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2 COHOMOLOGY OF SHEAVES

[40.  Other chapters| 77
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1. Introduction

In this document we work out some topics on cohomology of sheaves on topological
spaces. We mostly work in the generality of modules over a sheaf of rings and we
work with morphisms of ringed spaces. To see what happens for sheaves on sites
take a look at the chapter Cohomology on Sites, Section Basic references are
[God73] and [[ve86].

2. Topics
Here are some topics that should be discussed in this chapter, and have not yet
been written.
1) Ext-groups.
2) Ext sheaves.
3) Tor functors.
4) Derived pullback for morphisms between ringed spaces.
5)
6)

Cup-product.
Etc, etc, etc.

3. Cohomology of sheaves

Let X be a topological space. Let F be a abelian sheaf. We know that the category
of abelian sheaves on X has enough injectives, see Injectives, Lemma [4.1 Hence
we can choose an injective resolution F[0] — Z°®. As is customary we define

(3.0.1) HY(X,F)=H(T'(X,I%)

to be the ith cohomology group of the abelian sheaf F. The family of functors
HY((X,—) forms a universal d-functor from Ab(X) — Ab.

Let f : X — Y be a continuous map of topological spaces. With F[0] — Z°* as
above we define

(3.0.2) R'f.F = H(f.T%

to be the ith higher direct image of F. The family of functors R’ f, forms a universal
d-functor from Ab(X) — Ab(Y).

Let (X,0Ox) be a ringed space. Let F be an Ox-module. We know that the
category of Ox-modules on X has enough injectives, see Injectives, Lemma [5.1
Hence we can choose an injective resolution F[0] — Z°. As is customary we define

(3.0.3) HY(X,F)=H'(T'(X,I%)
to be the ith cohomology group of F. The family of functors H*((X,—) forms a
universal -functor from Mod(Ox) — Modo (x)-

Let f: (X,0x) — (Y,0Oy) be a morphism of ringed spaces. With F[0] — Z* as
above we define

(3.0.4) R f.F = H'(f.1°)
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to be the ith higher direct image of F. The family of functors R! f, forms a universal
o-functor from Mod(Ox) — Mod(Oy).

4. Derived functors

We briefly explain an approach to right derived functors using resolution functors.
Let (X,Ox) be a ringed space. The category Mod(Ox) is abelian, see Modules,
Lemma In this chapter we will write

K(X)=K(Ox) = K(Mod(Ox)) and D(X)= D(Ox)= D(Mod(Ox)).

and similarly for the bounded versions for the triangulated categories introduced
in Derived Categories, Definition [8.1I] and Definition [I1.3] By Derived Categories,
Remark 24.3] there exists a resolution functor

j=jx : K¥(Mod(Ox)) — K*(I)

where Z is the strictly full additive subcategory of Mod(Ox) consisting of injective
sheaves. For any left exact functor F' : Mod(Ox) — B into any abelian category
B we will denote RF' the right derived functor described in Derived Categories,
Section [20] and constructed using the resolution functor jx just described:

(4.0.5) RF = Foj%s : DY (X) — D" (B)

see Derived Categories, Lemma for notation. Note that we may think of RF
as defined on Mod(Ox), Comp™(Mod(Ox)), K*(X), or D*(X) depending on the
situation. According to Derived Categories, Definition we obtain the ith right
derived functor

(4.0.6) R'F = H' o RF : Mod(Ox) — B

so that R°F = F and {R'F,d};>0 is universal d-functor, see Derived Categories,
Lemma [20.41

Here are two special cases of this construction. Given a ring R we write K(R) =
K(Modg) and D(R) = D(Modg) and similarly for bounded versions. For any open
U C X we have a left exact functor I'(U, —) : Mod(Ox) — Modp (yy which gives
rise to

(4.0.7) RT(U,—) : D¥(X) — DT (Ox(U))

by the discussion above. We set H(U,—) = RT(U,-). If U = X we recover
(3.0.3). If f: X — Y is a morphism of ringed spaces, then we have the left exact
functor f. : Mod(Ox) — Mod(Oy) which gives rise to the derived pushforward

(4.0.8) Rf, : DY(X) — DT (Y)

The ith cohomology sheaf of Rf,F*® is denoted R'f,F*® and called the ith higher
direct image in accordance with (3.0.4). The two displayed functors above are exact
functor of derived categories.

Abuse of notation: When the functor Rf,, or any other derived functor, is
applied to a sheaf F on X or a complex of sheaves it is understood that F has been
replaced by a suitable resolution of F. To facilitate this kind of operation we will
say, given an object F* € D(X), that a bounded below complex Z* of injectives of
Mod(Ox) represents F* in the derived category if there exists a quasi-isomorphism
F* — Z°. In the same vein the phrase “let a : F* — G*® be a morphism of D(X)”
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does not mean that « is represented by a morphism of complexes. If we have an
actual morphism of complexes we will say so.

5. First cohomology and torsors

Definition 5.1. Let X be a topological space. Let G be a sheaf of (possibly non-
commutative) groups on X. A torsor, or more precisely a G-torsor, is a sheaf of
sets F on X endowed with an action G x F — F such that

(1) whenever F(U) is nonempty the action G(U) x F(U) — F(U) is simply

transitive, and

(2) for every xz € X the stalk F, is nonempty.
A morphism of G-torsors F — F' is simply a morphism of sheaves of sets compatible
with the G-actions. The trivial G-torsor is the sheaf G endowed with the obvious
left G-action.

It is clear that a morphism of torsors is automatically an isomorphism.

Lemma 5.2. Let X be a topological space. Let G be a sheaf of (possibly non-
commutative) groups on X. A G-torsor F is trivial if and only if F(X) # 0.

Proof. Omitted. (]

Lemma) 5.3. Let X be a topological space. Let H be an abelian sheaf on X. There
is a canonical bijection between the set of isomorphism classes of H-torsors and
HY (X, H).

Proof. Let F be a H-torsor. Consider the free abelian sheaf Z[F] on F. It is the
sheafification of the rule which associates to U C X open the collection of finite
formal sums Y n;[s;] with n; € Z and s; € F(U). There is a natural map

oc:ZIF] —Z

which to a local section Y n;[s;] associates Y m,;. The kernel of ¢ is generated by
the local section of the form [s] — [s’]. There is a canonical map a : Ker(c) — H

which maps [s] — [s'] — h where h is the local section of H such that h-s = 5.
Consider the pushout diagram

0 —— Ker(o) Z[F] VA 0

0 H & VA 0

Here & is the extension obtained by pushout. From the long exact cohomology
sequence associated to the lower short exact sequence we obtain an element & =
&7 € HY(X,H) by applying the boundary operator to 1 € H(X, Z).

Conversely, given £ € H'(X,H) we can associate to ¢ a torsor as follows. Choose
an embedding H — Z of H into an injective abelian sheaf Z. We set Q = Z/H so
that we have a short exact sequence

0 H A Q 0

The element ¢ is the image of a global section ¢ € H°(X, Q) because H'(X,Z) =0
(see Derived Categories, Lemma [20.4). Let F C Z be the subsheaf (of sets) of
sections that map to ¢ in the sheaf Q. It is easy to verify that F is a torsor.
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We omit the verification that the two constructions given above are mutually in-
verse. (]

6. First cohomology and invertible sheaves
The Picard group of a ringed space is defined in Modules, Section

Lemma 6.1. Let (X,0x) be a ringed space. There is a canonical isomorphism
HY(X,0%) = Pic(X).
of abelian groups.
Proof. Let £ be an invertible Ox-module. Consider the presheaf £* defined by
the rule
U — {s € L(U) such that Oy 2= Ly is an isomorphism}

This presheaf satisfies the sheaf condition. Moreover, if f € O%(U) and s € L*(U),
then clearly fs € £*(U). By the same token, if s,s" € £L*(U) then there exists a
unique f € O%(U) such that fs = s’. Moreover, the sheaf £* has sections locally
by the very definition of an invertible sheaf. In other words we see that £* is a
O%-torsor. Thus we get a map

invertible sheaves on (X, Ox) O%-torsors
up to isomorphism up to isomorphism

We omit the verification that this is a homomorphism of abelian groups. By Lemma
the right hand side is canonically bijective to H!(X, O%). Thus we have to show
this map is injective and surjective.

Injective. If the torsor £* is trivial, this means by Lemma that £* has a global
section. Hence this means exactly that £ = Ox is the neutral element in Pic(X).

Surjective. Let F be an O%-torsor. Consider the presheaf of sets

L1:U+— (F(U) x Ox(U))/0%(U)
where the action of f € O%(U) on (s,g) is (fs, f~'g). Then £; is a presheaf of
Ox-modules by setting (s,g) + (s',¢") = (s,g9 + (s'/s)g’) where s'/s is the local
section f of O% such that fs = ¢, and h(s, g) = (s, hg) for h a local section of Ox.

We omit the verification that the sheafification £ = £¥ is an invertible O x-module
whose associated O%-torsor £L* is isomorphic to F. O

7. Locality of cohomology

The following lemma says there is no ambiguity in defining the cohomology of a
sheaf F over an open.

Lemma 7.1. Let X be a ringed space. Let U C X be an open subspace.
(1) If T is an injective Ox-module then Z|y is an injective Oy -module.
(2) For any sheaf of Ox-modules F we have HP (U, F) = HP(U, F|v).

Proof. Denote j : U — X the open immersion. Recall that the functor j—! of
restriction to U is a right adjoint to the functor j, of extension by 0, see Sheaves,
Lemma Moreover, j is exact. Hence (1) follows from Homology, Lemma [25.1]

By definition H?(U,F) = HP(I'(U,Z°*)) where F — Z° is an injective resolution
in Mod(Ox). By the above we see that F|y — Z°®|y is an injective resolution in
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Mod(Oy). Hence HP(U, F|y) is equal to HP(T'(U,Z%|y)). Of course I'(U, F) =
I'(U, Fly) for any sheaf F on X. Hence the equality in (2). O

Let X be a ringed space. Let F be a sheaf of Ox-modules. Let U C V C X be
open subsets. Then there is a canonical restriction mapping

(7.1.1) H"(V,F)— H"(U,F), &—¢lu

functorial in F. Namely, choose any injective resolution F — Z*®. The restriction
mappings of the sheaves ZP give a morphism of complexes

I(V,7%) — T(U,T°)

The LHS is a complex representing RT'(V, F) and the RHS is a complex representing
RT(U, F). We get the map on cohomology groups by applying the functor H". As
indicated we will use the notation & — |y to denote this map. Thus the rule
U+ H"(U,F) is a presheaf of Ox-modules. This presheaf is customarily denoted
H"(F). We will give another interpretation of this presheaf in Lemma m

Lemma) 7.2. Let X be a ringed space. Let F be a sheaf of Ox-modules. Let U C X
be an open subspace. Let n > 0 and let £ € H™(U,F). Then there exists an open
covering U =, ., U; such that €|y, =0 for alli € 1.

icl
Proof. Let F — Z* be an injective resolution. Then

Ker(Z"(U) — I"1(U))

Im(Z»—Y(U) — In(U))

Pick an element £ € Z"(U) representing the cohomology class in the presentation
above. Since Z°* is an injective resolution of F and n > 0 we see that the complex Z*
is exact in degree n. Hence Im(Z"~1 — Z") = Ker(Z"™ — Z""!) as sheaves. Since
§ is a section of the kernel sheaf over U we conclude there exists an open covering
U = U;e; Ui such that €|y, is the image under d of a section & € Z" 1(Uj;).

By our definition of the restriction £|y, as corresponding to the class of &|y, we
conclude. |

H"(U,F) =

Lemma 7.3. Let f : X — Y be a morphism of ringed spaces. Let F be a Ox-
module. The sheaves R'f,F are the sheaves associated to the presheaves

Vi H'(fH(V), F)
with restriction mappings as in Equation . There is a similar statement for
R f. applied to a bounded below complex F*°.

Proof. Let F — I°® be an injective resolution. Then R’f,F is by definition the
ith cohomology sheaf of the complex

fI° — f.T = f.I% — ...
By definition of the abelian category structure on Oy-modules this cohomology
sheaf is the sheaf associated to the presheaf
Ker(f.ZHV) — f.Z71(V))

V2 (V) & LT

and this is obviously equal to
Ker(Z'(f (V) = T (f~H(V)))
Im(Z=(f=H(V)) = Z°(f~1(V)))
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which is equal to H:(f~1(V),F) and we win. O

Lemma 7.4. Let f: X — Y be a morphism of ringed spaces. Let F be an Ox-
module. Let V. C'Y be an open subspace. Denote g : f~1(V) — V the restriction
of f. Then we have

RPg (Flp-10n)) = (RP fo F)lv
There is a similar statement for the derived image Rf.F* where F* is a bounded
below complex of Ox -modules.

Proof. First proof. Apply Lemmas [7.3 and to see the displayed equality.
Second proof. Choose an injective resolution F — Z* and use that F|s—1y) —
T°*|s-1(v) is an injective resolution also.

Remark| 7.5. Here is a different approach to the proofs of Lemmas and
above. Let (X,0x) be a ringed space. Let ix : Mod(Ox) — Mod(Ox) be the
inclusion functor and let # be the sheafification functor. Recall that ix is left
exact and # is exact.

(1) First prove Lemma below which says that the right derived functors
of ix are given by RPix F = HP(F). Here is another proof: The equality is
clear for p = 0. Both (RPix)p>0 and (H?),>o are delta functors vanishing
on injectives, hence both are universal, hence they are isomorphic. See
Homology, Section

(2) A restatement of Lemma is that (H”(F))# =0, p > 0 for any sheaf of
Ox-modules F. To see this is true, use that # is exact so

(HP(F))* = (RPix F)* = RP(#0ix)(F) = 0

because # o ix is the identity functor.

(3) Let f: X — Y be a morphism of ringed spaces. Let F be an Ox-module.
The presheaf V +— HP(f~1V,F) is equal to RP(iy o f.)F. You can prove
this by noticing that both give universal delta functors as in the argument
of (1) above. Hence Lemma |7.3|says that RP f,F = (RP(iy o f.)F)*. Again
using that # is exact a that # oy is the identity functor we see that

RPf.F = RP(4# oy o f.)F = (RP(iy o fu)F)*

as desired.

8. Projection formula

In this section we collect variants of the projection formula. The most basic version
is Lemma

Lemma 8.1. Let X be a ringed space. Let T be an injective Ox-module. Let € be
an Ox-module. Assume & is finite locally free on X, see Modules, Definition [14.1].
Then € @0, L is an injective Ox-module.

Proof. This is true because under the assumptions of the lemma we have
Homo, (F, € ®oy I) = Home,, (F @0, £",T)

where £ = Home, (£,Ox) is the dual of £ which is finite locally free also. Since
tensoring with a finite locally free sheaf is an exact functor we win by Homology,
Lemma 232 O
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Lemma 8.2. Let f: X — Y be a morphism of ringed spaces. Let F be an Ox-
module. Let £ be an Oy -module. Assume £ is finite locally free on'Y, see Modules,
Definition|14.1. Then there exist isomorphisms

E®oy, RIfF — RUf(fE @0y F)
for all ¢ > 0. In fact there exists an isomorphism

E®oy RfF — Rf(fE ®oy F)
in DT(Y) functorial in F.
Proof. Choose an injective resolution F — Z*® on X. Note that f*£ is finite locally
free also, hence we get a resolution

[fE®@oy F— ffER®Roy I°

which is an injective resolution by Lemma Apply f. to see that

Rf(f"€ @ox F) = fu(JT€ @ox I°).

Hence the lemma follows if we can show that f.(f*€ ®o, F) = € ®o, [f«(F)
functorially in the Ox-module F. This is clear when £ = O;‘?”, and follows in
general by working locally on Y. Details omitted. (Il

9. Mayer-Vietoris

Below will construct the Cech-to-cohomology spectral sequence, see Lemma m
A special case of that spectral sequence is the Mayer-Vietoris long exact sequence.
Since it is such a basic, useful and easy to understand variant of the spectral
sequence we treat it here separately.

Lemma 9.1. Let X be a ringed space. Let U' C U C X be open subspaces. For
any injective O x -module T the restriction mapping Z(U) — Z(U’) is surjective.

Proof. Let j: U — X and 5/ : U’ — X be the open immersions. Recall that j,Oy
is the extension by zero of Oy = Ox|y, see Sheaves, Section Since j is a left
adjoint to restriction we see that for any sheaf F of Ox-modules

HOHIOX (j[OU, ]:) = HOHIOU (OU,]:‘U) = ]:(U)
see Sheaves, Lemma Similarly, the sheaf jjOy- represents the functor F
F(U"). Moreover there is an obvious canonical map of Ox-modules

310 — 710y
which corresponds to the restriction mapping F(U) — F(U’) via Yoneda’s lemma
(Categories, Lemma . By the description of the stalks of the sheaves j/ Oy,
71Oy we see that the displayed map above is injective (see lemma cited above).
Hence if 7 is an injective O x-module, then the map
Homo, (j1Ov,Z) — Homo, (jiOv, T)

is surjective, see Homology, Lemma [23.2] Putting everything together we obtain
the lemma. O

Lemma 9.2 (Mayer-Vietoris). Let X be a ringed space. Suppose that X = U UV
is a union of two open subsets. For every Ox-module F there exists a long exact
cohomology sequence

0— HX,F)— H(U,F)e H (V,F) - H(UNV,F) - H (X, F) - ...
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This long exact sequence is functorial in F.

Proof. The sheaf condition says that the kernel of (1,-1) : F(U) ® F(V) —
F(U NYV) is equal to the image of F(X) by the first map for any abelian sheaf
F. Lemma [0.1] above implies that the map (1,-1) : Z(U) @ Z(V) - Z(U N V) is
surjective whenever 7 is an injective Ox-module. Hence if F — Z* is an injective
resolution of F, then we get a short exact sequence of complexes

0= I°(X) = I°(U) & I°(V) = I°(UNV) — 0.

Taking cohomology gives the result (use Homology, Lemma [12.12)). We omit the
proof of the functoriality of the sequence. ([

Lemma 9.3 (Relative Mayer-Vietoris). Let f : X — Y be a morphism of ringed
spaces. Suppose that X = U UV is a union of two open subsets. Denote a = f|y :
U=Y,b=fly: V=Y, andc= fluny : UNV = Y. For every Ox-module F
there exists a long exact sequence

0 = fuF = au(Flv) ® b (Flv) = co(Fluay) = R foF — ...
This long exact sequence is functorial in F.

Proof. Let F — Z°* be an injective resolution of F. We claim that we get a short
exact sequence of complexes

0— fZI° = a.Z%u ®bI%v = eI |unv — 0.

Namely, for any open W C Y, and for any n > 0 the corresponding sequence of
groups of sections over W

0= I f W) - T UNfrW)HeZ"(VNft(W)) = IUnVnf 1 (W)) =0

was shown to be short exact in the proof of Lemma [9.2] The lemma follows by
taking cohomology sheaves and using the fact that Z°®|y is an injective resolution
of F|y and similarly for Z*|y, Z®|yny see Lemma O

10. The Cech complex and Cech cohomology

Let X be a topological space. Let U : U = J;c; U; be an open covering, see
Topology, Basic notion . As is customary we denote Uio...ip =U,N...N Uip
for the (p + 1)-fold intersection of members of . Let F be an abelian presheaf on
X. Set

e, F) =] F(Usy. i)
This is an abelian group. For s € CP(U, F) we denote s;,...;, its value in F(Us,.. 4, ).
Note that if s € C' (U, F)andi,j € I then s;; and sj; are both elements of F(U;NU;)

but there is no imposed relation between s;; and s;;. In other words, we are not
working with alternating cochains (these will be defined in Section . We define

d:CP(U,F) — CPT (U, F)

(205000 yip)EIPHL

by the formula

p+1 .
(1001) d(s)io--~ip+1 = ijo(il)jsio,,,ijmiwrl ‘Uio...ip+1

It is straightforward to see that d o d = 0. In other words C*(U, F) is a complex.
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Definition 10.1. Let X be a topological space. Let U : U = [J;c; Ui be an
open covering. Let F be an abelian presheaf on X. The complex C*(U, F) is the
Cech complex associated to F and the open covering . Its cohomology groups
H'(C*(U, F)) are called the Cech cohomology groups associated to F and the cov-
ering Y. They are denoted H*(U, F).

Lemmal 10.2. Let X be a topological space. Let F be an abelian presheaf on X.
The following are equivalent

(1) F is an abelian sheaf and

(2) for every open coveringU : U = J;c; U; the natural map

FU) — H'U,F)
is bijective.

Proof. This is true since the sheaf condition is exactly that F(U) — H°(U, F) is
bijective for every open covering. (Il

11. Cech cohomology as a functor on presheaves

Warning: In this section we work almost exclusively with presheaves and categories
of presheaves and the results are completely wrong in the setting of sheaves and
categories of sheaves!

Let X be a ringed space. Let U : U = |J,c; U; be an open covering. Let F be a
presheaf of Ox-modules. We have the Cech complex C* (U, F) of F just by thinking
of F as a presheaf of abelian groups. However, each term CP (U, F) has a natural
structure of a Ox (U)-module and the differential is given by Ox (U)-module maps.
Moreover, it is clear that the construction

F+— C*(U, F)
is functorial in F. In fact, it is a functor
(11.0.1) C*(U,—) : PMod(Ox) — Comp™ (Modo, (1))

see Derived Categories, Definition for notation. Recall that the category of
bounded below complexes in an abelian category is an abelian category, see Homol-
ogy, Lemma [12.9

Lemma 11.1. The functor given by Equation (11.0.1) is an exact functor (see
Homology, Lemma .

Proof. For any open W C U the functor F — F(W) is an additive exact functor
from PMod(Ox ) to Modp, (7). The terms CP(U, F) of the complex are products of
these exact functors and hence exact. Moreover a sequence of complexes is exact
if and only if the sequence of terms in a given degree is exact. Hence the lemma
follows. ([

Lemma 11.2. Let X be a ringed space. LetU : U = Uiel U; be an open cov-
ering. The functors F — H™(U,F) form a 6-functor from the abelian category
of presheaves of Ox-modules to the category of Ox(U)-modules (see Homology,

Definition .
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Proof. By Lemma [I1.1] a short exact sequence of presheaves of Ox-modules 0 —
F1 — Fa — F3 — 0 is turned into a short exact sequence of complexes of Ox (U)-
modules. Hence we can use Homology, Lemma to get the boundary maps
OF, 5 Fyrs t H"(U, F3) — H" (U, F;) and a corresponding long exact sequence.
We omit the verification that these maps are compatible with maps between short
exact sequences of presheaves. ([l

In the formulation of the following lemma we use the functor j, of extension by 0
for presheaves of modules relative to an open immersion j : U — X. See Sheaves,
Section For any open W C X and any presheaf G of Ox|p-modules we have

(G (W) = {g(g/) if Veiec U

Moreover, the functor j, is a left adjoint to the restriction functor see Sheaves,
Lemma In particular we have the following formula

Homo,, (jpOv, F) = Home,, (Ou, Flv) = F(U).

Since the functor F — F(U) is an exact functor on the category of presheaves we
conclude that the presheaf j,Op is a projective object in the category PMod(Ox),
see Homology, Lemma [24.2

Note that if we are given open subsets U C V C X with associated open im-
mersions jy, jv, then we have a canonical map (ju)pOuv — (jv)pOv. It is the
identity on sections over any open W C U and 0 else. In terms of the identifica-
tion Homoe , ((ju)p!Ou, (v )pOv) = (v )pOy (U) = Oy (U) it corresponds to the
element 1 € Oy (U).

Lemma 11.3. Let X be a ringed space. LetU : U = | J,.; U; be a covering. Denote
Jig.ip * Uig...i, = X the open immersion. Consider the chain compler K(U)es of
presheaves of Ox -modules

ST @ (jioi1i2)p!OUiOili2 - @(jioil)p!OUioil - @(jio)P!OUio —0—=...
where the last nonzero term is placed in degree 0 and where the map
— (]Zo

(Jio-.ipt1)pOUsy. i p!OUiO

...%j...ipﬂ)

p+1 R R

is given by (—1)7 times the canonical map. Then there is an isomorphism
Homo, (K (U)o, F) = C*(U, F)

functorial in F € Ob(PMod(Ox)).

Proof. We saw in the discussion just above the lemma that

F) = F(Us..i,)-

Hence we see that it is indeed the case that the direct sum

D,

F— Hio...i F(Uiou.i,,)-

Hence by Categories, Yoneda Lemma we see that there is a complex K(U),
with terms as given. It is a simple matter to see that the maps are as given in the
lemma. ]

HOIH@X ((jiomip ):DI OU-L

0--ip

iy (jio-uip)P!OUiU...ip

represents the functor
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Lemma 11.4. Let X be a ringed space. Let U : U = |J;c; U be a covering. Let
Ou C Ox be the image presheaf of the map @ jnOv, — Ox. The chain complex
K(U)e of presheaves of Lemma above has homology presheaves

o0 i i#£0
Proof. Consider the extended complex K¢** one gets by putting Oy in degree
—1 with the obvious map K(U)o = @, (ji))pOv,, — Ou. It suffices to show
that taking sections of this extended complex over any open W C X leads to an
acyclic complex. In fact, we claim that for every W C X the complex K& (W) is
homotopy equivalent to the zero complex. Write I = I; II Iy where W C U; if and
only if ¢ € I;.
If I; = 0, then the complex K& (W) = 0 so there is nothing to prove.

If I; # 0, then Oy (W) = Ox(W) and
K;zt(W) = @ig...ipell Ox(W)

This is true because of the simple description of the presheaves ( Jio..ip )p!OUiO.,.'ip'
Moreover, the differential of the complex K&**(W) is given by

d(8)ig...i, = Zj:(] o Zieh(*1)j5i0...z‘,<_mj...i,,-

The sum is finite as the element s has finite support. Fix an element igy, € I;.
Define a map
h: K;“(W) — K;fl(W)
by the rule
_ 0 if g F#i
h(S)Zo...1p+1 n {5i1~..ip+1 if 7;0 = iﬁx

We will use the shorthand h(s)i,...i,,, = (i0 = ifix)Si; ..., for this. Then we compute

(dh + hd)(s)io___ip
Z Z(*1)jh(3)ig...ij_1ii_7»._.z'p + (i = i0)d(8)s,...q,

j i€l
= Sig.ip T E E (—=1)7 (G0 = d6ix) Siy ...ty _viiy...ip, T (F0 = x)d(8)iy..4,
j>1ieh
which is equal to Sig...ip QS desired. O

Lemma 11.5. Let X be a ringed space. Let U : U = J;,; Us be an open covering

of U C X. The Cech cohomology functors HP(L{, —) are canonically isomorphic as
a d-functor to the right derived functors of the functor

H(U,—) : PMod(Ox) — Modo, 1r).-
Moreover, there is a functorial quasi-isomorphism
C*(U,F) — RH°U,F)
where the right hand side indicates the right derived functor
RH(U,—) : DY (PMod(Ox)) — DT (Ox(U))
of the left exact functor HO(U, —).
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Proof. Note that the category of presheaves of O x-modules has enough injectives,
see Injectives, Proposition Note that H OU, —) is a left exact functor from the
category of presheaves of Ox-modules to the category of Ox (U)-modules. Hence
the derived functor and the right derived functor exist, see Derived Categories,

Section 201

Let Z be a injective presheaf of Ox-modules. In this case the functor Homep, (—,7)
is exact on PMod(Ox). By Lemma we have

Homo, (K (U)e,T) =C*(U,T).

By Lemma we have that K (U). is quasi-isomorphic to Oy[0]. Hence by the
exactness of Hom into Z mentioned above we see that H*(U,T) = 0 for all i > 0.
Thus the §-functor (H", §) (see Lemma|11.2) satisfies the assumptions of Homology,
Lemma and hence is a universal §-functor.

By Derived Categories, Lemmaalso the sequence R*HO (U, —) forms a universal
d-functor. By the uniqueness of universal d-functors, see Homology, Lemma [11.5
we conclude that R'H®(U,—) = H*(U,—). This is enough for most applications
and the reader is suggested to skip the rest of the proof.

Let F be any presheaf of Ox-modules. Choose an injective resolution F — Z° in
the category PMod(Ox). Consider the double complex A*® with terms

AP = CP(U,TY).

Consider the simple complex sA® associated to this double complex. There is a
map of complexes

C*(U,F) — sA®
coming from the maps C?(U, F) — AP* = C*(U,Z°) and there is a map of complexes
HO(U,T®) — sA®

coming from the maps HO(U,Z9) — A%? = CO(U,Z9). Both of these maps are
quasi-isomorphisms by an application of Homology, Lemma Namely, the
columns of the double complex are exact in positive degrees because the Cech
complex as a functor is exact (Lemma and the rows of the double complex
are exact in positive degrees since as we just saw the higher Cech cohomology
groups of the injective presheaves 77 are zero. Since quasi-isomorphisms become
invertible in DT (Ox (U)) this gives the last displayed morphism of the lemma. We
omit the verification that this morphism is functorial. O

12. Cech cohomology and cohomology

Lemma 12.1. Let X be a ringed space. LetU : U = |
be an injective Ox -module. Then

icr Ui be a covering. Let T
ZWU) i p=0

Hp(u,z):{ 0 if p>0

Proof. An injective Ox-module is also injective as an object in the category
PMod(Ox) (for example since sheafification is an exact left adjoint to the inclusion
functor, using Homology, Lemma . Hence we can apply Lemma m (or its
proof) to see the result. (]
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Lemma 12.2. Let X be a ringed space. LetU : U = J;c; U; be a covering. There
s a transformation

C*(U,—) — RI(U,-)
of functors Mod(Ox) — DT (Ox(U)). In particular this provides canonical maps
HP(U,F) — HP(U, F) for F ranging over Mod(Ox).

Proof. Let F be an Ox-module. Choose an injective resolution /' — Z°. Consider
the double complex C*®(U,Z*) with terms CP(U,Z9). There is a map of complexes

a:T(U,T°%) — Tot(C*(U,T*))
coming from the maps Z9(U) — H°(U,Z?) and a map of complexes
B:C*(U,F) — Tot(C*U,T*))

coming from the map F — Z°. We can apply Homology, Lemma to see that
« is a quasi-isomorphism. Namely, Lemma implies that the gth row of the
double complex C*(U, Z*) is a resolution of T'(U,Z%). Hence o becomes invertible in
DT (Ox(U)) and the transformation of the lemma is the composition of § followed
by the inverse of a. We omit the verification that this is functorial. O

Lemma 12.3. Let X be a ringed space. Consider the functor i : Mod(Ox) —

PMod(Ox). It is a left exact functor with right derived functors given by
RPi(F)=HP(F):Uv+— HP(U,F)

see discussion in Section [

Proof. It is clear that ¢ is left exact. Choose an injective resolution F — Z°. By
definition RPi is the pth cohomology presheaf of the complex Z°. In other words,
the sections of RPi(F) over an open U are given by

Ker(Z™(U) — I"TH(U))

Im(Zr—Y(U) — In(U))
which is the definition of H?(U, F). O

Lemma 12.4. Let X be a ringed space. Let U : U = |J;c; Us be a covering. For
any sheaf of Ox-modules F there is a spectral sequence (Ey,dy)r>0 with

Ey" = HP(U, H'(F))
converging to HPT4(U, F). This spectral sequence is functorial in JF.

Proof. This is a Grothendieck spectral sequence (see Derived Categories, Lemma

22.2)) for the functors
i+ Mod(Ox) — PMod(Ox) and H°U,—): PMod(Ox) — Modo, (1)

Namely, we have H°(U,i(F)) = F(U) by L@mma We have that i(Z) is Cech
acyclic by Lemma And we have that H?(U, —) = RPH°(U, —) as functors on
PMod(Ox) by Lemma m Putting everything together gives the lemma. (]

Lemma 12.5. Let X be a ringed space. LetU : U = |J,c; U; be a covering. Let F
be an Ox-module. Assume that Hi(UZ-O___ip,}") =0 for alli >0, all p > 0 and all
i0,--+,ip € I. Then HP(U,F) = HP(U,F) as Ox(U)-modules.
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Proof. We will use the spectral sequence of Lemma [I2:4] The assumptions mean
that EY? = 0 for all (p, q) with ¢ # 0. Hence the spectral sequence degenerates at
FE5 and the result follows. O

Lemmal 12.6. Let X be a ringed space. Let
0=F—=>G—-+H—=0

be a short exact sequence of Ox-modules. Let U C X be an open subset. If there
exists a cofinal system of open coverings U of U such that H (U, F) = 0, then the
map G(U) — H(U) is surjective.

Proof. Take an element s € H(U). Choose an open covering U : U = | J;; U; such
that (a) H*(U,F) = 0 and (b) s|y, is the image of a section s; € G(U;). Since we
can certainly find a covering such that (b) holds it follows from the assumptions of
the lemma that we can find a covering such that (a) and (b) both hold. Consider
the sections

Sigiy = Siy |Ui01',1 - Si0|Ui0i1'
Since s; lifts s we see that s,,;, € F (Ui, ). By the vanishing of H'(U, F) we can
find sections t; € F(U;) such that

Sigis = tiy|Uigsy — bio|Uigi, -
Then clearly the sections s; — t; satisfy the sheaf condition and glue to a section of

G over U which maps to s. Hence we win. ([l
Lemmal 12.7. Let X be a ringed space. Let F be an Ox-module such that
HP(U,F) =0

for all p > 0 and any open covering U : U = |
HP(U,F) =0 for allp >0 and any open U C X.

scr Ui of an open of X. Then

Proof. Let F be a sheaf satisfying the assumption of the lemma. We will indicate
this by saying “F has vanishing higher Cech cohomology for any open covering”.
Choose an embedding F — 7 into an injective Ox-module. By Lemma[I2.1] Z has
vanishing higher Cech cohomology for any open covering. Let Q = Z/F so that we
have a short exact sequence

0=+F—=>IT—-09—0.

By Lemmall2.6|and our assumptions this sequence is actually exact as a sequence of
presheaves! In particular we have a long exact sequence of Cech cohomology groups
for any open covering U, see Lemma for example. This implies that Q is also
an Ox-module with vanishing higher Cech cohomology for all open coverings.

Next, we look at the long exact cohomology sequence

OHHO(U,]:) HHO(U,I) HHO(U, Q)

HYU,F) —— HY(U,I) —— H'(U, Q)
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for any open U C X. Since Z is injective we have H™(U,Z) = 0 for n > 0 (see
Derived Categories, Lemma[20.4). By the above we see that H°(U,T) — H°(U, Q)
is surjective and hence H'(U, F) = 0. Since F was an arbitrary Ox-module with
vanishing higher Cech cohomology we conclude that also H YU, Q) = 0 since Q
is another of these sheaves (see above). By the long exact sequence this in turn
implies that H2(U, F) = 0. And so on and so forth. O

Lemma 12.8. (Variant of Lemma ) Let X be a ringed space. Let B be a basis
for the topology on X. Let F be an Ox-module. Assume there exists a set of open
coverings Cov with the following properties:

(1) For everyUd € Cov withUd : U = |
Uio...z'p €B.

(2) For every U € B the open coverings of U occurring in Cov is a cofinal
system of open coverings of U.

(3) For every U € Cov we have H?(U, F) =0 for all p > 0.

Then HP(U, F) =0 for allp >0 and any U € B.

i1 Ui we have U,U; € B and every

Proof. Let 7 and Cov be as in the lemma. We will indicate this by saying “F
has vanishing higher Cech cohomology for any ¢ € Cov”. Choose an embedding
F — 7 into an injective Ox-module. By LemmaI has vanishing higher Cech
cohomology for any U € Cov. Let Q = Z/F so that we have a short exact sequence

0=+F—=IT—=9—=0.
By Lemma and our assumption (2) this sequence gives rise to an exact sequence
0—FU)—=I(U)— QU)—0.

for every U € B. Hence for any U € Cov we get a short exact sequence of Cech
complexes

0—=C*(U,F)—=CUT)—CUQ) —0
since each term in the Cech complex is made up out of a product of values over
elements of B by assumption (1). In particular we have a long exact sequence of
Cech cohomology groups for any open covering i € Cov. This implies that Q is
also an Ox-module with vanishing higher Cech cohomology for all U € Cov.

Next, we look at the long exact cohomology sequence

0 —— H(U,F) —— H°(U,I) —— H°(U, Q)

HYU,F) —— HY(U,7) ——= H'(U, Q)

for any U € B. Since 7 is injective we have H™(U,Z) = 0 for n > 0 (see Derived
Categories, Lemma. By the above we see that H°(U,Z) — H°(U, Q) is surjec-
tive and hence H'(U, F) = 0. Since F was an arbitrary Ox-module with vanishing
higher Cech cohomology for all i € Cov we conclude that also H'(U, Q) = 0 since
Q is another of these sheaves (see above). By the long exact sequence this in turn
implies that H2(U, F) = 0. And so on and so forth. O
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Lemma 12.9. Let f : X — Y be a morphism of ringed spaces. Let L be an injective
Ox -module. Then

(1) H?(V, f.T) =0 for all p > 0 and any open coveringV : V = Ujes Vi of Y.
(2) H?(V, f.Z) =0 for all p > 0 and every open V C Y.
In other words, f.Z is right acyclic for I'(U, —) (see Derived Categories, Definition

for any U C X open.

Proof. Set U : f~'(V) = U,;e; f~(Vj). Tt is an open covering of X and
C*\V, f.I) =C*(U,T).

This is true because

f*I(‘/]O];D) = I(f_l(‘/JOJ;D)) = I(f_l(‘/vjo) m tee m f_l(‘/jp)) = I(UJOJP)
Thus the first statement of the lemma follows from Lemma [[2.11 The second
statement follows from the first and Lemma [12.71 O

The following lemma implies in particular that f, : Ab(X) — Ab(Y) transforms
injective abelian sheaves into injective abelian sheaves.

Lemma 12.10. Let f: X — Y be a morphism of ringed spaces. Assume f is flat.
Then f.Z is an injective Oy -module for any injective Ox-module L.

Proof. In this case the functor f* transforms injections into injections (Modules,
Lemma [17.2)). Hence the result follows from Homology, Lemma [25.1] O

13. Flasque sheaves
Here is the definition.

Definition 13.1. Let X be a topological space. We say a presheaf of sets F is
flasque or flabby if for every U C V open in X the restriction map F(V) — F(U)
is surjective.

We will use this terminology also for abelian sheaves and sheaves of modules if X
is a ringed space. Clearly it suffices to assume the restriction maps F(X) — F(U)
is surjective for every open U C X.

Lemma 13.2. Let (X,0x) be a ringed space. Then any injective Ox-module is
flasque.

Proof. This is a reformulation of Lemma [0.1] O

Lemma 13.3. Let (X,O0x) be a ringed space. Any flasque Ox-module is acyclic
for RT'(X, —) as well as RT'(U, —) for any open U of X.

Proof. We will prove this using Derived Categories, Lemma [16.6] Since every
injective module is flasque we see that we can embed every Ox-module into a
flasque module, see Injectives, Lemma Thus it suffices to show that given a
short exact sequence

0=+F—=G—-H—=0

with F, G flasque, then H is flasque and the sequence remains short exact after
taking sections on any open of X. In fact, the second statement implies the first.
Thus, let U C X be an open subspace. Let s € H(U). We will show that we can
lift s to a sequence of G over U. To do this consider the set T' of pairs (V,¢) where
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V C U is open and t € G(V) is a section mapping to s|y in H. We put a partial
ordering on T by setting (V,t) < (V’,¢') if and only if V. C V/ and |y = ¢. If
(Va, ta), @ € A'is a totally ordered subset of T, then V =}V, is open and there
is a unique section t € G(V) restricting to t, over V,, by the sheaf condition on G.
Thus by Zorn’s lemma there exists a maximal element (V,t) in T. We will show
that V = U thereby finishing the proof. Namely, pick any =z € U. We can find a
small open neighbourhood W C U of z and ¢ € H(W') mapping to s|w in H. Then
t'lwav — tlwnv maps to zero in H, hence comes from some section ' € F(WNV).
Using that F is flasque we find a section r € F(W) restricting to ' over W/ NV.
Modifying ¢’ by the image of r we may assume that ¢ and ¢’ restrict to the same
section over W NV. By the sheaf condition of G we can find a section £ of G over
W UV restricting to ¢ and ¢'. By maximality of (V,t) we see that VNW = V.
Thus = € V and we are done. (]

The following lemma does not hold for flasque presheaves.

Lemma 13.4. Let (X,Ox) be a ringed space. Let F be a sheaf of Ox-modules.
Let U : U = |JU; be an open covering. If F is flasque, then HP(U,F) = 0 for
p > 0.

Proof. The presheaves H(F) used in the statement of Lemma are zero by
Lemmam Hence H?(U, F) = HP(U, F) = 0 by Lemma again. O

Lemma 13.5. Let (X,0x) — (Y,Oy) be a morphism of ringed spaces. Let F be
a sheaf of Ox-modules. If F is flasque, then RP f,F =0 for p > 0.

Proof. Immediate from Lemma [7.3] and Lemma [13.3] O

The following lemma can be proved by an elementary induction argument for finite
coverings, compare with the discussion of Cech cohomology in [Vak].

Lemma 13.6. Let X be a topological space. Let F be an abelian sheaf on X. Let
U : U = Uc; Ui be an open covering. Assume the restriction mappings F(U) —
F(U") are surjective for U’ an arbirtrary union of opens of the form U; Then

HP?(U, F) vanishes for p > 0.

Proof. Let Y be the set of nonempty subsets of I. We will use the letters A, B, C, . ..
to denote elements of Y, i.e., nonempty subsets of I. For a finite nonempty subset
J C I let

0---2p°

Vy={AeY |JcCA}
This means that Vi;; = {A €Y [i € A} and V; = (¢, Vij3- Then V; C Vi if
and only if J D K. There is a unique topology on Y such that the collection of
subsets V7 is a basis for the topology on Y. Any open is of the form

V= UteT Vi

for some family of finite subsets J;. If J; C Jy then we may remove Jp from the
family without changing V. Thus we may assume there are no inclusions among
the J;. In this case the minimal elements of V' are the sets A = J;. Hence we can
read off the family (J;):er from the open V.

We can completely understand open coverings in Y. First, because the elements
A €Y are nonempty subsets of I we have

Y= Uie] Vi)
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To understand other coverings, let V' be as above and let V; C Y be an open
corresponding to the family (J;¢)ter,. Then

V= USES‘/S

if and only if for each ¢t € T there exists an s € S and t5 € T, such that J; = Jg 4.
Namely, as the family (J;);er is minimal, the minimal element A = J; has to be in
Vs for some s, hence A € V;, for some t, € Ts. But since A is also minimal in Vj

we conclude that J;, = J;.

Next we map the set of opens of Y to opens of X. Namely, we send Y to U, we
use the rule
VieU;=[]_ U
ieJ
on the opens V;, and we extend it to arbitrary opens V by the rule

V= UteT Vo = UteT Ui,

The classification of open coverings of Y given above shows that this rule transforms
open coverings into open coverings. Thus we obtain an abelian sheaf G on Y by
setting G(Y') = F(U) and for V = (J,cp V, setting

Gv)=7* (UteT U‘]t)

and using the restriction maps of F.

With these preliminaries out of the way we can prove our lemma as follows. We
have an open covering V : Y = | J,o; Vi3 of Y. By construction we have an equality
C*(V,G) =C*(U,F)
of Cech complexes. Since the sheaf G is flasque on Y’ (by our assumption on F in
the statement of the lemma) the vanishing follows from Lemma [13.4] O

14. The Leray spectral sequence

Lemma 14.1. Let f : X — Y be a morphism of ringed spaces. There is a com-
mutative diagram

DH(X) e DH(Ox(X))
Rf. l lrestm’ction
DHY) —E s DO (1))

More generally for any V. C Y open and U = f~Y(V) there is a commutative
diagram

D*(X) o DX (1))
Rf. l i restriction
DH(Y) — s DO (V)

See also Remark[I].9 for more explanation.
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Proof. Let T'yes : Mod(Ox) — Modo, (y) be the functor which associates to an
Ox-module F the global sections of F viewed as a Oy (Y )-module via the map f* :
Oy(Y) = Ox(X). Let restriction : Modp (x) — Modo, (v) be the restriction
functor induced by f*: Oy (Y) — Ox(X). Note that restriction is exact so that

its right derived functor is computed by simply applying the restriction functor, see
Derived Categories, Lemma It is clear that

Dyes = restrictiono (X, —) =T(Y, —) o f.

)

We claim that Derived Categories, Lemma applies to both compositions. For
the first this is clear by our remarks above. For the second, it follows from Lemma
which implies that injective O x-modules are mapped to T'(Y, —)-acyclic sheaves
onY. O

Remark|14.2. Here is a down-to-earth explanation of the meaning of Lemma|14.1
It says that given f : X — Y and F € Mod(Ox) and given an injective resolution
F — I* we have

RT'(X,F)  isrepresented by I'(X,Z°)
Rf.F is represented by f+Z°
RT(Y,Rf.F) isrepresented by T'(Y, f.Z°)

the last fact coming from Leray’s acyclicity lemma (Derived Categories, Lemma
17.7) and Lemma [12.9] Finally, it combines this with the trivial observation that

INX,Z%) =T(Y, f.Z°).
to arrive at the commutativity of the diagram of the lemma.

Lemmal 14.3. Let X be a ringed space. Let F be an Ox-module.

(1) The cohomology groups H'(U,F) for U C X open of F computed as an
Ox -module, or computed as an abelian sheaf are identical.

(2) Let f: X =Y be a morphism of ringed spaces. The higher direct images
R f.F of F computed as an Ox-module, or computed as an abelian sheaf
are identical.

There are similar statements in the case of bounded below complezes of O x -modules.

Proof. Consider the morphism of ringed spaces (X,Ox) — (X,Zy) given by the
identity on the underlying topological space and by the unique map of sheaves of
rings Zy — Ox. Let F be an Ox-module. Denote F,; the same sheaf seen as
an Zy-module, i.e., seen as a sheaf of abelian groups. Let F — Z°® be an injective
resolution. By Remark we see that I'(X,Z°) computes both RI'(X,F) and
RT'(X, Fap). This proves (1).

To prove (2) we use (1) and Lemma The result follows immediately. O
Lemma 14.4 (Leray spectral sequence). Let f : X — Y be a morphism of ringed

spaces. Let F* be a bounded below complex of Ox-modules. There is a spectral
sequence

B} = HP(Y, B£, ()
converging to HPTI(X, F*).
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Proof. This is just the Grothendieck spectral sequence Derived Categories, Lemma
coming from the composition of functors I'y.s = I'(Y, —) o f. where [, is as
in the proof of Lemma [14.1] To see that the assumptions of Derived Categories,
Lemma are satisfied, see the proof of Lemma or Remark O

Remark| 14.5. The Leray spectral sequence, the way we proved it in Lemma [14.4
is a spectral sequence of I'(Y, Oy )-modules. However, it is quite easy to see that it
is in fact a spectral sequence of T'(X, Ox)-modules. For example f gives rise to a
morphism of ringed spaces [’ : (X,0x) — (Y, f«Ox). By Lemma the terms
EP9 of the Leray spectral sequence for an Ox-module F and f are identical with
those for F and f’ at least for » > 2. Namely, they both agree with the terms of the
Leray spectral sequence for F as an abelian sheaf. And since (f.Ox)(Y) = Ox(X)
we see the result. It is often the case that the Leray spectral sequence carries
additional structure.

Lemma 14.6. Let f : X — Y be a morphism of ringed spaces. Let F be an
Ox-module.
(1) If R1fF =0 for q >0, then HP(X,F) = HP(Y, f.F) for all p.
(2) If H?(Y,R1f,F) =0 for all ¢ and p > 0, then H1(X,F) = H°(Y, R1f.F)
for all q.

Proof. These are two simple conditions that force the Leray spectral sequence
to converge. You can also prove these facts directly (without using the spectral
sequence) which is a good exercise in cohomology of sheaves. [

Lemma 14.7. Let f : X — Y and g : Y — Z be morphisms of ringed spaces. In
this case Rg. o Rfs = R(go f)« as functors from D¥(X) — DT (Z).

Proof. We are going to apply Derived Categories, Lemma It is clear that
g« © f« = (g o f)«, see Sheaves, Lemma It remains to show that f.Z is g.-
acyclic. This follows from Lemma and the description of the higher direct
images R'g, in Lemma [

Lemma 14.8 (Relative Leray spectral sequence). Let f : X =Y andg:Y — Z be
morphisms of ringed spaces. Let F be an Ox-module. There is a spectral sequence
with

Eg’q = RPg.(Rf.F)
converging to RPT4(g o f).F. This spectral sequence is functorial in F, and there
is a version for bounded below complexes of Ox-modules.

Proof. This is a Grothendieck spectral sequence for composition of functors and
follows from Lemma and Derived Categories, Lemma [22.2 O
15. Functoriality of cohomology

Lemma 15.1. Let f : X — Y be a morphism of ringed spaces. Let G®, resp. F*
be a bounded below complex of Oy -modules, resp. Ox-modules. Let ¢ : G® — f . F*
be a morphism of complexes. There is a canonical morphism

G* — Rf.(F*)
in DV(Y). Moreover this construction is functorial in the triple (G*,F*, ).
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Proof. Choose an injective resolution F* — Z°. By definition Rf,(F*) is repre-
sented by f.Z® in KT (Oy). The composition

G* — [ F* — f.1°

is a morphism in K+ (Y') which turns into the morphism of the lemma upon applying
the localization functor jy : KT (Y) — DT (Y). O

Let f: X — Y be a morphism of ringed spaces. Let G be an Oy-module and let
F be an Ox-module. Recall that an f-map ¢ from G to F is amap ¢ : G — f.F,
or what is the same thing, a map ¢ : f*G — F. See Sheaves, Definition Such
an f-map gives rise to a morphism of complexes

(15.1.1) ¢ : RD(Y,G) — RI(X,F)
in D (Oy (Y)). Namely, we use the morphism G — Rf.F in D" (Y) of Lemma
and we apply RI'(Y, —). By Lemma[14.1] we see that RT'(X, F) = RT(Y, Rf.F) and

we get the displayed arrow. We spell this out completely in Remark below. In
particular it gives rise to maps on cohomology

(15.1.2) ¢: H(Y,G) — H'(X,F).

Remark| 15.2. Let f : X — Y be a morphism of ringed spaces. Let G be an
Oy-module. Let F be an Ox-module. Let ¢ be an f-map from G to F. Choose
a resolution F — Z°® by a complex of injective Ox-modules. Choose resolutions
G — J® and f.Z — (J')* by complexes of injective Oy-modules. By Derived
Categories, Lemma there exists a map of complexes 3 such that the diagram

(15.2.1) g foF A
| |
Je ° (7)"
commutes. Applying global section functors we see that we get a diagram
(Y, fiI*) —=T(X,I°)
l
D(Y.J%) ———T(¥.(7)")

The complex on the bottom left represents RT'(Y,G) and the complex on the top
right represents RI'(X,F). The vertical arrow is a quasi-isomorphism by Lemma
Which becomes invertible after applying the localization functor K (Oy (Y)) —
DT (Oy(Y)). The arrow is given by the composition of the horizontal map
by the inverse of the vertical map.

16. Refinements and Cech cohomology

Let (X, Ox) be aringed space. Let U : X = J;c;U; and V : X = J;; V; be open
coverings. Assume that U is a refinement of V. Choose a map ¢ : I — J such that
U; C Ve for all 7 € I. This induces a map of Cech complexes

v é.(V,f) — é.(uvf)7 (fjo---jp) — (fc(io)u-c(ip)|U’l0.,.'ip)

functorial in the sheaf of Ox-modules F. Suppose that ¢/ : I — J is a second
map such that U; C V() for all i € I. Then the corresponding maps v and +' are
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homotopic. Namely, v —~' = doh+ hod with h : CPTY(V, F) — CP(U, F) given
by the rule
P a
h(&)ig...i, = Za:O(_l) Qe(io)...c(ia)e! (ia)...c! (ip)
We omit the computation showing this works; please see the discussion folloxjving
(126.0.2) for the proof in a more general case. In particular, the map on Cech
cohomology groups is independent of the choice of ¢. Moreover, it is clear that if
W X = Ugex We is a third open covering and V is a refinement of W, then the
composition of the maps
C*W,F) —C*(V,F) — C*(U,F)

associated to maps I — J and J — K is the map associated to the composition
I — K. In particular, we can define the Cech cohomology groups

HP(X,F) = colimy HP(U, F)
where the colimit is over all open coverings of X partially ordered by refinement.

It turns out that the maps  defined above are compatible with the map to coho-
mology, in other words, the composition

HP(V, F) — HP(U, F) Lemma [[221 HP(X, F)

is the canonical map from the first group to cohomology of Lemma In the
lemma below we will prove this in a slightly more general setting. A consequence
is that we obtain a well defined map

(16.0.2) HP(X,F) = colimy HP(U, F) — HP(X,F)
from Cech cohomology to cohomology.

Lemmal 16.1. Let f: X — Y be a morphism of ringed spaces. Let ¢ : f*G — F
be an f-map from an Oy-module G to an Ox-module F. LetU : X = J;c; Us and
V:Y = UjeJ V; be open coverings. Assume that U is a refinement of f~1V: X =
Ujes F7Y(V;). In this case there exists a commutative diagram

C*(U, F) —= RU(X, F)
C*(V,G) —= RT(Y,G)

in D (Ox (X)) with horizontal arrows given by Lemmal12.4 and right vertical arrow
by (15.1.1). In particular we get commutative diagrams of cohomology groups

H?(U,F) — HP(X, F)
HP(V,G) — HP(Y, Q)
where the right vertical arrow is

Proof. We first define the left vertical arrow. Namely, choose a map ¢ : [ — J
such that U; C f_l(Vc(i)) for all 7 € I. In degree p we define the map by the rule

’Y(s)io...ip = ‘P(S)c(io)...c(z’p)


http://localhost:8080/tag/01FD

24 COHOMOLOGY OF SHEAVES

This makes sense because ¢ does indeed induce maps G(Ve(io)...c(i,)) — F (Ui...i,)

by assumption. It is also clear that this defines a morphism of complexes. Choose

injective resolutions F — Z® on X and G — J® on Y. According to the proof of

Lemma we introduce the double complexes A®*®* and B®® with terms
BP1=CP(V,J%) and AP?=CP(U,TY).

As in Remark above we also choose an injective resolution f.Z — (J')® on
Y and a morphism of complexes 5 : J — (J')® making (15.2.1) commutes. We
introduce some more double complexes, namely (B’)** and (B”)e, e with

(B4 =CP(V,(J")9) and (B")P1=CP(V, f.I%).

Note that there is an f-map of complexes from f,Z°® to Z°. Hence it is clear that
the same rule as above defines a morphism of double complexes

v (B//).,o — 5 A®C.
Consider the diagram of complexes

C*(U,F) sA'

I'X,z*)
<?Zl,g) ST- ’ s(?)’<~slyl%%%//////7

(YT%J;N(TH«—TYﬁT

The two horizontal arrows with targets sA® and sB® are the ones explained in
Lemma m The left upper shape (a pentagon) is commutative simply because
(15.2.1) is commutative. The two lower squares are trivially commutative. It
is also immediate from the definitions that the right upper shape (a square) is
commutative. The result of the lemma now follows from the definitions and the fact
that going around the diagram on the outer sides from C*(V,G) to I'(X,Z*) either
on top or on bottom is the same (where you have to invert any quasi-isomorphisms
along the way). O

17. Cohomology on Hausdorff quasi-compact spaces
For such a space Cech cohomology agrees with cohomology.

Lemma| 17.1. Let X be a topological space. Let F be an abelian sheaf. Then the
map HY(X,F) — HY (X, F) defined in is an isomorphism.

Proof. Let U be an open covering of X. By Lemma[I2.4] there is an exact sequence
0— H'U,F)— HY(X,F)— H'U,H" (F))

Thus the map is injective. To show surjectivity it suffices to show that any element
of H(U, H'(F)) maps to zero after replacing U by a refinement. This is immediate
from the definitions and the fact that H 1(]—' ) is a presheaf of abelian groups whose
sheafification is zero by locality of cohomology, see Lemma O

Lemma 17.2. Let X be a Hausdorff ancvl quasi-compact topological space. Let F be
an abelian sheaf on X. Then the map HP(X,F) — HP(X,F) defined in
is an isomorphism for all p.
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Proof. We argue by induction on p that the map ¢4 : HP(X,F) — HP(X,F) is
an isomorphism. For p = 0 the result is clear and for p = 1 the result holds by
Lemma Thus we may assume p > 1.

Choose an injective map a : F — Z, where Z is an injective abelian sheaf. Let
b:Z — G be the quotient by F. Let £ = (&;,...;,) be a cocycle of the Cech complex,
giving rise to an element & of HP(U, F). Then a(¢) = d(n) for some cochain 7 for
T by Lemma The image 6 = b(n) of 7 in the Cech complex for G is a cocyle,
hence gives rise to an element 6 in H?~'(U,G). A straightforward argument (using
p > 2 and hence the Cech complex of 7 is acyclic in degree p— 1) shows that the rule
which assigns the element § € H?~1 (U, G) of 6 to the class is well defined. It follows
from the construction that ¢ (§) = 8(05_1(5)) where 0 : HP~1(X,G) — HP(X,F)
is the boundary coming from the short exact sequence 0 - F - 7 — G — 0
(details omitted).

Conversely, let 6 = (6;,...;,_,) a cocycle of the Cech complex of G for some open
covering U. We would like to lift 6 to a cochain for Z. The problem is that the
sequence of complexes

0—=C*(U,F)—=CU,T)—CU,G) =0

may not be exact on the right. Howeover, we know that for all p-tuples i ...%,_1
of I there exists an open covering

Uig N0 Us = Wigip1k

such that 97;0~'~7;p71|Wi0.“ip71,k does lift to a section of Z over Wy, ; _, . Thus, by
Topology, Lemma after refining U, we can lift 8 to a (p — 1)-cochain n in the
Cech complex of Z. Then d(n) = a(€) for some p-cocycle & for F. In other words,
every element of colim A P=1(U,G) comes about by the construction of the previous

paragraph from an element of colim HP (U, F).

By the compatibility of the construction with the boundary map 9 : HP~1(X,G) —
HP(X,F), the surjectivity of the map, the induction hypothesis saying 75—1 is an
isomorphism, and the fact that HP~1(X,Z) = HP(X,Z) = 0, it follows formally
that ¢ is surjective. To show injectivity one has to show that, given &, 7,0 linked
as above, if € is a boundary, then £ becomes a boundary after replacing U by a

refinement. To do this argue as above, once more appealing to Topology, Lemma
[[2.4l Some details omitted. O

Lemmal 17.3. Let X be a Hausdorff and locally quasi-compact space. Let Z C X
be a quasi-compact (hence closed) subset. For every abelian sheaf F on X we have

colim H?(U, F) — HP?(Z,F|z)
where the colimit is over open neighbourhoods U of Z in X.

Proof. We first prove this for p = 0. Injectivity follows from the definition of F|z
and holds in general (for any subset of any topological space X). Next, suppose
that s € H°(Z, F|z). Then we can find opens U; C X such that Z C |JU; and such
that s|zny, comes from s; € F(U;). It follows that there exist opens Wi c U;NU;
with Wi; N Z = U; NU; N Z such that s;|w,, = s;|lw,;. Applying Topology, Lemma
we find opens V; of X such that V; C U; and such that V; N'V; C W;;. Hence
we see that s;|y, glue to a section of F over the open neighbourhood |JV; of Z.
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To finish the proof, it suffices to show that if Z is an injective abelian sheaf on
X, then HP(Z,Z|z) = 0 for p > 0. This follows using short exact sequences and
dimension shifting; details omitted. Thus, suppose ¢ is an element of H?(Z,Z|z)
for some p > 0. By Lemma the element & comes from HP(V,Z|z) for some
open covering V : Z = |JV; of Z. Say € is the image of the class of a cocycle
§ = (§ig...i,,) In CP(V, Z| 7).

Let 7' C Z|z be the subpresheaf defined by the rule
T'(V)={s€Z|z(V)| 3(U,t), UC X open, t e Z(U), V=2NU, s=tznv}

Then Z|z is the sheafification of Z’. Thus for every (p+1)-tuple ¢ .. .4, we can find
an open covering Vi, s, = JWi,. i, x such that 5i0~»-7;p|Wi0...ip,k is a section of 7.

Applying Topology, Lemma we may after refining V assume that each &;,. 4,
is a section of the presheaf 7.

Write V; = Z N U; for some opens U; C X. Since Z is flasque (Lemma
and since &;,..;, is a section of Z' for every (p 4 1)-tuple ig...7, we can choose a
section s;,...5, € Z(Us,...s,) which restricts to &,...5, on Vi,..i, = Z N Us,..4,. (This
appeal to injectives being flasque can be avoided by an additional application of
Topology, Lemma ) Let s = (s4,...4,) be the corresponding cochain for the
open covering U = (JU;. Since d(§) = 0 we see that the sections d(s);
restrict to zero on Z N U,

0.+ lpt1
...ip4,- Hence, by the initial remarks of the proof, there
exists open subsets Wig.iper C Uigoipia with Z N Wig..ipey = £ NUig. iy such
that d(s)i...i, 1wy, = 0. By Topology, Lemma we can find U/ C U;
such that Z C (U] and such that U] ; = C Wi, ,,,. Then &' = (s}, ) with
Sig.iy = Sio..ipluz s acocycle for T for the open covering U’ = |JU; of an open
G0 vip g
neighbourhood of Z. Since Z has trivial higher Cech cohomology groups (Lemma
12.1)) we conclude that s’ is a coboundary. It follows that the image of ¢ in the Cech

complex for the open covering Z = |J ZNU/ is a coboundary and we are done. [

18. The base change map

We will need to know how to construct the base change map in some cases. Since
we have not yet discussed derived pullback we only discuss this in the case of a
base change by a flat morphism of ringed spaces. Before we state the result, let
us discuss flat pullback on the derived category. Namely, suppose that g : X — Y
is a flat morphism of ringed spaces. By Modules, Lemma the functor g* :
Mod(Oy) — Mod(Ox) is exact. Hence it has a derived functor

g :DY(Y)— DY(X)

which is computed by simply pulling back an representative of a given object in
D*(Y), see Derived Categories, Lemma m Hence as indicated we indicate this
functor by ¢g* rather than Lg*.

Lemma 18.1. Let
Xl H/X
g
f’l lf
A S
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be a commutative diagram of ringed spaces. Let F* be a bounded below complex of
Ox-modules. Assume both g and g’ are flat. Then there exists a canonical base
change map

g RIF® — R(f")g')" F*
in DT (S").
Proof. Choose injective resolutions * — Z* and (¢')*F* — J°. By Lemma/|12.10

we see that (¢').J° is a complex of injectives representing R(g').(¢")*F*. Hence
by Derived Categories, Lemmas and the arrow (3 in the diagram

()49 ) F® ——(g'):T*

adjunctionT Tﬁ

F* 7°
exists and is unique up to homotopy. Pushing down to S we get
foB: I — fulg)eT® = gu(f)T*
By adjunction of ¢g* and g. we get a map of complexes g* f.Z* — (f').J°*. Note

that this map is unique up to homotopy since the only choice in the whole process
was the choice of the map  and everything was done on the level of complexes. O

Remark| 18.2. The “correct” version of the base change map is map
Lg"Rf.F* — R(f').L(¢')" F*.
The construction of this map involves unbounded complexes, see Remark [29.2]

19. Proper base change in topology

In this section we prove a very general version of the proper base change theorem
in topology. It tells us that the stalks of the higher direct images R?f, can be
computed on the fibre.

Lemma 19.1. Let f : (X,0x) — (Y,Oy) be a morphism of ringed spaces. Let
y €Y. Assume that

(1) X is Hausdorff and locally quasi-compact,

(2) f~Yy) is quasi-compact, and

(3) f is closed.
Then for E in Dt (Ox) we have (Rf.E)y = RT(f~*(y), E|f-1¢y)) in DT (Oyy).

Proof. The base change map of Lemma m gives a canonical map (Rf.E), —
RU(f~(y), E|¢-1¢,)). To prove this map is an isomorphism, we represent E by a
bounded below complex of injectives Z*. By Lemmal[17.3the restrictions Z"| -1,
are acyclic for I'(f~!(y), —). Thus RT'(f~!(y), E|f-1(y)) is represented by the com-
plex F(f_l(y),I'|f71(y)), see Derived Categories, Lemma In other words, we
have to show the map

colimy Z*(f~H(V)) — T(f 71 (y), Z°|;-1(y))
is an isomorphism. Using Lemma we see that it suffices to show that the
collection of open neighbourhoods f=1(V) of f=1(y) is cofinal in the system of all
open neighbourhoods. If f~!(y) C U is an open neighbourhood, then as f is closed

the set V =Y \ f(X \ U) is an open neighbourhood of y with f~*(V) C U. This
proves the lemma. O
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Theorem 19.2 (Proper base change). Consider a cartesian square of Hausdorff,
locally quasi-compact topological spaces
X =Y xy X —X
g
Ao
Y’ ! Y

and assume that f is proper. Let E be an object of DT (X). Then the base change
map

g ' Rf-E— Rf.(¢)'E
of Lemma is an isomorphism in DT (Y").

Proof. Let 3/ € Y’ be a point with image y € Y. It suffices to show that the base
change map induces an isomorphism on stalks at y’. As f is proper it follows that
f' is proper, the fibres of f and f’ are quasi-compact and f and f’ are closed, see
Topology, Theorem Thus we can apply Lemma twice to see that

(Rfi(g) ' E)y = RO((f) '), (9) 7 Elgn-1¢)
and
(Rf.E)y = RU(f ' (y), Elj-1(y))
The induced map of fibres (f’)~*(y') — f~*(y) is a homeomorphism of topological

spaces and the pull back of E|p-1(,) is (¢') ' E|(f/)-1(,). The desired result follows.
O

20. Cohomology and colimits

Let X be a ringed space. Let (F;, @) be a directed system of sheaves of Ox-
modules over the partially ordered set I, see Categories, Section Since for each
i there is a canonical map F; — colim; F; we get a canonical map

colim; H? (X, F;) — HP(X, colim; F;)

for every p > 0. Of course there is a similar map for every open U C X. These
maps are in general not isomorphisms, even for p = 0. In this section we generalize
the results of Sheaves, Lemma See also Modules, Lemma [11.6] (in the special
case G = Ox).

Lemmal 20.1. Let X be a ringed space. Assume that the underlying topological
space of X has the following properties:

(1) there exists a basis of quasi-compact open subsets, and
(2) the intersection of any two quasi-compact opens is quasi-compact.

Then for any directed system (F;, pi) of sheaves of Ox -modules and for any quasi-
compact open U C X the canonical map

colim; HY(U, F;) — HY(U, colim; F;)
is an isomorphism for every q > 0.
Proof. It is important in this proof to argue for all quasi-compact opens U C X
at the same time. The result is true for ¢ = 0 and any quasi-compact open U C X

by Sheaves, Lemma (combined with Topology, Lemma [26.1)). Assume that we
have proved the result for all ¢ < ¢o and let us prove the result for ¢ = ¢go + 1.
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By our conventions on directed systems the index set I is directed, and any system
of Ox-modules (F;, @) over I is directed. By Injectives, Lemmathe category
of Ox-modules has functorial injective embeddings. Thus for any system (F;, ¢;;7)
there exists a system (Z;, ;) with each Z; an injective O x-module and a morphism
of systems given by injective Ox-module maps F; — Z;. Denote Q; the cokernel
so that we have short exact sequences

0—=>F =1, — Q; —0.
We claim that the sequence
0 — colim; F; — colim; Z; — colim; Q; — 0.

is also a short exact sequence of Ox-modules. We may check this on stalks. By
Sheaves, Sections and taking stalks commutes with colimits. Since a di-
rected colimit of short exact sequences of abelian groups is short exact (see Alge-
bra, Lemma we deduce the result. We claim that H9(U, colim; Z;) = 0 for all
quasi-compact open U C X and all ¢ > 1. Accepting this claim for the moment
consider the diagram

colim; H% (U, Z;) — colim; H% (U, Q;) — colim; H® YU, F;) ——

0
H% (U, colim; Z;) — H% (U, colim; Q;) — H% (U, colim; F;) — 0

The zero at the lower right corner comes from the claim and the zero at the upper
right corner comes from the fact that the sheaves Z; are injective. The top row
is exact by an application of Algebra, Lemma Hence by the snake lemma we
deduce the result for ¢ = qo + 1.

It remains to show that the claim is true. We will use Lemma 2.8 Let B be
the collection of all quasi-compact open subsets of X. This is a basis for the
topology on X by assumption. Let Cov be the collection of finite open coverings
u:U = szl’m’m U; with each of U, U; quasi-compact open in X. By the result
for ¢ = 0 we see that for i € Cov we have

C* (U, colim; Z;) = colim; C* (U, Z;)

because all the multiple intersections U, are quasi-compact. By Lemma [2.]]

0--dp
each of the complexes in the colimit of Cech complexes is acyclic in degree > 1.
Hence by Algebra, Lemma we see that also the Cech complex C*®(U, colim; Z;)
is acyclic in degrees > 1. In other words we see that HP (U, colim; Z;) = 0 for all

p > 1. Thus the assumptions of Lemma|12.8| are satisfied and the claim follows. [

Next we formulate the analogy of Sheaves, Lemma [29.4] for cohomology. Let X be
a spectral space which is written as a cofiltered limit of spectral spaces X; for a
diagram with spectral transition morphisms as in Topology, Lemma [23.5] Assume
given
(1) an abelian sheaf F; on X; for all i € Ob(Z),
(2) for a : j — i an fo-map @, : F;, — F; of abelian sheaves (see Sheaves,
Definition [21.7)

such that ¢, = ¢ 0 ¢, whenever ¢ = aob. Set F = colimpi_l]-'i on X.
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Lemma 20.2. In the situation discussed above. Let i € Ob(Z) and let U; C X; be
quasi-compact open. Then

colimgj i HP(f37 (Us), F3) = H? (p; ' (U:), F)
for all p > 0. In particular we have HP(X,F) = colim HP (X;, F;).
Proof. The case p =0 is Sheaves, Lemma [29.4]

In this paragraph we show that we can find a map of systems (v;) : (Fi, 0a) —
(Gi,Y,) with G; an injective abelian sheaf and ~; injective. For each i we pick an
injection F; — Z; where Z; is an injective abelian sheaf on X;. Then we can consider
the family of maps

Vi Fi — Hb:k_n. foZi = G;

where the component maps are the maps adjoint to the maps fb_lﬁ — Fr — L.
For a: j — i in Z there is a canonical map

’(/}a:fa_lgi%gj

whose components are the canonical maps fb_lfaob,*Ik — foIy for b : k — j.
Thus we find an injection {v;} : {Fi, va) = (Gi, ¥a) of systems of abelian sheaves.
Note that G; is an injective sheaf of abelian groups on C;, see Lemma [12.10] and
Homology, Lemma [23.3] This finishes the construction.

Arguing exactly as in the proof of Lemma we see that it suffices to prove that
HP(X, colim f;'G;) = 0 for p > 0.

Set G = colim fi_lgi. To show vanishing of cohomology of G on every quasi-compact
open of X, it suffices to show that the Cech cohomology of G for any covering U
of a quasi-compact open of X by finitely many quasi-compact opens is zero, see
Lemma Such a covering is the inverse by p; of such a covering U; on the space
X; for some i by Topology, Lemma We have

C*(U,G) = colimg:j; C*(f; ' (U:), G;)

by the case p = 0. The right hand side is a filtered colimit of complexes each of
which is acyclic in positive degrees by Lemma Thus we conclude by Algebra,
Lemma O

21. Vanishing on Noetherian topological spaces

The aim is to prove a theorem of Grothendieck namely Proposition See
[Grob7].

Lemma 21.1. Leti: Z — X be a closed immersion of topological spaces. For any
abelian sheaf F on Z we have HP(Z, F) = HP(X,i.F).

Proof. This is true because i, is exact (see Modules, Lemma , and hence
RPi, = 0 as a functor (Derived Categories, Lemma [17.8). Thus we may apply
Lemma [T4.6 O

Lemma 21.2. Let X be an irreducible topological space. Then HP(X,A) =0 for
all p > 0 and any abelian group A.
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Proof. Recall that A is the constant sheaf as defined in Sheaves, Definition It
is clear that for any nonempty open U C X we have A(U) = A as X is irreducible
(and hence U is connected). We will show that the higher Cech cohomology groups
HP(U, A) are zero for any open covering U : U = |J,,; U; of an open U C X. Then
the lemma will follow from Lemma

iel

Recall that the value of an abelian sheaf on the empty open set is 0. Hence we may
clearly assume U; # () for all i € I. In this case we see that U; N Uy # 0 for all
1,1 € I. Hence we see that the Cech complex is simply the complex

H4- I 4- ] 4-.-

ioel (i0,i1)€T? (i0,41,i2) €T3

We have to see this has trivial higher cohomology groups. We can see this for
example because this is the cech complex for the covering of a 1-point space and
Cech cohomology agrees with cohomology on such a space. (You can also directly
verify it by writing an explicit homotopy.) (I

Lemmal 21.3. Let X be a topological space such that the intersection of any two
quasi-compact opens is quasi-compact. Let F C Z be a subsheaf generated by finitely
many sections over quasi-compact opens. Then there exists a finite filtration

O)=FCcFC...CF,=F
by abelian subsheaves such that for each 0 < i < n there exists a short exact sequence
0= jiZy — jZy — Fi)Fie1 — 0
with j : U — X and j' : V — X the inclusion of quasi-compact opens into X .

Proof. Say F is generated by the sections s1, ..., s; over the quasi-compact opens
Ui, ..., U;. Since U; is quasi-compact and s; a locally constant function to Z we may
assume, after possibly replacing U; by the parts of a finite decomposition into open
and closed subsets, that s; is a constant section. Say s; = n; with n; € Z. Of course
we can remove (U;,n;) from the list if n; = 0. Flipping signs if necessary we may
also assume n; > 0. Next, for any subset I C {1,...,t} we may add | J,;.; U; and
ged(ng, i € I) to the list. After doing this we see that our list (U, ny),. .., (U, nt)
satisfies the following property: For x € X set I, = {i € {1,...,t} | # € U;}. Then
ged(ng, i € I,) is attained by n; for some i € I,.

As our filtration we take Fy = (0) and F,, generated by the sections n; over U; for
those i such that n; < n. It is clear that F,, = F for n > 0. Moreover, the quotient
Fn/Fn—1 is generated by the section n over U = Un<n U; and the kernel of the
map 51Zy — Fn/Fn_1 is generated by the section n over V = Uni<n71 U;. Thus a
short exact sequence as in the statment of the lemma. B O

Lemmal 21.4. Let X be a topological space. Let d > 0 be an integer. Assume
(1) X is quasi-compact,
(2) the quasi-compact opens form a basis for X, and
(3) the intersection of two quasi-compact opens is quasi-compact.
(4) H?(X,j1Zy) =0 for all p > d and any quasi-compact open j : U — X.
Then HP(X,F) =0 for all p > d and any abelian sheaf F on X.
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Proof. Let S = [[;;x F(U) where U runs over the quasi-compact opens of X.
For any finite subset A = {s1,...,8,} C S, let F4 be the subsheaf of F generated
by all s; (see Modules, Deﬁnition. Note that if A € A, then F4 C Fa/. Hence
{Fa} forms a system over the directed partially ordered set of finite subsets of S.
By Modules, Lemma it is clear that

colimg Fa =F
by looking at stalks. By Lemma we have
HP(X,F)=colimyg HP(X, Fa)

Hence it suffices to prove the vanishing for the abelian sheaves F4. In other words,
it suffices to prove the result when F is generated by finitely many local sections
over quasi-compact opens of X.

Suppose that F is generated by the local sections si,...,s,. Let F/ C F be the
subsheaf generated by s1,...,s,_1. Then we have a short exact sequence

0>F - F—=F/F =0

From the long exact sequence of cohomology we see that it suffices to prove the
vanishing for the abelian sheaves 7' and F/F’ which are generated by fewer than
n local sections. Hence it suffices to prove the vanishing for sheaves generated by
at most one local section. These sheaves are exactly the quotients of the sheaves
51Zy; where U is a quasi-compact open of X.

Assume now that we have a short exact sequence
0->K—=jZy —-F—0

with U quasi-compact open in X. It suffices to show that H?(X,K) is zero for
q > d+1. As above we can write K as the filtered colimit of subsheaves K’ generated
by finitely many sections over quasi-compact opens. Then F is the filtered colimit
of the sheaves jiZ;;/K'. In this way we reduce to the case that K is generated by
finitely many sections over quasi-compact opens. Note that K is a subsheaf of Z x.
Thus by Lemma [21.3] there exists a finite filtration of X whose successive quotients
Q fit into a short exact sequence

0= j'Zy — jiZy — Q—0

with j” : W — X and j' : V — X the inclusions of quasi-compact opens. Hence
the vanishing of H?(X, Q) for p > d follows from our assumption (in the lemma)
on the vanishing of the cohomology groups of j/'Zy, and j/Z;. Returning to K
this, via an induction argument using the long exact cohomology sequence, implies
the desired vanishing for it as well. O

Lemma 21.5. Let X be an irreducible topological space. Let H C Z be an abelian
subsheaf of the constant sheaf. Then there exists a nonempty open U C X such
that H|y = dZy; for some d € Z.

Proof. Recall that Z(V') = Z for any nonempty open V of X (see proof of Lemma
21.2). If H = 0, then the lemma holds with d = 0. If ‘H # 0, then there exists
a nonempty open U C X such that H(U) # 0. Say H(U) = nZ for some n > 1.
Hence we see that nZ;; C H|y C Zy. If the first inclusion is strict we can find a
nonempty U’ C U and an integer 1 < n’ < n such that n'Z;;, C H|y+ C Zy. This
process has to stop after a finite number of steps, and hence we get the lemma. O
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Proposition| 21.6 (Grothendieck). Let X be a Noetherian topological space. If
dim(X) < d, then HP(X,F) =0 for all p > d and any abelian sheaf F on X.

Proof. We prove this lemma by induction on d. So fix d and assume the lemma
holds for all Noetherian topological spaces of dimension < d.

Let F be an abelian sheaf on X. Suppose U C X is an open. Let Z C X denote
the closed complement. Denote j : U — X and ¢ : Z — X the inclusion maps.
Then there is a short exact sequence

0= jj"F = F = 0, F =0

see Modules, Lemma Note that 7,7* F is supported on the topological closure Z’
of U, i.e., it is of the form i/ F’ for some abelian sheaf /' on Z’, where i’ : Z/ — X
is the inclusion.

We can use this to reduce to the case where X is irreducible. Namely, according to
Topology, Lemma X has finitely many irreducible components. If X has more
than one irreducible component, then let Z C X be an irreducible component of
X and set U = X \ Z. By the above, and the long exact sequence of cohomology,
it suffices to prove the vanishing of H?(X,i.i*F) and HP (X, F') for p > d. By
Lemma it suffices to prove H?(Z,i*F) and HP(Z', F') vanish for p > d. Since
Z' and Z have fewer irreducible components we indeed reduce to the case of an
irreducible X.

If d = 0 and X = {x}, then every sheaf is constant and higher cohomology groups
vanish (for example by Lemma [21.2)).

Suppose X is irreducible of dimension d. By Lemma [21.4] we reduce to the case
where F = 51Z;; for some open U C X. In this case we look at the short exact
sequence

0—4(Zy) > 2Zx —il; —0
where Z = X \ U. By Lemma we have the vanishing of HP(X,Zy) for all
p > 1. By induction we have HP(X,i,Z,) = HP(Z,Z,) = 0 for p > d. Hence we
win by the long exact cohomology sequence. [

22. Cohomology with support in a closed

Let X be a topological space and let Z C X be a closed subset. Let F be an abelian
sheaf on X. We let

I'z(X,F)={se F(X)|Supp(s) C Z}

be the sections with support in Z (Modules, Definition [5.1]). This is a left exact
functor which is not exact in general. Hence we obtain a derived functor

RT7(X,—): D(X) — D(Ab)
and cohomology groups with support in Z defined by H%(X,F) = RITz (X, F).

Let Z be an injective abelian sheaf on X. Let U = X \ Z. Then the restriction
map Z(X) — Z(U) is surjective (Lemma [9.1)) with kernel I'z(X, Z). It immediately
follows that for K € D(X) there is a distinguished triangle

RI'z(X,K) = RI'(X,K) —» RT'(U,K) — RT'z(X, K)[1]
in D(Ab). As a consequence we obtain a long exact cohomology sequence

.= HY(X,K) - H(X,K) - H(U,K) - H;/'(X,K) — ...
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for any K in D(X).
For an abelian sheaf F on X we can consider the subsheaf of sections with support
in Z, denoted Hz(F), defined by the rule
Hz(F)U)={se FU) | Supp(s) cUNZ}
Using the equivalence of Modules, Lemma we may view Hz(F) as an abelian
sheaf on Z (see also Modules, Lemmas [6.2 and [6.3). Thus we obtain a functor
Ab(X) — Ab(Z), F +— Hz(F) viewed as a sheaf on Z

which is left exact, but in general not exact.

Lemma 22.1. Let i : Z — X be the inclusion of a closed subset. Let I be an
injective abelian sheaf on X. Then Hz(Z) is an injective abelian sheaf on Z.

Proof. Observe that for any abelian sheaf G on Z we have
Homyz(G, Hz(F)) = Homx (i.G, F)

because after all any section of 4,G has support in Z. Since i, is exact (Modules,
Lemma [6.1)) and Z injective on X we conclude that Hz(Z) is injective on Z. O

Denote

RHz:D(X) — D(Z)
the derived functor. We set H%(F) = RYH z(F) so that HY(F) = Hz(F). By the
lemma above we have a Grothendieck spectral sequence

EY? = HP(Z,H%(F)) = HE (X, F)

Lemma 22.2. Let i : Z — X be the inclusion of a closed subset. Let G be an
injective abelian sheaf on Z. Then H%(i.G) =0 for p > 0.

Proof. This is true because the functor i, is exact and transforms injective abelian
sheaves into injective abelian sheaves by Lemma a

Let X be a topological space and let Z C X be a closed subset. We denote Dz(X)
the strictly full saturated triangulated subcategory of D(X) consisting of complexes
whose cohomology sheaves are supported on Z.

Lemmal 22.3. Let i : Z — X be the inclusion of a closed subset of a topological
space X. The map Ri. = i, : D(Z) — D(X) induces an equivalence D(Z) —
Dz (X) with quasi-inverse

b, x) = BMzlp,x)

Proof. Recall that ¢! and i, is an adjoint pair of exact functors such that i =14, is
isomorphic to the identify functor on abelian sheaves. See Modules, Lemmas|3.3|and
Thus i, : D(Z) — Dz(X) is fully faithfull and i ~! determines a left inverse. On
the other hand, suppose that K is an object of Dz (X) and consider the adjunction
map K — 4,4 ' K. Using exactness of 4, and i~! this induces the adjunction maps
H"(K) — i,i 'H"(K) on cohomology sheaves. Since these cohomology sheaves
are supported on Z we see these adjunction maps are isomorphisms and we conclude
that D(Z) — Dz(X) is an equivalence.

To finish the proof we have to show that RHz(K) = i 1K if K is an object of
Dz(X). To do this we can use that K = i,i"'K as we've just proved this is the
case. Then we can choose a K-injective representative Z® for i !K. Since i, is
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the right adjoint to the exact functor i~!, the complex i,Z* is K-injective (Derived
Categories, Lemma [29.10). We see that RHz(K) is computed by Hz(i.Z®) = Z°
as desired. (]

23. Cohomology on spectral spaces

A key result on the cohomology of spectral spaces is Lemma [20.2] which loosely
speaking says that cohomology commutes with cofiltered limits in the category of
spectral spaces as defined in Topology, Definition This can be applied to give
analogues of Lemmas and as follows.

Lemmal 23.1. Let X be a spectral space. Let F be an abelian sheaf on X. Let
E C X be a quasi-compact subset. Let W C X be the set of points of X which
specialize to a point of E.
(1) HP(W,Flw) = colim HP(U,F) where the colimit is over quasi-compact
open neighbourhoods of E,
(2) HP(W\E, Flw\g) = colim HP(U\ E, F|y\g) if E is a constructible subset.

Proof. From Topology, Lemma|23.7] we see that W = lim U where the limit is over
the quasi-compact opens containing E. Each U is a spectral space by Topology,
Lemma Thus we may apply Lemma to conclude that (1) holds. The
same proof works for part (2) except we use Topology, Lemma [23.8| (]

Lemma 23.2. Let f: X = Y be a spectral map of spectral spaces. Let y € Y. Let
E CY be the set of points specializing to y. Let F be an abelian sheaf on X. Then
(RPfuF)y = HP(f~H(E), Flp-1(p))-

Proof. Observe that E = [V where V runs over the quasi-compact open neigh-
brouhoods of y in Y. Hence f~Y(E) = (\f~%(V). This implies that f~}(E) =
lim f~1(V) as topological spaces. Since f is spectral, each f=(V) is a spectral
space too (Topology, Lemma . We conclude that f~1(E) is a spectral space
and that
HP(f~YE),Flp-1(g)) = colim H(f~(V), F)

by Lemma[20.2] On the other hand, the stalk of RP f,F at y is given by the colimit
on the right. (I

Lemma 23.3. Let X be a profinite topological space. Then HY(X,F) =0 for all
q > 0 and all abelian sheaves F.

Proof. Any open covering of X can be refined by a finite disjoint union decompo-
sition with open parts, see Topology, Lemma Hence if F — G is a surjection
of abelian sheaves on X, then F(X) — G(X) is surjective. In other words, the
global sections functor is an exact functor. Therefore its higher derived functors
are zero, see Derived Categories, Lemma [17.8 0

The following result on cohomological vanishing improves Grothendieck’s result
(Proposition [21.6)) and can be found in [Sch92].

Proposition 23.4. Let X be a spectral space of Krull dimension d. Let F be an
abelian sheaf on X .
(1) HY(X,F) =0 forqg>d,
(2) HYX,F) — HYU,F) is surjective for every quasi-compact open U C X,
(3) HL(X,F) =0 for ¢ > d and any constructible closed subset Z C X.
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Proof. We prove this result by induction on d.

If d = 0, then X is a profinite space, see Topology, Lemma Thus (1) holds
by Lemma [23.3] If U C X is quasi-compact open, then U is also closed as a quasi-
compact subset of a Hausdorff space. Hence X = U [[(X\U) as a topological space
and we see that (2) holds. Given Z as in (3) we consider the long exact sequence

HT"YX,F) - H"YX\ Z,F) = HL(X,F) » HI(X, F)

Since X and U = X \ Z are profinite (namely U is quasi-compact because Z is
constructible) and since we have (2) and (1) we obtain the desired vanishing of the
cohomology groups with support in Z.

Induction step. Assume d > 1 and assume the proposition is valid for all spectral
spaces of dimension < d. We first prove part (2) for X. Let U be a quasi-compact
open. Let & € HYU,F). Set Z = X\ U. Let W C X be the set of points
specializing to Z. By Lemma [23.1] we have

HY W\ Z, Flw\z) = colimzcy HY(V \ Z, F)

where the colimit is over the quasi-compact open neighbourhoods V of Z in X. By
Topology, Lemmawe see that W\ Z is a spectral space. Since every point of W
specializes to a point of Z, we see that W'\ Z is a spectral space of Krull dimension
< d. By induction hypothesis we see that the image of £ in HY(W \ Z, Flyn z) is
zero. By the displayed formula, there exists a Z C V C X quasi-compact open such
that £|y\z = 0. Since V'\ Z = V NU we conclude by the Mayer-Vietoris (Lemma

for the covering X = U NV that there exists a £ € H(X, F) which restricts
to £ on U and to zero on V. In other words, part (2) is true.

Proof of part (1) assuming (2). Choose an injective resolution F — Z°. Set
G =Im(Z% ! - 7% = Ker(Z¢ — 7911

For U C X quasi-compact open we have a map of exact sequences as follows

T1(X) G(X) HY(X,F)——=0
HU) gu) HYU,F) —=0

The sheaf 741 is flasque by Lemma and the fact that d > 1. By part (2) we see
that the right vertical arrow is surjective. We conclude by a diagram chase that the
map G(X) — G(U) is surjective. By Lemma we conclude that HY(U,G) =0
for ¢ > 0 and any finite covering Y : U = U; U ... U U, of a quasi-compact open
by quasi-compact opens. Applying Lemma we find that H?(U,G) = 0 for all
q > 0 and all quasi-compact opens U of X. By Leray’s acyclicity lemma (Derived
Categories, Lemma [17.7]) we conclude that
HY(X,F)=H!(I(X,I° — ... 5> (X, %) - (X, Q))
In particular the cohomology group vanishes if ¢ > d.
Proof of (3). Given Z as in (3) we consider the long exact sequence
HIYX,F)—» H" X\ Z,F) = HL(X,F) - HY(X,F)

Since X and U = X \ Z are spectral spaces (Topology, Lemma [22.4)) of dimension
< d and since we have (2) and (1) we obtain the desired vanishing. O



COHOMOLOGY OF SHEAVES 37

24. The alternating Cech complex

This section compares the Cech complex with the alternating Cech complex and
some related complexes.

Let X be a topological space. Let U : U = |
set

;e Ui be an open covering. For p > 0

) = {
We omit the verification that the differential d of Equation (10.0.1)) maps églt(u, F)
into CPHH (U, F).

Definition 24.1. Let X be a topological space. Let U : U = [J;c; U; be an

open covering. Let F be an abelian presheaf on X. The complex C®,, (U, F) is the
alternating Cech complex associated to F and the open covering .

s E (fp(lxl,}') such that s;, ., = 0if i, =iy, for some n # m
and S;o. ... in any case.

fmdp —Sio

i

Hence there is a canonical morphism of complexes
é;lt(uaf) — é.(uv}—)
namely the inclusion of the alternating Cech complex into the usual Cech complex.

Suppose our covering U : U = |
I. In this case, set

éfrd(“"r) = H

This is an abelian group. For s € ég’rd(u, F) we denote s;,..;, its value in F(Us,..q,).
We define

;1 Ui comes equipped with a total ordering < on

FUig...ip)-

(20, 0sip) ETPTL i< .. <ip

d:CP (U, F)— CH U, F)

ord

by the formula

p+1 ;
d(8)ig...ipp1 = Zj:O (=150 5,0,

for any ig < ... <ip4+1. Note that this formula is identical to Equation (10.0.1)). It

is straightforward to see that d o d = 0. In other words C3, (U, F) is a complex.

Definition 24.2. Let X be a topological space. Let U : U = |J,c; U; be an open
covering. Assume given a total ordering on I. Let F be an abelian presheaf on
X. The complex é;rd(u , F) is the ordered Cech complex associated to F, the open
covering U and the given total ordering on I.

Uig...ipi

This complex is sometimes called the alternating Cech complex. The reason is that
there is an obvious comparison map between the ordered Cech complex and the
alternating Cech complex. Namely, consider the map

c:Co U, F)— C*(U,F)

ord

given by the rule

0 if 4, =1, for some n #m
c(8)ig...i, = 3 - ) ] o . .
SEN(0)Si, (0 iniyy I To(0) <lo(1) < v <lo(p)
Here o denotes a permutation of {0,...,p} and sgn(o) denotes its sign. The al-

ternating and ordered Cech complexes are often identified in the literature via the
map c¢. Namely we have the following easy lemma.
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Lemma 24.3. Let X be a topological space. Let U : U = |J;c; Ui be an open
covering. Assume I comes equipped with a total ordering. The map c is a morphism
of complezes. In fact it induces an isomorphism

c: Cv’;rd(uw]:) - é;lt(uv]:)
of complezes.

Proof. Omitted. O

There is also a map
7:C*(U,F) — Co4(U,F)

ord

which is described by the rule

T(8)iy...ip = Sio...ip
whenever ig < i; < ... <.

Lemma 24.4. Let X be a topological space. Let U : U = |J,c; Ui be an open
covering. Assume I comes equipped with a total ordering. The map 7 : C*® Uu,Fr)—

Co..(U, F) is a morphism of complexes. It induces an isomorphism
e é;lt(uv}-) - é;rd(uaf>
of complexes which is a left inverse to the morphism c.

Proof. Omitted. (]

Remark| 24.5. This means that if we have two total orderings <; and <5 on the
index set I, then we get an isomorphism of complexes 7 = m3 0 ¢1 : Copg.1 (U, F) —

Cora2(U,F). It is clear that

7(8)ig...i, = SIEN(T)Si, (0. 0y
where 79 <1 11 <1 ... <1 9p and i,(0) <2 fg(1) <2 .- <2 lg(p)- Lhis is the sense in
which the ordered Cech complex is independent of the chosen total ordering.

Lemma 24.6. Let X be a topological space. Let U : U = J;; U; be an open cov-
ering. Assume I comes equipped with a total ordering. The map com is homotopic
to the identity on C*(U,F). In particular the inclusion map C2,(U, F) — C*(U, F)
is a homotopy equivalence.

Proof. For any multi-index (i, ...,4,) € IPT! there exists a unique permutation
0:{0,...,p} = {0,...,p} such that

io0) S lo(1) < -v- g and o(j)<o(+1) if () = lo(j+1)-
We denote this permutation o = g% i»,

For any permutation o : {0,...,p} = {0,...,p} and any a, 0 < a < p we denote
0, the permutation of {0,...,p} such that

) = o(4) if 0<j<a,
T\ = A\ min{j’ | j' > 0a(j —1),5 #o(k),Vk <a} if a<j

So if p =3 and o, T are given by
id 01 2 3 id 0
0 3

1 2 3
o 3 2 1 and o 2 1

1
0
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then we have

id 01 2 3 id 01 2 3
op 01 2 3 v 0 1 2 3
cp 3 01 2 and m 3 0 1 2
oy 3 2 0 1 ™ 3 0 1 2
o3 3 2 1 0 3 3 0 2 1

It is clear that always 09 = id and o, = 0.

Having introduced this notation we define for s € CP**(U, F) the element h(s) €
CP(U,F) to be the element with components

(24.6.1) h(8)io...i, = ZOS&SP(_1)asign(aa)sia(m..Az'a(a)z'ma)...iaa(p)

where ¢ = g% . The index lg(q) OCCUTS tWice IN i5(0) - - - ig(a)ioy(a) - - - bog (p) ONCE
in the first group of a 4+ 1 indices and once in the second group of p — a + 1 indices
since 04(j) = o(a) for some j > a by definition of o,. Hence the sum makes sense
since each of the elements i 0y io(a)yiog (a)-ion (p) is defined over the open Uiy...i,-
Note also that for a = 0 we get s;,...;, and for a = p we get (—1)Psign(o)

We claim that

Sig(0)- i (p)*

(dh + hd)(8)iy...i, = Sig...i,, — SIBN(T)Si, (0. ig ()

where 0 = g%, We omit the verification of this claim. (There is a PARI/gp
script called first-homotopy.gp in the stacks-project subdirectory scripts which can
be used to check finitely many instances of this claim. We wrote this script to make
sure the signs are correct.) Write

k:CU,F) — C*(U,F)
for the operator given by the rule
K/(S)io...ip = Sign(aio.“ip)sia(o).A.ig<p) .

The claim above implies that  is a morphism of complexes and that x is homotopic
to the identity map of the Cech complex. This does not immediately imply the
lemma since the image of the operator & is not the alternating subcomplex. Namely,
the image of x is the “semi-alternating” complex C? U, F) where s is a p-

; . ’ . semi—alt(
cochain of this complex if and only if
Sig...ip, = SIEN(T)Si, (0. i)

for any (ig,...,ip) € IPT! with o = g%, We introduce yet another variant Cech
complex, namely the semi-ordered Cech complex defined by

Cfemi—ord(u“]:) = Hig§i1§...§ip ]:(Uio...ip)

It is easy to see that Equation (10.0.1f) also defines a differential and hence that we
get a complex. It is also clear (analogous to Lemma [24.4)) that the projection map

é. (L{,}') — é;emi—ord(uv ‘7:)

semi-alt
is an isomorphism of complexes.
Hence the Lemma follows if we can show that the obvious inclusion map

c? U, F)—C" u,r)

ord semi-ord
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is a homotopy equivalence. To see this we use the homotopy
(24.6.2)

h($)ig...i,, =
We claim that

(dh 4 hd)(8)ig...i, = {

We omit the verification. (There is a PARI/gp script called second-homotopy.gp
in the stacks-project subdirectory scripts which can be used to check finitely many
instances of this claim. We wrote this script to make sure the signs are correct.)
The claim clearly shows that the composition

e Uu,rF) —Cs,U,F)—C? u,Fr)

semi-ord semi-ord

0 if i0<i1<...<ip
(—1)%Sig. iarininiasn.ip i G0 <i1 < ... <idg—1 <lq = lay1

0 if g <in <. <y
Sig..i, e€lse

of the projection with the natural inclusion is homotopic to the identity map as
desired. (]

25. Alternative view of the Cech complex

In this section we discuss an alternative way to establish the relationship between
the Cech complex and cohomology.

Lemma 25.1. Let X be a ringed space. Let U : X = |J;c; Us be an open covering
of X. Let F be an Ox-module. Denote Fio..iy the restriction of F to U; There
exists a complex €*(U,F) of Ox-modules with

CUF) =[] Gioiy)sFioi,

’Lo...ip
and differential d : €P(U,F) — €PTL (U, F) as in Equation (10.0.1). Moreover,
there exists a canonical map

0-nnlp

F = U,F)
which is a quasi-isomorphism, i.e., € (U, F) is a resolution of F.
Proof. We check
0= F—=WUF) = UF) —...
is exact on stalks. Let x € X and choose igx € I such that x € U, . Then define
h: €U, F)y — U, F),
as follows: If s € €P(U, F),, take a representative

secUF)V) =] . FVAU,N...0U;)

Zo...’ip

defined on some neighborhood V' of z, and set
h’(s)io---ipfl = gifixiOH-ipflax'

By the same formula (for p = 0) we get a map €°(U,F), — F,. We compute
formally as follows:

P .
(dh+hd)($)ig..ip =Y _ (1 h()sy 5, F+ USineioniy

p : p :
= 1)/ N o —1)y+ .
E :j:O( U St iy T Sionip + E :j:[)( R A

=Sig...ip
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This shows h is a homotopy from the identity map of the extended complex
0— Fr = CUF)p = CHUF)y — ...

to zero and we conclude. O

With this lemma it is easy to reprove the Cech to cohomology spectral sequence
of Lemma Namely, let X, U, F as in Lemma and let F — Z°® be an
injective resolution. Then we may consider the double complex

A% =T(X,e*(U,I%)).

By construction we have

APY — H

Consider the two spectral sequences of Homology, Section associated to this
double complex, see especially Homology, Lemma For the spectral sequence
('E,,"d,)r>o we get 'ES? = HP(U, H'(F)) because taking products is exact (Ho-
mology, Lemma [28.1). For the spectral sequence ("E,,"d,),>o we get "ES? =0
if p > 0 and ”E’q = HY(X,F). Namely, for fixed ¢ the complex of sheaves
€*(U,Z7) is a resolution (Lemma [25.1]) of the injective sheaf Z7 by injective sheaves
(by Lemmas and and Homology, Lemma . Hence the cohomology
of T'(X,€*(U,Z?)) is zero in positive degrees and equal to I'(X,Z?) in degree 0.
Taking cohomology of the next differential we get our claim about the spectral
sequence ("E,,"d,),>0. Whence the result since both spectral sequences converge
to the cohomology of the associated total complex of A®:°.

I Us,...i,)

0. ip

Definition 25.2. Let X be a topological space. An open covering X = J,c; U; is
said to be locally finite if for every z € X there exists an open neighbourhood W
of x such that {i € I | WNU, # (0} is finite.

Remark 25.3. Let X = J,;U; be a locally finite open covering. Denote j; :
U; — X the inclusion map. Suppose that for each ¢ we are given an abelian sheaf
Fi on U;. Consider the abelian sheaf G = @, ;(ji)«Fi. Then for V' C X open we
actually have

rv.g)=1[._, F(vnu).

In other words we have

@iel(ji)*]:i = Hiel(ji)*}—i
This seems strange until you realize that the direct sum of a collection of sheaves is
the sheafification of what you think it should be. See discussion in Modules, Section
Thus we conclude that in this case the complex of Lemma has terms

CUF) =B Gigoi)eFioi,

’LA()H‘ZP

which is sometimes useful.
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26. Cech cohomology of complexes
In general for sheaves of abelian groups F and G on X there is a cupproduct map
H'(X,F)x H(X,G) — H(X,F ®zG).

In this section we define it using Cech cocycles by an explicit formula for the cup
product. If you are worried about the fact that cohomology may not equal Cech co-
homology, then you can use hypercoverings and still use the cocycle notation. This
also has the advantage that it works to define the cup product for hypercohomology
on any topos (insert future reference here).

Let F* be a bounded below complex of presheaves of abelian groups on X. We
can often compute H™(X, F*) using Cech cocycles. Namely, let U : X = U;es Ui
be an open covering of X. Since the Cech complex C*(U, F) (Definition is
functorial in the presheaf F we obtain a double complex C* (U, F*). The associated
total complex to C*(U, F*) is the complex with degree n term

Tot" W F) =B, 1L, . i)

see Homology, Definition A typical element in Tot™ will be denoted a =
{aiy...i, } where oy, i, € F9(Uy..q,). In other words the F-degree of ay,..;, is
q = n — p. This notation requires us to be aware of the degree « lives in at all
times. We indicate this situation by the formula degf(aiomip) = ¢. According to
our conventions in Homology, Definition the differential of an element « of
degree n is given by
p+1 .

d(@)ig...ipyr = ijo(_l)jaio..ij“.ip“ + (_1)p+1d}'(aio---ip+1)

where dr denotes the differential on the complex F*. The expression Qi iy

means the restriction of «, P
0-+lgeilpti

’L()...ij...’ip+1 0---lp41°

The construction of Tot(C*(U, F*)) is functorial in F*. As well there is a functorial
transformation

(26.0.1) D(X, F*) — Tot(C*(U, F*))

of complexes defined by the following rule: The section s € I'(X, F™) is mapped to
the element o = {ay,...i, } with a;, = s Ui, and a,. i, =0 for p > 0.

Refinements. Let V = {V;};c; be a refinement of ¢. This means there is a map
t :J — I such that V; C Uyy) for all j € J. This gives rise to a functorial
transformation

(26.0.2) T, : Tot(C*(U, F*)) — Tot(C*(V, F*)).
defined by the rule

Tt(a)j(l»--jp = at(j0)~~-t(jp) |Vj0«-«jp :

Given two maps t,t' : J — I as above the maps T; and Ty constructed above are
homotopic. The homotopy is given by

p a
Moy = D (1) )t o) /Gy
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for an element « of degree n. This works because of the following computation,
again with « an element of degree n (so d(a) has degree n+ 1 and h(a) has degree
n—1):

p
(d(h(0)) + h(d(@) s, =30 (~Fh(a),, 5, 5+
(—=D)Pdr(h(a)j...5,)+

P
oo TV UD o). oG Gt/ i)

_ P k—1 kta X

- k=0 Zazo(_l) at(jo)~~t(ja)t/(ja)"'t’(jk)“'t'(jp)+
p p _1\k+a-—-1 .
oo Dt TV TG Gy G G- G T
P

@ _1\a+k .
:OZ oD TGy Gt Gt Gt G T
> o

_1\a+k+1 N
(=1) t(jo)...t(ja)t’(ja)---t’(jk)---t’(jp)+

a:o(_1)a+p+1df(at(jo)---t(ja)t/(ja).v-t'(jp))

2p+1

= 0 (jo)...t/Gp) + (=1 (o).t

= Tt/(a)jomjp - Tt(a)jo---jp
We leave it to the reader to verify the cancellations. (Note that the terms having
both k£ and a in the 1st, 2nd and 4th, 5th summands cancel, except the ones where

a = k which only occur in the 4th and 5th and these cancel against each other
except for the two desired terms.) It follows that the induced map

H™(T,) : H*(Tot(C*(U, F*))) — H"(Tot(C*(V, F*)))

is independent of the choice of t. We define Cech hypercohomology as the limit of
the Cech cohomology groups over all refinements via the maps H*(T3).

In the limit (over all open coverings of X) the following lemma provides a map
of Cech hypercohomology into cohomology, which is often an isomorphism and is
always an isomorphism if we use hypercoverings.

Lemma 26.1. Let (X,0x) be a ringed space. Let U : X = J;c; Us be an open
covering. For a bounded below complex F* of Ox-modules there is a canonical map

Tot(C*(U, F*)) — RT(X,F*)

functorial in F* and compatible with (26.0.1) and (26.0.9). There is a spectral
sequence (E,,d;)r>o with

B = HP(Tot(C* (U, H'(F*))
converging to HPT1(X, F*).
Proof. Let Z° be a boundedV below complex of injectives. The map ([26.0.1f) for
Z* is a map I'(X,Z*) — Tot(C*(U,Z°*)). This is a quasi-isomorphism of complexes

of abelian groups as follows from Homology, Lemma applied to the double
complex C*(U,Z°*) using Lemma Suppose F*® — Z* is a quasi-isomorphism of
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F* into a bounded below complex of injectives. Since R['(X, F*) is represented by
the complex I'(X,Z®) we obtain the map of the lemma using
Tot(C*(U, F*)) — Tot(C*(U,Z°*)).

We omit the verification of functoriality and compatibilities. To construct the
spectral sequence of the lemma, choose a Cartan-Eilenberg resolution F* — Z°°,
see Derived Categories, Lemma In this case F* — Tot(Z**) is an injective
resolution and hence
Tot(C* (U, Tot(Z**)))

computes RI'(X,F*) as we've seen above. By Homology, Remark we can
view this as the total complex associated to the triple complex C* (U,Z**) hence,
using the same remark we can view it as the total complex associate to the double
complex A** with terms

nm _ p q,m
A &b, . cuzm

Since Z9°* is an injective resolution of 79 we can apply the first spectral sequence
associated to A** (Homology, Lemma [22.4) to get a spectral sequence with

B =@, O )

which is the nth term of the complex Tot(C*(U, H™(F*)). Hence we obtain s
terms as described in the lemma. Convergence by Homology, Lemma [22.6 (]

Let X be a topological space, let U : X = J;c; U; be an open covering, and let F*
be a bounded below complex of presheaves of abelian groups. Consider the map
7 : Tot(C* (U, F*)) — Tot(C* (U, F*)) defined by

= (-~ 2

(@) oo

0. ip

Then we have for an element « of degree n that
d(T(a))io...ip+1
p+1 .
- Z:j:o(*1)Jr(04)i0“,gj,,,l«p+1 + (=1 e (T()ig..ipys)

p+1 | p(p+1) (p+1) (p+2)
- Z]‘:O(il)ﬂr S S + (71)p+1+ : df(aip+1~~~io)

On the other hand we have
T(d(a))iomip+1
ip+1.,.i0

_ (71) (p+1)2(p+2)
p+1

(p+1)(p+2) .
) (a0 )

Jj=0

d(a)

Thus we conclude that d(7(a)) = 7(d(a)) because p(p+1)/2= (p+1)(p+2)/2 +

p+ 1 mod 2. In other words 7 is an endomorphism of the complex Tot(C*(U, F*)).
Note that the diagram
I(X,F*) — Tot(C*U,F*))
1id T
I'X,F*) — Tot(C*(U,F*))

commutes. In addition 7 is clearly compatible with refinements. This suggests
that 7 acts as the identity on Cech cohomology (i.e., in the limit — provided Cech
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hypercohomology agrees with hypercohomology, which is always the case if we use
hypercoverings). We claim that 7 actually is homotopic to the identity on the total
Cech complex Tot(C*(U, F*)). To prove this, we use as homotopy
p . (p—a)(p—a—1)
W@ig.iy = Y _ (@) iyiyei, With gla) = (=1)7 = P

€
a=0

for a of degree n. As usual we omit writing |v; . . This works because of the
following computation, again with a an element of degree n:

(d(h(@)) + h(d(@))ig..iy = 3, _ (=1 h(a);, 5, s+
(—1)dr (R0, )+

! @ (@i,
p k—1 k

=20 Za:O(_l) ep—l(a)aio...iaz'p...i;...ia"‘
P p X
k=0 Za:k+1(_1) ep—1(a =)oy i i
P

a
k
0 Zk:o ep(a)(—1) Qg iiaip.ia T
P
> +

(
ep(a)(~1)P " o

G0 Gaip. ik ia

™
bS]
—
S
~
—~
I
—_
~—
kS
+
—
QU
w
—
Q
<
=)
Q
.
<
Q
~—

The cancellations follow because
(—l)kep_l(a) + ep(a)(—l)p“”l*k =0 and (—1)k6p_1(a -1+ ep(a)(—l)k =0
We leave it to the reader to verify the cancellations.

Suppose we have two bounded below complexes complexes of abelian sheaves F*
and G°®. We define the complex Tot(F® ®z G°®) to be to complex with terms
@p—i—q:n FP ® G? and differential according to the rule

(26.1.1) da®B) =d(a)® B+ (-1)%E@a @ d(B)
when « and § are homogeneous, see Homology, Definition [22.3]

Suppose that M*® and N°® are two bounded below complexes of abelian groups.
Then if m, resp. n is a cocycle for M*®, resp. N°®, it is immediate that m ® n is a
cocycle for Tot(M*® ® N*). Hence a cupproduct

HY(M®) x H'(N®) — H"™ (Tot(M®* @ N*)).
This is discussed also in More on Algebra, Section [49}

So the construction of the cup product in hypercohomology of complexes rests on
a construction of a map of complexes

(26.1.2) Tot (Tot(C*(U, F*)) ®z Tot(C*(U,G*))) — Tot(C*(U, Tot(F* ® G*)))
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This map is denoted U and is given by the rule
P
(O[ U ﬂ)’iomip = ZTZO E(TL, m,p, r)aio...ir & ﬁir...ip~

where « has degree n and 8 has degree m and with
e(n,m,p,r) = (—1)PFrintretr,

Note that €(n,m,p,n) = 1. Hence if F* = F[0] is the complex consisting in a single
abelian sheaf F placed in degree 0, then there no signs in the formula for U (as
in that case «;,  ;, = 0 unless r = n). For an explanation of why there has to be
a sign and how to compute it see [AGVT1, Exposee XVII] by Deligne. To check
(26.1.2) is a map of complexes we have to show that

d(aUB) = d(a) U B+ (—1)%e@a U d(B)

by the definition of the differential on Tot(Tot(C®(U, F*)) ®z Tot(C*(U,G*))) as
given in Homology, Definition We compute first

d(a U /B)i0~~ip+1 = Zjir;<_1)J (a U B)ig...;;j...ip+1 + (_1)P+1d}_®g<(a U ﬁ)iomip+1)

pt+1
Z Z (n,m, p,r)cviy...i, ®ﬂu~~5j~..ip+1+
P+1 p+1
Z Z —y+1 e(n,m,p,r 1)@1.0“'%]_”% ® Biyiyn +
p+1 i1
Z,.:O(—l) e(n,m,p+ 1,7)dreg(y..i) © Biy..iyes)

and note that the summands in the last term equal

(=P e(n,m,p+1,7) (dr(aiy...i,) @ Biy.ipsr + (=1)" " ig.ir @ dg(Biy.i i) -
because deg z(a,...;,) = n — r. On the other hand

p+1
(d(a) N B)io...ip+1 :Z’I‘:O E(n +1mp+ l’r)d(a)iomir & ﬂir...ierl
p+1 ]
_Z Zg =0 e(n+Lmp+1r) (=D o 5 @B iyt

ptl r
ZT:O e(n+1Lmp+1Lr)(=1)"dr(ai..i.) ®Bi,.ip,

and

+1
(U d(B))ig...ipsr = Zp emm+1,p+ 1,7 i, @d(B)i,...ip

p+1 p+1 :
=3 S A L+ L) (Y T i, @B,
j=r

bpeeilgoeniptl

Zi: en,m+1,p+1,7)(=1)P " "ayy i ®dg(Bi,.ipiy)
The desired equality holds if we have
(=P e(n,m,p+1,7) =e(n+1,m,p+1,r)(=1)"
(=P e(n,m,p+1,7)(=1)""" = (=1)"e(n,m + 1,p + 1,7)(=1)PT="
en+1,mp+1,7)(=1)" = (=D ™e(n,m+1,p+ 1,7 — 1)
(=1 e(n,m,p,r) = (=1)"e(n,m + 1,p+ 1,7)(=1)"~"
(=1)e(n,m,p,r —1) = e(n+1,m,p+1,7)(—=1)
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(The third equality is necessary to get the terms with » = j from d(«) U 8 and
(=)™ U d(B) to cancel each other.) We leave the verifications to the reader.
(Alternatively, check the script signs.gp in the scripts subdirectory of the stacks
project.)

Associativity of the cupproduct. Suppose that F*, G®* and H® are bounded below
complexes of abelian groups on X. The obvious map (without the intervention of
signs) is an isomorphism of complexes

Tot(Tot(F* ®z G°) ®z H®) — Tot(F* @z Tot(G® ®z H*)).

Another way to say this is that the triple complex F*® ®z G® ®z H® gives rise to a
well defined total complex with differential satisfying

da®B®y) =d@)®Bey+(-)*HMagd(B) @y + (- =D ag e d(y)
for homogeneous elements. Using this map it is easy to verify that
(@UB)Uy=aU(BU7)

namely, if o has degree a, 8 has degree b and v has degree ¢, then
(U B)U)ig..i, = Zi:o e(a+b,c,p,r)(aUB)ig..i, @ Vi,..i,

= ZLO Z::O e(a+b,c,p,r)e(a, b7, 8)ig i, @ B, ip @ Vi, i,
and
(@U(BU)ig...i,, = Zi:o e(a,b+c,p,s)aig..i, @ (BUY)i,..i,

= Zi:o Zi:s €(a,b+c,p,s)e(bc,p— 8,1 — 8)i. i, @ Bi,.ip @ Vi

and a trivial mod 2 calculation shows the signs match up. (Alternatively, check the
script signs.gp in the scripts subdirectory of the stacks project.)

Finally, we indicate why the cup product preserves a graded commutative structure,
at least on a cohomological level. For this we use the operator 7 introduced above.
Let F* be a bounded below complexes of abelian groups, and assume we are given
a graded commutative multiplication

A®: Tot(F®* @ F*) — F°.

This means the following: For s a local section of F¢, and t a local section of F?
we have s At a local section of F@°. Graded commutative means we have s At =
(—1)%¢ A s. Since A is a map of complexes we have d(s At) = d(s) At + (—1)%s At.
The composition

Tot(Tot(C* (U, F*))@Tot(C* (U, F*))) — Tot(C* (U, Tot(F*@zF*))) — Tot(C*(U, F*))
induces a cup product on cohomology
H™(Tot(C* (U, F*))) x H™(Tot(C* (U, F*))) — H"™ ™ (Tot(C*U,F*)))

and so in the limit also a product on Cech cohomology and therefore (using hy-
percoverings if needed) a product in cohomology of F*. We claim this product
(on cohomology) is graded commutative as well. To prove this we first consider
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an element a of degree n in Tot(C*(U, F*)) and an element § of degree m in
Tot(C*(U,F*)) and we compute

p
A* (U B)ig...i, = Zr:() e(n,m,p, )iy, i, A Bi,..q,
P o o
B Zr:() E(n, m,p, r)(_l)deg(ouo...w) deg(ﬂw...w)ﬁirmip A Qg i

because A is graded commutative. On the other hand we have
. p
T(/\ (T(ﬁ) U T(a)))iomip :X(p) Zr:O €(ma n,p, T)T(ﬂ)ip“,ip,r A T(a)ip,,«.“io
P
=x(p) Y, elm,n,p, r)X(r)X(P = 1)Biy iy N Vi

=x(0) D" elmn,p,p = XE)X(D = )iy A i,

where x(t) = (—1)t(t;1). Since we proved earlier that 7 acts as the identity on

cohomology we have to verify that

6(?’l, m,p, r)(_l)(n—r)(m—(p—r)) = (_1)nmX(p)€(m, n,p,p — T)X(T)X(p - T)

A trivial mod 2 calculation shows these signs match up. (Alternatively, check the
script signs.gp in the scripts subdirectory of the stacks project.)

Finally, we study the compatibility of cup product with boundary maps. Suppose
that

0—=F = F3 =F3 =0 and 0+ G} <G5+ G350
are short exact sequences of bounded below complexes of abelian sheaves on X. Let

‘H® be another bounded below complex of abelian sheaves, and suppose we have
maps of complexes

Vi - TOt(]:,L. Rz g;) — H®
which are compatible with the maps between the complexes, namely such that the
diagrams
Tot(F; ®z G}) <—— Tot(Fy ®z G3)

") |

H® <~ Tot(F3 @2 G3)

and
Tot(F3 ®z G3) <—— Tot(F3 ®z G3)

") |

He i Tot(F35 ®z G3)

are commutative.

Lemma 26.2. In the situation above, assume Cech cohomology agrees with coho-
mology for the sheaves Fi and Gi. Let az € H™"(X,F3) and by € H™(X,G}). Then
we have

Y1 (8a3 U bl) = (—1)"+173(a3 U 8()1)

in H"T™ (X, H®) where O indicates the boundary map on cohomology associated to
the short exact sequences of complexes above.
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Proof. We will use the following conventions and notation. We think of F¥ as a
subsheaf of 7 and we think of G as a subsheaf of GJ. Hence if s is a local section
of F we use s to denote the corresponding section of F% as well. Similarly for
local sections of Gf. Furthermore, if s is a local section of F3 then we denote 5 its
image in F%. Similarly for the map G — GJ. In particular if s is a local section of
FL and § = 0 then s is a local section of F}. The commutativity of the diagrams
above implies, for local sections s of F and t of Gf that 12(s®t) = 13(5® 1) as
sections of HPTY.

Let U : X = |J;c; Ui be an open covering of X. Suppose that as, resp. f; is a
degree n, resp. m cocycle of Tot(C*(U, F3)), resp. Tot(C*(U,G})) representing as,
resp. by. After refining U if necessary, we can find cochains aq, resp. (B2 of degree
n, resp. m in Tot(C*(U, F3)), resp. Tot(C*(U,G3)) mapping to az, resp. B;. Then
we see that

d(OéQ) = d(@g) =0 and d(ﬁg) = d(,@g) =0.
This means that a; = d(az) is a degree n+1 cocycle in Tot(C* (U,
das. Similarly, B3 = d(82) is a degree m + 1 cocycle in Tot(C* (U,
0by. Thus we may compute

d(y2(az U B2)) = v2(d(az U B2))
= 72(d(a2) U B2 + (=1)"az U d(B2))
=72(a1 U B2) + (—1)"72(a2 U B5)
=l Upr) + (=1)"y3(as U Bs)
So this even tells us that the sign is (—1)"*! as indicated in the lemmaﬂ O

F?)) representing
G3)) representing

27. Flat resolutions

A reference for the material in this section is [Spa8§|. Let (X, Ox) be a ringed space.
By Modules, Lemma [16.6] any Ox-module is a quotient of a flat Ox-module. By
Derived Categories, Lemma [16.5] any bounded above complex of O x-modules has
a left resolution by a bounded above complex of flat Ox-modules. However, for
unbounded complexes, it turns out that flat resolutions aren’t good enough.

Lemma 27.1. Let (X, Ox) be a ringed space. Let G® be a complex of Ox-modules.
The functor

K(Mod(Ox)) — K(Mod(Ox)), F*+—— Totl(F* ®o, G*)
is an exact functor of triangulated categories.

Proof. Omitted. Hint: See More on Algebra, Lemmas and O

Definition 27.2. Let (X, Ox) be a ringed space. A complex K® of Ox-modules
is called K-flat if for every acyclic complex F* of Ox-modules the complex

Tot(F* ®o, K*)

is acyclic.

IThe sign depends on the convention for the signs in the long exact sequence in cohomology
associated to a triangle in D(X). The conventions in the stacks project are (a) distinguished
triangles correspond to termwise split exact sequences and (b) the boundary maps in the long
exact sequence are given by the maps in the snake lemma without the intervention of signs. See
Derived Categories, Section
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Lemma 27.3. Let (X,Ox) be a ringed space. Let K* be a K-flat complex. Then
the functor

K(Mod(Ox)) — K(Mod(Ox)), F*r— Tot(F* @0, K*)
transforms quasi-isomorphisms into quasi-isomorphisms.

Proof. Follows from Lemma [27.1] and the fact that quasi-isomorphisms are char-
acterized by having acyclic cones. (Il

Lemma 27.4. Let (X,Ox) be a ringed space. Let K® be a complex of Ox -modules.
Then K* is K-flat if and only if for all x € X the complex K3 of Ox , is K-flat
(More on Algebra, Definition .

Proof. If K? is K-flat for all 2 € X then we see that K°® is K-flat because ® and
direct sums commute with taking stalks and because we can check exactness at
stalks, see Modules, Lemma Conversely, assume K® is K-flat. Pick x € X
M?® be an acyclic complex of Ox z-modules. Then 4, ,M?* is an acyclic complex of
Ox-modules. Thus Tot(i, «M® ®0, K*) is acyclic. Taking stalks at = shows that
Tot(M*® ®o,., K3) is acyclic. O

Lemma 27.5. Let (X,0x) be a ringed space. If K®, L* are K-flat complexes of
Ox -modules, then Tol(K® ®@o, L®) is a K-flat complex of Ox-modules.

Proof. Follows from the isomorphism
Tot(M® R, Tot(K® @0, L)) = Tot(Tot(M® @0, K*) @0, L*)
and the definition. O

Lemma 27.6. Let (X,Ox) be a ringed space. Let (K3,K3,K3) be a distinguished
triangle in K(Mod(Ox)). If two out of three of K? are K-flat, so is the third.

Proof. Follows from Lemma and the fact that in a distinguished triangle in
K(Mod(Ox)) if two out of three are acyclic, so is the third. O

Lemma 27.7. Let f : (X,0x) — (Y,0y) be a morphism of ringed spaces. The
pullback of a K-flat complex of Oy -modules is a K-flat complex of Ox -modules.

Proof. We can check this on stalks, see Lemma [27.4f Hence this follows from
Sheaves, Lemma and More on Algebra, Lemma [45.5] O

Lemma 27.8. Let (X,0x) be a ringed space. A bounded above complex of flat
Ox -modules is K-flat.

Proof. We can check this on stalks, see Lemma [27.4] Thus this lemma follows
from Modules, Lemma and More on Algebra, Lemma [45.§ ]

In the following lemma by a colimit of a system of complexes we mean the termwise
colimit.

Lemma 27.9. Let (X,0x) be a ringed space. Let K} — K3 — ... be a system of
K-flat complezes. Then colim, K? is K-flat.

Proof. Because we are taking termwise colimits it is clear that
colim; Tot(F* ®p, K7) = Tot(F* ®p, colim; K7)

Hence the lemma follows from the fact that filtered colimits are exact. O
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Lemma 27.10. Let (X,Ox) be a ringed space. For any complex G* of Ox-modules
there exists a commutative diagram of complezes of Ox-modules

K3 K3
7<1G°® T<2G"®

with the following properties: (1) the vertical arrows are quasi-isomorphisms, (2)
each K3 is a bounded above complex whose terms are direct sums of Ox-modules of
the form jinOy, and (3) the maps Ky, — K5, 1 are termwise split injections whose
cokernels are direct sums of Ox-modules of the form ju1Ouy. Moreover, the map
colim IC — G* is a quasi-isomorphism.

Proof. The existence of the diagram and properties (1), (2), (3) follows imme-
diately from Modules, Lemma and Derived Categories, Lemma The
induced map colim K3 — G*® is a quasi-isomorphism because filtered colimits are
exact. 0

Lemma 27.11. Let (X,Ox) be a ringed space. For any complex G* there exists a
K-flat complex K* and a quasi-isomorphism K®* — G°.

Proof. Choose a diagram as in Lemma Each complex K is a bounded above
complex of flat modules, see Modules, Lemma [16.5] Hence Ky, is K-flat by Lemma
27.8 The induced map colim ! — G* is a quasi-isomorphism by construction.
Since colim K¢, is K-flat by Lemma [27.9] we win. O

Lemma 27.12. Let (X,0x) be a ringed space. Let o : P®* — Q° be a quasi-
isomorphism of K-flat complezes of Ox-modules. For every complex F* of Ox-
modules the induced map

Tot(idre ® o) : Tot(F* ®o, P*) — Tot(F* @0, Q°)
is a quasi-isomorphism.

Proof. Choose a quasi-isomorphism K®* — F*® with £® a K-flat complex, see
Lemma [27.11] Consider the commutative diagram

Tot(K* ®o, P*) —= Tot(K* @0, Q%)

| l

Tot(F® o, P*) — Tot(F* ®o, Q°)

The result follows as by Lemma the vertical arrows and the top horizontal
arrow are quasi-isomorphisms. [l

Let (X,Ox) be a ringed space. Let F* be an object of D(Ox). Choose a K-flat
resolution £* — F*, see Lemma[27.11] By Lemma [27.1] we obtain an exact functor
of triangulated categories

K(Ox) — K(Ox), G*+— Tot(G* @0, K*)

By Lemma this functor induces a functor D(Ox) — D(Ox) simply because
D(Ox) is the localization of K(Ox) at quasi-isomorphisms. By Lemma the
resulting functor (up to isomorphism) does not depend on the choice of the K-flat
resolution.
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Definition 27.13. Let (X, Ox) be a ringed space. Let F* be an object of D(Ox).
The derived tensor product

—®6, F*: D(Ox) — D(Ox)
is the exact functor of triangulated categories described above.
It is clear from our explicit constructions that there is a canonical isomorphism
e L o~ e L .
F ®@X g - g ®@X F
for G* and F* in D(Ox). Hence when we write F* @ G* we will usually be

agnostic about which variable we are using to define the derived tensor product
with.

Definition 27.14. Let (X, Ox) be a ringed space. Let F, G be Ox-modules. The
Tor’s of F and G are define by the formula

Tord* (F,G) = HP(F @, G)
with derived tensor product as defined above.

This definition implies that for every short exact sequence of Ox-modules 0 —
F1 — Fo — F3 — 0 we have a long exact cohomology sequence

Fi®ox G Fa®ox G Fs®ox G 0

Tor{X (F1,G) —= Tor{* (Fa, G) — Tor{* (F3,G)

for every Ox-module G. This will be called the long exact sequence of Tor associated
to the situation.

Lemma 27.15. Let (X,0x) be a ringed space. Let F be an Ox-module. The
following are equivalent

(1) Fis a flat Ox-module, and

(2) Tor¥X(F,G) =0 for every Ox-module G.

Proof. If F is flat, then F ®p, — is an exact functor and the satellites vanish.
Conversely assume (2) holds. Then if G — H is injective with cokernel Q, the long
exact sequence of Tor shows that the kernel of F ®p, § — F ®p, H is a quotient
of Tor%X (F, Q) which is zero by assumption. Hence F is flat. O

28. Derived pullback

Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces. We can use K-flat
resolutions to define a derived pullback functor

Lf*: D(Oy) — D(Ox)

Namely, for every complex of Oy-modules G® we can choose a K-flat resolution
K* — G*® and set Lf*G® = f*K*. You can use Lemmas 7.7, 27.11] and P7.12] to
see that this is well defined. However, to cross all the t’s and dot all the i’s it is
perhaps more convenient to use some general theory.

Lemma 28.1. The construction above is independent of choices and defines an
exact functor of triangulated categories Lf* : D(Oy) — D(Ox).
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Proof. To see this we use the general theory developed in Derived Categories,
Section Set D = K(Oy) and D' = D(Ox). Let us write F': D — D’ the exact
functor of triangulated categories defined by the rule F(G®) = f*G®. We let S be
the set of quasi-isomorphisms in D = K(Oy). This gives a situation as in Derived
Categories, Situation so that Derived Categories, Definition applies. We
claim that LF is everywhere defined. This follows from Derived Categories, Lemma
15.15{ with P C Ob(D) the collection of K-flat complexes: (1) follows from Lemma
27.11]and to see (2) we have to show that for a quasi-isomorphism K3 — K3 between
K-flat complexes of Oy-modules the map f*K} — f*K3 is a quasi-isomorphism.
To see this write this as

f_lch ®f*10y Ox — f_llc§ ®f*1(’)y Ox

The functor f~! is exact, hence the map f~'K$ — f~1K$ is a quasi-isomorphism.
By Lemma applied to the morphism (X, f~10y) — (Y, Oy) the complexes
f7IKY and f71KS are K-flat complexes of f~!Oy-modules. Hence Lemma
guarantees that the displayed map is a quasi-isomorphism. Thus we obtain a derived
functor

LF :D(Oy)=S"'D — D' = D(Ox)

see Derived Categories, Equation (15.9.1). Finally, Derived Categories, Lemma
15.15|also guarantees that LF(K®) = F(K®) = f*K® when K*® is K-flat, i.e., Lf* =
LF is indeed computed in the way described above. O

Lemma 28.2. Let f: (X,0x) — (Y, Oy) be a morphism of ringed spaces. There
s a canonical bifunctorial isomorphism

Lf*(]_-o ®gy go) _ Lf*]_-o ®gx Lf*go
for F*,G* € Ob(D(X)).

Proof. We may assume that F* and G* are K-flat complexes. In this case F* ®gy
G*® is just the total complex associated to the double complex F*® ®¢, G°. By
Lemma Tot(F* ®p, G°) is K-flat also. Hence the isomorphism of the lemma
comes from the isomorphism

Tot(f*F* ®@oy [*G*) — f*Tot(F* ®p, G°)

whose constituents are the isomorphisms f*FP ®@p, f*G9 — f*(FP ®p, G9) of
Modules, Lemma [15.4 [l

Lemma 28.3. Let f: (X,0x) — (Y, Oy) be a morphism of ringed spaces. There
is a canonical bifunctorial isomorphism

f’. ®gx Lf*g. —_ .F. ®?710Y f—lgo
for F* in D(X) and G* in D(Y').

Proof. Let F be an Ox-module and let G be an Oy-module. Then F ®op, f*G =
F ®f-10y [71G because f*G = Ox ®@-10, f~'G. The lemma follows from this
and the definitions. O
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29. Cohomology of unbounded complexes

Let (X, Ox) be a ringed space. The category Mod(Ox) is a Grothendieck abelian
category: it has all colimits, filtered colimits are exact, and it has a generator,

namely
@UCX open jU! OU ’

see Modules, Section [3| and Lemmas and By Injectives, Theorem [12.6
for every complex F*® of Ox-modules there exists an injective quasi-isomorphism
F* — I° to a K-injective complex of Ox-modules. Hence we can define
RI'(X,F°*) =T(X,Z°)
and similarly for any left exact functor, see Derived Categories, Lemma For
any morphism of ringed spaces f : (X,0x) — (Y, Oy) we obtain
Rf.: D(X) — D(Y)
on the unbounded derived categories.

Lemma 29.1. Let f: (X,0x) — (Y,0y) be a morphism of ringed spaces. The
functor Rf, defined above and the functor Lf* defined in Lemma|28.1] are adjoint:
HOIHD(X) (Lf*g., ]:.) = HOHID(y) (g., Rf*]:.)

bifunctorially in F* € Ob(D(X)) and G* € Ob(D(Y)).
Proof. This follows formally from the fact that Rf, and Lf* exist, see Derived
Categories, Lemma [28.4] O

Remark|29.2. The construction of unbounded derived functor Lf* and R f, allows
one to construct the base change map in full generality. Namely, suppose that

XIHIX

g
f '\L lf
S S
is a commutative diagram of ringed spaces. Let F*® be a complex of Ox-modules.
Then there exists a canonical base change map

Lg*Rf.F* — R(f").L(g" )" F*
in D(Og/). Namely, this map is adjoint to a map L(f")*Lg*Rf.F* — L(g')*F*
Since L(f")*Lg* = L(g')*Lf* we see this is the same as a map L(¢')*Lf*Rf.F* —
L(g’)*F* which we can take to be L(g')* of the adjunction map Lf*Rf.F* — F°.

30. Unbounded Mayer-Vietoris

Let (X, Ox) be aringed space. Let U C X be an open subset. Denote j : (U, Oy) —
(X, Ox) the corresponding open immersion. The pullback functor j* is exact as it
is just the restriction functor. Thus derived pullback Lj* is computed on any com-
plex by simply restricting the complex. We often simply denote the corresponding
functor

Similarly, extension by zero ji : Mod(Oy) — Mod(Ox) (see Sheaves, Section [31)) is
an exact functor (Modules, Lemma [3.4). Thus it induces a functor

jg : D(OU) — .D(OX)7 F— ng


http://localhost:8080/tag/079W
http://localhost:8080/tag/08HY

COHOMOLOGY OF SHEAVES 55

by simply applying ji to any complex representing the object F'.

Lemma) 30.1. Let X be a ringed space. Let U C X be an open subspace. The
restriction of a K-injective complex of Ox-modules to U is a K-injective complex
of Oy -modules.

Proof. Follows immediately from Derived Categories, Lemma [29.10| and the fact
that the restriction functor has the exact adjoint j;. See discussion above. ]

Lemma 30.2. Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces. Given
an open subspace V. C Y, set U = f~1(V) and denote g : U — V the induced
morphism. Then (Rf«E)|v = Rg.(E|v) for E in D(Ox).

Proof. Represent E by a K-injective complex Z* of O x-modules. Then Rf.(E) =
f+Z* and Rg.(E|y) = g+(Z°|v) by Lemma [30.1] Hence the result follows from
Lemma (with p = 0). O
Lemma 30.3. Let (X,0x) be a ringed space. Let U C X be an open subset.
Denote j : (U, Oy) — (X,Ox) the corresponding open immersion. The restriction
functor D(Ox) — D(Oy) is a right adjoint to extension by zero j : D(Oy) —
D(Ox).

Proof. We have to show that
HomD(Ox)(j!E7 F) = HomD(Ou)(Ea F|U)

Choose a complex £°® of Oy-modules representing F and choose a K-injective com-
plex Z°® representing F. By Lemma the complex Z°®|y is K-injective as well.
Hence we see that the formula above becomes

HomD(OX)(jgé",I') = HOHlD(OU)(g.7I.|U)
which holds as | and ji are adjoint functors (Sheaves, Lemma [31.8)) and Derived
Categories, Lemma [29.2] O

Lemma 30.4. Let (X,Ox) be a ringed space. Let X = U UV be the union of two

open subspaces. For any object E of D(Ox) we have a distinguished triangle
JurviElunv = juiElu @ jviEly = E = junviE|lunv[l]

Proof. We have seen above that the restriction functors and the extension by zero

functors are computed by just applying the functors to any complex. Let £°® be a

complex of Ox-modules representing E. The distinguished triangle of the lemma

is the distinguished triangle associated (by Derived Categories, Section and
especially Lemma [12.1)) to the short exact sequence of complexes of Ox-modules

0= jurviE°lunv = J€tlu ® jvi€°ly = E* =0

To see this sequence is exact one checks on stalks using Sheaves, Lemma [31.8
(computation omitted). O

Lemma 30.5. Let (X,0Ox) be a ringed space. Let X = U UV be the union of two
open subspaces. For any object E of D(Ox) we have a distinguished triangle
E — Rju.E|lu ® Rjv.+Elv — Rjunv«Elunv — E[1]
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Proof. Choose a K-injective complex Z* representing E whose terms Z" are in-
jective objects of Mod(Ox), see Injectives, Theorem We have seen that Z°*|U
is a K-injective complex as well (Lemma [30.1). Hence Rjy .E|y is represented
by jusZ®|y. Similarly for V and U N'V. Hence the distinguished triangle of the
lemma is the distinguished triangle associated (by Derived Categories, Section
and especially Lemma to the short exact sequence of complexes

0—=1I° = juL°|lv ® jvaI®lv = junvL®|lunv — 0.
This sequence is exact because for any W C X open and any n the sequence
0" W) =>I"(WnU)eI"WNV)=>I"(WnNnUNV)—0
is exact (see proof of Lemma [9.2)). O

Lemma 30.6. Let (X,0x) be a ringed space. Let X = U UV be the union of
two open subspaces of X. For objects E, F of D(Ox) we have a Mayer-Vietoris
sequence

Ext Y (Eynv, Funv)

HOIIl(fa7 F) —_— Hom(EU, FU) S5 HOHI(E\/, Fv) —_— HOm(EUnV7 FUOV)

where the subscripts denote restrictions to the relevant opens and the Hom’s are
taken in the relevant derived categories.

Proof. Use the distinguished triangle of Lemma [30.4] to obtain a long exact se-
quence of Hom’s (from Derived Categories, Lemmal4.2)) and use that Hom(ju E|y, F) =
Hom(E|y, F|y) by Lemma [30.3] O

Lemma 30.7. Let (X,Ox) be a ringed space. Suppose that X = U UV is a union
of two open subsets. For an object E of D(Ox) we have a distinguished triangle

RI'(X,E)— RT'(U,E)® RI'(V,E) - RT(UNV,E) — RI'(X, E)[1]
and in particular a long exact cohomology sequence
... HY(X,E) - H"(U,E)® H'(V,E) - H*(UNV,E) = H"" (X, E) — ...

The construction of the distinguished triangle and the long exact sequence is func-
torial in E.

Proof. Choose a K-injective complex Z*® representing . We may assume Z" is an
injective object of Mod(Ox) for all n, see Injectives, Theorem[12.6] Then RI'(X, E)
is computed by I'(X,Z®). Similarly for U, V, and U NV by Lemma [30.1] Hence
the distinguished triangle of the lemma is the distinguished triangle associated
(by Derived Categories, Section [12 and especially Lemma to the short exact
sequence of complexes

0= I°(X) = I°(U) @ I°(V) = I°(UNV) — 0.

We have seen this is a short exact sequence in the proof of Lemma [9.2] The final
statement follows from the functoriality of the construction in Injectives, Theorem

2.6l O


http://localhost:8080/tag/08BW
http://localhost:8080/tag/08BX

COHOMOLOGY OF SHEAVES 57

Lemma 30.8. Let f : X — Y be a morphism of ringed spaces. Suppose that
X =UUYV is a union of two open subsets. Denote a = fly : U =Y, b= f|y:
V=Y, andc= fluny : UNV = Y. For every object E of D(Ox) there exists a
distinguished triangle

Rf.E — Ra.(E|y) ® Rb.(E|v) = Reo(E|lunv) — RfE[1]
This triangle is functorial in E.

Proof. Choose a K-injective complex Z*® representing . We may assume Z" is an
injective object of Mod(Ox) for all n, see Injectives, Theorem m Then Rf.FE
is computed by f.Z°®. Similarly for U, V, and U NV by Lemma [30.1] Hence
the distinguished triangle of the lemma is the distinguished triangle associated
(by Derived Categories, Section [12] and especially Lemma [12.1]) to the short exact
sequence of complexes

0— fiZ® = a. I v ®b.I%v — c.Z%unv — 0.

This is a short exact sequence of complexes by Lemma and the fact that R' f,.T =
0 for an injective object Z of Mod(Ox). The final statement follows from the
functoriality of the construction in Injectives, Theorem [12.6] O

Lemma 30.9. Let (X,Ox) be a ringed space. Let j : U — X be an open subspace.
Let T C X be a closed subset contained in U.

(1) If E is an object of D(Ox) whose cohomology sheaves are supported on T,
then E — Rj.(E|y) is an isomorphism.

(2) If F is an object of D(Oy) whose cohomology sheaves are supported on T,
then HF' — Rj.F is an isomorphism.

Proof. Let V = X\ T and W = UNV. Note that X = U UV is an open
covering of X. Denote jy : W — V the open immersion. Let E be an object
of D(Ox) whose cohomology sheaves are supported on T. By Lemma we
have (Rj.E|v)lv = Rjw«(E|w) = 0 because E|w = 0 by our assumption. On
the other hand, Rj.(E|y)lyv = E|y. Thus (1) is clear. Let F' be an object of
D(Oy) whose cohomology sheaves are supported on T. By Lemma we have
(Rj.F)|lv = Rjw,«(F|w) = 0 because F|w = 0 by our assumption. We also have
(W F)|lv = jwi(F|lw) = 0 (the first equality is immediate from the definition of
extension by zero). Since both (Rj.F)|ly = F and (jiF)|y = F we see that (2)
holds. ]

We can glue complexes!

Lemma 30.10. Let (X,0x) be a ringed space. Let X = U UV be the union of
two open subspaces of X. Suppose given

(1) an object E of D(Ox),

(2) a morphism a: A — E|y of D(Oy),

(3) a morphism b: B — E|y of D(Ovy),

(4) an isomorphism ¢ : Alynv — Blunv
such that

aluny = blunv oc.

Then there exists a morphism F' — E in D(Ox) whose restriction to U is isomor-
phic to a and whose restriction to V is isomorphic to b.
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Proof. Denote jy, jv, junv the corresponding open immersions. Choose a distin-
guished triangle

F — Rju«A® Rjv.B = Rjunv«(Blunv) — F[1]

where the map Rjyv .B — Rjunv,«(Bluny) is the obvious one and where Rjy A —
RjUﬁV,*(BlUﬁV) is the composition of RjU,*A — RjUﬁV,*(A|UﬂV) with Rjunv,«c.
Restricting to U we obtain

Fly = A® (Rjv,«B)|lv — (Rjuav«(Bluav))|lv — Flu[1]

Denote j : UNV — U. Compatibility of restriction to opens and cohomology
shows that both (Rjv..B)|y and (Rjunv,«(Blunv))|u are canonically isomorphic
to Rj.(Blunv). Hence the second arrow of the last displayed diagram has a section,
and we conclude that the morphism F|y — A is an isomorphism. Similarly, the
morphism F|ly — B is an isomorphism. The existence of the morphism F — E
follows from the Mayer-Vietoris sequence for Hom, see Lemma [30.6] O

31. Producing K-injective resolutions

First a technical lemma about the cohomology sheaves of the inverse limit of a
system of complexes of sheaves. In some sense this lemma is the wrong thing to
try to prove as one should take derived limits and not actual inverse limits. This
will be discussed in Cohomology on Sites, Section

Lemma 31.1. Let (X,0x) be a ringed space. Let (F2) be an inverse system of
complexes of Ox-modules. Let m € Z. Assume there exist a set B of open subsets
of X and an integer ng such that
(1) every open in X has a covering whose members are elements of B,
(2) for every U € B
(a) the systems of abelian groups F~2(U) and F~Y(U) have vanishing
RYlim (for ezample these have the Mittag-Leffler condition),
(b) the system of abelian groups H™ *(F2(U)) has vanishing R*lim (for
example it has the Mittag-Leffler condition), and
(c) we have H™(Fy(U)) = H™(Fy, (U)) for all n > ng.
Then the maps H™(F*®) — lim H™(F3) — H™(F3,) are isomorphisms of sheaves
where F* = lim F is the termwise inverse limit.

Proof. Let U € B. Note that H™(F*(U)) is the cohomology of
lim, 7"~ %(U) — lim, "1 (U) — lim, 7" (U) — lim,, F" 7 (U)
in the third spot from the left. By assumptions (2)(a) and (2)(b) we may apply
More on Algebra, Lemma to conclude that
H™(F*(U)) = lim H™ (F3(U))
By assumption (2)(c) we conclude
H™(F*(U)) = H"(FR(U))

for all n > ny. By assumption (1) we conclude that the sheafification of U —
H™(F*(U)) is equal to the sheafification of U — H™(Fn(U)) for all n > ng. Thus
the inverse system of sheaves H™(Fy) is constant for n > ng with value H™(F*)
which proves the lemma. (I


http://localhost:8080/tag/08BY

COHOMOLOGY OF SHEAVES 59

Let (X, Ox) be a ringed space. Let F* be a complex of Ox-modules. The category
Mod(Ox) has enough injectives, hence we can use Derived Categories, Lemmam
produce a diagram

..4>7‘2_2]:. 4>7'2_1]:.

L

13 n

in the category of complexes of Ox-modules such that

(1) the vertical arrows are quasi-isomorphisms,

(2) Zp is a bounded above complex of injectives,

(3) the arrows I, — Z} are termwise split surjections.
The category of O x-modules has limits (they are computed on the level of presheaves),
hence we can form the termwise limit Z° = lim,, Z;,. By Derived Categories, Lem-
mas [29.4] and this is a K-injective complex. In general the canonical map

(31.1.1) FC T

may not be a quasi-isomorphism. In the following lemma we describe some condi-
tions under which it is.

Lemma 31.2. In the situation described above. Denote H™ = H™(F*®) the mth
cohomology sheaf. Let B be a set of open subsets of X. Let d € N. Assume

(1) every open in X has a covering whose members are elements of B,
(2) for every U € B we have HP(U,H%) =0 for p > oﬂ
Then (31.1.1) is a quasi-isomorphism.

Proof. Let m € Z. We have to show that the map F* — Z° induces an isomor-
phism H™ — H™(Z*®). Since Z; is quasi-isomorphic to 7>_,F* it suffices to show
that H™(Z®) — H™(Z?) is an isomorphism for n large enough. To do this we will
verify the hypotheses (1), (2)(a), (2)(b), (2)(c) of Lemma [31.1}

Hypothesis (1) is assumption (1) above. Hypothesis (2)(a) follows from the fact
that the maps Z,, — ZF are split surjections. We will prove hypothesis (2)(b) and
(2)(c) simultaneously by proving that for U € B the system H™(Z2(U)) becomes
constant for n > —m +d. Namely, recalling that Z is quasi-isomorphic to 7>_,F*
we obtain for all n a distinguished triangle

H"n] =Ty =TI 1 = H " [n+1]
(Derived Categories, Remark in D(Ox). By assumption (2) we see that if
m > d —n then
H™U,H "[n])=0 and H™U,H "[n+1])=0.

Observe that H™(Z2(U)) = H™(U,Z?) as I is a bounded below complex of injec-
tives. Unwinding the long exact sequence of cohomology associated to the distin-
guished triangle above this implies that

H™Zy(U)) — H™(Zy_,(U))

is an isomorphism for m > d —n, i.e., n > d — m and we win. (]

2In fact, analyzing the proof we see that it suffices if there exists a function d : Z — Z U {+oo}
such that HP(U, H?) = 0 for p > d(g) where ¢ + d(q) - —oco0 as ¢ — —o0
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Lemma 31.3. With assumptions and notation as in Lemma[31.3 Let K denote the
object of D(Ox) represented by the complex F*. Then there exists a distinguished
triangle

K — ano > oK = ano > oK — K[1]
in D(Ox). In other words, K is the derived limit of its canonical truncations.

Proof. The proof of Injectives, Lemma shows that [[7>_,, K is represented
by the complex [[Z;. Because the transition maps Z_ ; — Z are termwise split
surjections, we have a short exact sequence of complexes

0= =[]z =[] 22 — 0

Since Z*® represents K by Lemma the distinguished triangle of the lemma is
the distinguished triangle associated to the short exact sequence above (Derived
Categories, Lemma [12.1]). |

32. Cech cohomology of unbounded complexes

The construction of Section isn’t the “correct” one for unbounded complexes.
The problem is that in the Stacks project we use direct sums in the totalization of
a double complex and we would have to replace this by a product. Instead of doing
so in this section we assume the covering is finite and we use the alternating Cech
complex.

Let (X, Ox) be a ringed space. Let F* be a complex of presheaves of Ox-modules.
Let U : X = |J;c; Ui be a finite open covering of X. Since the alternating Cech
complex C?), (U, F) (Section is functorial in the presheaf F we obtain a double
complex C®,, (U, F*). In this section we work with the associated total complex. The

construction of Tot(C3,, (U, F*)) is functorial in F*. As well there is a functorial
transformation

(32.0.1) (X, F*) — Tot(Co, (U, F*))

of complexes defined by the following rule: The section s € I'(X, F™) is mapped to
the element o = {a,...;, } with a;, = s|Ui0 and ay,...;, = 0 for p > 0.

Lemma 32.1. Let (X,Ox) be a ringed space. LetU : X = J;c; U; be a finite open
covering. For a complex F* of Ox-modules there is a canonical map

T0t<c<;lt(u7]:.)) — RF<X7]:.)
functorial in F* and compatible with (32.0.1)).
Proof. Let Z° be a K-injective complex whose terms are injective Ox-modules.
The map (32.0.1) for Z* is a map I'(X,Z°®) — Tot(C?,(U,Z°)). This is a quasi-
isomorphism of complexes of abelian groups as follows from Homology, Lemma [22.7
applied to the double complex Cg;,(U,Z°®) using Lemmas (12.1| and 24.Gl Suppose
F* — 1I° is a quasi-isomorphism of F* into a K-injective complex whose terms

are injectives (Injectives, Theorem [12.6). Since RI'(X,F*®) is represented by the
complex I'(X,Z*) we obtain the map of the lemma using

Tot(Cay, (U, F*)) — Tot(Cay, (U, I%)).

We omit the verification of functoriality and compatibilities. O
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Lemma 32.2. Let (X,Ox) be a ringed space. LetU : X = J;c; U; be a finite open
covering. Let F* be a complex of Ox-modules. Let B be a set of open subsets of
X. Assume

(1) every open in X has a covering whose members are elements of B,

(2) we have Us,..;, € B for all ig, ... i, €1,

(3) for every U € B cmd p > 0 we have

(a) HP(U, F?) =
(b) HP(U, Coker(]:q L' — F1)) =0, and
(c) HP(U, HI(F)) = 0.
Then the map
Tot(CS), (U, F*)) — RI(X,F*)

of Lemma[32.] is an isomorphism in D(Ab).

Proof. If 7* is bounded below, this follows from assumption (3)(a) and the spectral
sequence of Lemma and the fact that

Tot(C2, (U, F*)) — Tot(C* (U, F*))

is a quasi-isomorphism by Lemma (some details omitted). In general, by
assumption (3)(c) we may choose a resolution F* — Z°® = limZ? as in Lemma
Then the map of the lemma becomes

lim,, Tot(Coy (U, T>_n F*)) — lim,, T'(X,Z?)

Note that (3)(b) shows that 7>_,F* is a bounded below complex satisfying the
hypothesis of the lemma. Thus the case of bounded below complexes shows each
of the maps
Tot (2, (U 7 F*)) — T(X,Z)

is a quasi-isomorphism. The cohomologies of the complexes on the left hand side
in given degree are eventually constant (as the alternating Cech complex is finite).
Hence the same is true on the right hand side. Thus the cohomology of the limit
on the right hand side is this constant value by Homology, Lemma and we
win. ([l

33. Hom complexes

Let (X,Ox) be a ringed space. Let £* and M* be two complexes of Ox-modules.
We construct a complex of Ox-modules Hom®(L®, M*). Namely, for each n we set

Hom™ (L%, M) =[] _ . Homoy (L79, MP)

It is a good idea to think of Hom™ as the sheaf of Ox-modules of all Ox-linear
maps from L£* to M® (viewed as graded Ox-modules) which are homogenous of
degree n. In this terminology, we define the differential by the rule

d(f) =dpof—(—1)"fodg

for f € Hom%  (L*, M?*). We omit the verification that d> = 0. This construction is
a special case of Differential Graded Algebra, Example It follows immediately
from the construction that we have

(33.0.1) H"™(T(U, Hom*(L*, M*®))) = Homg o,,)(L*, M*[n])
for all n € Z and every open U C X.
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Lemma 33.1. Let (X,0x) be a ringed space. Given complexes K®,L*, M® of
Ox-modules there is an isomorphism

Hom® (K®, Hom® (L®, M*®)) = Hom* (Tot(K® @0, L), M*®)
of complezes of Ox-modules functorial in KC®, L, M®.

Proof. Omitted. Hint: This is proved in exactly the same way as More on Algebra,
Lemma [54.7] O

Lemma 33.2. Let (X,0x) be a ringed space. Given complexes K®, L%, M® of
Ox-modules there is a canonical morphism

Tot (Hom® (L*, M*®) @0, Hom®(K*, L*)) — Hom*(K*, M?*)
of complezes of Ox-modules.

Proof. Omitted. Hint: This is proved in exactly the same way as More on Algebra,
Lemma [54.21 O

Lemma 33.3. Let (X,0x) be a ringed space. Given complexes K®, L%, M® of
Ox-modules there is a canonical morphism

Tot(Hom®(L*, M*) Qo K*) — Hom®(Hom*(K*, L*), M*®)
of complezes of Ox-modules functorial in all three complexes.

Proof. Omitted. Hint: This is proved in exactly the same way as More on Algebra,
Lemma [54.3] O

Lemma 33.4. Let (X,0x) be a ringed space. Given complexes K®, L%, M® of
Ox-modules there is a canonical morphism

K® — Hom®(L®, Tot(K® ®o, L*))
of complezes of Ox-modules functorial in both complexes.

Proof. Omitted. Hint: This is proved in exactly the same way as More on Algebra,
Lemma 545 O

Lemma 33.5. Let (X,0x) be a ringed space. Let I® be a K-injective complex of
Ox -modules. Let L* be a complex of Ox-modules. Then

H°(D(U, Hom*(£*,1*))) = Homp(o,) (Llv. M|u)
for allU C X open.
Proof. We have
H°(D(U, Hom® (£*,1*))) = Homg o, (Llv, M|v)
= Hompo,)(Llv, M|v)

The first equality is (33.0.1]). The second equality is true because Z°|y is K-injective
by Lemma [30.1 d
Lemma 33.6. Let (X, Ox) be a ringed space. Let (IZ')®* — Z°® be a quasi-isomorphism
of K-injective complexes of Ox-modules. Let (L')* — L* be a quasi-isomorphism
of complezes of Ox-modules. Then

Hom®(L®, (Z')*) — Hom*((L)*,Z°)

is a quasi-isomorphism.
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Proof. Let M be the object of D(Ox) represented by Z® and (Z')®. Let L be the
object of D(Ox) represented by £* and (£')*. By Lemma we see that the
sheaves
H(Hom®(L£®,(Z')*)) and H°(Hom®((L')*,I*))
are both equal to the sheaf associated to the presheaf
Ur— HOHID(@U)(LlU, M|U)

Thus the map is a quasi-isomorphism. (Il
Lemma 33.7. Let (X,0x) be a ringed space. Let I® be a K-injective complex of

Ox-modules. Let L* be a K-flat complex of Ox-modules. Then Hom®(L*,Z°*) is a
K-injective complex of Ox-modules.

Proof. Namely, if K£® is an acyclic complex of Ox-modules, then
Homp (o,)(K®, Hom®(L*, %)) = H°(T'(X, Hom* (K*, Hom* (L*,1*))))
= H(T'(X, Hom® (Tot(K® @0, L*),T*)))
= Hompg o) (Tot(K* @0y L*),Z°)
=0
The first equality by (33.0.1). The second equality by Lemma m The third

equality by (33.0.1]). The final equality because Tot(K® ®o, L®) is acyclic because
L* is K-flat (Definition [27.2)) and because Z°® is K-injective. O

34. Internal hom in the derived category

Let (X,Ox) be a ringed space. Let L, M be objects of D(Ox). We would like to
construct an object R Hom (L, M) of D(Ox) such that for every third object K of
D(Ox) there exists a canonical bijection

(34.0.1) Hom p (o) (K, RHom(L, M)) = Homp o) (K ®6, L, M)

Observe that this formula defines R Hom (L, M) up to unique isomorphism by the
Yoneda lemma (Categories, Lemma [3.5)).

To construct such an object, choose a K-injective complex Z® representing M and
any complex of Ox-modules L£® representing L. Then we set

RHom(L, M) = Hom®(L*,Z°)

where the right hand side is the complex of O x-modules constructed in Section
This is well defined by Lemma We get a functor

D(0Ox)"* x D(Ox) — D(Ox), (K,L)+— RHom(K,L)
As a prelude to proving (34.0.1)) we compute the cohomology groups of R Hom (K, L).
Lemma 34.1. Let (X,Ox) be a ringed space. Let L, M be objects of D(Ox). For

every open U we have

H°(U, RHom(L, M)) = Homp oy, (L|u, M|v)
and in particular H*(X, R Hom (L, M)) = Homp(o)(L, M).
Proof. Choose a K-injective complex Z°® of Ox-modules representing M and a
K-flat complex L£® representing L. Then Hom®(L*,Z*) is K-injective by Lemma
[33-71 Hence we can compute cohomology over U by simply taking sections over U
and the result follows from Lemma [33.5] O
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Lemma 34.2. Let (X,0x) be a ringed space. Let K, L, M be objects of D(Ox).
With the construction as described above there is a canonical isomorphism

RHom(K,RHom(L,M)) = R Hom(K @@, L, M)
in D(Ox) functorial in K, L, M which recovers (34.0.1]) by taking H°(X, —).

Proof. Choose a K-injective complex Z*® representing M and a K-flat complex of
Ox-modules L® representing L. Let H® be the complex described above. For any
complex of Ox-modules K*® we have

Hom® (K*®, Hom®(L®*,Z°)) = Hom® (Tot(K® @0, L*),Z°)

by Lemma Note that the left hand side represents R Hom (K, R Hom(L, M))
(use Lemma [33.7) and that the right hand side represents R Hom(K ®g L, M).
This proves the displayed formula of the lemma. Taking global sections and using

Lemma we obtain (34.0.1)). O

Lemma 34.3. Let (X,0Ox) be a ringed space. Let K, L be objects of D(Ox). The
construction of RHom(K,L) commutes with restrictions to opens, i.e., for every
open U we have R Hom(K |y, L) = RHom (K, L)|y.

Proof. This is clear from the construction and Lemma [30.1] |

Lemma 34.4. Let (X,Ox) be a ringed space. The bifunctor R Hom(—,—) trans-
forms distinguished triangles into distinguished triangles in both variables.

Proof. This follows from the observation that the assignment
(C.,M.) »—>'H0m°(£‘,/\/l')

transforms a termwise split short exact sequences of complexes in either variable
into a termwise split short exact sequence. Details omitted. ([

Lemma 34.5. Let (X,0x) be a ringed space. Let K, L, M be objects of D(Ox).
There is a canonical morphism

RHom(L, M) ®% K — RHom(RHom(K, L), M)
in D(Ox) functorial in K,L, M.

Proof. Choose a K-injective complex Z°® representing M, a K-injective complex
J*® representing L, and a K-flat complex K® representing K. The map is defined
using the map

Tot(Hom®(T°*,I°) ®o, K*) — Hom®(Hom®(K*,T*),ZI°*)

of Lemma[33.3] By our particular choice of complexes the left hand side represents
RHom(L, M)®E K and the right hand side represents R Hom (R Hom(K, L), M).
We omit the proof that this is functorial in all three objects of D(Ox). g

Lemma 34.6. Let (X,0Ox) be a ringed space. Given K, L, M in D(Ox) there is
a canonical morphism

RHom(L, M) ®%  RHom(K,L) — RHom(K, M)
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Proof. In general (without suitable finiteness conditions) we do not see how to get
this map from Lemma Instead, we use the maps

RHom(L, M) @%  RHom(K,L) @% K

|

RHom(RHom(K,L), M) ®% RHom(K,L)

|

M

gotten by applying Lemma twice. Finally, we use Lemma[34.2] to translate the
composition

RHom(L, M) ®%  RHom(K,L) g, K — M
into a map as in the statement of the lemma. O
Lemma 34.7. Let (X,0x) be a ringed space. Given K,L in D(Ox) there is a
canonical morphism

K — RHom(L,K ®%, L)
in D(Ox) functorial in both K and L.
Proof. Choose K-flat complexes K® and L® represeting K and L. Choose a K-
injective complex Z® and a quasi-isomorphism Tot(K® ®o, £*) — Z°. Then we
use
K* — Hom®(L®, Tot(K® @, L®)) = Hom®*(L®,Z°)
where the first map comes from Lemma [33.4] a
Lemma 34.8. Let (X,0x) be a ringed space. Let L be an object of D(Ox). Set
L" = RHom(L,Ox). For M in D(Ox) there is a canonical map
(34.8.1) LN @% M — RHom(L, M)
which induces a canonical map
HY(X,L" ®%, M) — Homp(oy (L, M)

functorial in M in D(Ox).

Proof. The map (34.8.1) is a special case of Lemma using the identification
M = RHom(Ox, M). O

Remark| 34.9. Let h : X — Y be a morphism of ringed spaces. Let K, L be
objects of D(Qy). We claim there is a canonical map

Lh*RHom(K,L) — RHom(Lh*K, Lh*L)

in D(Ox). Namely, by (34.0.1)) proved in Lemma such a map is the same thing
as a map

Lh*RHom(K,L) @“ Lh*K — Lh*L
The source of this arrow is Lh*(Hom (K, L) @ K) by Lemma hence it suffices
to construct a canonical map

RHom(K,L) @ K — L.
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For this we take the arrow corresponding to

id: RHom(K,L) — RHom(K, L)
via .
Remark| 34.10. Suppose that

S ——=S5
is a commutative diagram of ringed spaces. Let K, L be objects of D(Ox). We
claim there exists a canonical base change map
Lg*Rf.RHom(K,L) — R(f")«RHom(Lh*K,Lh*L)
in D(Og/). Namely, we take the map adjoint to the composition
L(f"Y*Lg*RfsRHom(K, L) = Lh*Lf*Rf.RHom(K, L)
— Lh*RHom (K, L)
— RHom(Lh*K,Lh*L)

where the first arrow uses the adjunction mapping Lf*Rf, — id and the second
arrow is the canonical map constructed in Remark

35. Strictly perfect complexes

Strictly perfect complexes of modules are used to define the notions of pseudo-
coherent and perfect complexes later on. They are defined as follows.

Definition 35.1. Let (X,Ox) be a ringed space. Let £° be a complex of Ox-
modules. We say E° is strictly perfect if £ is zero for all but finitely many i and £
is a direct summand of a finite free O x-module for all 7.

Warning: Since we do not assume that X is a locally ringed space, it may not be
true that a direct summand of a finite free Ox-module is finite locally free.

Lemma 35.2. The cone on a morphism of strictly perfect complexes is strictly
perfect.

Proof. This is immediate from the definitions. O

Lemmal 35.3. The total complex associated to the tensor product of two strictly
perfect complexes is strictly perfect.

Proof. Omitted. O

Lemma 35.4. Let f: (X,0x) — (Y,0y) be a morphism of ringed spaces. If F*
is a strictly perfect complex of Oy -modules, then f*F* is a strictly perfect complex
of Ox -modules.

Proof. The pullback of a finite free module is finite free. The functor f* is additive
functor hence preserves direct summands. The lemma follows. (I
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Lemma 35.5. Let (X,0x) be a ringed space. Given a solid diagram of Ox-
modules

E—>7F

I
AN
g

with £ a direct summand of a finite free Ox-module and p surjective, then a dotted
arrow making the diagram commute exists locally on X.

Proof. We may assume £ = Og’?" for some n. In this case finding the dotted arrow
is equivalent to lifting the images of the basis elements in I'(X, 7). This is locally
possible by the characterization of surjective maps of sheaves (Sheaves, Section

16). O

Lemma 35.6. Let (X,0x) be a ringed space.

(1) Let o : E* — F* be a morphism of complexes of Ox-modules with E°
strictly perfect and F* acyclic. Then « is locally on X homotopic to zero.

(2) Let a : E* — F* be a morphism of complexes of Ox-modules with E°
strictly perfect, & = 0 for i < a, and H'(F®*) = 0 for i > a. Then « is
locally on X homotopic to zero.

Proof. The first statement follows from the second, hence we only prove (2). We
will prove this by induction on the length of the complex £°*. If £* = £[—n] for
some direct summand & of a finite free Ox-module and integer n > a, then the
result follows from Lemma and the fact that F"~1 — Ker(F" — F*1) is
surjective by the assumed vanishing of H™(F*). If £ is zero except for i € [a, b],
then we have a split exact sequence of complexes

0— E[—b] = E° = 0<p1E° =0
which determines a distinguished triangle in K(Ox). Hence an exact sequence
HomK(OX)(O'gb—lg.af.) — HOHIK(OX)(S.,]:.) — HOmK(OX)(gb[—b],f.)

by the axioms of triangulated categories. The composition £°[—b] — F* is locally
homotopic to zero, whence we may assume our map comes from an element in the
left hand side of the displayed exact sequence above. This element is locally zero
by induction hypothesis. O

Lemma 35.7. Let (X,Ox) be a ringed space. Given a solid diagram of complezes
of Ox-modules

£ —>F°

EN
g.
with £ strictly perfect, £ = 0 for j < a and H’(f) an isomorphism for j > a

and surjective for j = a, then a dotted arrow making the diagram commute up to
homotopy exists locally on X.

Proof. Our assumptions on f imply the cone C(f)® has vanishing cohomology
sheaves in degrees > a. Hence Lemma |35.6| guarantees there is an open covering
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X = JU; such that the composition £* — F* — C(f)* is homotopic to zero over
U;. Since

Gg* = F* = C(f)* —g°[1]
restricts to a distinguished triangle in K (Oy,) we see that we can lift ay, up to
homotopy to a map «; : £*|y, — G°®|u, as desired. O

Lemma 35.8. Let (X,0x) be a ringed space. Let £°, F* be complexes of Ox-
modules with £ strictly perfect.

(1) For any element o € Homp (o, )(E®, F*) there exists an open covering X =
JU; such that a|y, is given by a morphism of complezes ;= E®|uy, — F°|u,.

(2) Given a morphism of complexes o : £ — F* whose image in the group
Hompo,)(E%, F*®) is zero, there exists an open covering X = (JU; such
that oy, s homotopic to zero.

Proof. Proof of (1). By the construction of the derived category we can find a
quasi-isomorphism f : F* — G® and a map of complexes § : £* — G* such that
a = f~13. Thus the result follows from Lemmam We omit the proof of (2). O

Lemma 35.9. Let (X,0x) be a ringed space. Let £°, F* be complexes of Ox-
modules with £° strictly perfect. Then the internal hom RHom(E®,F*®) is repre-
sented by the complex H® with terms

n_ —q Fp
H @n:erq Homep, (E79, FP)
and differential as described in Section [34)

Proof. Choose a quasi-isomorphism F°®* — Z° into a K-injective complex. Let
(H')® be the complex with terms

(H/)ﬂ — Hn:p+q Homox (E_(I, Ip>

which represents R Hom(E®, F*) by the construction in Section It suffices to
show that the map

H — (H)®
is a quasi-isomorphism. Given an open U C X we have by inspection
HO(H*(U)) = Homp (0, (E°|v, K*l) — HO((H')*(U)) = Homp (o, (E°]v, K*[v)

By Lemma the sheafification of U + H?(H*(U)) is equal to the sheafification
of U HO((H')*(U)). A similar argument can be given for the other cohomology
sheaves. Thus H*® is quasi-isomorphic to (H’)® which proves the lemma. O

Lemma 35.10. Let (X,Ox) be a ringed space. Let £, F* be complexes of Ox -
modules with

(1) F*=0 forn <0,
(2) &" =0 forn >0, and
(3) &™ isomorphic to a direct summand of a finite free Ox-module.

Then the internal hom RHom/(E®,F*®) is represented by the complex H® with terms
n _ -4 P
H @n:p+q Homo (E79, FP)
and differential as described in Section [34)
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Proof. Choose a quasi-isomorphism F* — Z® where Z*® is a bounded below com-
plex of injectives. Note that Z* is K-injective (Derived Categories, Lemma .
Hence the construction in Section 34| shows that R Hom/(E®, F*) is represented by
the complex (H')® with terms

H) =], Homox (€T =D, _  Homox (€ T")

(equality because there are only finitely many nonzero terms). Note that H® is the
total complex associated to the double complex with terms Homeo, (€%, FP) and
similarly for (H')®. The natural map (H')®* — H*® comes from a map of double
complexes. Thus to show this map is a quasi-isomorphism, we may use the spectral
sequence of a double complex (Homology, Lemma

'EPY = HP(Homo, (E79, F*))

converging to HPT4(H*) and similarly for (#')®. To finish the proof of the lemma
it suffices to show that F* — Z* induces an isomorphism

HP(Homo, (€, F*)) — HP(Homo, (€,1°))

on cohomology sheaves whenever £ is a direct summand of a finite free O x-module.
Since this is clear when £ is finite free the result follows. O

36. Pseudo-coherent modules
In this section we discuss pseudo-coherent complexes.

Definition 36.1. Let (X,Ox) be a ringed space. Let £° be a complex of Ox-
modules. Let m € Z.

(1) We say £° is m-pseudo-coherent if there exists an open covering X = |JU;
and for each i a morphism of complexes a; : £ — E£°|y, where &; is strictly
perfect on U; and H’(q;) is an isomorphism for j > m and H™(q;) is
surjective.

(2) We say £° is pseudo-coherent if it is m-pseudo-coherent for all m.

(3) We say an object F of D(Ox) is m-pseudo-coherent (resp. pseudo-coherent)
if and only if it can be represented by a m-pseudo-coherent (resp. pseudo-
coherent) complex of Ox-modules.

If X is quasi-compact, then an m-pseudo-coherent object of D(Ox) is in D~ (Ox).
But this need not be the case if X is not quasi-compact.

Lemma 36.2. Let (X,0x) be a ringed space. Let E be an object of D(Ox).

(1) If there exists an open covering X = JU;, strictly perfect complexes EF on
U;, and maps «; : 2 — Ely, in D(Oy,) with H?(«;) an isomorphism for
j>m and H™(«;) surjective, then E is m-pseudo-coherent.

(2) If E is m-pseudo-coherent, then any complex representing E is m-pseudo-
coherent.

Proof. Let F* be any complex representing F and let X = JU; and «; : & — E|y,
be as in (1). We will show that F* is m-pseudo-coherent as a complex, which will
prove (1) and (2) simultaneously. By Lemma we can after refining the open
covering X = |JU; represent the maps a; by maps of complexes «; : £F — F°|y,.
By assumption H’(q;) are isomorphisms for 5 > m, and H™(q;) is surjective
whence F* is m-pseudo-coherent. O
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Lemma 36.3. Let f: (X,0x) — (Y,0y) be a morphism of ringed spaces. Let
E be an object of D(Oy). If E is m-pseudo-coherent, then Lf*E is m-pseudo-
coherent.

Proof. Represent E by a complex £°* of Oy-modules and choose an open covering
Y =UV: and «; : £ — E°|y; as in Definition Set U; = f~4(V;). By Lemma
it suffices to show that Lf*E®|y, is m-pseudo-coherent. Choose a distinguished
triangle

E = E%v, = C = &)
The assumption on «; means exactly that the cohomology sheaves H’(C) are zero
for all j > m. Denote f; : U; — V; the restriction of f. Note that Lf*E®
Lf¥(€)v,). Applying Lf; we obtain the distinguished triangle
Lfr& — Lff€lv, = LfiC — LfF ]
By the construction of Lff as a left derived functor we see that H/(LfFC) = 0
for 5 > m (by the dual of Derived Categories, Lemma [17.1). Hence H7(Lf} ;)

is an isomorphism for j > m and H™(Ljf*«;) is surjective. On the other hand,
Lf& = [FE€r. is strictly perfect by Lemma [35.4 Thus we conclude. O

Lemma 36.4. Let (X,Ox) be a ringed space and m € Z. Let (K,L, M, f,g,h) be
a distinguished triangle in D(Ox).
(1) If K is (m + 1)-pseudo-coherent and L is m-pseudo-coherent then M is
m-pseudo-coherent.
(2) If K anf M are m-pseudo-coherent, then L is m-pseudo-coherent.
(3) If L is (m + 1)-pseudo-coherent and M is m-pseudo-coherent, then K is
(m + 1)-pseudo-coherent.

U,; -

Proof. Proof of (1). Choose an open covering X = |JU; and maps «; : K — K]y,
in D(Oyp,) with K¢ strictly perfect and H?(c;) isomorphisms for j > m + 1 and
surjective for j = m + 1. We may replace K by 0>m,+1K7 and hence we may
assume that ng =0 for j < m+ 1. After refining the open covering we may choose
maps 3; : L — L|y, in D(Oyp,) with L£? strictly perfect such that H7(3) is an
isomorphism for j > m and surjective for j = m. By Lemma we can, after
refining the covering, find maps of complexes ~; : K* — L* such that the diagrams

K|U¢ - L|U¢

K —— 1

are commutative in D(Oy,) (this requires representing the maps «;, 5; and K|y, —
L|y, by actual maps of complexes; some details omitted). The cone C/(y;)® is strictly
perfect (Lemma . The commutativity of the diagram implies that there exists
a morphism of distinguished triangles

(K3, L3,C(vi)*) — (Klu,, Llv,, M
It follows from the induced map on long exact cohomology sequences and Homology,
Lemmas and that C(7;)®* — M|y, induces an isomorphism on cohomology

in degrees > m and a surjection in degree m. Hence M is m-pseudo-coherent by
Lemma [36.2)

Assertions (2) and (3) follow from (1) by rotating the distinguished triangle. O

Ui)'
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Lemma 36.5. Let (X,Ox) be a ringed space. Let K, L be objects of D(Ox).
(1) If K is n-pseudo-coherent and H'(K) = 0 for i > a and L is m-pseudo-
coherent and HI(L) = 0 for j > b, then K @ L is t-pseudo-coherent with
t = max(m + a,n +b).
(2) If K and L are pseudo-coherent, then K ®5X L is pseudo-coherent.

Proof. Proof of (1). By replacing X by the members of an open covering we may
assume there exist strictly perfect complexes K*® and £* and maps « : K* — K and
B: L* — L with H'(a) and isomorphism for i > n and surjective for i = n and
with H*(3) and isomorphism for i > m and surjective for i = m. Then the map

a @ B: Tot(K® ®oy L) = K @, L

induces isomorphisms on cohomology sheaves in degree i for ¢ > ¢ and a surjection
for ¢ = t. This follows from the spectral sequence of tors (details omitted).

Proof of (2). We may first replace X by the members of an open covering to
reduce to the case that K and L are bounded above. Then the statement follows
immediately from case (1). O

Lemma 36.6. Let (X,0x) be a ringed space. Let m € Z. If K ® L is m-pseudo-
coherent (resp. pseudo-coherent) in D(Ox) so are K and L.

Proof. Assume that K & L is m-pseudo-coherent. After replacing X by the mem-
bers of an open covering we may assume K & L € D~ (Ox), hence L € D~ (Ox).
Note that there is a distinguished triangle

(KoL, KoL Lo L[l) =(K,K,0)® (L,L, L& L[1])

see Derived Categories, Lemma By Lemma we see that L & L[1] is m-
pseudo-coherent. Hence also L[1] @ L[2] is m-pseudo-coherent. By induction L[n]&®
L[n + 1] is m-pseudo-coherent. Since L is bounded above we see that L[n] is m-
pseudo-coherent for large n. Hence working backwards, using the distinguished
triangles

(L[n], Lin] ® L[n — 1], L[n — 1])
we conclude that Lin — 1], L[n — 2], ..., L are m-pseudo-coherent as desired. = [

Lemma 36.7. Let (X,0x) be a ringed space. Let m € Z. Let F* be a (locally)
bounded above complex of Ox-modules such that F* is (m — i)-pseudo-coherent for
all i. Then F* is m-pseudo-coherent.

Proof. Omitted. Hint: use Lemma and truncations as in the proof of More
on Algebra, Lemma [50.9 O

Lemma 36.8. Let (X,0x) be a ringed space. Let m € Z. Let E be an object of
D(Ox). If E is (locally) bounded above and H'(E) is (m — i)-pseudo-coherent for
all i, then E is m-pseudo-coherent.

Proof. Omitted. Hint: use Lemma and truncations as in the proof of More
on Algebra, Lemma [50.10 O

Lemma 36.9. Let (X,0x) be a ringed space. Let K be an object of D(Ox). Let
m € Z.
(1) If K is m-pseudo-coherent and H'(K) = 0 for i > m, then H™(K) is a
finite type Ox-module.
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(2) If K is m-pseudo-coherent and H'(K) = 0 for i > m + 1, then H™!(K)
is a finitely presented Ox-module.

Proof. Proofof (1). We may work locally on X. Hence we may assume there exists
a strictly perfect complex £° and a map « : £* — K which induces an isomorphism
on cohomology in degrees > m and a surjection in degree m. It suffices to prove
the result for £°. Let n be the largest integer such that £™ # 0. If n = m, then
H™(&*) is a quotient of £" and the result is clear. If n > m, then £"71 — £
is surjective as H"(E*®) = 0. By Lemma we can locally find a section of this
surjection and write £"~! = £ @ £". Hence it suffices to prove the result for the
complex (£7)* which is the same as £° except has £ in degree n—1 and 0 in degree
n. We win by induction on n.

Proof of (2). We may work locally on X. Hence we may assume there exists a
strictly perfect complex £€® and a map « : £* — K which induces an isomorphism
on cohomology in degrees > m and a surjection in degree m. As in the proof
of (1) we can reduce to the case that £ = 0 for i > m + 1. Then we see that
H™(K) = H™HL(£%) = Coker(E™ — £™F1) which is of finite presentation. [0

Lemma 36.10. Let (X,Ox) be a ringed space. Let F be a sheaf of Ox-modules.

(1) F viewed as an object of D(Ox) is 0-pseudo-coherent if and only if F is a
finite type Ox-module, and

(2) F viewed as an object of D(Ox) is (—1)-pseudo-coherent if and only if F
is an Ox -module of finite presentation.

Proof. Use Lemma to prove the implications in one direction and Lemma
36.8| for the other. (I

37. Tor dimension
In this section we take a closer look at resolutions by flat modules.

Definition 37.1. Let (X, Ox) be a ringed space. Let E be an object of D(Ox).
Let a,b € Z with a < b.
(1) Wesay E has tor-amplitude in [a,b] if H(E®g _F) = 0 for all Ox-modules
F and all i & [a,b].
(2) We say E has finite tor dimension if it has tor-amplitude in [a, b] for some
a,b.
(3) We say FE locally has finite tor dimension if there exists an open covering
X = U, such that E|y, has finite tor dimension for all i.

Note that if E has finite tor dimension, then F is an object of D*(Ox) as can be
seen by taking F = Ox in the definition above.

Lemma 37.2. Let (X,0x) be a ringed space. Let £* be a bounded above complex
of flat Ox-modules with tor-amplitude in [a,b]. Then Coker(dss') is a flat Ox-
module.

Proof. As £° is a bounded above complex of flat modules we see that £®* ®p, F =
E* ®éx F for any Ox-module F. Hence for every Ox-module F the sequence

5(1—2 Rox F — ga71 Rox F = &° Rox F
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is exact in the middle. Since £972 — £971 — £¢ — Coker(d*~!) — 0 is a flat
resolution this implies that Tor* (Coker(d*~!), F) = 0 for all Ox-modules F.
This means that Coker(d®~1) is flat, see Lemma [27.15 O

Lemma 37.3. Let (X,0x) be a ringed space. Let E be an object of D(Ox). Let
a,b € Z with a <b. The following are equivalent
(1) E has tor-amplitude in [a,b].
(2) E is represented by a complex £° of flat Ox-modules with £ = 0 for i &
[a, b].

Proof. If (2) holds, then we may compute F ®%X F =E°®o, F and it is clear
that (1) holds.

Assume that (1) holds. We may represent E by a bounded above complex of flat
Ox-modules K°®, see Section Let n be the largest integer such that K™ # 0. If
n > b, then K"~1 — K" is surjective as H"(K®) = 0. As K" is flat we see that
Ker(K"~! — K") is flat (Modules, Lemma [16.8). Hence we may replace K* by
T<n—1K®. Thus, by induction on n, we reduce to the case that K*® is a complex of
flat Ox-modules with K = 0 for i > b.

Set £° = 7>,K°. Everything is clear except that £¢ is flat which follows immediately
from Lemma [B7.2 and the definitions. [

Lemma 37.4. Let f: (X,0x) — (Y,0y) be a morphism of ringed spaces. Let
E be an object of D(Oy). If E has tor amplitude in [a,b], then Lf*E has tor
amplitude in [a, b].

Proof. Assume E has tor amplitude in [a,b]. By Lemma we can represent
E by a complex of £ of flat O-modules with £ = 0 for i & [a,b]. Then Lf*FE is
represented by f*£°. By Modules, Lemma the modules f*&" are flat. Thus
by Lemma we conclude that Lf*F has tor amplitude in [a, b]. O

Lemma 37.5. Let (X,0x) be a ringed space. Let E be an object of D(Ox). Let
a,b € Z with a < b. The following are equivalent

(1) E has tor-amplitude in [a, b].

(2) for every x € X the object E, of D(Ox ) has tor-amplitude in [a, b].
Proof. Taking stalks at x is the same thing as pulling back by the morphism
of ringed spaces (z,0x ) — (X,Ox). Hence the implication (1) = (2) follows
from Lemma For the converse, note that taking stalks commutes with tensor
products (Modules, Lemma [15.1)). Hence

(E @8y Fla = B @, . Fu
On the other hand, taking stalks is exact, so

and we can check whether H*(E ®%X F) is zero by checking whether all of its stalks
are zero (Modules, Lemma[3.1). Thus (2) implies (1). O

Lemma 37.6. Let (X,0x) be a ringed space. Let (K,L,M, f,g,h) be a distin-
guished triangle in D(Ox). Let a,b € Z.
(1) If K has tor-amplitude in [a + 1,b + 1] and L has tor-amplitude in [a, b
then M has tor-amplitude in [a,b].
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(2) If K and M have tor-amplitude in [a,b], then L has tor-amplitude in [a,b].
(3) If L has tor-amplitude in [a + 1,b + 1] and M has tor-amplitude in [a,b],
then K has tor-amplitude in [a + 1,b+ 1].

Proof. Omitted. Hint: This just follows from the long exact cohomology sequence
associated to a distinguished triangle and the fact that — ®I(5X F preserves distin-
guished triangles. The easiest one to prove is (2) and the others follow from it by
translation. O

Lemma 37.7. Let (X,Ox) be a ringed space. Let K, L be objects of D(Ox). If K
has tor-amplitude in [a,b] and L has tor-amplitude in [c,d] then K ®% L has tor
amplitude in [a + ¢,b+ d].

Proof. Omitted. Hint: use the spectral sequence for tors. O

Lemma 37.8. Let (X,0x) be a ringed space. Let a,b € Z. For K, L objects of
D(Ox) if K ® L has tor amplitude in [a,b] so do K and L.

Proof. Clear from the fact that the Tor functors are additive. O

38. Perfect complexes
In this section we discuss properties of perfect complexes on ringed spaces.

Definition 38.1. Let (X,Ox) be a ringed space. Let £° be a complex of Ox-
modules. We say E° is perfect if there exists an open covering X = |JU; such
that for each ¢ there exists a morphism of complexes £ — £°|y, which is a quasi-
isomorphism with €2 strictly perfect. An object E of of D(Ox) is perfect if it can
be represented by a perfect complex of Ox-modules.

Lemma 38.2. Let (X,0x) be a ringed space. Let E be an object of D(Ox).
(1) If there exists an open covering X = |JU;, strictly perfect complexes E? on
Ui, and isomorphisms a; : E? — E|y, in D(Oy,), then E is perfect.
(2) If E is perfect, then any complex representing E is perfect.

Proof. Identical to the proof of Lemma [36.2 g

Lemma 38.3. Let (X,0x) be a ringed space. Let E be an object of D(Ox). Let
a < b be integers. If E has tor amplitude in [a,b] and is (a — 1)-pseudo-coherent,
then E is perfect.

Proof. After replacing X by the members of an open covering we may assume
there exists a strictly perfect complex £* and a map « : £* — E such that H'(«)
is an isomorphism for ¢ > a. We may and do replace £° by 0>,-1£®. Choose a
distinguished triangle
E* = E—C— & 1]

From the vanishing of cohomology sheaves of ' and £° and the assumption on
a we obtain C' & K[a — 2] with K = Ker(£27! — £9). Let F be an Ox-module.
Applying —®I@X F the assumption that E has tor amplitude in [a, b] implies K®o
F — £ ®0p, F has image Ker(£47! @p, F — £ ®o, F). It follows that
TorPX (&', F) = 0 where & = Coker(£°~! — £%). Hence &' is flat (Lemma .
Thus &’ is locally a direct summand of a finite free module by Modules, Lemma
Thus locally the complex

PR L e SN
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is quasi-isomorphic to E and FE is perfect. ([

Lemma 38.4. Let (X,0x) be a ringed space. Let E be an object of D(Ox). The
following are equivalent

(1) E is perfect, and

(2) E is pseudo-coherent and locally has finite tor dimension.

Proof. Assume (1). By definition this means there exists an open covering X =
(JU; such that E|y, is represented by a strictly perfect complex. Thus E is pseudo-
coherent (i.e., m-pseudo-coherent for all m) by Lemma Moreover, a direct
summand of a finite free module is flat, hence E|y, has finite Tor dimension by
Lemma [37.3] Thus (2) holds.

Assume (2). After replacing X by the members of an open covering we may assume
there exist integers a < b such that E has tor amplitude in [a,b]. Since E is m-
pseudo-coherent for all m we conclude using Lemma [38.3 (]

Lemma 38.5. Let f: (X,0x) — (Y,Oy) be a morphism of ringed spaces. Let E
be an object of D(Oy). If E is perfect in D(Oy), then Lf*FE is perfect in D(Ox).

Proof. This follows from Lemma [38.4} |37.4] and [36.3] (An alternative proof is to
copy the proof of Lemma |36.3}) O

Lemma 38.6. Let (X,0x) be a ringed space. Let (K,L,M, f,g,h) be a distin-
guished triangle in D(Ox). If two out of three of K, L, M are perfect then the third
is also perfect.

Proof. First proof: Combine Lemmas [38.4] [36.4] and [37.6] Second proof (sketch):
Say K and L are perfect. After replacing X by the members of an open covering
we may assume that K and L are represented by strictly perfect complexes K® and
L. After replacing X by the members of an open covering we may assume the
map K — L is given by a map of complexes a : K* — L°®, see Lemma Then
M is isomorphic to the cone of a which is strictly perfect by Lemma [35.2 O

Lemma 38.7. Let (X, Ox) be a ringed space. If K, L are perfect objects of D(Ox),
then so is K ®%X L.

Proof. Follows from Lemmas [38.4] [36.5] and [37.7 [l

Lemma 38.8. Let (X,0x) be a ringed space. If K & L is a perfect object of
D(Ox), then so are K and L.

Proof. Follows from Lemmas [38.4] [36.6] and [37.8 O

Lemma 38.9. Let (X,Ox) be a ringed space. Let j : U — X be an open subspace.
Let E be a perfect object of D(Oy) whose cohomology sheaves are supported on
a closed subset T C U with j(T) closed in X. Then Rj.E is a perfect object of
D(Ox).

Proof. Being a perfect complex is local on X. Thus it suffices to check that Rj,F
is perfect when restricted to U and V = X \ j(T'). We have Rj.E|y = E which is
perfect. We have Rj.E|y = 0 because E|;\r = 0. |
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Lemma 38.10. Let (X, Ox) be a ringed space. Let K be a perfect object of D(Ox).
Then K™ = RHom(K,Ox) is a perfect object too and (K™)" = K. There are
functorial isomorphisms

HY(X,K" @6, M) =Homp o (K, M)
for M in D(Ox).

Proof. We will use without further mention that formation of internal hom com-
mutes with restriction to opens (Lemma|34.3)). In particular we may check the first
two statements locally on X. By Lemma [34.8] to see the final statement it suffices
to check that the map (34.8.1))

K"®% M — RHom(K, M)

is an isomorphism. This is local on X as well. Hence it suffices to prove the lemma
when K is represented by a strictly perfect complex.

Assume K is represented by the strictly perfect complex £°. Then it follows from
Lemma that K" is represented by the complex whose terms are (£7")" =
Homo, (E7",0x) in degree n. Since £~" is a direct summand of a finite free
Ox-module, so is (£7™)". Hence K" is represented by a strictly perfect complex
too. It is also clear that (K™)" = K as we have ((£7™)")" = £~™. To see that
is an isomorphism, represent M by a K-flat complex F*. By Lemma m
the complex R Hom (K, M) is represented by the complex with terms

@ Homeo, (E79, FP)
n=p+q
On the other hand, then object K" @™ M is represented by the complex with terms
@ FP ®ox (g—q)/\
n=p+q

Thus the assertion that (34.8.1)) is an isomorphism reduces to the assertion that
the canonical map

F Qo Homo, (E,0x) — Home, (€, F)

is an isomorphism when £ is a direct summand of a finite free O x-module and F is
any Ox-module. This follows immediately from the corresponding statement when
£ is finite free. O

39. Compact objects

n this section we study compact objects in the derived category of modules on a
ringed space. We recall that compact objects are defined in Derived Categories,
Definition On suitable ringed spaces the perfect objects are compact.

Lemmal 39.1. Let X be a ringed space. Assume that the underlying topological
space of X has the following properties:

(1) X is quasi-compact,
(2) there exists a basis of quasi-compact open subsets, and
(3) the intersection of any two quasi-compact opens is quasi-compact.

Then any perfect object of D(Ox) is compact.
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Proof. Let K be a perfect object and let K" be its dual, see Lemma [38.10] Then

we have

Homp o) (K, M) = H(X, K" % M)
functorially in M in D(Ox). Since K" ®g — commutes with direct sums (by

construction) and H® does by Lemma and the construction of direct sums in
Injectives, Lemma [13.4] we obtain the result of the lemma. O
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