spectral
sequence) add up to . Hence by exactly the same mechanism as above we can find
a morphism of hypercoverings L — K such that the restrictions of the elements
&, q=1,....,p—2in HP~1=9(L, HI(F)) are zero. Then it follows that & is zero
since the morphism L — K induces a morphism of spectral sequences according to
Lemma O

Proof without using spectral sequences. We have seen the result for i = 0,
see Lemma We know that the functors H*(X, —) form a universal §-functor,
see Derived Categories, Lemma In order to prove the theorem it suffices to
show that the sequence of functors H 4 o(X, —) forms a d-functor. Namely we know
that Cech cohomology is zero on injective sheaves (Lemma and then we can
apply Homology, Lemma [11.4

Let
0=>F—=>G—-H—=0

be a short exact sequence of abelian sheaves on C. Let ¢ € H% (X, H). Choose
a hypercovering K of X and an element o € H(K,) representing & in cohomology.
There is a corresponding exact sequence of complexes

0— s(F(K)) — s(G(K)) = s(H(K))

but we are not assured that there is a zero on the right also and this is the only
thing that prevents us from defining 6(§) by a simple application of the snake
lemma. Recall that
H(KP) = HH(Uz)

it K, = {U; — X}. Let 0 = []o; with o; € H(U;). Since G — H is a surjection
of sheaves we see that there exist coverings {U;; — U;} such that o4y, ; is the
image of some element 7; ; € G(U; ;). Consider the object Z = {U; ; — X} of the
category SR(C, X) and its obvious morphism v : Z — K. It is clear that u is a
covering, see Definition 2.4 By Lemma [6.3] there exists a morphism L — K of
hypercoverings of X such that L, — K, factors through u. After replacing K by L
we may therefore assume that o is the image of an element 7 € G(K,). Note that
d(o) = 0, but not necessarily d(7) = 0. Thus d(7) € F(Kp41) is a cocycle. In this
situation we define §(€) as the class of the cocycle d(7) in HYH (X, F).

At this point there are several things to verify: (a) §(£) does not depend on the
choice of 7, (b) §(¢) does not depend on the choice of the hypercovering L — K such
that o lifts, and (c¢) §(€) does not depend on the initial hypercovering and o chosen
to represent £. We omit the verification of (a), (b), and (c); the independence of
the choices of the hypercoverings really comes down to Lemmas [6.2] and [8:2] We
also omit the verification that § is functorial with respect to morphisms of short
exact sequences of abelian sheaves on C.

Finally, we have to verify that with this definition of § our short exact sequence of
abelian sheaves above leads to a long exact sequence of Cech cohomology groups.
First we show that if §(¢) = 0 (with £ as above) then ¢ is the image of some
element & € HZC(X,Q). Namely, if §(§) = 0, then, with notation as above, we
see that the class of d(7) is zero in H Ipfcl(X ,F). Hence there exists a morphism of
hypercoverings L — K such that the restriction of d(7) to an element of F(Lpy1)
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is equal to d(v) for some v € F(Ly). This implies that 7|z, 4+ v form a cocycle, and
determine a class ¢ € H?(L,G) which maps to & as desired.

We omit the proof that if ¢ € H?g(X, F) maps to zero in Hf{%l(X, G), then it is
equal to §(¢) for some & € Hy (X, H). O

Next, we deduce Verdier’s case of Theorem by a sleight of hand.

Proposition| 9.2. Let C be a site with fibre products and products of pairs. Let F
be an abelian sheaf on C. Let i > 0. Then

(1) for every & € H'(F) there exists a hypercovering K such that & is in the
image of the canonical map H'(K,F) — H'(F), and

(2) if K, L are hypercoverings and £ € H (K, F), &1, € HY(L, F) are elements
mapping to the same element of H'(F), then there exists a hypercovering
M and morphisms M — K and M — L such that {x and &, map to the
same element of H' (M, F).

In other words, modulo set theoretical issues, the cohomology groups of F on C are
the colimit of the Cech cohomology groups of F over all hypercoverings.

Proof. This result is a trivial consequence of Theorem [9.1] Namely, we can arti-
cially replace C with a slightly bigger site C’ such that (I) C’ has a final object X
and (II) hypercoverings in C are more or less the same thing as hypercoverings of
X in C’. But due to the nature of things, there is quite a bit of bookkeeping to do.

Let us call a family of morphisms {U; — U} in C with fixed target a weak covering
if the sheafification of the map [[,.; hv, — hu becomes surjective. We construct a
new site C’ as follows

(1) as a category set Ob(C’) = Ob(C)II{X} and add a unique morphism to X
from every object of C’,

(2) C’ has fibre products as fibre products and products of pairs exist in C,

(3) coverings of C' are weak coverings of C together with those {U; — X }ier
such that either U; = X for some i, or U; # X for all i and the map
[T hu, — * of presheaves on C becomes surjective after sheafification on C,

(4) we apply Sets, Lemma to restrict the coverings to obtain our site C'.

Then Sh(C') = Sh(C) because the inclusion functor C — C' is a special cocontinuous
functor (see Sites, Definition [28.2]). We omit the straightforward verifications.

i€l

Choose a covering {U; — X} of C’ such that U; is an object of C for all ¢ (possible
because C — C’ is special cocontinuous). Then Ky = {U; — X} is a covering in
the site C’ constructed above. We view Ky as an object of SR(C’, X) and we set
Kinit = coskg(Kp). Then K, is a hypercovering of X, see Example Note
that every Kjn . has the shape {W; — X} with W, € Ob(C).

Proof of (1). Choose ¢ € HY(F) = H(X,F’) where F' is the abelian sheaf on C’
corresponding to F on C. By Theorem[0.1]there exists a morphism of hypercoverings
K’ — Kipi of X in C’ such that & comes from an element of H*(K’, F). Write
K] = {U,; = X}. Now since K] maps to Kin;, we see that U, ; is an object
of C. Hence we can define a simplicial object K of SR(C) by setting K,, = {Uy;}.
Since coverings in C’ consisting of families of morphisms of C are weak coverings,
we see that K is a hypercovering in the sense of Definition Finally, since F' is
the unique sheaf on C’ whose restriction to C is equal to F we see that the Cech
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complexes s(F(K)) and s(F'(K')) are identical and (1) follows. (Compatibility
with map into cohomology groups omitted.)

Proof of (2). Let K and L be hypercoverings in C. Let K’ and L’ be the simplicial
objects of SR(C’, X) gotten from K and L by the functor SR(C) — SR(C’, X),
{U;} = {U; — X}. As before we have equality of Cech complexes and hence we
obtain g and £;, mapping to the same cohomology class of F’ over C’. After
possibly enlarging our choice of coverings in C’ (due to a set theoretical issue) we
may assume that K’ and L’ are hypercoverings of X in C’; this is true by our
definition of hypercoverings in Definition and the fact that weak coverings in
C give coverings in C’. By Theorem there exists a hypercovering M’ of X in
C’ and morphisms M’ — K', M’ — L', and M’ — K;,;; such that g/ and &;-
restrict to the same element of H*(M’, F). Unwinding this statement as above we
find that (2) is true. U

10. Hypercoverings of spaces

The theory above is mildly interesting even in the case of topological spaces. In
this case we can work out what a hypercovering is and see what the result actually
says.

Let X be a topological space. Consider the site Xz, of Sites, Example [6.4 Re-
call that an object of Xz, is simply an open of X and that morphisms of Xz,
correspond simply to inclusions. So what is a hypercovering of X for the site X z,,.7

Let us first unwind Definition An object of SR(X 74, X) is simply given by a
set I and for each ¢ € I an open U; C X. Let us denote this by {U; };er since there
can be no confusion about the morphism U; — X. A morphism {U, }ier — {V;}jes
between two such objects is given by a map of sets a : I — J such that U; C Vi)
for all ¢ € I. When is such a morphism a covering? This is the case if and only if

for every j € J we have V; = [J,¢; a(i)=j U; (and is a covering in the site X z4).

Using the above we get the following description of a hypercovering in the site
Xzar- A hypercovering of X in Xz, is given by the following data
(1) a simplicial set I (see Simplicial, Section [11]), and
(2) for each n > 0 and every i € I,, an open set U; C X.
We will denote such a collection of data by the notation (I, {U;}). In order for this
to be a hypercovering of X we require the following properties
e for i€ I, and 0 < a <n we have U; C Ugn(s),
e fori € I, and 0 < a <n we have U; = Usn(y),
e we have

(10.0.1) X = Uielo U;,
e for every 1,1 € Iy, we have

(10.0.2) Uia Ui, = Uieh, dy(i)=io, d}(i)=ir

e for every n > 1 and every (ig,...,int1) € (I,)""2 such that df ,(i,) =
d?(ip) for all 0 < a < b <n+ 1 we have

iy

(10.0.3) Ui NN =Y

i€lnt1, diT (i)=iq, a=0,...,n+1



22 HYPERCOVERINGS

e cach of the open coverings ((10.0.1), (10.0.2), and (10.0.3) is an element of
Cov(Xzqr) (this is a set theoretic condition, bounding the size of the index
sets of the coverings).

Conditions (|10.0.1)) and (10.0.2)) should be familiar from the chapter on sheaves on
spaces for example, and condition ((10.0.3)) is the natural generalization.

Remark| 10.1. One feature of this description is that if one of the multiple in-
tersections U;, N ... N U;,,, is empty then the covering on the right hand side
may be the empty covering. Thus it is not automatically the case that the maps
I,+1 — (coskysk,I),41 are surjective. This means that the geometric realization
of I may be an interesting (non-contractible) space.

In fact, let I/, C I, be the subset consisting of those simplices i € I,, such that
U; # 0. It is easy to see that I’ C I is a subsimplicial set, and that (I’,{U;}) is
a hypercovering. Hence we can always refine a hypercovering to a hypercovering
where none of the opens U; is empty.

Remark| 10.2. Let us repackage this information in yet another way. Namely,
suppose that (I,{U;}) is a hypercovering of the topological space X. Given this
data we can construct a simplicial topological space U, by setting

Un = Hz‘eln Ui,

and where for given ¢ : [n] — [m] we let morphisms U(yp) : U,, — Uy, be the mor-
phism coming from the inclusions U; C U,y for i € I,,. This simplicial topological
space comes with an augmentation € : Uy — X. With this morphism the simplicial
space U, becomes a hypercovering of X along which one has cohomological descent
in the sense of [AGVT1l, Exposé Vbis|. In other words, H"(U,, ¢*F) = H"(X,F).
(Insert future reference here to cohomology over simplicial spaces and cohomologi-
cal descent formulated in those terms.) Suppose that F is an abelian sheaf on X.
In this case the spectral sequence of Lemma[4.3| becomes the spectral sequence with
Fi-term
BP9 = HY(Uy, e, F) = HPT(U,,e*F) = HPY(X, F)

comparing the total cohomology of €*F to the cohomology groups of F over the
pieces of U,. (Insert future reference to this spectral sequence here.)

In topology we often want to find hypercoverings of X which have the property that
all the U; come from a given basis for the topology of X and that all the coverings
(10.0.2) and (10.0.3]) are from a given cofinal collection of coverings. Here are two
example lemmas.

Lemma 10.3. Let X be a topological space. Let B be a basis for the topology of X .
There exists a hypercovering (I,{U;}) of X such that each U; is an element of B.

Proof. Let n > 0. Let us say that an n-truncated hypercovering of X is given by
an n-truncated simplicial set I and for each i € I, 0 < a < n an open U; of X such
that the conditions defining a hypercovering hold whenever they make sense. In
other words we require the inclusion relations and covering conditions only when
all simplices that occur in them are a-simplices with a < n. The lemma follows if
we can prove that given a n-truncated hypercovering (I, {U;}) with all U; € B we
can extend it to an (n+ 1)-truncated hypercovering without adding any a-simplices
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for a < n. This we do as follows. First we consider the (n 4 1)-truncated simplicial
set I' defined by I’ = sk, 41(cosk,I). Recall that

; (igy -+ yin+1) € (I,)" 2 such that
LT AR (ig) = dP(ip) forall0<a<b<n+1

If ' € I}, is degenerate, say i’ = s} (i) then we set Uy = U; (this is forced on us
anyway by the second condition). We also set J; = {i'} in this case. If i’ € I},

is nondegenerate, say i’ = (ig,...,int1), then we choose a set Jy and an open
covering
(10.3.1) UpyN...0 U, ,, = UieJﬂ U;,

with U; € B for i € J;. Set

S |
el Vel !

There is a canonical map 7 : I,41 — I, which is a bijection over the set of
degenerate simplices in I, ; by construction. For i € I,,41 we define d!(i) =
dn Y (w(i)). For i € I, we define s7(i) € I,41 as the unique simplex lying over
the degenerate simplex s (i) € I, ;. We omit the verification that this defines an
(n + 1)-truncated hypercovering of X. (]

Lemmal 10.4. Let X be a topological space. Let B be a basis for the topology of
X. Assume that

(1) X is quasi-compact,

(2) each U € B is quasi-compact open, and

(3) the intersection of any two quasi-compact opens in X is quasi-compact.
Then there exists a hypercovering (I,{U;}) of X with the following properties

(1) each U; is an element of the basis B,
(2) each of the I, is a finite set, and in particular

(3) each of the coverings (10.0.1), (10.0.3), and (10.0.3) is finite.

Proof. This follows directly from the construction in the proof of Lemma [T10.3] if
we choose finite coverings by elements of 5 in (10.3.1)). Details omitted. O

11. Hypercoverings and weakly contractible objects

In this section we construct hypercoverings in the presence of enough weakly con-
tractible objects (Sites, Definition [39.2). With our conventions this is particularly
straightforward if every object has a covering by a single weakly contractible object.

Lemma 11.1. Let C be a site. Let B C Ob(C) be a subset. Assume
(1) C has fibre products,
(2) for all X € Ob(C) there exists a covering {U — X} with U € B,
(3) every element of B is weakly contractible,
(4) the topology is subcanonical.

Then for every X there exists a hypercovering K of X such that each K,, = {U, —
X} with U, € B.
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Proof. We will construct K by induction. As a first approximation choose a cov-
ering {Uy — X} with Uy € B and set Ky = {Uy — X} and K = coskoK), see
Example (This object will be denoted K in the final paragraph of the proof.)

Suppose for some n > 0 we have constructed a hypercovering K such that Kj
consists of a single object of B mapping to X for 0 < k < n and such that K =
cosk, sk, K. In particular K,,11 = (coskpsk,, K),+1 is a finite limit of K for k < n,
see Simplicial, Section [12] (especially Lemma and . By the description of
finite limits in SR(C, X)) (see proof of Lemma|2.3)) we see that K, 11 = {X,,11 — X}
for some object X, 1 of C. Choose a covering {U,+1 — Xn+1} with U,41 € B.
Since U, is weakly contractible, the topology is subcanonical, and {U,,+1 — X141}
is a covering, the morphisms s; : U,, = X,,4+1 lift to morphisms s} : U,, = Up11. Set
d} : Ung1 — U, equal to the composition of U,11 — Xpqq and dj : Xy — Uy
We obtain a truncated simplicial object K’ of SR(C, X) by setting K, = K, for
k <nand K, | = Upq1 and morphisms d; = d; and s; = s; in degrees k <n — 1
and using the morphisms d;. and s} in degree n. Extend this to a full simplicial
object K’ of SR(C, X) using cosk, 1. By functoriality of the coskeleton functors
there is a morphism K’ — K of simplicial objects extending the given morphism
of (n + 1)-truncated simplicial objects.

It is immediately clear from the construction that the simplicial object K’ so con-
structed is a hypercovering of X. Moreover, note that K/ — K is the identity
morphism in degrees < n.

To finish the proof we take the inverse limit K = lim K™ of the sequence of simplicial
objects
oo K2 K 5 KY

constructed above. Since we have stabilization in each degree it is clear that K
agrees with K™ in degrees < n and therefore is a hypercovering of X. (]
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