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1. Introduction

This chapter is devoted to advanced topics on groupoid schemes. Even though the
results are stated in terms of groupoid schemes, the reader should keep in mind the
2-cartesian diagram

R——U
" ]
U——[U/R]

where [U/R] is the quotient stack, see Groupoids in Spaces, Remark Many
of the results are motivated by thinking about this diagram. See for example the
beautiful paper [KM97] by Keel and Mori.

2. Notation
We continue to abide by the conventions and notation introduced in Groupoids,

Section 2
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3. Useful diagrams

We briefly restate the results of Groupoids, Lemmas and for easy reference
in this chapter. Let S be a scheme. Let (U, R, s,t,¢) be a groupoid scheme over S.
In the commutative diagram

U
t t
(302) RWR Xs, Ut R?R
[~
U R 2 U

the two lower squares are fibre product squares. Moreover, the triangle on top
(which is really a square) is also cartesian.

The diagram

*>
Rxyys R —ts

pro xco(i, 1)

Q%Q

Pr1

R
(3.0.3) RxSUtR*)RH
U

is commutative. The two top rows are isomorphic via the vertical maps given. The
two lower left squares are cartesian.

4. Sheaf of differentials
The following lemma is the analogue of Groupoids, Lemma

Lemma 4.1. Let S be a scheme. Let (U, R,s,t,c) be a groupoid scheme over S.
The sheaf of differentials of R seen as a scheme over U wvia t is a quotient of the
pullback via t of the conormal sheaf of the immersion e : U — R. In a formula:
there is a canonical surjection t*Cy/p — Qryu. If s is flat, then this map is an
isomorphism.

Proof. Note that e : U — R is an immersion as it is a section of the morphism s,
see Schemes, Lemma [21.12] Consider the following diagram

R——>Rxgus R————> Rxyu, R

(1,3) (prg,iopry)
I

U———R
The square on the left is cartesian, because if a o b = e, then b = i(a). The com-
position of the horizontal maps is the diagonal morphism of ¢ : R — U. The right
top horizontal arrow is an isomorphism. Hence since Qg,y is the conormal sheaf

of the composition it is isomorphic to the conormal sheaf of (1,7). By Morphisms,
Lemma we get the surjection t*Cy/r — Qg y and if c is flat, then this is an
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isomorphism. Since ¢ is a base change of s by the properties of Diagram (3.0.3|) we
conclude that if s is flat, then c is flat, see Morphisms, Lemma [26.7] O

5. Properties of groupoids

Let (U, R, s,t,c) be a groupoid scheme. The idea behind the results in this section
is that s : R — U is a base changes of the morphism U — [U/R] (see Diagram
(1.0.1)). Hence the local properties of s : R — U should reflect local properties
of the morphism U — [U/R]. This doesn’t work, because [U/R] is not always an
algebraic stack, and hence we cannot speak of geometric or algebraic properties
of U — [U/R]. But it turns out that we can make some of it work without even
referring to the quotient stack at all.

Here is a first example of such a result. The open W C U’ found in the lemma is
roughly speaking the locus where the morphism U’ — [U/R] has property P.

Lemma 5.1. Let S be a scheme. Let (U, R,s,t,c,e,i) be a groupoid over S. Let
g:U" — U be a morphism of schemes. Denote h the composition

h:U Xg,U,tRWR?U-

Let P, Q, R be properties of morphisms of schemes. Assume
(1) R=9,
(2) Q is preserved under base change and composition,
(3) for any morphism f : X — Y which has Q there exists a largest open
W(P, f) C X such that flwp sy has P, and
(4) for any morphism f : X — Y which has Q, and any morphism Y' — Y
which has R we have Y' xy W(P, f) = W (P, '), where f': Xy = Y' is
the base change of f.
If s,t have R and g has Q, then there exists an open subscheme W C U’ such that
W xgusR=W(P,h).

Proof. Note that the following diagram is commutative
U’ Xg7U7t R Xt,U,t R Pris R XUt R

Pﬁnl \LPYOQ Pfol \Lprl

pry

U xgu1 R R

with both squares cartesian (this uses that the two maps topr; : Rx; py R — U are
equal). Combining this with the properties of diagram we get a commutative
diagram

Ul Xg,U,t R X, Ut R— =R

co(i,1)
prmi iproz tl LS

U' xgut R h U

where both squares are cartesian.

Assume s,t have R and g has Q. Then h has Q as a composition of s (which has R
hence Q) and a base change of g (which has Q). Thus W (P,h) C U’ x4y R exists.
By our assumptions we have pry (W (P, h)) = pryy (W(P,h)) since both are the
largest open on which co (¢,1) has P. Note that the projection U’ x4y R — U’
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has a section, namely o : U’ — U’ xgus R, v/ — (¢, e(g(v))). Also via the
isomorphism

(U/ Xg,Upt R) Xy (U/ Xg,Upt R) = U/ Xg,U,t R XUt R

the two projections of the left hand side to U’ x4+ R agree with the morphisms
pr; and prg, on the right hand side. Since pry; (W (P, h)) = pros (W (P, h)) we
conclude that W (P, h) is the inverse image of a subset of U, which is necessarily
the open set W = o= 1 (W (P, h)). O

Remark| 5.2. Warning: Lemma should be used with care. For example, it
applies to P =“flat”, Q@ =“empty”, and R =“flat and locally of finite presentation”.
But given a morphism of schemes f : X — Y the largest open W C X such that
flw is flat is not the set of points where f is flat!

Remark| 5.3. Notwithstanding the warning in Remark there are some cases
where Lemma [5.1] can be used without causing too much ambiguity. We give a
list. In each case we omit the verification of assumptions (1) and (2) and we give
references which imply (3) and (4). Here is the list:

(1) @ = R =“locally of finite type”, and P =“relative dimension < d”. See
Morphisms, Definition [30.1] and Morphisms, Lemmas and

(2) @ =R =“locally of finite type”, and P =“locally quasi-finite”. This is the
case d = 0 of the previous item, see Morphisms, Lemma [30.5

(3) @ = R =“locally of finite type”, and P =“unramified”. See Morphisms,
Lemmas [36.3] and B6.T5

What is interesting about the cases listed above is that we do not need to assume
that s,t are flat to get a conclusion about the locus where the morphism A has
property P. We continue the list:

(4) Q =“locally of finite presentation”, R =“flat and locally of finite presenta-
tion”, and P =“flat”. See More on Morphisms, Theorem and Lemma
12.2

(5) Q@ =“locally of finite presentation”, R =“flat and locally of finite presen-
tation”, and P =“Cohen-Macaulay”. See More on Morphisms, Definition
17.1] and More on Morphisms, Lemmas and

(6) Q@ =“locally of finite presentation”, R =*“flat and locally of finite presen-
tation”, and P =“syntomic” use Morphisms, Lemma (the locus is
automatically open).

(7) Q =“locally of finite presentation”, R =“flat and locally of finite presen-
tation”, and P =“smooth”. See Morphisms, Lemma (the locus is
automatically open).

(8) Q@ =*“locally of finite presentation”, R =“flat and locally of finite pre-
sentation”, and P =“étale”. See Morphisms, Lemma (the locus is
automatically open).

Here is the second result. The R-invariant open W C U should be thought of as
the inverse image of the largest open of [U/R] over which the morphism U — [U/R]
has property P.

Lemma 5.4. Let S be a scheme. Let (U, R,s,t,c) be a groupoid over S. Let
7 € {Zariski, fppf, étale, smooth, syntomic}ﬂ. Let P be a property of morphisms

LThe fact that fpqc is missing is not a typo.
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of schemes which is T-local on the target (Descent, Definition . Assume {s :
R — U} and {t : R — U} are coverings for the T-topology. Let W C U be the
mazimal open subscheme such that s|,—1wy : s~Y (W) — W has property P. Then
W is R-invariant, see Groupoids, Definition|17.1].

Proof. The existence and properties of the open W C U are described in Descent,
Lemma In Diagram let Wi C R be the maximal open subscheme over
which the morphism pr; : R X5y B — R has property P. It follows from the
aforementioned Descent, Lemma and the assumption that {s : R — U} and
{t : R — U} are coverings for the T-topology that t=*(W) = Wy = s~ }(W) as
desired. g

Lemma 5.5. Let S be a scheme. Let (U, R, s,t,¢) be a groupoid over S. Let G — U
be its stabilizer group scheme. Let T € {fppf,étale, smooth, syntomic}. Let P be
a property of morphisms which is T-local on the target. Assume {s : R — U}
and {t : R — U} are coverings for the T-topology. Let W C U be the mazimal
open subscheme such that Gy — W has property P. Then W is R-invariant (see

Groupoids, Definition .

Proof. The existence and properties of the open W C U are described in Descent,
Lemma The morphism

Gxyt R— Rx,u G, (g,r)— (r,r " ogor)

is an isomorphism over R (where o denotes composition in the groupoid). Hence
s7H(W) = t=Y(W) by the properties of W proved in the aforementioned Descent,
Lemma [I8.3] O

6. Comparing fibres

Let (U, R, s,t,c,e,i) be a groupoid scheme over S. Diagram gives us a way
to compare the fibres of the map s : R — U in a groupoid. For a point u € U
we will denote F,, = s~!(u) the scheme theoretic fibre of s : R — U over u. For
example the diagram implies that if u,u’ € U are points such that s(r) = u and
t(r) = ', then (Fy).(r) = (Fur)s(r)- This is a special case of the more general and
more precise Lemma below. To see this take 7 = i(r).

A pair (X,z) consisting of a scheme X and a point z € X is sometimes called
the germ of X at x. A morphism of germs f : (X,x2) — (S,s) is a morphism
f: U — S defined on an open neighbourhood of z with f(x) = s. Two such f, f’
are said to give the same morphism of germs if and only if f and f’ agree in some
open neighbourhood of z. Let 7 € {Zariski, étale, smooth, syntomic, fppf}. We
temporarily introduce the following concept: We say that two morphisms of germs
f:(X,x) = (S,s) and f': (X',2") = (5',5") are isomorphic locally on the base in
the T-topology, if there exists a pointed scheme (S”,s”) and morphisms of germs
g:(8",¢") = (S,s),and ¢ : (S”,s") = (5',s") such that

(1) g and ¢’ are an open immersion (resp. étale, smooth, syntomic, flat and

locally of finite presentation) at s,
(2) there exists an isomorphism

(8" xg.55 X, &) = (8" xg 50,50 X', &)
S

of germs over the germ (S”,s”) for some choice of points & and &’ lying
over (s”,z) and (s”,2).
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Finally, we simply say that the maps of germs f : (X, z) — (5, s) and f': (X', 2') —
(8',s") are flat locally on the base isomorphic if there exist S”,s”, g, ¢' as above but
with (1) replaced by the condition that g and ¢’ are flat at s” (this is much weaker
than any of the 7 conditions above as a flat morphism need not be open).

Lemma 6.1. Let S be a scheme. Let (U, R,s,t,c) be a groupoid over S. Let
r,r" € R with t(r) =t(r') in U. Set u = s(r), v’ = s(r'). Denote F,, = s~ (u) and
F, = s71(u') the scheme theoretic fibres.
(1) There exists a common field extension k(u) C k, k(u') C k and an isomor-
(2) We may choose the isomorphism of (1) such that a point lying over r maps
to a point lying over r'.
(3) If the morphisms s, t are flat then the morphisms of germs s : (R,r) —
(U,u) and s : (R,r") — (U,u) are flat locally on the base isomorphic.
(4) If the morphisms s, t are étale (resp. smooth, syntomic, or flat and locally
of finite presentation) then the morphisms of germs s : (R,r) — (U,u) and
s: (R,r") = (U,u) are locally on the base isomorphic in the étale (resp.
smooth, syntomic, or fppf) topology.

Proof. We repeatedly use the properties and the existence of diagram (3.0.2)). By
the properties of the diagram (and Schemes, Lemma [17.5) there exists a point £ of
R X4y R with pry(§) =r and ¢(§) =1'. Let 7 = pr,(§) € R.

Proof of (1). Set k = k(7). Since t(¥) = w and s(7) = v we see that k is a
common extension of both k(u) and k(') and in fact that both (Fy,); and (Fy/ )
are isomorphic to the fibre of pry : R x5y R — R over 7. Hence (1) is proved.

Part (2) follows since the point £ maps to r, resp. r’.
Part (3) is clear from the above (using the point £ for @ and @’) and the definitions.

If s and ¢ are flat and of finite presentation, then they are open morphisms (Mor-
phisms, Lemma . Hence the image of some affine open neighbourhood V"' of
7 will cover an open neighbourhood V of u, resp. V' of v/. These can be used to
show that properties (1) and (2) of the definition of “locally on the base isomorphic
in the 7-topology”. O

7. Cohen-Macaulay presentations

Given any groupoid (U, R, s,t,c) with s,t flat and locally of finite presentation
there exists an “equivalent” groupoid (U’, R’,s’,t', ¢') such that s’ and ¢’ are Cohen-
Macaulay morphisms (and locally of finite presentation). See More on Morphisms,
Section [L7] for more information on Cohen-Macaulay morphisms. Here “equivalent”
can be taken to mean that the quotient stacks [U/R] and [U’/R’/] are equivalent
stacks, see Groupoids in Spaces, Section [19| and Section

Lemma 7.1. Let S be a scheme. Let (U, R, s,t,c) be a groupoid over S. Assume s
and t are flat and locally of finite presentation. Then there exists an open U’ C U
such that

(1) t71(U’) C R is the largest open subscheme of R on which the morphism s
is Cohen-Macaulay,

(2) s7Y(U’) C R is the largest open subscheme of R on which the morphism t
is Cohen-Macaulay,
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(3) the morphism t|s—1(yry : s~ HU') = U is surjective,

(4) the morphism s|y—1 ) : t=(U') — U is surjective, and

(5) the restriction R = s~ Y (U") Nt~ Y(U') of R to U' defines a groupoid
(U R, s, t',c) which has the property that the morphisms s’ and t' are
Cohen-Macaulay and locally of finite presentation.

Proof. Apply Lemma [5.1] with g = id and Q =*“locally of finite presentation”,
R =“flat and locally of finite presentation”, and P =“Cohen-Macaulay”, see Re-
mark This gives us an open U’ C U such that Let t~}(U’) C R is the largest
open subscheme of R on which the morphism s is Cohen-Macaulay. This proves
(1). Let i : R — R be the inverse of the groupoid. Since i is an isomorphism, and
soi=tand toi=s we see that s~}(U’) is also the largest open of R on which
t is Cohen-Macaulay. This proves (2). By More on Morphisms, Lemma the
open subset ¢t~1(U’) is dense in every fibre of s : R — U. This proves (3). Same
argument for (4). Part (5) is a formal consequence of (1) and (2) and the discussion
of restrictions in Groupoids, Section O

8. Restricting groupoids

In this section we collect a bunch of lemmas on properties of groupoids which are
inherited by restrictions. Most of these lemmas can be proved by contemplating
the defining diagram

/\
R Rx,u U —=U'
l )
(8.0.1) .
t’ U xyt R R U
| |
U’ J U

of a restriction. See Groupoids, Lemma [16.1

Lemma 8.1. Let S be a scheme. Let (U, R,s,t,c) be a groupoid scheme over S.
Let g : U — U be a morphism of schemes. Let (U, R',s',t',c') be the restriction
of (U, R, s,t,c) via g.
(1) If s,t are locally of finite type and g is locally of finite type, then s',t' are
locally of finite type.
(2) If s,t are locally of finite presentation and g is locally of finite presentation,
then s',t' are locally of finite presentation.
(3) If s,t are flat and g is flat, then s',t' are flat.
(4) Add more here.

Proof. The property of being locally of finite type is stable under composition and
arbitrary base change, see Morphisms, Lemmas and Hence (1) is clear

from Diagram (8.0.1)). For the other cases, see Morphisms, Lemmas 22.4}
and 26.71 O

The following lemma could have been used to prove the results of the preceding
lemma in a more uniform way.
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Lemma 8.2. Let S be a scheme. Let (U, R,s,t,c) be a groupoid scheme over S.
Let g : U' — U be a morphism of schemes. Let (U, R’,s',t',c) be the restriction
of (U,R,s,t,c) via g, and let h = sopr; : U xguy R— U. If P is a property of
morphisms of schemes such that

(1) h has property P, and

(2) P is preserved under base change,

then s',t' have property P.

Proof. This is clear as s’ is the base change of h by Diagram (8.0.1)) and ¢’ is
isomorphic to s’ as a morphism of schemes. ([l

Lemma 8.3. Let S be a scheme. Let (U, R,s,t,c) be a groupoid scheme over S.
Let g : U — U and g’ : U” — U’ be morphisms of schemes. Set g = gog'. Let
(U, R',s",t',c) be the restriction of R to U'. Let h=sopr; : U X4yt R —U, let
W=sopr :U' xgp+R—=U, andlet B =sopr, : U xXgrys R — U. The
following diagram is commutative

U’ xg vt R <—— (U xgu R) xu (U" Xgn vt R) ——=U" xgn v+ R

: | g

U’ Pro U' xgus R U

with both squares cartesian where the left upper horizontal arrow is given by the
rule

(U’ Xg,Upt R) XU (U” Xg'" Ut R) — u” Xg' U’ t R
((',r0), (u”,11)) — (U, (c(r1,i(ro)), (9" (u”),u")))

with notation as explained in the proof.

Proof. We work this out by exploiting the functorial point of view and reducing the
lemma to a statement on arrows in restrictions of a groupoid category. In the last
formula of the lemma the notation ((u/,79), (u”,r1)) indicates a T-valued point of
(U’ g0t R) Xy (U" X gyt R). This means that v', u”, g, 71 are T-valued points of
U',U" R, R and that g(u') = t(ro), g(¢'(v")) = ¢" (W) = t(r1), and s(rg) = s(r1).
It would be more correct here to write g o u’ =t o rg and so on but this makes the
notation even more unreadable. If we think of r; and rg as arrows in a groupoid
category then we can represent this by the picture

t(ro) = g(u') =—— s(ro) = s(r1) ——>t(r1) = g(g'(u"))
This diagram in particular demonstrates that the composition ¢(r1,i(rg)) makes
sense. Recall that
R' =R X(t,s),Ux sU,gxg U Xs U

hence a T-valued point of R’ looks like (r, (uf,u})) with t(r) = g(ug) and s(r) =
g(u}). In particular given ((u',79),(u”,r1)) as above we get the T-valued point
(c(r1,i(ro)), (¢’ (w"),u")) of R’ because we have t(c(r1,i(ro))) = t(r1) = g(g' ("))
and s(c(r1,i(rg))) = s(i(ro)) = t(rg) = g(u'). We leave it to the reader to show
that the left square commutes with this definition.

To show that the left square is cartesian, suppose we are given (v”,p’) and (v, p)
which are T-valued points of U” X4y R’ and U’ x4+ R with v = s/(p’). This
also means that ¢'(v”) = t/(p’) and g(v') = t(p). By the discussion above we know
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that we can write p’ = (r, (ug, uv})) with ¢(r) = g(ug) and s(r) = g(u}). Using this
notation we see that v’ = ¢'(p') =} and ¢'(v"") = t'(p’) = u(,. Here is a picture

s(p) —— g(v) = g(u}) —= g(up) = g(g'(v"))

What we have to show is that there exists a unique T-valued point ((u',rg), (u”,r1))
as above such that v = v/, p = ro, v = v and p’ = (¢(r1,i(ro)), (¢’ (u"),u)).
Comparing the two diagrams above it is clear that we have no choice but to take

((u/7 7”0), (u//v Tl)) - ((U/ap)v (UH, C(Ta p))

Some details omitted. O

Lemma 8.4. Let S be a scheme. Let (U, R,s,t,c) be a groupoid scheme over S.
Let g : U — U and g’ : U" — U’ be morphisms of schemes. Set ¢ = gog'. Let
(U',R',s',t',c) be the restriction of R to U'. Let h = sopr; : U xgus R — U,
let ' =s" opry : U Xg vy R = U, and let i = sopry : U xgnyy R — U.
Let 7 € {Zariski, étale, smooth, syntomic, fppf, fpqct. Let P be a property of
morphisms of schemes which is preserved under base change, and which is local on
the target for the T-topology. If

(1) MU' xy R) is open in U,

(2) {h:U" xy R— h(U" xy R)} is a T-covering,

(3) A’ has property P,
then h'"" has property P. Conversely, if

(a) {t: R— U} is a T-covering,

(d) A" has property P,

then h' has property P.

Proof. This follows formally from the properties of the diagram of Lemma[8:3] In
the first case, note that the image of the morphism h” is contained in the image
of h, as ¢ = gog’. Hence we may replace the U in the lower right corner of the
diagram by h(U’ xy R). This explains the significance of conditions (1) and (2) in
the lemma. In the second case, note that {pry : U’ x4+ R — U’} is a 7-covering
as a base change of 7 and condition (a). O

9. Properties of groupoids on fields

A “groupoid on a field” indicates a groupoid scheme (U, R, s,t,c) where U is the
spectrum of a field. It does not mean that (U, R, s, t, ¢) is defined over a field, more
precisely, it does not mean that the morphisms s,¢: R — U are equal. Given any
field k, an abstract group G and a group homomorphism ¢ : G — Aut(k) we obtain
a groupoid scheme (U, R, s,t,c) over Z by setting

U = Spec(k)

R= H Spec(k

5= ng Spec(idy)
= H Spec(p(g))

c= composmon in G
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This example still is a groupoid scheme over Spec(k®). Hence, if G is finite, then
U = Spec(k) is finite over Spec(k¥). In some sense our goal in this section is to
show that suitable finiteness conditions on s,t force any groupoid on a field to be
defined over a finite index subfield k&’ C k.

If k is a field and (G, m) is a group scheme over k with structure morphism p: G —
Spec(k), then (Spec(k),G,p,p,m) is an example of a groupoid on a field (and in
this case of course the whole structure is defined over a field). Hence this section
can be viewed as the analogue of Groupoids, Section

Lemma 9.1. Let S be a scheme. Let (U, R, s,t,c) be a groupoid scheme over S. If
U is the spectrum of a field, then the composition morphism c: R x5yt R — R is
open.

Proof. The composition is isomorphic to the projection map pry : R x; y: R — R
by Diagram (3.0.3). The projection is open by Morphisms, Lemma O

Lemma 9.2. Let S be a scheme. Let (U, R, s,t,c) be a groupoid scheme over S. If
U is the spectrum of a field, then R is a separated scheme.

Proof. By Groupoids, Lemmal|7.2]the stabilizer group scheme G — U is separated.
By Groupoids, Lemmathe morphism j = (¢,s) : R — U xgU is separated. As
U is the spectrum of a field the scheme U x g U is affine (by the construction of fibre
products in Schemes, Section . Hence R is a separated scheme, see Schemes,

Lemma RT.13] O

Lemma 9.3. Let S be a scheme. Let (U, R,s,t,c) be a groupoid scheme over S.
Assume U = Spec(k) with k a field. For any points v, € R there erists a field
extension k C k' and points 1,72 € R X g gpec(k) Spec(k’) and a diagram

R '& R ><s,Spec(k) Spec(k') L R ><s,Spec(k) SpeC(k’l) ﬂ> R

such that ¢ is an isomorphism of schemes over Spec(k'), we have p(r1) = rq,
pro(r1) =r, and pry(ra) = r'.
Proof. This is a special case of Lemma [6.1] parts (1) and (2). O

Lemma 9.4. Let S be a scheme. Let (U, R,s,t,¢c) be a groupoid scheme over
S. Assume U = Spec(k) with k a field. Let k C k' be a field extension, U' =
Spec(k’) and let (U',R',s',t',c") be the restriction of (U, R, s,t,c) via U' — U. In
the defining diagram

’
S

R=— = Rx,yU —=U

v U xusR R U

L

U—U

all the morphisms are surjective, flat, and universally open. The dotted arrow
R’ — R is in addition affine.
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Proof. The morphism U’ — U equals Spec(k’) — Spec(k), hence is affine, sur-
jective and flat. The morphisms s,t : R — U and the morphism U’ — U are
universally open by Morphisms, Lemma Since R is not empty and U is the
spectrum of a field the morphisms s,t : R — U are surjective and flat. Then
you conclude by using Morphisms, Lemmas [11.4] [T1.2] [24.3] [13-8] [13.7], 26.7, and
26.5] O

Lemma 9.5. Let S be a scheme. Let (U, R,s,t,c) be a groupoid scheme over S.
Assume U = Spec(k) with k a field. For any point r € R there exist

(1) a field extension k C k' with k' algebraically closed,
(2) a point v’ € R where (U',R',s',t',c") is the restriction of (U, R, s,t,c) via
Spec(k’) — Spec(k)
such that

(1) the point v’ maps to r under the morphism R’ — R, and
(2) the maps s',t' : R' — Spec(k’) induce isomorphisms k' — k(r').

Proof. Translating the geometric statement into a statement on fields, this means
that we can find a diagram

where i : k — k' is the embedding of k into k', the maps s, : k — k(r) are induced
by s,t: R — U, and the map 7 : k' — k’ is an automorphism. To produce such a
diagram we may proceed in the following way:

(1) Pick i : k — k' a field map with &’ algebraically closed of very large tran-
scendence degree over k.

(2) Pick an embedding o : k(r) — k' such that 0 o s = i. Such a o exists
because we can just choose a transcendence basis {24 }oca of (1) over k
and find y, € k', & € A which are algebraically independent over i(k), and
map s(k)({zq}) into k&’ by the rules s(A) — i(\) for A € k and x4 — yq for
a € A. Then extend to 7 : k(a) — k' using that k" is algebraically closed.

(3) Pick an automorphism 7 : k' — k' such that Toi = o ot. To do this
pick a transcendence basis {z4}aca of k over its prime field. On the one
hand, extend {i(x,)} to a transcendence basis of k¥’ by adding {ys}sep and
extend {o(t(zq))} to a transcendence basis of k' by adding {24} ec. As K’
is algebraically closed we can extend the isomorphism o otoi~! :i(k) —
o(t(k)) to an isomorphism 7’ : i(k) — o(t(k)) of their algebraic closures in
k'. As k' has large transcendence degree we see that the sets B and C' have
the same cardinality. Thus we can use a bijection B — C' to extend 7’ to
an isomorphism

i(k)({ys}) — o(t(k)({z})

and then since k' is the algebraic closure of both sides we see that this
extends to an automorphism 7 : k" — k' as desired.
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This proves the lemma. O

Lemma 9.6. Let S be a scheme. Let (U, R,s,t,c) be a groupoid scheme over S.
Assume U = Spec(k) with k a field. If r € R is a point such that s,t induce
isomorphisms k — k(r), then the map

R— R, zv+—c(rz)
(see proof for precise notation) is an automorphism R — R which maps e to r.

Proof. This is completely obvious if you think about groupoids in a functorial way.
But we will also spell it out completely. Denote a : U — R the morphism with
image r such that soa = idy which exists by the hypothesis that s : & — k(r) is an
isomorphism. Similarly, denote b : U — R the morphism with image r such that
tob=1idy. Note that b=ao (toa)~!, in particular aosob = b.

Consider the morphism ¥ : R — R given on T-valued points by
(f:T—= R)—(claotof,f): T — R)

To see this is defined we have to check that socaoto f =to f which is obvious as
soa = 1. Note that ®(e) = a, so that in order to prove the lemma it suffices to
show that ® is an automorphism of R. Let ® : R — R be the morphism given on
T-valued points by

(9: T — R)—> (c(iobotog,g): T — R).

This is defined because soiobotog=tobotog=tog. We claim that ® and ¥
are inverse to each other. To see this we compute

claotoc(iobotog,g),c(iobotog,g))
=c(aotoiobotog,c(iobotog,g))
=c(aosobotog,c(iobotog,g))

(

c(botog,c(iobotog,g))

c(c(botog,iobotog),g))
(e,

9)

= cle

NS

where we have used the relation a o s o b = b shown above. In the other direction
we have

c(iobotoc(aotof, f),claotof, f))
c(iobotoaoto ficlaoto f, f))

(

c(iocao(toa) totoaotof claotof,f))
c(ioaoto felaoto f,f))
(
o

cle(ioaoto fiaotof), f)

e f)

The lemma is proved. O

Lemma 9.7. Let S be a scheme. Let (U, R,s,t,c¢) be a groupoid scheme over S.
Assume U = Spec(k) with k a field. By abuse of notation denote e € R the image
of the identity morphism e : U — R. Then
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(1) every local ring Or, of R has a unique minimal prime ideal,
(2) there is exactly one irreducible component Z of R passing through e, and
(3) Z is geometrically irreducible over k via either s or t.

Proof. Let r € R be a point. In this proof we will use the correspondence between
irreducible components of R passing through a point r and minimal primes of the
local ring Og , without further mention. Choose k C k&’ and " € R’ as in Lemma
Note that Og, — Ops, is faithfully flat and local, see Lemma[9.4] Hence the
result for ' € R’ implies the result for » € R. In other words we may assume that
s,t : k — k(r) are isomorphisms. By Lemma there exists an automorphism
moving e to r. Hence we may assume r = e, i.e., part (1) follows from part (2).

We first prove (2) in case k is separably algebraically closed. Namely, let X, Y C R
be irreducible components passing through e. Then by Varieties, Lemma |6.4] and
the scheme X X,y Y is irreducible as well. Hence ¢(X x5y Y) C R is an
irreducible subset. We claim it contains both X and Y (as subsets of R). Namely,
let T be the spectrum of a field. If x : T — X is a T-valued point of X, then
c¢(z,eosox) =1z and eo sox factors through Y as e € Y. Similarly for points of
Y. This clearly implies that X =Y, i.e., there is a unique irreducible component
of R passing through e.

Proof of (2) and (3) in general. Let k C k' be a separable algebraic closure, and
let (U',R',s',t',c') be the restriction of (U, R, s,t,c¢) via Spec(k’) — Spec(k). By
the previous paragraph there is exactly one irreducible component Z’ of R’ passing
through e’. Denote €’ € R x5y U’ the base change of e. As R — R x, ¢y U’
is faithfully flat, see Lemma and e — ¢” we see that there is exactly one
irreducible component Z” of Rx k' passing through €. This implies, as Rx k' —
R is faithfully flat, that there is exactly one irreducible component Z of R passing
through e. This proves (2).

To prove (3) let Z"”" C R xy, k' be an arbitrary irreducible component of Z x, k'.
By Varieties, Lemma [6.12] we see that Z" = ¢(Z") for some o € Gal(k'/k). Since
o(e"’) = €” we see that ¢’ € Z" and hence Z'"" = Z”. This means that Z is
geometrically irreducible over Spec(k) via the morphism s. The same argument
implies that Z is geometrically irreducible over Spec(k) via the morphism . (]

Lemma 9.8. Let S be a scheme. Let (U, R,s,t,c) be a groupoid scheme over S.
Assume U = Spec(k) with k a field. Assume s,t are locally of finite type. Then
(1) R is equidimensional,
(2) dim(R) = dim,(R) for all ™ € R,
(3) for any r € R we have trdegy ) (r(r)) = trdegy(k(r)), and
(4) for any closed point r € R we have dim(R) = dim(Og,,).

Proof. Let r,7' € R. Then dim,(R) = dim, (R) by Lemma and Morphisms,
Lemma [29.3] By Morphisms, Lemma [29.1] we have

dim, (R) = dim(Og,;) + trdeg, (r(r)) = dim(Org,r) + trdeg, ) (1(r)).

On the other hand, the dimension of R (or any open subset of R) is the supremum
of the dimensions of the local rings of of R, see Properties, Lemma Clearly
this is maximal for closed points r in which case trdeg;(x(r)) = 0 (by the Hilbert
Nullstellensatz, see Morphisms, Section . Hence the lemma follows. ([l
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Lemma 9.9. Let S be a scheme. Let (U, R,s,t,c) be a groupoid scheme over S.
Assume U = Spec(k) with k a field. Assume s,t are locally of finite type. Then
dim(R) = dim(G) where G is the stabilizer group scheme of R.

Proof. Let Z C R be the irreducible component passing through e (see Lemma
thought of as an integral closed subscheme of R. Let k., resp. k; be the
integral closure of s(k), resp. t(k) in I'(Z, Oz). Recall that k. and k] are fields, see
Varieties, Lemma m By Varieties, Proposition we have k., =k} as subrings
of I'(Z,0z). As e factors through Z we obtain a commutative diagram

This on the one hand shows that k. = s(k), k; = t(k), so s(k) = t(k), which
combined with the diagram above implies that s = ¢! In other words, we conclude
that Z is a closed subscheme of G = R X(; o) uxsv,a U. The lemma follows as both
G and R are equidimensional, see Lemma and Groupoids, Lemma [

Remark| 9.10. Warning: Lemma is wrong without the condition that s and ¢
are locally of finite type. An easy example is to start with the action
Gm,.q XQ Ag — Ag
and restrict the corresponding groupoid scheme to the generic point of A}Q. In
other words restrict via the morphism Spec(Q(x)) — Spec(Q[z]) = Ag,. Then you
get a groupoid scheme (U, R, s,t,c¢) with U = Spec(Q(z)) and
1
RSpec(Q )|y {,PEQT,P#O})
@) | P < QT
In this case dim(R) = 1 and dim(G) = 0.
Lemma 9.11. Let S be a scheme. Let (U, R, s,t,c) be a groupoid scheme over S.
Assume
(1) U = Spec(k) with k a field,
(2) s,t are locally of finite type, and
(3) the characteristic of k is zero.
Then s,t : R — U are smooth.

Proof. By Lemma[4.1]the sheaf of differentials of R — U is free. Hence smoothness
follows from Varieties, Lemma [15.1 O

Lemma 9.12. Let S be a scheme. Let (U, R, s,t,c) be a groupoid scheme over S.
Assume

(1) U = Spec(k) with k a field,

(2) s,t are locally of finite type,

(3) R is reduced, and

(4) k is perfect.
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Then s,t : R — U are smooth.

Proof. By Lemma /.1 the sheaf Qg is free. Hence the lemma follows from
Varieties, Lemma O

10. Morphisms of groupoids on fields

This section studies morphisms between groupoids on fields. This is slightly more
general, but very akin to, studying morphisms of groupschemes over a field.

Situation 10.1. Let S be a scheme. Let U = Spec(k) be a scheme over S with
k a field. Let (U, Ry, s1,t1,c1), (U, Ra, s2,t2,c2) be groupoid schemes over S with
identical first component. Let a : Ry — Ry be a morphism such that (idy,a)
defines a morphism of groupoid schemes over S, see Groupoids, Definition In
particular, the following diagrams commute

Ry
X\ Ry X0, B e Ry
NSRRI
J/tl Ry X4, U, Ro —2> Ry
U

The following lemma is a generalization of Groupoids, Lemma [7.11

Lemma 10.2. Notation and assumptions as in Situation|10.1l If a(Ry) is open in
Ry, then a(Ry) is closed in Ra.

Proof. Let ro € Ry be a point in the closure of a(R;). We want to show ry € a(R7).
Pick k C k' and rf € R/, adapted to (U, Ra, s2,t2,¢2) and 5 as in Lemma Let
R} be the restriction of R; via the morphism U’ = Spec(k’) — U = Spec(k). Let
a' : R} — RY be the base change of a. The diagram

/ /
Ry ——> 1

Pll i[b
Ri ——= Ry

is a fibre square. Hence the image of a’ is the inverse image of the image of a via
the morphism py : R, — Ry. By Lemma the map ps is surjective and open.
Hence by Topology, Lemma we see that r4 is in the closure of a’(R}). This
means that we may assume that ro € Ry has the property that the maps k — £(r2)
induced by so and ¢y are isomorphisms.

In this case we can use Lemma This lemma implies c¢(r2,a(Ry)) is an open
neighbourhood of r5. Hence a(Ry) Nc(re,a(Ry)) # 0 as we assumed that ro was
a point of the closure of a(R;). Using the inverse of Ry and R; we see this means
c2(a(Ry),a(Ry)) contains ra. As ca(a(R1),a(Ry1)) C a(ci(Ry,R1)) = a(Ry) we
conclude 2 € a(R;) as desired. O

Lemma 10.3. Notation and assumptions as in Situation[I0.1l Let Z C Ry be the
reduced closed subscheme (see Schemes, Deﬁnition whose underlying topolog-
ical space is the closure of the image of a : R1 — Ra. Then co(Z Xs,u4, Z) C Z
set theoretically.
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Proof. Consider the commutative diagram

Ry Xg, v, 1 —— Ry

L

R2 XSQ,U,tQ R2 E—— R2

By Varieties, Lemma the closure of the image of the left vertical arrow is (set
theoretically) Z X, v, Z. Hence the result follows. (]

Lemma 10.4. Notation and assumptions as in Situation [10.1l Assume that k is
perfect. Let Z C Rg be the reduced closed subscheme (see Schemes, Deﬁm'tion
whose underlying topological space is the closure of the image of a : R1 — Ra. Then

(U7 Za 52|Z7t2|Z362‘Z)
is a groupoid scheme over S.

Proof. We first explain why the statement makes sense. Since U is the spec-
trum of a perfect field k, the scheme Z is geometrically reduced over k (via either
projection), see Varieties, Lemma Hence the scheme Z X, yy+, Z C Z is re-
duced, see Varieties, Lemma [£.7] Hence by Lemma [10.3] we see that ¢ induces a
morphism Z Xy, y+, £ — Z. Finally, it is clear that e factors through Z and
that the map i : Ry — Rg preserves Z. Since the morphisms of the septuple
(U, Rg, s2,ta,Ca, €2,12) satisfies the axioms of a groupoid, it follows that after re-
stricting to Z they satisfy the axioms. O

Lemma 10.5. Notation and assumptions as in Situation|10.1]. If the image a(Ry)
is a locally closed subset of Ry then it is a closed subset.

Proof. Let k C k' be a perfect closure of the field k. Let R; be the restriction of
R; via the morphism U’ = Spec(k’) — Spec(k). Note that the morphisms R, — R;
are universal homeomorphisms as compositions of base changes of the universal
homeomorphism U’ — U (see diagram in statement of Lemma [9.4). Hence it
suffices to prove that o’(R]) is closed in Rj. In other words, we may assume that
k is perfect.

If k is perfect, then the closure of the image is a groupoid scheme Z C Rj, by
Lemma By the same lemma applied to idg, : Ry — Ry we see that (R2)red
is a groupoid scheme. Thus we may apply Lemma to the morphism a|( Ro)rea
(R2)req — Z to conclude that Z equals the image of a. O

Lemma 10.6. Notation and assumptions as in Situation [10.1. Assume that a :
R1 — R is a quasi-compact morphism. Let Z C Rs be the scheme theoretic image
(see Morphisms, Deﬁm'tion ofa: Ry — Ry. Then

(U, Za 82|Z7t2|ZaCZ‘Z)

is a groupoid scheme over S.
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Proof. The main difficulty is to show that CQ|Z><82’UJ2Z maps into Z. Consider the
commutative diagram
Ry X5, v, -1 — Ry

Ry X, Uty Ro — Ry

By Varieties, Lemmawe see that the scheme theoretic image of axa is Z X, v ¢,
Z. By the commutativity of the diagram we conclude that Z x, y+, Z maps into
Z by the bottom horizontal arrow. As in the proof of Lemma it is also true
that i3(Z) C Z and that eq factors through Z. Hence we conclude as in the proof
of that lemma. O

Lemma 10.7. Let S be a scheme. Let (U, R,s,t,c) be a groupoid scheme over
S. Assume U is the spectrum of a field. Let Z C U xg U be the reduced closed
subscheme (see Schemes, Deﬁnition whose underlying topological space is the
closure of the image of j = (t,5) : R = U x5 U. Then proy(Z Xpr, U,pr, Z) C Z set
theoretically.

Proof. As (U,U xg U,pry,pry, prys) is a groupoid scheme over S this is a special
case of Lemma But we can also prove it directly as follows.

Write U = Spec(k). Denote R (resp. Zs, resp. U2) the scheme R (resp. Z, resp.
U xg U) viewed as a scheme over k via s (resp. pry|z, resp. pry). Similarly, denote
+R (vesp. ¢+Z, resp. ;U?) the scheme R (resp. Z, resp. U xg U) viewed as a scheme
over k via t (resp. pry|z, resp. pry). The morphism j induces morphisms of schemes
js i Rs — Us2 and +j : «R — U? over k. Consider the commutative diagram

Ry X 1R —S R

jsxtjl l]

U2 x4 U2 ——>U xgU

By Varieties, Lemma we see that the closure of the image of js X ¢ is Zg X Z.
By the commutativity of the diagram we conclude that Z; X ;Z maps into Z by
the bottom horizontal arrow. |

Lemma 10.8. Let S be a scheme. Let (U, R, s,t,c) be a groupoid scheme over S.
Assume U is the spectrum of a perfect field. Let Z C U xg U be the reduced closed
subscheme (see Schemes, Deﬁm’tz’on whose underlying topological space is the
closure of the image of j = (t,s) : R - U xg U. Then

(U’ Z, pr0|Z>prl|Z7pr02|ZXp7-1,U,py-0Z)

is a groupoid scheme over S.

Proof. As (U,U xg U,pry,pry, prys) is a groupoid scheme over S this is a special
case of Lemma But we can also prove it directly as follows.

We first explain why the statement makes sense. Since U is the spectrum of a
perfect field k, the scheme Z is geometrically reduced over k (via either projection),
see Varieties, Lemma Hence the scheme Z Xy v, £ C Z is reduced, see
Varieties, Lemma [4.7] Hence by Lemma [I0.7] we see that pry, induces a morphism
Z Xpr, Upr, £ — Z. Finally, it is clear that Ay, g factors through Z and that
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the map o : U xg U — U xg U, (x,y) — (y,z) preserves Z. Since (U,U Xg
U,prg, Pry, Prog; Apys, o) satisfies the axioms of a groupoid, it follows that after
restricting to Z they satisfy the axioms. O

Lemma 10.9. Let S be a scheme. Let (U, R, s,t,c) be a groupoid scheme over S.
Assume U is the spectrum of a field and assume R is quasi-compact (equivalently s,t
are quasi-compact). Let Z C U xgU be the scheme theoretic image (see Morphisms,
Deﬁm’tz’on of j=(t,s): R—U xgU. Then

(Ua Z, pro|Z;pr1|Zap7"02|Z><pT1,U,pTOZ)

is a groupoid scheme over S.

Proof. As (U,U xg U,pry,pry, prys) is a groupoid scheme over S this is a special
case of Lemma [10.6] But we can also prove it directly as follows.

The main difficulty is to show that pros|zx,,, v,z maps into Z. Write U =
Spec(k). Denote R (resp. Zs, resp. U2) the scheme R (resp. Z, resp. U x5 U)
viewed as a scheme over k via s (resp. pry|z, resp. prq). Similarly, denote ;R (resp.
+7Z, resp. U?) the scheme R (resp. Z, resp. U xg U) viewed as a scheme over
k via t (resp. pry|z, resp. pry). The morphism j induces morphisms of schemes
js: Ry — U2 and +j : R — U? over k. Consider the commutative diagram

Ry X (R — R

jSth\L lj

U2 x3U? ——=UxgU

By Varieties, Lemma we see that the scheme theoretic image of j; X ¢j is
Zs Xk 4. By the commutativity of the diagram we conclude that Z; X +Z maps
into Z by the bottom horizontal arrow. As in the proof of Lemma [10.§]it is also
true that o(Z) C Z and that Ay g factors through Z. Hence we conclude as in the
proof of that lemma. O

11. Slicing groupoids

The following lemma shows that we may slice a Cohen-Macaulay groupoid scheme
in order to reduce the dimension of the fibres, provided that the dimension of the
stabilizer is small. This is an essential step in the process of improving a given
presentation of a quotient stack.

Situation|11.1. Let S be a scheme. Let (U, R, s,t, ¢) be a groupoid scheme over S.
Let g : U’ — U be a morphism of schemes. Let u € U be a point, and let v’ € U’
be a point such that g(u’) = w. Given these data, denote (U’,R',s',t',c') the
restriction of (U, R, s,t,¢) via the morphism g. Denote G — U the stabilizer group
scheme of R, which is a locally closed subscheme of R. Denote h the composition

h=sopr;: U x4u+ R— U.

Denote F,, = s~1(u) (scheme theoretic fibre), and G, the scheme theoretic fibre of
G over u. Similarly for R’ we denote F!, = (s')~!(u'). Because g(u') = u we have
Fy = h™" () Xspec(n(u)) Spec(r(u')).

The point e(u) € R may be viewed as a point on G,, and F,, also, and €'(v') is a

point of R’ (resp. G.,, resp. F!,) which maps to e(u) in R (resp. Gy, resp. F,).

u’?
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Lemma 11.2. Let S be a scheme. Let (U, R, s,t,c,e,i) be a groupoid scheme over
S. Let G — U be the stabilizer group scheme. Assume s and t are Cohen-Macaulay
and locally of finite presentation. Let u € U be a finite type point of the scheme U,
see Morphisms, Definition[17.5. With notation as in Situation [I1.1], set

d1 = dlm(Gu), dg = dlme(u)(Fu)

If dy > dy, then there exist an affine scheme U’ and a morphism g : U' — U such
that (with notation as in Situationm)

(1) g is an immersion

(2) uel,

(3) g is locally of finite presentation,

(4) the morphism h: U' x4+ R — U is Cohen-Macaulay at (u,e(u)), and
(5) we have dime () (F;,) = d2 — 1.

Proof. Let Spec(A4) C U be an affine neighbourhood of « such that u corresponds
to a closed point of U, see Morphisms, Lemma Let Spec(B) C R be an affine
neighbourhood of e(u) which maps via j into the open Spec(A4) xg Spec(4) C
U xgU. Let m C A be the maximal ideal corresponding to u. Let q¢ C B be the
prime ideal corresponding to e(u). Pictures:

tT and tT
A A

Note that the two induced maps s,t : k(m) — k(q) are equal and isomorphisms as
soe=toe =1idy. In particular we see that ¢ is a maximal ideal as well. The ring
maps s,t: A — B are of finite presentation and flat. By assumption the ring

OFME(u) = Bq/s(m)Bq

is Cohen-Macaulay of dimension ds. The equality of dimension holds by Morphisms,

Lemma

Let R” be the restriction of R to u = Spec(k(u)) via the morphism Spec(k(u)) — U.
As u — U is locally of finite type, we see that (Spec(k(u)),R",s",t",c") is a
groupoid scheme with s”,#” locally of finite type, see Lemma [8.1] By Lemma
this implies that dim(G”) = dim(R"”). We also have dim(R") = dim.(R") =
dim(Op» ¢), see Lemma By Groupoids, Lemma we have G"” = G,.
Hence we conclude that dim(Ogw ¢v) = ds.

As a scheme R” is
R = R X (xs0) ( Spec(n(m)) xs Spec(x(m))
Hence an affine open neighbourhood of ¢” is the spectrum of the ring
B ®aga) (k(m) ® k(m)) = B/s(m)B + t(m)B
We conclude that
OR”,C” = Bq/s(m)Bq + t(m)Bq
and so now we know that this ring has dimension d;.
We claim this implies we can find an element f € m such that

dim(Bg/(s(m)Bq + fBq) < da
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Namely, suppose n; O s(m)By, j = 1,...,m correspond to the minimal primes of
the local ring By/s(m)B,. There are finitely many as this ring is Noetherian (since
it is essentially of finite type over a field — but also because a Cohen-Macaulay ring
is Noetherian). By the Cohen-Macaulay condition we have dim(By/n;) = da, for
example by Algebra, Lemma [100.4} Note that dim(Bq/(n; +t(m)By)) < dy as it is
a quotient of the ring Opy o = Bq/s(m)Bq + t(m)By which has dimension d;. As
dy < do this implies that m ¢ ¢~!(n;). By prime avoidance, see Algebra, Lemma
we can find f € m with ¢(f) € n; for j = 1,...,m. For this choice of f we
have the displayed inequality above, see Algebra, Lemma

Set A = A/fA and U' = Spec(A’). Then it is clear that U’ — U is an immersion,
locally of finite presentation and that v € U’. Thus (1), (2) and (3) of the lemma
hold. The morphism

U sgus R— U
factors through Spec(A) and corresponds to the ring map

B/H(f)B==A/(f) ®a: B<"—A

Now, we see t(f) is not a zerodivisor on B,/s(m)B, as this is a Cohen-Macaulay
ring of positive dimension and f is not contained in any minimal prime, see for
example Algebra, Lemma[100.2] Hence by Algebra, Lemma we conclude that
s: Am — Bq/t(f)By is flat with fibre ring By/(s(m)Bq + t(f)Bq) which is Cohen-
Macaulay by Algebra, Lemma again. This implies part (4) of the lemma. To
see part (5) note that by Diagr the fibre F! is equal to the fibre of h over
u. Hence dimg () (F,,) = dim(Bq/(s(m)Bq + t(f)Bgy)) by Morphisms, Lemma
and the dimension of this ring is do — 1 by Algebra, Lemma[100.2] once more. This
proves the final assertion of the lemma and we win. ([

Now that we know how to slice we can combine it with the preceding material to get
the following “optimal” result. It is optimal in the sense that since G, is a locally
closed subscheme of F,, one always has the inequality dim(G,) = dime(,)(Gy) <
dimg () (Fy) so it is not possible to slice more than in the lemma.

Lemma 11.3. Let S be a scheme. Let (U, R, s,t,c,e,i) be a groupoid scheme over
S. Let G — U be the stabilizer group scheme. Assume s and t are Cohen-Macaulay
and locally of finite presentation. Let u € U be a finite type point of the scheme U,
see Morphisms, Definition[17.3. With notation as in Situation [I1.]] there exist an
affine scheme U’ and a morphism g : U' — U such that

(1) g is an immersion,
(2) uel’,
(3) g is locally of finite presentation,
(4) the morphism h : U’ X4+ R — U is Cohen-Macaulay and locally of finite
presentation,
(5) the morphisms s',t' : R — U’ are Cohen-Macaulay and locally of finite
presentation, and
(6) dim(u)(F) = dim(G,).
Proof. As s is locally of finite presentation the scheme F), is locally of finite type
over £(u). Hence dim,(,)(F,) < oo and we may argue by induction on dimg,(Fy).

If dime(,)(Fy) = dim(G,) there is nothing to prove. Assume dime(,)(Fy) >
dim(G,,). This means that Lemma applies and we find a morphism g : U’ — U
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which has properties (1), (2), (3), instead of (6) we have dim,,)(F},) < dimegy)(Fy),
and instead of (4) and (5) we have that the composition

h=sopry :U xgut R— U

is Cohen-Macaulay at the point (u,e(u)). We apply Remark and we obtain
an open subscheme U” C U’ such that U” x4y R C U’ X4pu+ R is the largest
open subscheme on which h is Cohen-Macaulay. Since (u,e(u)) € U” x4.u.+ R we
see that u € U”. Hence we may replace U’ by U” and assume that in fact h is
Cohen-Macaulay everywhere! By Lemma [8.2] we conclude that s',¢ are locally of
finite presentation and Cohen-Macaulay (use Morphisms, Lemma and More
on Morphisms, Lemma.

By construction dime(,)(F},) < dime(,)(F.), so we may apply the induction hy-
pothesis to (U, R',s’,t',¢') and the point u € U’. Note that u is also a finite type
point of U’ (for example you can see this using the characterization of finite type
points from Morphisms, Lemma [17.4). Let ¢’ : U” — U’ and (U”,R",s",t",c")
be the solution of the corresponding problem starting with (U’, R’, s’,t,¢’) and the
point u € U’'. We claim that the composition

g//:gog/:U//_>U

is a solution for the original problem. Properties (1), (2), (3), (5), and (6) are
immediate. To see (4) note that the morphism

" =sopry : U" xgnyt R—U

is locally of finite presentation and Cohen-Macaulay by an application of Lemma
(use More on Morphisms, Lemma to see that Cohen-Macaulay morphisms
are fppf local on the target). O

In case the stabilizer group scheme has fibres of dimension 0 this leads to the
following slicing lemma.

Lemma 11.4. Let S be a scheme. Let (U, R, s,t,c,e,i) be a groupoid scheme over
S. Let G — U be the stabilizer group scheme. Assume s and t are Cohen-Macaulay
and locally of finite presentation. Let u € U be a finite type point of the scheme
U, see Morphisms, Definition [I7.3 Assume that G — U is locally quasi-finite.
With notation as in Situation [11.1] there exist an affine scheme U’ and a morphism
g:U" — U such that

(1) g is an immersion,

(2) uel,

(3) g is locally of finite presentation,

(4) the morphism h : U’ x4u+ R — U s flat, locally of finite presentation,
and locally quasi-finite, and

(5) the morphisms s',t' : R — U’ are flat, locally of finite presentation, and
locally quasi-finite.

Proof. Take g : U’ — U as in Lemma Since h™1(u) = F! we see that
h has relative dimension < 0 at (u,e(u)). Hence, by Remark we obtain an
open subscheme U” C U’ such that v € U” and U"” x4y R is the maximal open
subscheme of U’ x4, 7, R on which h has relative dimension < 0. After replacing U’
by U” we see that h has relative dimension < 0. This implies that A is locally quasi-
finite by Morphisms, Lemma Since it is still locally of finite presentation and
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Cohen-Macaulay we see that it is flat, locally of finite presentation and locally quasi-
finite, i.e., (4) above holds. This implies that s’ is flat, locally of finite presentation
and locally quasi-finite as a base change of h, see Lemma [8.2 (]

12. Etale localization of groupoids

In this section we begin applying the étale localization techniques of More on Mor-
phisms, Section[30]to groupoid schemes. More advanced material of this kind can be
found in More on Groupoids in Spaces, Section[I2] Lemma[12.2]will be used to prove
results on algebraic spaces separated and quasi-finite over a scheme, namely Mor-
phisms of Spaces, Proposition and its corollary Morphisms of Spaces, Lemma
451l

Lemma 12.1. Let S be a scheme. Let (U, R, s,t,c) be a groupoid scheme over S.
Let p € S be a point, and let u € U be a point lying over p. Assume that
(1) U — S is locally of finite type,
(2) U — S is quasi-finite at u,
(3) U — S is separated,
(4) R— S is separated,
(5) s, t are flat and locally of finite presentation, and
(6) s1({u}) is finite.
Then there exists an étale neighbourhood (S',p") — (S,p) with k(p) = k(p') and a
base change diagram

3
4
)

R[W =—=S8'xsR——>R
R
UTIW=—=25 xsU ——=1U

L

S —— 5
where the equal signs are decompositions into open and closed subschemes such that
(a) there exists a point u' of U' mapping to u in U,
b) the fibre (U'), equals t'((s')"*({w'})) set theoretically,
c) the fibre (R'), equals (s')7'((U’)y) set theoretically,
d) the schemes U’ and R’ are finite over S’,

~ —~

e) we have s'(R') C U’ and t'(R") C U’,

t) we have ¢/ (R’ xg yrp R') C R where ¢ is the base change of ¢, and

g) the morphisms s',t', ¢ determine a groupoid structure by taking the system
(U, RS py 'Ry € R o i vY)-

N o~

Proof. Let us denote f : U — S the structure morphism of U. By assumption
(6) we can write s~'({u}) = {r1,...,r,}. Since this set is finite, we see that s is
quasi-finite at each of these finitely many inverse images, see Morphisms, Lemma
@ Hence we see that fos: R — S is quasi-finite at each r; (Morphisms, Lemma
@. Hence r; is isolated in the fibre R,, see Morphisms, Lemma Write
t({r1,...,mn}) ={u1,...,um}. Note that it may happen that m < n and note that
u € {uq,...,un}. Since ¢ is flat and locally of finite presentation, the morphism of
fibres t,, : R, — U, is flat and locally of finite presentation (Morphisms, Lemmas
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and , hence open (Morphisms, Lemma [26.9). The fact that each r; is
isolated in R, implies that each u; = ¢(r;) is isolated in U,. Using Morphisms,
Lemma [21.6] again, we see that f is quasi-finite at uy, ..., Up,.

Denote F, = s™*(u) and F,, = s~'(u;) the scheme theoretic fibres. Note that
F, is finite over x(u) as it is locally of finite type over k(u) with finitely many
points (for example it follows from the much more general Morphisms, Lemma
50.8). By Lemma we see that F, and F,; become isomorphic over a common
field extension of x(u) and s(u;). Hence we see that F),; is finite over s(u;). In
particular we see s~!({u;}) is a finite set for each j = 1,...,m. Thus we see that
assumptions (2) and (6) hold for each u; also (above we saw that U — S is quasi-
finite at u;). Hence the argument of the first paragraph applies to each u; and we
see that R — U is quasi-finite at each of the points of

{ri,...orn =5 " {ut, .. um})
Note that t({r1,...,r~}) = {u1,...,um} and t7*({u1,...,un}) = {ri,...,rn}
since R is a groupoi Moreover, we have pro(c™*({r1,...,75})) = {r1,...,rn}
and pry(c *({r1,...,rn})) = {r1,...,rn}. Similarly we get e({u1,...,un}) C
{r1,...,rn}and i({r1,...,rn}) ={ri,..., v }.

We may apply More on Morphisms, Lemma to the pairs (U — S, {u1,...,um})
and (R — S,{r1,...,7n}) to get an étale neighbourhood (S5’,p") — (S,p) which
induces an identification x(p) = k(p’) such that S’ xg U and S’ xg R decompose as

S'xsU=UT[W, & xsR=R][W

with U’ — S’ finite and (U’),» mapping bijectively to {u1,...,un}, and R’ — 5’
finite and (R’),, mapping bijectively to {r1,...,rn}. Moreover, no point of W,
(resp. (W'),s) maps to any of the points u; (resp. r;). At this point (a), (b), (c), and
(d) of the lemma are satisfied. Moreover, the inclusions of (e) and (f) hold on fibres
over p/, ie., s'((R)y) C (U)p, '((R)p) C (U')p, and /(R Xg.yrvv R )pr) C
(R)pr-

We claim that we can replace S’ by a Zariski open neighbourhood of p’ so that the
inclusions of (e) and (f) hold. For example, consider the set E = (s'|z/)~1(W).
This is open and closed in R’ and does not contain any points of R’ lying over
p’. Since R’ — S’ is closed, after replacing S’ by S’ \ (R' — S')(E) we reach a
situation where E is empty. In other words s’ maps R’ into U’. Note that this
property is preserved under further shrinking S’. Similarly, we can arrange it so
that ¢’ maps R’ into U’. At this point (e) holds. In the same manner, consider the
set F = (c’|R/XS,.U,1t,R/)_1(W’). It is open and closed in the scheme R’ x4y R’
which is finite over S’, and does not contain any points lying over p’. Hence after
replacing S’ by S'\ (R’ X yrv R — S")(E) we reach a situation where E is empty.
In other words we obtain the inclusion in (f). We may repeat the argument also
with the identity €’ : 8’ xg U — S’ xg R and the inverse 7’ : S’ xg R = S’ xs R
so that we may assume (after shrinking S’ some more) that (¢’|y/) 1 (W’) = 0 and

(@) "1 (W) = 0.

2Explanation in groupoid language: The original set {r1,...,rn} was the set of arrows with
source u. The set {u1,...,um} was the set of objects isomorphic to w. And {ri,...,rn} is the
set of all arrows between all the objects equivalent to w.
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At this point we see that we may consider the structure
/ / / /! / / -/
(U ?R 73 |R/7t |R/7C |R/Xt/,U’,s’R/’ € |U’a 7 |R/)

The axioms of a groupoid scheme over S’ hold because they hold for the groupoid
scheme (S' xg U, S’ xg R, s',t',c e, i'). O

Lemma 12.2. Let S be a scheme. Let (U, R, s,t,c) be a groupoid scheme over S.
Let p € S be a point, and let w € U be a point lying over p. Assume assumptions

(1) - (6) of Lemma[12.1] hold as well as
(7) 7: R— U xg U is universally closecﬂ.

Then we can choose (S',p") — (S,p) and decompositions S xs U = U' TIW and

S'xg R=R TOW' and v € U’ such that (a) - (g) of Lemma|12.1] hold as well as
(h) R’ is the restriction of S" xg R to U’.

Proof. We apply Lemma for the groupoid (U, R, s,t,c) over the scheme S

with points p and u. Hence we get an étale neighbourhood (5’,p') — (5,p) and
disjoint union decompositions

S'xsU=U0"1W, S xsR=RTUW

and v’ € U’ satisfying conclusions (a), (b), (¢), (d), (e), (f), and (g). We may shrink
S’ to a smaller neighbourhood of p’ without affecting the conclusions (a) — (g). We
will show that for a suitable shrinking conclusion (h) holds as well. Let us denote
j' the base change of j to S’. By conclusion (e) it is clear that

3N U" xg U') = R'TI Rest

for some open and closed Rest piece. Since U’ — S’ is finite by conclusion (d) we
see that U’ x ¢+ U’ is finite over S’. Since j is universally closed, also j’ is universally
closed, and hence j'|rest is universally closed too. By conclusions (b) and (c¢) we
see that the fibre of

(U xg U — S') 0 j'|Rest : Rest — S’

over p' is empty. Hence, since Rest — S’ is closed as a composition of closed
morphisms, after replacing S’ by S'\Im(Rest — S’), we may assume that Rest = ().
And this is exactly the condition that R’ is the restriction of S’ X R to the open
subscheme U’ C S’ xg U, see Groupoids, Lemma [16.3] and its proof. O

13. Finite groupoids

A groupoid scheme (U, R, s,t,¢) is sometimes called finite if the morphisms s and
t are finite. This is potentially confusing as it doesn’t imply that U or R or the
quotient sheaf U/R is finite over anything.

Lemma 13.1. Let (U, R, s,t,c) be a groupoid scheme over a scheme S. Assume
s,t are finite. There exists a sequence of R-invariant closed subschemes

U=2ZyD>7Z1D>4ZyD ...
such that (\ Z, = 0 and such that s~(Z,._1)\ s~ (Z,) = Z,_1 \ Z, is finite locally

free of rank r.

3n view of the other conditions this is equivalent to requiring j to be proper.
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Proof. Let {Z,.} be the stratification of U given by the fitting ideals of the finite
type quasi-coherent modules s,Op. See More on Flatness, Lemma [20.3] Since
the identity e : U — R is a section to s we see that s,Opr contains Og as a direct
summand. Hence U = Z_1 = Z; (details omitted). Since formation of fitting ideals
commutes with base change (More on Algebra, Lemma we find that s=1(Z,)
corresponds to the rth fitting ideal of pry ,Orx, ,,,r because the lower right square
of diagram is cartesian. Using the fact that the lower left square is also
cartesian we conclude that s=!(Z,) = t71(Z,), in other words Z, is R-invariant.
The morphism s~ %(Z,_1) \ s~ (Z,) = Z,_1 \ Z, is finite locally free of rank r
because the module s,Op pulls back to a finite locally free module of rank r on
Zr—1\ Z, by More on Flatness, Lemma O

Lemma 13.2. Let (U, R, s,t,c) be a groupoid scheme over a scheme S. Assume
s,t are finite. There exists an open subscheme W C U and a closed subscheme
W' C W such that

(1) W and W' are R-invariant,

(2) U =t(s~Y(W)) set theoretically,

(3) W is a thickening of W', and

(4) the maps s', t' of the restriction (W', R',s',t',c) are finite locally free.

Proof. Consider the stratification U = Zg D Z1 D Z3 D ... of Lemma [[3.1]

We will construct disjoint unions W = [[,~,; W, and W’ = [],., W/ with each
W/ — W, a thickening of R-invariant subschemes of U such that the morphisms
sl t! of the restrictions (W), R.., sl t!., c..) are finite locally free of rank r. To begin
we set W1 = W{ = U\ Z;. Thisis an R-invariant open subscheme of U, it is true that
Wy is a thickening of W, and the maps s}, | of the restriction (W7, R}, s},t},c})
are isomorphisms, i.e., finite locally free of rank 1. Moreover, every point of U \ Z;
is in t(s~1(W)).
Assume we have found subschemes W, C W,. C U for r < n such that

(1) wh,..., W, are disjoint,

(2) W, and W, are R-invariant,

(3) U\ Z,, C U,<, t(s71(W,)) set theoretically,

(4) W, is a thickening of W/,

(5) the maps s, ¢, of the restriction (W/, R.., s}t c.) are finite locally free of
rank 7.

Then we set
W1 =2n \ (Zn-i-l U Ur<n t(s_l(Wr)))

set theoretically and

= 2o\ (Zusa U _ 171 (T2)

scheme theoretically. Then W, is an R-invariant open subscheme of U because
Znt1 \ U\ Z,41 is open in U and U \ Z,4+1 is contained in the closed subset
U,.<,, t(s7*(W,)) we are removing by property (3) and the fact that ¢ is a closed
morphism. It is clear that W/ 41 is a closed subscheme of W, with the same
underlying topological space. Finally, properties (1), (2) and (3) are clear and
property (5) follows from Lemmam
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By Lemma we have (] Z, = (0. Hence every point of U is contained in U \ Z,
for some n. Thus we see that U = [J,~, t(s™'(W;)) set theoretically and we see
that (2) holds. Thus W’ C W satisfy (1), (2), (3), and (4). O

Let (U, R, s,t,c) be a groupoid scheme. Given a point u € U the R-orbit of u is the
subset t(s~1({u})) of U.

Lemma 13.3. In Lemma[13.3 assume in addition that s and t are of finite pre-
sentation. Then

(1) the morphism W' — W is of finite presentation, and
(2) if u € U is a point whose R-orbit consists of generic points of irreducible
components of U, then u e W.

Proof. In this case the stratification U = Zy D Z; D Zs D ... of Lemma [13.1] is
given by closed immersions Z), — U of finite presentation, see More on Flatness,
Lemma Part (1) follows immediately from this as W’ — W is locally given
by intersecting the open W by Z,.. To see part (2) let {uy,...,u,} be the orbit
of u. Since the closed subschemes Z) are R-invariant and () Z; = (), we find an k&
such that u; € Zy and u; € Zpy1 for all . The image of Z, — U and Zp41 — U
is locally constructible (Morphisms, Theorem . Since u; € U is a generic
point of an irreducible component of U, there exists an open neighbourhood U; of
u; which is contained in Zj \ Z11 set theoretically (Properties, Lemma . In
the proof of Lemma we have constructed W as a disjoint union [[ W, with
W, C Z,_1\ Z, such that U = Jt(s~1(W,.)). As {uy,...,u,} is an R-orbit we see
that u € t(s~1(W,)) implies u; € W, for some i which implies U; N W,. # () which
implies 7 = k. Thus we conclude that « is in

Wi = 2\ (Zea U _, 17 (W)
as desired. O

Lemma 13.4. Let (U, R, s,t,c) be a groupoid scheme over a scheme S. Assume s,t
are finite and of finite presentation and U quasi-separated. Let uy,...,u, € U be
points whose orbits consist of generic points of irreducible components of U. Then
there exist R-invariant subschemes V! CV C U such that

(1) ULy ee s U € V/;

(2) V is open in U,

(3) V' and V are affine,

(4) V' C V is a thickening of finite presentation,

(5) the morphisms s',t' of the restriction (V', R',s',t',¢') are finite locally free.

Proof. Let W/ C W C U be as in Lemma By Lemma we get u; € W
and that W’ — W is a thickening of finite presentation. By Limits, Lemma [10.3]
it suffices to find an R-invariant affine open subscheme V' of W’ containing u;
(because then we can let V- C W be the corresponding open subscheme which will
be affine). Thus we may replace (U, R, s,t,c) by the restriction (W', R, s',t',¢)
to W’'. In other words, we may assume we have a groupoid scheme (U, R, s,t,¢)
whose morphisms s and ¢ are finite locally free. By Properties, Lemma [27.1] we can
find an affine open containing the union of the orbits of uy, ..., u,,. Finally, we can
apply Groupoids, Lemma to conclude. O
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The following lemma is a special case of Lemma [[3.4] but we redo the argument as
it is slightly easier in this case (it avoids using Lemma [13.3]).

Lemma 13.5. Let (U, R, s,t,c) be a groupoid scheme over a scheme S. Assume
s,t finite, U 1is locally Noetherian, and uy,...,u, € U points whose orbits consist
of generic points of irreducible components of U. Then there exist R-invariant
subschemes V! C V. C U such that

(1) ULy .oy Um € V/,
2) V is open in U,
3) V' and V are affine,
4) V! CV is a thickening,
5) the morphisms s',t' of the restriction (V',R',s',t',c') are finite locally free.

A~ NN

Proof. Let {u;1,...,u;n,} be the orbit of u;. Let W' C W C U be as in Lemma
13.2} Since U = t(s~}(W)) we see that at least one u;; € W. Since uj; is a
generic point of an irreducible component and U locally Noetherian, this implies
that uj; € W. Since W is R-invariant, we conclude that u; € W and in fact
the whole orbit is contained in W. By Cohomology of Schemes, Lemma it
suffices to find an R-invariant affine open subscheme V' of W’ containing u1, . . . , U,
(because then we can let V' C W be the corresponding open subscheme which will
be affine). Thus we may replace (U, R, s,t,c) by the restriction (W', R, s’ t',¢)
to W’. In other words, we may assume we have a groupoid scheme (U, R, s,t,c¢)
whose morphisms s and ¢ are finite locally free. By Properties, Lemma [27.1] we
can find an affine open containing {u;;} (a locally Noetherian scheme is quasi-
separated by Properties, Lemma . Finally, we can apply Groupoids, Lemma
2211 to conclude. O

Lemma 13.6. Let (U, R, s,t,c) be a groupoid scheme over a scheme S with s,t
integral. Let g : U' — U be an integral morphism such that every R-orbit in U
meets g(U’). Let (U ,R',s',t',c) be the restriction of R to U'. If ' € U’ is
contained in an R'-invariant affine open, then the image u € U is contained in an
R-invariant affine open of U.

Proof. Let W/ C U’ be an R'-invariant affine open. Set R = U’ x, 7+ R with
maps pry : R — U and h = so pry R — U. Observe that pro and h are
integral. It follows that W = pry*(W’) is affine. Since W’ is R'-invariant, the
image W = h(W) is set theoretically R-invariant and W=h! (W) set theoretically
(details omitted). Thus, if we can show that W is open, then W is a scheme and
the morphism W — W is integral surjective which implies that W is affine by
Limits, Proposition However, our assumption on orbits meeting U’ implies
that i : R — U is surjective. Since an integral surjective morphism is submersive
(Topology, Lemma and Morphisms, Lemma it follows that W is open. [

The following technical lemma produces “almost” invariant functions in the situa-
tion of a finite groupoid on a quasi-affine scheme.

Lemma 13.7. Let (U, R, s,t,c) be a groupoid scheme with s,t finite and of finite
presentation. Let uy, ..., u, € U be points whose R-orbits consist of generic points
of irreducible components of U. Let j : U — Spec(A) be an immersion. Let I C A
be an ideal such that j(U)YNV(I) =0 and V(I)Uj(U) is closed in Spec(A). Then
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there exists an h € I such that j7-1D(h) is an R-invariant affine open subscheme
of U containing uy, ..., Up,.

Proof. Let uy,...,u, €V CV CUbeasin Lemma Since U\ V is closed in
U, j an immersion, and V(I)Uj(U) is closed in Spec(A), we can find an ideal J C I
such that V(J) = V(I)Uj(U \ V). For example we can take the ideal of elements
of I which vanish on j(U \ V). Thus we can replace (U, R, s,t,c), j : U — Spec(A),
and I by (V'R s',t',c), jlv: : V' — Spec(A), and J. In other words, we may
assume that U is affine and that s and ¢ are finite locally free. Take any f € I which
does not vanish at all the points in the R-orbits of u,...,u,, (Algebra, Lemma
[14.2). Consider
g9 = Norm,(t*(j*(f))) € T(U, Ov)

Since f € I and since V(I) U j(U) is closed we see that U N D(f) — D(f) is a
closed immersion. Hence f"g is the image of an element A € I for some n > 0.
We claim that h works. Namely, we have seen in Groupoids, Lemma that
g is an R-invariant function, hence D(g) C U is R-invariant. Since f does not
vanish on the orbit of u;, the function g does not vanish at w;. Moreover, we have
V(g) D V(j4(f)) and hence ;7' D(h) = D(g). O

Lemma 13.8. Let (U, R, s,t,c) be a groupoid scheme. If s,t are quasi-finite, and
u,u’ € R are distinct points in the same orbit, then v’ is not a specialization of u.

Proof. Let r € R with s(r) = u and ¢(r) = /. If u ~» o' then we can find a
nontrivial specialization r ~» ' with s(r’) = v/, see Schemes, Lemma Set
u” = t(r"). Note that u” # u' as there are no specializations in the fibres of a
quasi-finite morphism. Hence we can continue and find a nontrivial specialization
r’ ~ " with s(r”) = u”, etc. This shows that the orbit of u contains an infinite

sequence u ~ u’ ~ u” ~~ ... of specializiations which is nonsense as the orbit
t(s71({u})) is finite. O

Lemma 13.9. Let j : V — Spec(A) be a quasi-compact immersion of schemes.
Let f € A be such that j7*D(f) is affine and j(V) NV (f) is closed. Then V is

affine.

Proof. We encourage the reader to find their own proof of this lemma. Let A’ =
I'(V,0Oy). Then j' : V — Spec(A’) is a quasi-compact open immersion, see Prop-
erties, Lemma [15.4] Let f’ € A’ be the image of f. Then (j')"*D(f") = j~*D(f)
is affine. On the other hand, j/(V) NV (f’) is a subscheme of Spec(A’) which maps
isomorphically to the closed subscheme j(V) NV (f) of Spec(A). Hence it is closed
in Spec(A’) for example by Schemes, Lemma Thus we may replace A by A’
and assume that j is an open immersion and A = T'(V, Oy).

In this case we claim that j(V') = Spec(A) which finishes the proof. If not, then we
can find a principal affine open D(g) C Spec(A) which meets the complement and
avoids the closed subset j(V) N V(f). Note that j maps j~'D(f) isomorphically
onto D(f), see Properties, Lemma [15.3] Hence D(g) meets V(f). On the other
hand, j71D(g) is a principal open of the affine open j~'D(f) hence affine. Hence
by Properties, Lemma again we see that D(g) is isomorphic to j71D(g) C
j~1D(f) which implies that D(g) C D(f). This contradiction finishes the proof. O

Lemma 13.10. Let (U, R, s,t,¢) be a groupoid scheme. Let uw € U. Assume
(1) s,t are finite morphisms,
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(2) U is separated and locally Noetherian,
(3) dim(Oy ) <1 for every point u' in the orbit of u.
Then w is contained in an R-invariant affine open of U.

Proof. The R-orbit of w is finite. By conditions (2) and (3) it is contained in an
affine open U’ of U, see Varieties, Proposition Then t(s=1(U \ U’)) is an
R-invariant closed subset of U which does not contain u. Thus U\ ¢(s~ (U \U")) is
an R-invariant open of U’ containing u. Replacing U by this open we may assume
U is quasi-affine.

By Lemma [13.6] we may replace U by its reduction and assume U is reduced. This
means R-invariant subschemes W/ C W C U of Lemma [13.2] are equal W’/ = W.
As U = t(s~}(W)) some point u’ of the R-orbit of u is contained in W and by
Lemmawe may replace U by W and u by «/. Hence we may assume there is a
dense open R-invariant subscheme W C U such that the morphisms sy, ty of the
restriction (W, Rw, sw, tw, cw) are finite locally free.

If u € W then we are done by Groupoids, Lemma (because W is quasi-affine so
any finite set of points of W is contained in an affine open, see Properties, Lemma
27.5)). Thus we assume u ¢ W and hence none of the points of the orbit of u is in
W. Let £ € U be a point with a nontrivial specialization to a point u’ in the orbit
of u. Since there are no specializations among the points in the orbit of v (Lemma
we see that £ is not in the orbit. By assumption (3) we see that £ is a generic
point of U and hence £ € W. As U is Noetherian there are finitely many of these
points &1,...,&, € W. Because sy ,ty are flat the orbit of each &; consists of
generic points of irreducible components of W (and hence U).

Let j : U — Spec(A) be an immersion of U into an affine scheme (this is possible as
U is quasi-affine). Let J C A be an ideal such that V (J)Nj(W) = 0 and V (J)Uj(W)
is closed. Apply Lemma to the groupoid scheme (W, Rw, sw,tw,cw), the
morphism jlw : W — Spec(A), the points ¢;, and the ideal J to find an f € J
such that (jlw ) 'D(f) is an Ry -invariant affine open containing &; for all j. Since
f € J we see that j71D(f) C W, i.e., 771 D(f) is an R-invariant affine open of U
contained in W containing all ;.

Let Z be the reduced induced closed subscheme structure on

U\G'D(f) =i~V (f).
Then Z is set theoretically R-invariant (but it may not be scheme theoretically
R-invariant). Let (Z, Rz, sz,tz,cz) be the restriction of R to Z. Since Z — U is
finite, it follows that sz and tz are finite. Since u € Z the orbit of u is in Z and
agrees with the Rz-orbit of u viewed as a point of Z. Since dim(Oyp,/) < 1 and
since &; ¢ Z for all j, we see that dim(Qz,/) < 0 for all ¥’ in the orbit of u. In

other words, the Rz-orbit of u consists of generic points of irreducible components
of Z.

Let I C A be an ideal such that V(1) N j(U) = ® and V(I) U j(U) is closed.
Apply Lemma to the groupoid scheme (Z, Rz, sz,tz,cz), the restruction j|z,
the ideal I, and the point u € Z to obtain h € I such that j71D(h) N Z is an
Rz-invariant open affine containing w.

Consider the Ryy-invariant (Groupoids, Lemma 21.2) function
g = Normy, (ty (7*(h)|w)) € T(W, Ow)
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(In the following we only need the restriction of g to ;=1 D(f) and in this case the
norm is along a finite locally free morphism of affines.) We claim that

V=W,nj'D(f))u(G'D(h)NZ)

is an R-invariant affine open of U which finishes the proof of the lemma. It is set
theoretically R-invariant by construction. As V' is a constuctible set, to see that it
is open it suffices to show it is closed under generalization in U (Topology, Lemma
or the more general Topology, Lemma. Since W, Nj~1D(f) is open in U,
it suffices to consider a specialization u; ~» ug of U with uy € j~*D(h) N Z. This
means that h is nonzero in j(usz) and ug € Z. If u; € Z, then j(uy) ~ j(uz) and
since h is nonzero in j(us) it is nonzero in j(uy) which implies uy € V. If uy € Z
and also not in Wy N j~1D(f), then uy € W, uy € W, because the complement of
Z = j7YV(f) is contained in W N j~1D(f). Hence there exists a point 71 € R with
s(r1) = uq such that h is zero in t(r1). Since s is finite we can find a specialization
r1 ~> 19 With s(re) = us. However, then we conclude that f is zero in u) = t(r2)
which contradicts the fact that j='D(h) N Z is R-invariant and us is in it. Thus V
is open.

Observe that V' C j71D(h) for our function h € I. Thus we obtain an immersion

j' 'V — Spec(Ap)

Let f' € Aj, be the image of f. Then (j')~*D(f’) is the principal open determined
by ¢ in the affine open 571 D(f) of U. Hence (5')~'D(f) is affine. Finally, j/(V) N
V(f') = /(G- D(h) N Z) is closed in Spec(Ay,/(f")) = Spec((A/f)n) = DRINV(S)
by our choice of h € I and the ideal I. Hence we can apply Lemma[I3.9)to conclude
that V is affine as claimed above. [

14. Descending ind-quasi-affine morphisms

Ind-quasi-affine morphisms were defined in More on Morphisms, Section This
section is the analogue of Descent, Section [34] for ind-quasi-affine-morphisms.

Let X be a quasi-separated scheme. Let £ C X be a subset which is an intersection
of a nonempty family of quasi-compact opens of X. Say E = (,.; U; with U; C X
quasi-compact open and I nonempty. By adding finite intersections we may assume
that for 4,7 € I there exists a k € I with U, C U; N Uj;. In this situation we have

(14.0.1) I'(E, Flg) = colimT'(U;, Flu,)

for any sheaf F defined on X. Namely, fix iy € I and replace X by U;, and
I'by{ielI|U; CUy,}. Then X is quasi-compact and quasi-separated, hence
a spectral space, see Properties, Lemma Then we see the equality holds by

Topology, Lemma and Sheaves, Lemma [20.4 (In fact, the formula holds for
higher cohomology groups as well if F is abelian, see Cohomology, Lemma m)

Lemmal 14.1. Let X be an ind-quasi-affine scheme. Let E C X be an intersection
of a monempty family of quasi-compact opens of X. Set A = T'(E,Ox|g) and
Y = Spec(A). Then the canonical morphsm

j : (E, OX|E) — (Y, Oy)

of Schemes, Lemma determines an isomorphism (E,Ox|g) — (E',Oy|g)
where E' C Y is an intersection of quasi-compact opens. If W C E is open in
X, then j(W) is open in Y.
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Proof. Note that (E, Ox|g) is a locally ringed space so that Schemes, Lemma [6.4]
applies to A — I'(E, Ox|g). Write E = (,c; U; with I # () and U; C X quasi-
compact open. We may and do assume that for i,j € I there exists a k € I with
Ur C U;NU;. Set A; =T'(U;, Op,). We obtain commutative diagrams

(E7 OX ‘E) - (SpeC(A)v OSpcc(A))

l |

(Uiv OU7) - (SpeC(Ai)v OSpec(Ai))

Since U; is quasi-affine, we see that U; — Spec(4;) is a quasi-compact open im-
mersion. On the other hand A = colim A;. Hence Spec(A) = lim Spec(A4;) as
topological spaces (Limits, Lemma . Since F = limU; (by Topology, Lemma
23.7) we see that E — Spec(A) is a homeomorphism onto its image E’ and that
E’ is the intersection of the inverse images of the opens U; C Spec(A4;) in Spec(A).
For any e € E the local ring Ox . is the value of Oy, . which is the same as the
value on Spec(A).

To prove the final assertion of the lemma we argue as follows. Pick i,5 € I with
U; C U;. Consider the following commtuative diagrams

U; — Spec(A;) W —— Spec(4;) W —— Spec(A4)

R N T

U; — Spec(4;) W —— Spec(4;) W —— Spec(4;)

By Properties, Lemma the first diagram is cartesian. Hence the second is
cartesian as well. Passing to the limit we find that the third diagram is cartesian,
so the top horizontal arrow of this diagram is an open immersion. (]

Lemmal 14.2. Suppose given a cartesian diagram

X —— Spec(B)

|

Y —— Spec(A)

of schemes. Let E C Y be an intersection of a nonempty family of quasi-compact
opens of Y. Then

L(f~Y(E),Ox|f-1(m)) =T(E,Oy|g) ®a B
provided Y is quasi-separated and A — B is flat.

Proof. Write E = (,.; Vi with V; C Y quasi-compact open. We may and do
assume that for ¢,j € I there exists a &k € I with V}, C V; N V;. Then we have
similarly that f~'(E) = (,c; f~*(Vi) in X. Thus the result follows from equation
and the corresponding result for V; and f~1(V;) which is Cohomology of
Schemes, Lemma [5.2 O

Lemma 14.3 (Gabber). Let S be a scheme. Let {X; — S}ier be an fpge covering.
Let (Vi/ X, pij) be a descent datum relative to {X; — S}, see Descent, Definition
30.5.  If each morphism V; — X, is ind-quasi-affine, then the descent datum is
effective.
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Proof. Being ind-quasi-affine is a property of morphisms of schemes which is pre-
served under any base change, see More on Morphisms, Lemma Hence De-
scent, Lemma applies and it suffices to prove the statement of the lemma in
case the fpqc-covering is given by a single {X — S} flat surjective morphism of
affines. Say X = Spec(A) and S = Spec(R) so that R — A is a faithfully flat ring
map. Let (V, ) be a descent datum relative to X over S and assume that V' — X
is ind-quasi- aﬂine7 in other words, V is ind-quasi-affine.

Let (U, R, s,t,c) be the groupoid scheme over S with U = X and R = X xg X
and s, t, ¢ as usual. By Groupoids, Lemma the pair (V, ) corresponds to
a cartesian morphism (U’, R',s',t',¢') — (U, R, s,t,c) of groupoid schemes. Let
u’ € U’ be any point. By Groupoids, Lemmas [17.2] [17.3] and [17.4] we can choose
u € W C E C U where W is open and R'-invariant, and E is set-theoretically
R/-invariant and an intersection of a nonempty family of quasi-compact opens.

Translating back to (V, ), for any v € V we can find v € W C E C V with the
following properties: (a) W is open and (W xg X) = X xg W and (b) E an
intersection of quasi-compact opens and ¢(E xg X) = X xg E set-theoretically.
Here we use the notation £ xg X to mean the inverse image of F in V' xg X by
the projection morphism and similarly for X xg F. By Lemma this implies
that ¢ defines an isomorphism

D(E,Ov|p) @r A=T(E x5 X, Ovxsx|Exsx)
= I'(X x5 B, Oxxsv|xxsE)
=AerT'(E,Ov|g)
of A ®p A-algebras which we will call 1. The cocycle condition for ¢ tranlates
into the cocycle condition for v as in Descent, Definition (details omitted). By
Descent, Proposition [3.9)we find an R-algebra R’ and an isomorphism x : R'@rA —

I'(E,Ov|g) of A-algebras, compatible with ¢ and the canonical descent datum on
R ®r A.

By Lemma we obtain a canonical “embedding”
j: (E,Ov|g) — Spec(I'(E,Oy|g)) = Spec(R’ ®g A)

of locally ringed spaces. The construction of this map is canonical and we get a
commutative diagram

Y e

Spec(R' @r A) Spec(R' ®r A)

/

Spec(R' ®r AQpr A)

/\
\/

Spec(R’)

where j' and j” come from the same construction applied to £ xg X C V xg X
and X xg F C X xgV via x and the identifications used to construct . It follows
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that j(W) is an open subscheme of Spec(R’ ® g A) whose inverse image under the
two projections Spec(R' ®r A ®r A) — Spec(R’' ®g A) are equal. By Descent,
Lemma [9.2] we find an open Wy C Spec(R’) whose base change to Spec(A) is j(W).
Contemplating the diagram above we see that the descent datum (W, ¢|wx¢x) is
effective. By Descent, Lemma [31.13] we see that our descent datum is effective. [
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