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1. Introduction

The goal of this chapter is to discuss pushouts in the category of algebraic spaces.
This can be done with varying assumptions. A fairly general pushout construction
is given in [TT13]: one of the morphisms is affine and the other is a closed immer-
sion. We discuss a particular case of this in Section [2] where we assume one of the
morphisms is affine and the other is a thickening, a situation that often comes up
in deformation theory.

In Sections [3] and [] we discuss diagrams

XN Z) ——Y

|

X\Z—>X

where f is a quasi-compact and quasi-separated morphism of algebraic spaces,
Z — X is a closed immersion of finite presentation, the map f~*(Z) — Z is an
isomorphism, and f is flat along f~(Z). In this situation we glue quasi-coherent
modules on X \ Z and Y (in Section [3)) to quasi-coherent modules on X and we
glue algebraic spaces over X \ Z and Y (in Section |4) to algebraic spaces over X.

In Section [5| we discuss how proper birational morphisms of Noetherian algebraic
spaces give rise to coequalizer diagrams in algebraic spaces in some sense.

2. Pushouts in the category of algebraic spaces

This section is analogue of More on Morphisms, Section[I1] We first prove a general
result on colimits and algebraic spaces. To do this we discuss a bit of notation. Let
S be a scheme. Let T — (Sch/S)tpps, @ — X; be a diagram (see Categories,
Section . For each i we may consider the small étale site X; gtqie. For each
morphism ¢ — j of 7 we have the morphism X; — X; and hence a pullback functor
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2 PUSHOUTS OF ALGEBRAIC SPACES

X étale = Xi étale- Hence we obtain a pseudo functor from Z°PP into the 2-category
of categories. Denote

hmi Xi,étale
the 2-limit (see insert future reference here). What does this mean concretely? An
object of this limit is a system of étale morphisms U; — X; over Z such that for
each 7 — j in Z the diagram

Ui — Uj

|

XiﬂXj

is cartesian. Morphisms between objects are defined in the obvious manner. Sup-
pose that f; : X; — T is a family of morphisms such that for each i — j the com-
position X; — X; — T is equal to f;. Then we get a functor Ty — lim X staie-
With this notation in hand we can formulate our lemma.

Lemma 2.1. Let S be a scheme. Let T — (Sch/S)¢pps, @ — X; be a diagram as
above. Assume that

(1) X = colim X; ewists in the category of schemes,

(2) [IX: — X is surjective,

(3) f U — X is étale and U; = X; x x U, then U = colim U; in the category of
schemes, and

(4) the functor Xeiare — Um X; ¢raie is an equivalence.

Then X = colim X; in the category of algebraic spaces over S also.

Proof. Let Z be an algebraic space over S. Suppose that f; : X; — Z is a family
of morphisms such that for each ¢ — j the composition X; — X; — Z is equal to
fi- We have to construct a morphism of algebraic spaces f : X — Z such that we
can recover f; as the composition X; - X — Z. Let W — Z be a surjective étale
morphism of a scheme to Z. For each i set U; = W x z ¢, X; and denote h; : U; = W
the projection. Then U; — X; forms an object of lim X ¢q1e. By assumption (4) we
can find an étale morphism U — X and (functorial) isomorphisms U; = X; xx U.
By assumption (3) there exists a morphism i : U — W such that the compositions
U; - U — W are h;. Let g : U — Z be the composition of A with the map W — Z.
To finish the proof we have to show that g : U — Z descends to a morphism X — Z.
To do this, consider the morphism (h,h) : U xx U — W xz W. Composing with
U; xx, Uy = U xx U we obtain (h;, h;) which factors through W xz W. Since
U x x U is the colimit of the schemes U; X x, U; by (3) we see that (h,h) factors
through W xz W. Hence the two compositions U xx U — U — W — Z are
equal. Because each U; — X is surjective and assumption (2) we see that U — X
is surjective. As Z is a sheaf for the étale topology, we conclude that g : U — Z
descends to f : X — Z as desired. (I

Lemmal 2.2. Let S be a scheme. Let X — X' be a thickening of schemes over S
and let X =Y be an affine morphism of schemes over S. LetY' =Y Ilx X' be the
pushout in the category of schemes (see More on Morphisms, Lemma m Then
Y’ is also a pushout in the category of algebraic spaces over S.

Proof. This is an immediate consequence of Lemma [2.1] and More on Morphisms,
Lemmas [11.1] [11.2] and [11.4] O
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Lemmal 2.3. Let S be a scheme. Let X — X' be a thickening of algebraic spaces
over S and let X — Y be an affine morphism of algebraic spaces over S. Then
there exists a pushout

X—X

fl \Lfl

Y ——=Y Iy X'
in the category of algebraic spaces over S. Moreover Y' =Y Ilx X' is a thickening
of Y and

Oyr = Oy Xy,0yx [LOx:

as sheaves on Yiraie = (Y )étale-
Proof. Choose a scheme V and a surjective étale morphism V — Y. Set U =
V xy X. This is a scheme affine over V with a surjective étale morphism U — X.
By More on Morphisms of Spaces, Lemma there exists a U’ — X' surjective
étale with U = U’ xxs X. In particular the morphism of schemes U — U’ is
a thickening too. Apply More on Morphisms, Lemma to obtain a pushout
V' =V Iy U’ in the category of schemes.

We repeat this procedure to construct a pushout

UXXUHU/XX/U/

l |

VxyV R
in the category of schemes. Consider the morphisms

UxxU—=U=V, UxxU=sU =V, Vxy VsV V

where we use the first projection in each case. Clearly these glue to give a morphism
t' : R' — V' which is étale by More on Morphisms, Lemma Similarly, we
obtain s’ : R" — V' étale. The morphism j' = (¢/,s") : R" — V' xg V' is unramified
(as t' is étale) and a monomorphism when restricted to the closed subscheme V Xy
V CR. AsV xy V C R is a thickening it follows that j’ is a monomorphism too.
Finally, j’ is an equivalence relation as we can use the functoriality of pushouts of
schemes to construct a morphism ¢’ : R’ Xg v/ ¢ R' — R’ (details omitted). At this
point we set Y’ = U’/R/, see Spaces, Theorem [10.5]

We have morphisms X' = U'/U' xx, U - V//R' =Y and Y = V/V xy V —
V'/R' =Y. By construction these fit into the commutative diagram

X —X
f\L if’
Y —Y’

Since Y — Y’ is a thickening we have Ysia1e = (Y/)étate, sSee More on Morphisms of
Spaces, Lemma The commutativity of the diagram gives a map of sheaves

Oyl — Oy Xf.0x f:(OX/

on this set. By More on Morphisms, Lemma this map is an isomorphism when
we restrict to the scheme V', hence it is an isomorphism.
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To finish the proof we show that the diagram above is a pushout in the category of
algebraic spaces. To see this, let Z be an algebraic space and let ¢’ : X/ — Z and
b:Y — Z be morphisms of algebraic spaces. By Lemma we obtain a unique
morphism h : V' — Z fitting into the commutative diagrams

U ——V V—sV’
Tl
X Y.z y L.z

The uniqueness shows that hot' = hos’. Hence h factors uniquely as V! — Y’ — Z
and we win. g

In the following lemma we use the fibre product of categories as defined in Cate-
gories, Example [29.3]

Lemmal 2.4. Let S be a base scheme. Let X — X' be a thickening of algebraic
spaces over S and let X — Y be an affine morphism of algebraic spaces over S.
Let Y =Y lx X' be the pushout (see Lemma . Base change gives a functor

F : (Spaces/Y') — (Spaces/Y) X (spaces/v') (Spaces/X")

given by V' +—— (V'xy: Y, V'xy: X', 1) which sends (Sch/Y") into (Sch/Y )X (gen/v 1y
(Sch/X"). The functor F has a left adjoint

G : (Spaces/Y') X (spaces/y) (Spaces/X") — (Spaces/Y")

which sends the triple (V,U’, ) to the pushout V Iy, x) U in the category of
algebraic spaces over S. The functor G sends (Sch/Y') X (gen/yry (Sch/X') into
(Sch/Y").

Proof. The proof is completely formal. Since the morphisms X — X’ and X — Y
are representable it is clear that I" sends (Sch/Y”) into (Sch/Y") X (gen/vry (Sch/X').

Let us construct G. Let (V,U’, ) be an object of the fibre product category.
Set U = U’ xx» X. Note that U — U’ is a thickening. Since ¢ : V xy X —
U xx X = U is an isomorphism we have a morphism U — V over X — Y
which identifies U with the fibre product X xy V. In particular U — V is affine,
see Morphisms of Spaces, Lemma Hence we can apply Lemma to get a
pushout V' = V II; U’. Denote V' — Y’ the morphism we obtain in virtue of the
fact that V' is a pushout and because we are given morphisms V — Y and U’ — X'
agreeing on U as morphisms into Y’. Setting G(V,U’, p) = V' gives the functor G.

If (V,U’,¢p) is an object of (Sch/Y) X(gcn/y+y (Sch/X') then U = U’ xx/ X is a
scheme too and we can form the pushout V' = V II; U’ in the category of schemes
by More on Morphisms, Lemma By Lemma this is also a pushout in the
category of schemes, hence G sends (Sch/Y') X (gen/y+y (Sch/X') into (Sch/Y").

Let us prove that G is a left adjoint to F'. Let Z be an algebraic space over Y'. We
have to show that

Mor(V', Z) = Mor((V, U, ), F(Z))
where the morphism sets are taking in their respective categories. Let ¢’ : V! — Z
be a morphism. Denote §, resp. f' the composition of ¢’ with the morphism V — V”,
resp. U’ — V'. Base change g, resp. f' by Y — Y7, resp. X’ — Y to get a morphism
g:V = Zxy Y, resp. f': U — Z Xy, X'. Then (g, f') is an element of the
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right hand side of the equation above (details omitted). Conversely, suppose that
(g, 1) : VU, ) = F(Z) is an element of the right hand side. We may consider
the composition § : V — Z, resp. f' : U' — Z of g, resp. f by Z xy+ X' — Z,
resp. Z Xy Y — Z. Then g and f agree as morphism from U to Z. By the
universal property of pushout, we obtain a morphism ¢’ : V! — Z, i.e., an element
of the left hand side. We omit the verification that these constructions are mutually
inverse. (I

Lemma 2.5. Let S be a scheme. Let

A——C——=F

N

B——D——F

be a commutative diagram of algebraic spaces over S. Assume that A,B,C,D
and A, B, E,F form cartesian squares and that B — D is surjective étale. Then
C,D,E,F is a cartesian square.

Proof. This is formal. O

Lemma) 2.6. In the situation of Lemma[2.]] the functor F oG is isomorphic to the
identity functor.

Proof. We will prove that F o GG is isomorphic to the identity by reducing this to
the corresponding statement of More on Morphisms, Lemma [11.2)

Choose a scheme Y7 and a surjective étale morphism Y7 — Y. Set X; =Y xy X.
This is a scheme affine over Y; with a surjective étale morphism X; — X. By More
on Morphisms of Spaces, Lemma there exists a X — X' surjective étale with
X1 = X| Xx X. In particular the morphism of schemes X; — X] is a thickening
too. Apply More on Morphisms, Lemma to obtain a pushout Y{ = Y IIx, X
in the category of schemes. In the proof of Lemma we constructed Y’ as a
quotient of an étale equivalence relation on Y] such that we get a commutative
diagram

(2.6.1) l

S

) 7

where all squares except the front and back squares are cartesian (the front and
back squares are pushouts) and the northeast arrows are surjective étale. Denote
Fy, G1 the functors constructed in More on Morphisms, Lemma for the front
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square. Then the diagram of categories

G
(Sch/Y{) = (8ch/Y1) X (senyvyy (Sch/X1)

- |

(Spaces/Y") —_ (Spaces/Y) X (spaces/v) (Spaces/X')
F

is commutative by simple considerations regarding base change functors and the
agreement of pushouts in schemes with pushouts in spaces of Lemma

Let (V,U’,¢) be an object of (Spaces/Y’) X (spaces/y+) (Spaces/X'). Denote U =
U’ xx: X so that G(V,U’,¢) = V II; U’. Choose a scheme V; and a surjective
étale morphism Vi — Y7 xy V. Set Uy = V7 Xy X. Then

U1=V1 XyX—)(Yl XyV) XyX:X1 XyVZXl X)(XXyV:Xl XxU

is surjective étale too. By More on Morphisms of Spaces, Lemma there exists
a thickening U; — Uj and a surjective étale morphism U; — X; Xxs U’ whose
base change to X; xx U is the displayed morphism. At this point (V1,U7, ¥1)
is an object of (Sch/Y1) X (scnyyyy (Sch/X7). In the proof of Lemma ﬂ we con-
structed G(V,U’,p) = V Iy U’ as a quotient of an étale equivalence relation on
G1(V1,U1, 1) = V1 Iy, U] such that we get a commutative diagram

/U
U, o /
(2.6.2) i

14 GV, U, )

/ 7

G1(V1, U7, ¢1)

U/

Vi

where all squares except the front and back squares are cartesian (the front and back
squares are pushouts) and the northeast arrows are surjective étale. In particular

Gl(Vla U{a ()01) - G(Vrv Ula 90)
is surjective étale.
Finally, we come to the proof of the lemma. We have to show that the adjunction

mapping (V,U’,p) — F(G(V,U’,¢)) is an isomorphism. We know (V1,U], ¢1) —
Fi(G1(V1,U{, 1)) is an isomorphism by More on Morphisms, Lemma Recall
that F' and F} are given by base change. Using the properties of and
Lemma [2.5| we see that V — G(V,U’,¢) xy+ Y and U' — G(V,U’, ) xy+ X' are
isomorphisms, i.e., (V,U’,¢) = F(G(V,U’,)) is an isomorphism. |

Lemmal 2.7. Let S be a base scheme. Let X — X' be a thickening of algebraic
spaces over S and let X — Y be an affine morphism of algebraic spaces over S.

Let Y' =Y Iy X' be the pushout (see Lemma[2.5). Let V' — Y be a morphism of
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algebraic spaces over S. Set V=Y Xy V', U = X' xy: V', and U = X xy: V'.
There is an equivalence of categories between
(1) quasi-coherent Oy -modules flat over Y', and
(2) the category of triples (G, F', ) where
(a) G is a quasi-coherent Oy -module flat over'Y,
(b) F' is a quasi-coherent Oy -module flat over X, and
(c) p: (U—=V)G— (U—U)F is an isomorphism of Oy-modules.
The equivalence maps G' to (V. — V')*G', (U — V')*G’,can). Suppose G' corre-
sponds to the triple (G, F', ). Then
(a) G’ is a finite type Ovy:-module if and only if G and F' are finite type Oy
and Oy -modules.
(b) if V' = Y is locally of finite presentation, then G’ is an Oy -module of
finite presentation if and only if G and F' are Oy and Oy/-modules of
finite presentation.

Proof. A quasi-inverse functor assigns to the triple (G, F’, ) the fibre product
(V — V/)*g X(U%V’)*]—— (U/ — V/)*]:I

where F = (U — U’)*F’. This works, because on affines étale over V' and Y’ we
recover the equivalence of More on Algebra, Lemma [£.12] Details omitted.

Parts (a) and (b) reduce by étale localization (Properties of Spaces, Section [28) to
the case where V' and Y’ are affine in which case the result follows from More on

Algebra, Lemmas and O

Lemma| 2.8. In the situation of Lemma[2.6] If V! = G(V,U’,p) for some triple
(V,U',p), then

(1) V! = Y’ is locally of finite type if and only if V=Y and U — X' are
locally of finite type,
) V! =Y is flat if and only if V =Y and U’ — X' are flat,
(3) V' =Y is flat and locally of finite presentation if and only if V. —Y and

U' — X' are flat and locally of finite presentation,

(4) V' =Y’ is smooth if and only if V=Y and U — X' are smooth,

(5) V! =Y’ is étale if and only if V. —Y and U' — X' are étale, and

(6) add more here as needed.
If W’ is flat over Y', then the adjunction mapping G(F(W')) — W' is an isomor-
phism. Hence F' and G define mutually quasi-inverse functors between the category
of spaces flat over Y’ and the category of triples (V,U’, ) withV — Y and U’ — X'
flat.

Proof. Choose a diagram (2.6.1)) as in the proof of Lemma [2.6}

Proof of (1) — (5). Let (V,U’, ¢) be an object of (Spaces/Y ") X (spaces/v+) (Spaces/ X").
Construct a diagram as in the proof of Lemma Then the base change of
GWV,U',¢) =Y toY{ is G1(V1,U;,p1) — Y{. Hence (1) — (5) follow immediately
from the corresponding statements of More on Morphisms, Lemma[I1.4] for schemes.

Suppose that W’ — Y” is flat. Choose a scheme W/ and a surjective étale morphism
W{ = Y{ xy: W'. Observe that W{ — W' is surjective étale as a composition of
surjective étale morphisms. We know that Gy (Fy(W7)) — W/ is an isomorphism
by More on Morphisms, Lemma applied to W] over Y{ and the front of the
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diagram (with functors Gy and Fj as in the proof of Lemma . Then the con-
struction of G(F(W')) (as a pushout, i.e., as constructed in Lemma shows
that G1(F1(W])) — G(F(W)) is surjective étale. Whereupon we conclude that
G(F(W)) — W is étale, see for example Properties of Spaces, Lemma But
G(F(W)) — W is an isomorphism on underlying reduced algebraic spaces (by
construction), hence it is an isomorphism. O

3. Formal glueing of quasi-coherent modules

This section is the analogue of More on Algebra, Section In the case of mor-
phisms of schemes, the result can be found in the paper by Joyet [Joy96]; this is a
good place to start reading. For a discussion of applications to descent problems
for stacks, see the paper by Moret-Bailly [MB96]. In the case of an affine morphism
of schemes there is a statement in the appendix of the paper [FR70] but one needs
to add the hypothesis that the closed subscheme is cut out by a finitely generated
ideal (as in the paper by Joyet) since otherwise the result does not hold. A gener-
alization of this material to (higher) derived categories with potential applications
to nonflat situations can be found in [Bhal4l Section 5].

We start with a lemma on abelian sheaves supported on closed subsets.

Lemma 3.1. Let S be a scheme. Let f :Y — X be a morphism of algebraic spaces
over S. Let Z C X closed subspace such that f ~'Z — Z is integral and universally
injective. Let g be a geometric point of Y and T = f(y). We have

(Rf:Q)z = Qy
in D(Ab) for any object Q of D(Ystare) supported on |f~1Z|.
Proof. Consider the commutative diagram of algebraic spaces

f_lz ,H Y

7
N
7Z— X
By Cohomology of Spaces, Lemma we can write Q = Ri’ K’ for some object
K’ of D(f~'Zsta1e). By Morphisms of Spaces, Lemma we have K' = (f)7'K
with K = Rf.K’. Then we have Rf.Q = Rf,Ri"K' = Ri,.Rf/K' = Ri,K. Let z
be the geometric point of Z corresponding to T and let Z’ be the geometric point
of f~1Z corresponding to 7. We obtain the result of the lemma as follows

Qy = (Ri,K')y = KL, = (f) 'Kz = Kz = Ri.Kz = Rf.Qx

The middle equality holds because of the description of the stalk of a pullback given
in Properties of Spaces, Lemma [16.9 O

Lemmal 3.2. Let S be a scheme. Let f:Y — X be a morphism of algebraic spaces
over S. Let Z C X closed subspace such that f ~'Z — Z is integral and universally
injective. Let § be a geometric point of Y and T = f(y). Let G be an abelian sheaf
on Y. Then the map of two term complexes

(f+Gz = (f 0 §")«(Glv)z) — (G = JL(GIv)y)

induces an isomorphism on kernels and an injection on cokernels. Here V. =Y \
f~YZ and j' : V =Y is the inclusion.
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Proof. Choose a distinguished triangle
G — Rj.Glv — Q — G[1]

n D(Y¢sa1e). The cohomology sheaves of ) are supported on |f~1Z|. We apply Rf.
and we obtain

Rf.G — Rf.Rj.G|v — Rf.Q — Rf.G[1]

Taking stalks at * we obtain an exact sequence
0= (R Q)z = fuGr — (foi)(Glv)z — (R f.Q)z
We can compare this with the exact sequence
0— H Qg = G5 — j.(Glv)y = H(Q)y
Thus we see that the lemma follows because Qy = Rf.(Qz by Lemma O

Lemma 3.3. Let S be a scheme. Let X be an algebraic space over S. Let f: Y —
X be a quasi-compact and quasi-separated morphism. Let T be a geometric point
of X and let Spec(Oxz) — X be the canonical morphism. For a quasi-coherent
module G on' Y we have

f«Gz =T(Y xx Spec(Ox z),p" F)
where p 1Y xx Spec(Oxz) = Y is the projection.

Proof. Observe that f.Gz = I'(Spec(Ox z), h* f.G) where h : Spec(Oxz) — X.
Hence the result is true because h is flat so that Cohomology of Spaces, Lemma
applies. |

Lemma 3.4. Let S be a scheme. Let X be an algebraic space over S. Leti: Z — X
be a closed immersion of finite presentation. Let Q € Dgcon(Ox) be supported on
|Z|. Let T be a geometric point of X and let Iz C Oxz be the stalk of the ideal
sheaf of Z. Then the cohomology modules H™(Qz) are Iz-power torsion (see More

on Algebra, Definition .

Proof. Choose an affine scheme U and an étale morphism U — X such that 7 lifts
to a geometric point @ of U. Then we can replace X by U, Z by U xx Z, Q by the
restriction Q|y, and T by u. Thus we may assume that X = Spec(A) is affine. Let
I C A be the ideal defining Z. Since i : Z — X is of finite presentation, the ideal
I =1(f1,...,fr) is finitely generated. The object @} comes from a complex of A-
modules M*, see Derived Categories of Spaces, Lemma [£.2] and Derived Categories
of Schemes, Lemma Since the cohomology sheaves of @) are supported on Z
we see that the localization M} is acyclic for each f € I. Take x € HP(M*). By
the above we can find n,; such that f/"z = 0 in HP(M?*) for each i. Then with
n = > n; we see that I" annihilates x. Thus HP(M?*) is I-power torsion. Since the
ring map A =+ Ox 7 is flat and since Iz = IOx z we conclude. O

Lemma 3.5. Let S be a scheme. Let f : Y — X be a morphism of algebraic spaces
over S. Let Z C X be a closed subspace. Assume f~'Z — Z is an isomorphism
and that f is flat in every point of f~1Z. For any Q in Dgcon(Oy) supported on
|f~1Z] we have Lf*Rf.Q = Q.
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Proof. We show the canonical map Lf*Rf.QQ — @ is an isomorphism by checking
on stalks at 7. If 7 is not in f~!Z, then both sides are zero and the result is true.
Assume the image 7 of 3 is in Z. By Lemma we have Rf.Qz = Qy and since
f is flat at 7 we see that

(Lf*Rf*Q)? = (Rf*Q)T ®OX,E OY@ = Q? ®OX,E OY@
Thus we have to check that the canonical map
Qy ®ox- Ovy — Qy

is an isomorphism in the derived category. Let Iz C Oxz be the stalk of the
ideal sheaf defining Z. Since Z — X is locally of finite presentation this ideal is
finitely generated and the cohomology groups of Qy are Iy = IzOy z-power torsion
by Lemma applied to @ on Y. It follows that they are also Iz-power torsion.
The ring map Ox z — Oy is flat and induces an isomorphism after dividing by Iz
and I because we assumed that f~'Z — Z is an isomorphism. Hence we see that
the cohomology modules of Q3 ®o, . Oyy are equal to the cohomology modules of
Q5 by More on Algebra, Lemma which finishes the proof. O

Situation| 3.6. Here S is a base scheme, f: Y — X is a quasi-compact and quasi-
separated morphism of algebraic spaces over S, and Z — X is a closed immersion
of finite presentation. We assume that f~(Z) — Z is an isomorphism and that f
is flat in every point x € |[f~1Z|. Weset U= X\ Z and V =Y \ f~1(Z). Picture

J
f |V\L lf
U I X
In Situation we define QCoh(Y — X,Z) as the category of triples (H,G, p)
where H is a quasi-coherent sheaf of Opy-modules, G is a quasi-coherent sheaf of

Oy-modules, and ¢ : f*H — G|y is an isomorphism of Oy-modules. There is a
canonical functor

(3.6.1) QCoh(Ox) — QCoh(Y — X, Z)

which maps F to the system (F|y, f*F,can). By analogy with the proof given
in the affine case, we construct a functor in the opposite direction. To an object
(H,G, ) we assign the Ox-module

(3.6.2) Ker(juH @ f.G = (f 0 §")«Glv)

Observe that j and j' are quasi-compact morphisms as Z — X is of finite presen-
tation. Hence f., j«, and (f o j'), transform quasi-coherent modules into quasi-
coherent modules (Morphisms of Spaces, Lemma. Thus the module is
quasi-coherent.

Lemma 3.7. In Situation . The functor is right adjoint to the functor
15.6.1)).

Proof. This follows easily from the adjointness of f* to f, and j* to j.. Details
omitted. (]

Lemma 3.8. In Situation . Let X' — X be a flat morphism of algebraic spaces.
Set 7' = X' xx Z and Y' = X' xx Y. The pullbacks QCoh(Ox) — QCoh(Ox)
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and QCoh(Y — X,Z) — QCoWY' — X',Z'") are compatible with the functors
i EET

Proof. This is true because pullback commutes with pullback and because flat pull-
back commutes with pushforward along quasi-compact and quasi-separated mor-
phisms, see Cohomology of Spaces, Lemma [10.1 ([

Proposition 3.9. In Situation the functor is an equivalence with quasi-
inverse given by .

Proof. We first treat the special case where X and Y are affine schemes and
where the morphism f is flat. Say X = Spec(R) and Y = Spec(S). Then f
corresponds to a flat ring map R — S. Moreover, Z C X is cut out by a finitely
generated ideal I C R. Choose generators fi,..., fi € I. By the description of
quasi-coherent modules in terms of modules (Schemes, Section [7)), we see that the
category QCoh(Y — X, Z) is canonically equivalent to the category Glue(R —

S, f1,..., ft) of More on Algebra, Remark [63.10| such that the functors (3.6.1)) and
(3.6.2) correspond to the functors Can and HY. Hence the result follows from More
on Algebra, Proposition [63.15]in this case.

We return to the general case. Let F be a quasi-coherent module on X. We will
show that

a:F — Ker (juFlu ® fu f*"F = (fo i) f*Flv)

is an isomorphism. Let (H, 3, ¢) be an object of QCol(Y — X, Z). We will show
that

B:fKer (. H® f.G— (foi)Glv) —G
and
v Ker (i H @ f.G — (foi)Glv) —H

are isomorphisms. To see these statements are true it suffices to look at stalks. Let
Yy be a geometric point of Y mapping to the geometric point T of X.

Fix an object (H,G,¢) of QCoh(Y — X,Z). By Lemma and a diagram chase
(omitted) the canonical map

Ker(juH @ f.G — (f 0 j)+Glv )z — Ker(j. Hz © Gy — j.Gy)
is an isomorphism.

In particular, if § is a geometric point of V, then we see that j,Gy = Gy and
hence that this kernel is equal to Hz. This easily implies that oz, 8z, and 3y are
isomorphisms in this case.

Next, assume that 7 is a point of f~'Z. Let Iz C Oxz, resp. Iy C Oygy be
the stalk of the ideal cutting out Z, resp. f~'Z. Then Iz is a finitely generated
ideal, Iy = IzOyy, and Oxz — Oyy is a flat local homomorphism inducing an
isomorphism Ox z/Iz = Oy 3/Iy. At this point we can bootstrap using the diagram
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of categories

QCoh(Ox) ——— QCoh(Y — X, Z)

l |

Modo, . —> Glue(Oxz — Oygs f1s .-, f2)
W

Namely, as in the first paragraph of the proof we identify
Glue(Oxz — Ovy, f1,..., ft) = QCoh(Spec(Oy5) = Spec(Oxz), V(Iz))

The right vertical functor is given by pullback, and it is clear that the inner square
is commutative. Our computation of the stalk of the kernel in the third paragraph
of the proof combined with Lemma implies that the outer square (using the
curved arrows) commutes. Thus we conclude using the case of a flat morphism of
affine schemes which we handled in the first paragraph of the proof. O

Lemmal 3.10. In Situation the functor Rf. induces an equivalence between
D ocon|s-12)(Oy) and Dgeon, z)(Ox) with quasi-inverse given by Lf*.

Proof. Since f is quasi-compact and quasi-separated we see that Rf, defines
a functor from Dgcon|r-12/(Oy) to Dgcon,z/(Ox), see Derived Categories of
Spaces, Lemma [6.1] By Derived Categories of Spaces, Lemma we see that
Lf* maps Dgcon,|z|(Ox) into Dgeon, s-12/(Oy). In Lemmawe have seen that
Lf*Rf.Q = Q for Q in Dgcon,|-12/(Oy). By the dual of Derived Categories,
Lemma to finish the proof it suffices to show that L f*K = 0 implies K = 0 for
K in Dgeon,z/(Ox). This follows from the fact that f is flat at all points of f~'z
and the fact that f~'Z — Z is surjective. O

Lemma 3.11. In Situation there exists an fpqc covering {X; — X }ier refining
the family {U — X, Y — X}.

Proof. For the definition and general properties of fpqc coverings we refer to
Topologies, Section In particular, we can first choose an étale covering {X; — X}
with X; affine and by base changing Y, Z, and U to each X; we reduce to the
case where X is affine. In this case U is quasi-compact and hence a finite union
U=U, U...UU, of affine opens. Then Z is quasi-compact hence also f~'Z is
quasi-compact. Thus we can choose an affine scheme W and an étale morphism
h : W — Y such that h™1f~'Z — f~1Z is surjective. Say W = Spec(B) and
h=1f='Z = V(J) where J C B is an ideal of finite type. By Pro-étale Cohomol-
ogy, Lemma there exists a localization B — B’ such that points of Spec(B’)
correspond exactly to points of W = Spec(B) specializing to h=1f~1Z = V(J).
It follows that the composition Spec(B’) — Spec(B) = W — Y — X is flat as
by assumption f : Y — X is flat at all the points of f~!Z. Then {Spec(B’) —
X,U; —» X,...,U, = X} is an fpqc covering by Topologies, Lemma (I
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4. Formal glueing of algebraic spaces

In Situation we consider the category Spaces(X — Y, Z) of commutative dia-
grams of algebraic spaces over S of the form

U/%V/HY/

L

U<~—V——Y
where both squares are cartesian. There is a canonical functor
(4.0.1) Spaces/ X — Spaces(Y — X, Z)
which maps X’ — X to the morphisms U xx X' + V xx X' =Y xx X'.

Lemma) 4.1. In Situation 3.6 the functor restricts to an equivalence

(1) from the category of algebraic spaces affine over X to the full subcategory
of Spaces(Y — X, Z) consisting of (U' <~ V' = Y') withU' - U, V' -V,
andY' —'Y affine,

(2) from the category of closed immersions X' — X to the full subcategory of
Spaces(Y — X, Z) consisting of (U' <+ V' =YY withU' — U, V' =V,
and Y’ —'Y closed immersions, and

(3) same statement as in (2) for finite morphisms.

Proof. The category of algebraic spaces affine over X is equivalent to the category
of quasi-coherent sheaves A of Ox-algebras. The full subcategory of Spaces(Y —
X, Z) consisting of (U + V' - Y") withU’' - U, V' = V,and Y/ — Y affine is
equivalent to the category of algebra objects of QCoh(Y — X,Z). In both cases
this follows from Morphisms of Spaces, Lemma with quasi-inverse given by
the relative spectrum construction (Morphisms of Spaces, Definition which
commutes with arbitrary base change. Thus part (1) of the lemma follows from
Proposition [3.9]

Fully faithfulness in part (2) follows from part (1). For essential surjectivity, we
reduce by part (1) to proving that X’ — X is a closed immersion if and only if
both U xx X' - U and Y xx X’ — Y are closed immersions. By Lemma
{U = X,Y — X} can be refined by an fpqc covering. Hence the result follows
from Descent on Spaces, Lemma [10.15]

For (3) use the argument proving (2) and Descent on Spaces, Lemma [10.21 O
Lemma) 4.2. In Situation 3. the functor reflects isomorphisms.

Proof. By a formal argument with base change, this reduces to the following ques-
tion: A morphism a : X’ — X of algebraic spaces such that U xx X’ — U and
Y xx X’ = Y are isomorphisms, is an isomorphism. The family {U — X,Y — X}
can be refined by an fpqc covering by Lemma Hence the result follows from
Descent on Spaces, Lemma [I0.13] O

Lemmal4.3. In Situation the functor 18 fully faithful on algebraic spaces
separated over X . More precisely, it induces a bijection

MOI‘X(XLXé) — MorSpaces(Y%X,Z)(F(X1)7F(Xé))

whenever X5 — X is separated.
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Proof. Since X} — X is separated, the graph i : X| — X| X x X} of a morphism
X] — X} over X is a closed immersion, see Morphisms of Spaces, Lemma
Moreover a closed immersion i : T — X{ X x X} is the graph of a morphism if and
only if pry o4 is an isomorphism. The same is true for

(1) the graph of a morphism U x x X| — U xx X} over U,

(2) the graph of a morphism V xx X{ — V xx X5 over V, and

(3) the graph of a morphism ¥ xx X =Y xx X} over Y.
Moreover, if morphisms as in (1), (2), (3) fit together to form a morphism in
the category Spaces(Y — X, Z), then these graphs fit together to give an object of
Spaces(Y x x (X1 xx X%) = X xx X}, Zx x (X{ x x X})) whose triple of morphisms
are closed immersions. The proof is finished by applying Lemmas and O

5. Coequalizers and glueing

Let X be a Noeterian algebraic space and Z — X a closed subscheme. Let X' — X
be the blowing up in Z. In this section we show that X can be recovered from X',
Z, and glueing data where Z,, is the nth infinitesimal neighbourhood of Z in X.

Lemmal 5.1. Let S be a scheme. Let

Yy —— =X

\ g /
B

be a commutative diagram of algebraic spaces over S. Assume B Noeterian, g
proper and surjective, and X — B separated of finite type. Let R =Y Xx Y with
projection morphisms t,s : R — Y. There exists a coequalizer X' of s,t : R — Y
i the category of algebraic spaces separated over B. The morphism X' — X is a
finite universal homeomorphism.
Proof. Denote h : R — X the given morphism. The sheaves

g*Oy and h*OR

are coherent O x-algebras (Cohomology of Spaces, Lemma/[19.2]). The X-morphisms
s, t induce Ox-agebra maps s, t# from the first to the second. Set

A = Equalizer (s:ﬁ,t’i : 9Oy — h*(’)R)
Then A is a coherent Ox-algebra and we can define
r_
X' = Spec . (A)
as in Morphisms of Spaces, Definition [20.8] By Morphisms of Spaces, Remark
and functoriality of the Spec construction there is a factorization

Yy —-X — X

and the morphism ¢’ : Y — X' equalizes s and t. Since A is a coherent O x-module
it is clear that X’ — X is a finite morphism of algebraic spaces. Since the surjective
morphism g : Y — X factors through X’ we see that X’ — X is surjective.

To check that X’ — X is a universal homeomorphism, it suffices to check that it
is universally injective (as we've already seen that it is universally surjective and
universally closed). To check this it suffices to check that | X’ xx U| — |U] is
injective, for all U — X étale, see More on Morphisms of Spaces, Lemma It
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suffices to check this in all cases where U is an affine scheme (minor detail omitted).
Since the construction of X’ commutes with étale localization, we may replace U
by X. Hence it suffices to check that |X'| — |X| is injective when X is moreover
an affine scheme. First observe that |Y| — |X’| is surjective, because ¢’ : Y — X’
is proper by Morphisms of Spaces, Lemma m (hence the image is closed) and
Ox/ C ¢.Oy by construction. Thus if 21,22 € |X’| map to the same point in |X|,
then we can lift z1, 25 to points y1,y2 € |Y| mapping to the same point of | X]|.
Then we can find an r € |R| with s(r) = y; and ¢(r) = ya, see Properties of Spaces,
Lemma. Since ¢’ coequalizes s and t we conclude that x; = x5 as desired.

To prove that X’ is the coequalizer, let W — B be a separated morphism of
algebraic spaces over S and let a : Y — W be a morphism over B which equalizes
s and t. We will show that a factors in a unique manner through the morphism
g Y = X'. We will first reduce this to the case where W — B is separated
of finite type by a limit argument (we recommend the reader skip this argument).
Since Y is quasi-compact we can find a quasi-compact open subspace W/ C W
such that a factors through W’. After replacing W by W’ we may assume W is
quasi-compact. By Limits of Spaces, Lemma [10.1] we can write W = lim;c; W;
as a cofiltered limit with affine transition morphisms with W; of finite type over
B. After shrinking I we may assume W; — B is separated as well, see Limits of
Spaces, Lemma Since W = lim W; we have a = lima; for some morphisms
a; 1 Y — W;. If we can prove a; factors through ¢’ for all 4, then the same thing is
true for a. This proves the reduction to the case of a finite type W.

Assume we have a : Y — W equalizing s and t with W — B separated and of finite
type. Consider

rcXxgWw

the scheme theoretic image of (g,a) : Y — X xp W. Since g is proper we conclude
Y — T is surjective and the projection p : I' — X is proper, see Morphisms of
Spaces, Lemma Since both ¢ and a equalize s and ¢, the morphism ¥ — I’
also equalizes s and t.

We claim that p : I' — X is a universal homeomorphism. As in the proof of the
corresponding fact for X’ — X, it suffices to show that p is universally injective.
By More on Morphisms of Spaces, Lemma it suffices to check |T' x x U| — |U]|
is injective for every U — X étale. It suffices to check this for U affine (minor
details omitted). Taking scheme theoretic image commutes with étale localization
(Morphisms of Spaces, Lemma . Hence we may replace X by V and we
conclude it suffices to show that |T'| — |X]| is injective. If v1,72 € |T'| map to the
same point in |X|, then we can lift 71,72 to points yi,y2 € |Y| mapping to the
same point of | X| (by surjectivity of ¥ — I' we’ve seen above). Then we can find
an r € |R| with s(r) = y; and t(r) = y2, see Properties of Spaces, Lemma [4.3)).
Since Y — TI' coequalizes s and ¢t we conclude that v, = 5 as desired.

As a proper universal homeomorphism the morphism p is finite (see for example
More on Morphisms of Spaces, Lemma [24.5). We conclude that

I' = Spec(p«Or).

Since Y — T equalizes s and ¢t the map p.Or — ¢.Oy factors through A and
we obtain a morphism X’ — T' by functoriality of the Spec construction. We can
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compose this morphism with the projection ¢ : I' — W to get the desired morphism
X' — W. We omit the proof of uniqueness of the factorization. ([

We will work in the following situation.

Situation 5.2. Let S be a scheme. Let X — B be a separated finite type morphism
of algebraic spaces over S with B Noetherian. Let Z — X be a closed immersion
and let U C X be the complementary open subspace. Finally, let f : X’ — X be a
proper morphism of algebraic spaces such that f~1(U) — U is an isomorphism.

Lemmal 5.3. In Situation letY =X'I1Z and R =Y xx Y with projections
t,s : R = Y. There exists a coequalizer X1 of s,t : R — Y 1in the category of
algebraic spaces separated over B. The morphism X1 — X is a finite universal
homeomorphism, an isomorphism over U and Z — X lifts to X;.

Proof. Existence of X; and the fact that X; — X is a finite universal homeomor-
phism is a special case of Lemma [5.1} The formation of X; commutes with étale
localization on X (see proof of Lemma . Thus the morphisms X,, — X are
isomorphisms over U. It is immediate from the construction that Z — X lifts to
X. |

In Situation for n > 1let Z,, C X be the nth order infinitesimal neighbourhood

of Z in X, i.e., the closed subscheme defined by the nth power of the sheaf of ideals

cutting out Z. Consider Y,, = X' 11 Z, and R, = Y,, xx Y,, and the coequalizer
R, Y, — X, —= X

as in Lemma [5.3] The maps Y;,, — Y,,+1 and R,, = R,,+1 induce morphisms

(5.3.1) X2 Xo—= X35> ... X

Each of these morphisms is a universal homeomorphism as the morphisms X,, — X
are universal homeomorphisms.

Lemma 5.4. In for all n large enough, there exists an m such that X, —
Xptm factors through a closed immersion X — Xy 4m,.

Proof. Let’s look a bit more closely at the construction of X,, and how it changes
as we increase n. We have X,, = Spec(A,) where A, is the equalizer of s¥ and
t# going from 9n.+Oy, to hy, O, . Here g, : Y, =X'I1Z, - X and h,, : R, =
Y, xx Y, — X are the given morphisms. Let Z C Ox be the coherent sheaf of
ideals corresponding to Z. Then

gn,+Oyv, = f.Ox» x Ox /I"
Similarly, we have a decomposition
R, =X'xx X'UX" xx Z, 1 Z, Xx Zy,
Denote f,, : X’ xx Z, — X the restriction of f and denote
A = Equalizer( f.Ox: —_ (f x [)+Ox/xxx' )
Then we see that
A, = Equalizer( A x Ox /I" —__ fusOxrxxz, )

We have canonical maps

OX*>...*>A3*>.A2—>A1
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of coherent Ox-algebras. The statement of the lemma means that for n large
enough there exists an m > 0 such that the image of A,,1,, — A,, is isomorphic to
Ox.

Since X,, — X is an isomorphism over U we see that the kernel of Ox — A, is

supported on |Z|. Since X is Noetherian, the sequence of kernels J,, = Ker(Ox —
A,,) stabilizes (Cohomology of Spaces, Lemma [12.1). Say Jn, = Jng+1 = ... = J.
By Cohomology of Spaces, Lemmawe find that Z¢ 7 = 0 for some ¢ > 0. On the
other hand, there is an Ox-algebra map A, — Ox /Z"™ and hence J C Z" for all n.
By Artin-Rees (Cohomology of Spaces, Lemma we find that 7NZI" C I"°J
for some ¢ > 0 and all n > 0. We conclude that J = 0.

Pick n > ng as in the previous paragraph. Then Ox — A, is injective. Hence
it now suffices to find m > 0 such that the image of A,,+,, — A, is equal to the
image of Ox. Observe that A, sits in a short exact sequence

0 — Ker(A — fn+«Ox/xxz,) = Apn = Ox /1" =0
and similarly for A,,;,,. Hence it suffices to show
Ker(A = fatmsOx/xxZpim) CIm(I" — A)

for some m > 0. To do this we may work étale locally on X and since X is
Noetherian we may assume that X is a Noetherian affine scheme. Say X = Spec(R)
and Z corresponds to the ideal I C R. Let A = A for a finite R-algebra A. Let
f:Ox = B for a finite R-algebra B. Then R — A C B and these maps become
isomorphisms on inverting any element of I.

Note that f,, .Ox/x z, is equal to f.(Ox//I"Ox/) in the notation used in Coho-
mology of Spaces, Section [20] By Cohomology of Spaces, Lemma [20.4] we see that
there exists a ¢ > 0 such that

Ker(B — I'(X, f.(Ox: /T"T™T¢Ox/))

is contained in I"*™B. On the other hand, as R — B is finite and an isomorphism
after inverting any element of I we see that I"™™B C Im(I™ — B) for m large
enough (can be chosen independent of n). This finishes the proof as A C B. O

Remark|5.5. The meaning of Lemma|[5.4]is the the system X; — X5 — X3 — ...
is essentially constant with value X. See Categories, Definition [22.1
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