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1. Introduction

Basic homological algebra will be explained in this document. We add as needed
in the other parts, since there is clearly an infinite amount of this stuff around. A

reference is [MLG3].

This is a chapter of the Stacks Project, version 714994, compiled on Oct 28, 2014.
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2 HOMOLOGICAL ALGEBRA

2. Basic notions
The following notions are considered basic and will not be defined, and or proved.
This does not mean they are all necessarily easy or well known.
(1) Nothing yet.

3. Preadditive and additive categories
Here is the definition of a preadditive category.

Definition 3.1. A category A is called preadditive if each morphism set Mor 4 (z, y)
is endowed with the structure of an abelian group such that the compositions

Mor(z,y) x Mor(y, z) — Mor(z, z)

are bilinear. A functor F' : A — B of preadditive categories is called additive if and
only if F': Mor(z,y) — Mor(F(z), F(y)) is a homomorphism of abelian groups for
all z,y € Ob(A).

In particular for every z,y there exists at least one morphism x — y, namely the
Zero map.

Lemmal 3.2. Let A be a preadditive category. Let x be an object of A. The
following are equivalent

(1) x is an indtial object,

(2) x is a final object, and

(3) idy =0 in Mor4(x, x).
Furthermore, if such an object 0 exists, then a morphism « : x — y factors through
0 if and only if « = 0.

Proof. Omitted. O

Definition 3.3. In a preadditive category A we call zero object, and we denote it
0 any final and initial object as in Lemma [3.2] above.

Lemma 3.4. Let A be a preadditive category. Let x,y € Ob(A). If the product
x X y exists, then so does the coproduct x [ y. If the coproduct x ]y exists, then
so does the product x x y. In this case also z [Jy =z X y.

Proof. Suppose that z = x x y with projections p : z — x and ¢ : z — y. Denote
i : & — z the morphism corresponding to (1,0). Denote j : y — 2z the morphism
corresponding to (0,1). Thus we have the commutative diagram

1
r———>1%
z
1
y————>y

where the diagonal compositions are zero. It follows that iop+jog: 2z — zis
the identity since it is a morphism which upon composing with p gives p and upon
composing with ¢ gives q. Suppose given morphisms a : © — w and b : y — w.
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Then we can form the map aop+bogq: z — w. In this way we get a bijection
Mor(z,w) = Mor(z, w) x Mor(y, w) which show that z =z [] y.

We leave it to the reader to construct the morphisms p, ¢ given a coproduct ]y
instead of a product. O

Definition 3.5. Given a pair of objects x,y in a preadditive category A we call
direct sum, and we denote it = @ y the product z x y endowed with the morphisms
i,J,p,q as in Lemma [3.4] above.

Remark| 3.6. Note that the proof of Lemma [3.4] shows that given p and ¢ the
morphisms ¢, j are uniquely determined by the rules po¢ = id,;, go j = idy,
poj =0, goi=0. Moreover, we automatically have top+ joq = id,g,. Similarly,
given i, j the morphisms p and ¢ are uniquely determined. Finally, given objects
x,y,2z and morphisms ¢ : ¢ — 2, j:y — 2, p: 2 — x and ¢ : 2 — y such that
poi=idg, goj =1idy, poj=0,goi=0and iop+jogq=id,, then z is the direct
sum of z and y with the four morphisms equal to i, j, p, q.

Lemmal 3.7. Let A, B be preadditive categories. Let F : A — B be an additive
functor. Then F transforms direct sums to direct sums and zero to zero.

Proof. Suppose F is additive. A direct sum z of x and y is characterized by having
morphisms ¢ : ¢ — 2, j :y = 2, p: z = x and q : z — y such that poi = id,,
qoj =1idy, poj=0,qgoi=0andiop+joq=id., according to Remark [3.6]
Clearly F'(z), F(y), F(z) and the morphisms F(i), F'(j), F(p), F(q) satisfy exactly
the same relations (by additivity) and we see that F'(z) is a direct sum of F(x) and
F(y). O

Definition 3.8. A category A is called additive if it is preadditive and finite prod-
ucts exist, in other words it has a zero object and direct sums.

Namely the empty product is a finite product and if it exists, then it is a final
object.

Definition 3.9. Let A be a preadditive category. Let f: x — y be a morphism.
(1) A kernelof fis a morphism i : z — x such that (a) foi = 0 and (b) for any

i’ 1 2/ — x such that f o’ = 0 there exists a unique morphism ¢ : 2/ — 2
such that ¢/ =iog.

(2) If the kernel of f exists, then we denote this Ker(f) — x.

(3) A cokernel of f is a morphism p : y — z such that (a) po f = 0 and (b)

for any p’ : y — 2’ such that p’ o f = 0 there exists a unique morphism

g :z— 2 such that p’ = gop.

) If a cokernel of f exists we denote this y — Coker(f).

(5) If a kernel of f exists, then a coimage of f is a cokernel for the morphism

Ker(f) — z.

) If a kernel and coimage exist then we denote this x — Coim(f).

(7) If a cokernel of f exists, then the image of f is a kernel of the morphism
y — Coker(f).

(8) If a cokernel and image of f exist then we denote this Im(f) — y.

We first relate the direct sum to kernels as follows.
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Lemma 3.10. Let C be a preadditive category. Let x &y with morphisms i,j,p, q as
in Lemma[3.4] be a direct sum in C. Theni:x — x®y is a kernel of ¢: x®y — .
Dually, p is a cokernel for j.

Proof. Let f: 2z — 2 @&y be a morphism such that g o f = 0. We have to show
that there exists a unique morphism ¢ : z — z such that f =iog. Since iop+joq
is the identity on x @ y we see that

f=(iop+joq)of=iopof
and hence g = p o f works. Uniquess holds because p o ¢ is the identity on . The
proof of the second statement is dual. ([l

Lemma 3.11. Let f : x — y be a morphism in a preadditive category such that the
kernel, cokernel, image and coimage all exist. Then f can be factored uniquely as
x — Coim(f) = Im(f) = y.

Proof. There is a canonical morphism Coim(f) — y because Ker(f) — =z — y
is zero. The composition Coim(f) — y — Coker(f) is zero, because it is the
unique morphism which gives rise to the morphism = — y — Coker(f) which is
zero. Hence Coim(f) — y factors uniquely through Im(f) — y, which gives us the
desired map. ([

Example| 3.12. Let k£ be a field. Consider the category of filtered vector spaces
over k. (See Definition [16.1]) Consider the filtered vector spaces (V, F) and (W, F)
with V =W =k and
i, JV if <0 iar W o if <0

FV{O if >0 aHdFW{o if >0
The map f : V — W corresponding to id; on the underlying vector spaces has
trivial kernel and cokernel but is not an isomorphism. Note also that Coim(f) =V
and Im(f) = W. This means that the category of filtered vector spaces over k is
not abelian.

4. Karoubian categories
Skip this section on a first reading.

Definition 4.1. Let C be a preadditive category. We say C is Karoubian if every
idempotent endomorphism of an object of C has a kernel.

The dual notion would be that every idempotent endomorphism of an object has a
cokernel. However, in view of the (dual of the) following lemma that would be an
equivalent notion.

Lemmal 4.2. Let C be a preadditive category. The following are equivalent

(1) C is Karoubian,

(2) every idempotent endomorphism of an object of C has a cokernel, and

(3) given an idempotent endomorphism p : z — z of C there exists a direct sum
decomposition z = x @& y such that p corresponds to the projection onto y.

Proof. Assume (1) and let p : z — 2z be as in (3). Let z = Ker(p) and y =
Ker(1 — p). There are maps * — z and y — 2. Since (1 — p)p = 0 we see that
p: z — z factors through y, hence we obtain a morphism z — y. Similarly we obtain
a morphism z — z. We omit the verification that these four morphisms induce an
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isomorphism = = y & z as in Remark Thus (1) = (3). The implication (2) =
(3) is dual. Finally, condition (3) implies (1) and (2) by Lemma O
Lemmal 4.3. Let D be a preadditive category.

(1) If D has countable products and kernels of maps which have a right inverse,
then D is Karoubian.

(2) If D has countable coproducts and cokernels of maps which have a left in-
verse, then D is Karoubian.

Proof. Let X be an object of D and let e : X — X be an idempotent. The functor
W+ Ker(Morp (W, X) < Morp(W, X))

if representable if and only if e has a kernel. Note that for any abelian group A
and idempotent endomorphism e : A — A we have

Ker(e: A — A) = Ker(® : HneN A— HneN A)
where
®(aq,as,as,...) = (ea; + (1 — e)ag, eas + (1 — €)as, . ..)
Moreover, ® has the right inverse
U(ay,as,as,...) = (a1, (1 —e)ay + eas, (1 — €)as + eas, .. .).

Hence (1) holds. The proof of (2) is dual (using the dual definition of a Karoubian
category, namely condition (2) of Lemma. |

5. Abelian categories

An abelian category is a category satisfying just enough axioms so the snake lemma
holds. An axiom (that is sometimes forgotten) is that the canonical map Coim(f) —
Im(f) of Lemma is always an isomorphism. Example shows that it is

necessary.

Definition 5.1. A category A is abelian if it is additive, if all kernels and cokernels
exist, and if the natural map Coim(f) — Im(f) is an isomorphism for all morphisms

fof A.

Lemmal 5.2. Let A be a preadditive category. The additions on sets of morphisms
make A°PP into a preadditive category. Furthermore, A is additive if and only if
A°PP s additive, and A is abelian if and only if A°PP is abelian.

Proof. Omitted. O

Definition 5.3. Let f : x — y be a morphism in an abelian category.
(1) We say f is injective if Ker(f) = 0.
(2) We say f is surjective if Coker(f) = 0.
If z — y is injective, then we say that x is a subobject of y and we use the notation
x Cy. If x — y is surjective, then we say that y is a quotient of z.
Lemma) 5.4. Let f:x — y be a morphism in an abelian category. Then
(1) f is injective if and only if f is a monomorphism, and
(2) f is surjective if and only if [ is an epimorphism.

Proof. Omitted. O
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In an abelian category, if x C y is a subobject, then we denote
x/y = Coker(z — y).

Lemmal 5.5. Let A be an abelian category. All finite limits and finite colimits exist

mn A.

Proof. To show that finite limits exist it suffices to show that finite products and
equalizers exist, see Categories, Lemma Finite products exist by definition
and the equalizer of a,b : * — vy is the kernel of a — b. The argument for finite
colimits is similar but dual to this. (I

Example| 5.6. Let A be an abelian category. Pushouts and fibre products in A
have the following simple descriptions:
(1) Ifa: 2 — y, b: z — y are morphisms in A, then we have the fibre product:
x %y z=Ker((a,=b):x® 2z —y).
(2) fa:y — 2z, b:y — 2 are morphisms in A, then we have the pushout:
x I, z = Coker((a,—b) : y = = & 2).

Definition 5.7. Let A be an additive category. We say a sequence of morphisms
B S T S S

in A is a complex if the composition of any two (drawn) arrows is zero. If A is
abelian then we say a sequence as above is ezact at y if Im(z — y) = Ker(y — 2).
We say it is ezact if it is exact at every object. A short exact sequence is an exact
complex of the form

0+A—->B—-C—0.

In the following lemma we assume the reader knows what it means for a sequence
of abelian groups to be exact.

Lemmal 5.8. Let A be an abelian category. Let 0 — My — My — M3 — 0 be a
complex of A.
(1) M1 — My — M3 — 0 is exact if and only if
0 — Homy4 (M3, N) — Homy (M, N) — Hom 4 (M, N)
is an exact sequence of abelian groups for all objects N of A, and
(2) 0= My — My — Ms is exact if and only if
0 — Homy (N, My) — Hom4 (N, Ms) — Hom 4 (N, M)
s an exact sequence of abelian groups for all objects N of A.

Proof. Omitted. Hint: See Algebra, Lemma [10.1 (]

Definition 5.9. Let A be an abelian category. Let i : A — B and ¢ : B — C be
morphisms of A such that 0 - A — B — C' — 0 is a short exact sequence. We say
the short exact sequence is split if there exist morphisms j: C' — Bandp: B — A
such that (B, 1,7, p,q) is the direct sum of A and C.

Lemmal 5.10. Let A be an abelian category. Let 0 = A — B — C — 0 be a short
exact sequence.

(1) Given a morphism s : C — B left inverse to B — C, there exists a unique
m: B — A such that (s,m) splits the short exact sequence as in Definition

(29
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(2) Given a morphism 7 : B — A right inverse to A — B, there exists a unique
s : C — B such that (s, ) splits the short exact sequence as in Definition

[
Proof. Omitted. (|

Lemmal 5.11. Let A be an abelian category. Let
f

w—>Y
k
r——=2z

be a commutative diagram.
(1) The diagram is cartesian if and only if

0= w (9,f) Y (k,—h) 5
18 exact.
(2) The diagram is cocartesian if and only if
w (9,—f) @y (k,h) 250
18 exact.

Proof. Let u=(g,f) :w = dyandv=(k,—h):2®y >z Letp: 2@y > x
and ¢ : © @y — y be the canonical projections. Let i : Ker(v) — 2 @ y be the
canonical injection. By Example the diagram is cartesian if and only if there
exists an isomorphism r : Ker(v) — w with for = goi and gor = poi. The
sequence 0 — w — = @y — z is exact if and only if there exists an isomorphism
r: Ker(v) — w with wor = 4. But given r : Ker(v) — w, we have for = goi and
gor =poiifand only if gouor = for=gqgoiand pouor =gor = poi, hence
if and only if w o r = 4. This proves (1), and then (2) follows by duality. O

Lemmal 5.12. Let A be an abelian category. Let
f

—_—

w Y
k
r—>z

be a commutative diagram.

(1) If the diagram is cartesian, then the morphism Ker(f) — Ker(k) induced
by g is an isomorphism.

(2) If the diagram is cocartesian, then the morphism Coker(f) — Coker(k)
induced by h is an isomorphism.

Proof. Suppose the diagram is cartesian. Let e : Ker(f) — Ker(k) be induced by
g. Let i : Ker(f) — w and j : Ker(k) — 2 be the canonical injections. There exists
t: Ker(k) — w with fot =0 and got = j. Hence, there exists u : Ker(k) — Ker(f)
with jou = t. It follows goiouoe = gotoe = joe = goi and foiouoe = 0 = foi, hence
iowuoe=1i. Since ¢ is a monomorphism this implies u o e = idke,(y). Furthermore,
we have joeou =goiou =got = j. Since j is a monomorphism this implies
e o u = idger(x). This proves (1). Now, (2) follows by duality. O
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Lemmal 5.13. Let A be an abelian category. Let

f
——y

w

i |»
k

X z

—_—

be a commutative diagram.
(1) If the diagram is cartesian and k is an epimorphism, then the diagram is
cocartesian and f is an epimorphism.
(2) If the diagram is cocartesian and g is a monomorphism, then the diagram
s cartesian and h is a monomorphism.

Proof. Suppose the diagram is cartesian and k is an epimorphism. Let u = (g, f) :
w— x®yand let v = (k,—h) : x &y — z. As k is an epimorphism, v is an
epimorphism, too. Therefore and by Lemma the sequence 0 — w — x @y —
z — 0 is exact. Thus, the diagram is cocartesian by Lemma Finally, f is an
epimorphism by Lemma and Lemma This proves (1), and (2) follows by
duality. O

Lemmal 5.14. Let A be an abelian category.
(1) If © — y is surjective, then for every z — y the projection x X, z — z is

surjective.
(2) If x — vy is injective, then for every x — z the morphism z — z 1, y is
njective.
Proof. Immediately from Lemma [5.4] and Lemma [5.13 (]

Lemmal 5.15. Let A be an abelian category. Let f :x — y and g : y — z be
morphisms with g o f = 0. Then, the following statements are equivalent:

(1) The sequence x ER vy 2 is exact.
(2) For every h: w — y with goh = 0 there exist an object v, an epimorphism
k:v— w and a morphism  :v — x with hok = fol.

Proof. Let i : Ker(g) — y be the canonical injection. Let p : & — Coim(f) be the
canonical projection. Let j : Im(f) — Ker(g) be the canonical injection.

Suppose (1) holds. Let h: w — y with go h = 0. There exists ¢ : w — Ker(g) with
ioc=h. Let v = XKer(g) w With canonical projections k : v — w and [ : v — =,
so that cok = pol. Then, hok =iocok =iojopol = fol. Asjopisan
epimorphism by hypothesis, k is an epimorphism by Lemma This implies (2).
Suppose (2) holds. Then, g oi = 0. So, there are an object w, an epimorphism
k:w — Ker(g) and a morphism [ : w — x with fol =iok. It follows iojopol =
fol=1iok. Since i is a monomorphism we see that jopol = k is an epimorphism.
So, j is an epimorphisms and thus an isomorphism. This implies (1). 0

Lemmal 5.16. Let A be an abelian category. Let
f g

— Yy ——

T Y z
k l
u v w
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be a commutative diagram.

(1) If the first row is exact and k is a monomorphism, then the induced sequence
Ker(a) — Ker(8) — Ker(v) is ezact.

(2) If the second row is exact and g is an epimorphism, then the induced se-
quence Coker(a) — Coker() — Coker(vy) is exact.

Proof. Suppose the first row is exact and k is a monomorphism. Let a : Ker(a) —
Ker(8) and b : Ker(8) — Ker(y) be the induced morphisms. Let h : Ker(a) —
x, i : Ker(8) — y and j : Ker(y) — z be the canonical injections. As j is a
monomorphism we have boa = 0. Let ¢ : s — Ker(8) with boc¢ = 0. Then,
goioc = joboc = 0. By Lemmal5.15|there are an object ¢, an epimorphism d : t — s
and a morphism e : t — x with iocod = foe. Then, koaoe = fo foe = foiocod = 0.
As k is a monomorphism we get o o e = 0. So, there exists m : ¢t — Ker(a) with
hom = e. It follows ioaom = fohom = foe = jocod. As i is a monomorphism we
get aom = cod. Thus, Lemmal[5.15/implies (1), and then (2) follows by duality. O

Lemmal 5.17. Let A be an abelian category. Let

x Y z
k l
U v w

be a commutative diagram with exact rows.

(1) There exists a unique morphism § : Ker(y) — Coker(a) such that the
diagram

y ="y x. Ker(y) ——= Ker(y)

% ls
v — Coker(a) 11, v <—— Coker(a)
commutes, where m and ©' are the canonical projections and ¢ and (' are

the canonical coprojections.
(2) The induced sequence

Ker(a) EN Ker(B) & Ker(y) 2 Coker(a) LA Coker(f) LR Coker(v)
is exact. If f is injective then so is f’, and if | is surjective then so is l'.

Proof. As 7 is an epimorphism and ¢ is a monomorphism by Lemma [5.13] unique-
ness of 0 is clear. Let p =y x, Ker(v) and g = Coker(«) IT, v. Let h : Ker(8) — vy,
i: Ker(y) = zand j : Ker(m) — p be the canonical injections. Let p : u — Coker(«)
be the canonical projection. Keeping in mind Lemma [5.13| we get a commutative
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diagram with exact rows

0 —— Ker(m) S p —> Ker(y) —=0
T ! Y J l 0
|
0 U b v l w
pi J
0 — Coker(a) ~—= ¢

AslofBon’ =~oiom =0 and as the third row of the diagram above is exact,
there is an a : p — u with koa = S ox’. As the upper right quadrangle of the
diagram above is cartesian, Lemma yields an epimorphism b : z — Ker(n)
with 7o job = f. It follows kogojob=Fon ocjob=fBof=koa. Ask
is a monomorphism this implies a0 j o b = . It follows poaojob=poa = 0.
As b is an epimorphism this implies p o a 0 j = 0. Therefore, as the top row of the
diagram above is exact, there exists ¢ : Ker(vy) — Coker(a) with §om =poa. It
follows todom=topoa=1t okoa=1ofon’ as desired.

As the upper right quadrangle in the diagram above is cartesian there is a ¢ :
Ker(8) — p with 7’ oc = h and moc = g'. Tt follows todog =t1odomoc =
VoBom’oc=10Boh=0. As ¢ is a monomorphism this implies 6 o ¢’ = 0.

Next, let d : r — Ker(y) with 6 od = 0. Applying Lemma to the exact
sequence p — Ker(y) — 0 and d yields an object s, an epimorphism m : s — r and
a morphism n : s - p with mon =dom. Aspoaon =3§odom = 0, applying
Lemma to the exact sequence z — u LS Coker(a) and a o n yields an object
t, an epimorphism € : ¢ — s and a morphism ¢ : t - x with aonoe =ao(. It
holds Bomonoe =koaol =pofol. Letn=n"onoe—fol:t—y.
Then, S on = 0. It follows that there is a ¥ : t — Ker(8) with n = ho¥. It holds
togoy=gohotd=gonr'onoe—gofo(=iomonoec=14odomoe. Asi
is a monomorphism we get ¢’ o9 = domoe. Thus, as m o € is an epimorphism,

Lemma implies that Ker(8) % Ker(y) LA Coker(w) is exact. Then, the claim
follows by Lemma and duality. O

Lemmal 5.18. Let A be an abelian category. Let

T Y z 0

N
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be a commutative diagram with exact rows. Then, the induced diagram

Ker(a)) — Ker(8) — Ker(7) LI Coker(a) —= Coker(f) —= Coker(~)
Ker(a') — Ker(8') — Ker(v') L Coker(a’) — Coker(p") — Coker(v)
commutes.
Proof. Omitted. O

Lemmal 5.19. Let A be an abelian category. Let

w T Y z
ol
w/ J;/ y/ Z/

be a commutative diagram with exact rows.
(1) If a,v are surjective and & is injective, then 8 is surjective.
(2) If 8,0 are injective and « is surjective, then vy is injective.

Proof. Assume «,v are surjective and § is injective. We may replace w’ by
Im(w’ — 2’), i.e., we may assume that w’ — 2’ is injective. We may replace z
by Im(y — z), i.e., we may assume that y — z is surjective. Then we may apply
Lemma 517 to

Ker(y — 2) y z 0

]

0——Ker(y =2 7)) ——=y —— 7

to conclude that Ker(y — z) — Ker(y’ — 2’) is surjective. Finally, we apply
Lemma [5.17 to

——a——>Ker(y > 2) ——=0

|

Ker(y' — 2/)

g

/

€ <~——

0

to conclude that  — 2’ is surjective. This proves (1). The proof of (2) is dual to
this. 0

Lemmal 5.20. Let A be an abelian category. Let

v w T Y z
A
,Ul wl x/ y/ z/

be a commutative diagram with exact rows. If 3,0 are isomorphisms, € is injective,
and a is surjective then ~v is an isomorphism.

Proof. Immediate consequence of Lemma [5.19 (]
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6. Extensions

Definition 6.1. Let A be an abelian category. Let A,C' € Ob(A). An extension
E of B by A is a short exact sequence

0—+A—FE—B-—0.

By abuse of language we often omit mention of the morphisms A — FE and E — B,
although they are definitively part of the structure of an extension.

Definition 6.2. Let A be an abelian category. Let A, B € Ob(A). The set of
isomorphism classes of extensions of B by A is denoted

Exta(B, A).
This is called the FExt-group.
This definition works, because by our conventions A is a set, and hence Ext 4(B, A)
is a set. In any of the cases of “big” abelian categories listed in Categories, Remark
one can check by hand that Ext4(B, A) is a set as well. Also, we will see

later that this is always the case when A has either enough projectives or enough
injectives. Insert future reference here.

Actually we can turn Ext4(—, —) into a functor
APP x A — Sets, (A, B) — Ext4(A, B)
as follows:

(1) Given a morphism B’ — B and an extension F of B by A we define
E’ = E x g B’ so that we have the following commutative diagram of short
exact sequences

0 A E B’ 0
0 A E B 0

The extension E’ is called the pullback of E via B’ — B.
(2) Given a morphism A — A’ and an extension E of B by A we define E' =
A'T] 4 E so that we have the following commutative diagram of short exact

sequences
0 A E B 0
0 A E' B 0

The extension E’ is called the pushout of E via A — A’.
To see that this defines a functor as indicated above there are several things to verify.
First of all functoriality in the variable B requires that (Ex g B’)xp B = ExpB”
which is a general property of fibre products. Dually one deals with functoriality
in the variable A. Finally, given A — A’ and B’ — B we have to show that

Al HA(E x5 B') = (A’ ]_[A E)xp B’

as extensions of B’ by A’. Recall that A'[], F is a quotient of A’ @ E. Thus the
right hand side is a quotient of A’ ® E x g B’, and it is straightforward to see that
the kernel is exactly what you need in order to get the left hand side.
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Note that if 'y and Fs are extensions of B by A, then E; @ Fs is an extension of
B @& B by A@® A. We pull back by the diagonal map B — B ® B and we push out
by the sum map A® A — A to get an extension Fy + F5 of B by A.

0 ADA Ey¢FEy——B®B——0
=

0 A E' BeB——0
N

0 A B+ Es B 0

The extension E; + Fs is called the Baer sum of the given extensions.

Lemma 6.3. The construction (Eq, Es) — E1 + E5 above defines a commutative
group law on Exta(B, A) which is functorial in both variables.

Proof. Omitted. O

Lemma 6.4. Let A be an abelian category. Let 0 — My — My — M3 — 0 be a
short exact sequence in A.

(1) There is a canonical siz term exact sequence of abelian groups

0 —— Hom 4 (M3, N) — Hom 4 (M3, N) — Hom 4 (M7, N)

Extg(Ms3, N) —— Extg(Ms, N) —— FExt(My, N)
for all objects N of A, and

(2) there is a canonical siz term exact sequence of abelian groups

0 —— Hom (N, M;) — Hom 4 (N, M) — Hom 4 (N, M3)

E.Tt_A(N, Ml) - E.Tt_A(N, M2) - E.Z't_A(N, M3)
for all objects N of A.

Proof. Omitted. Hint: The boundary maps are defined using either the pushout
or pullback of the given short exact sequence. ([l

7. Additive functors

Recall that we defined, in Categories, Definition the notion of a “right exact”,
“left exact” and “exact” functor in the setting of a functor between categories that
have finite (co)limits. Thus this applies in particular to functors between abelian
categories.

Lemmal 7.1. Let A and B be abelian categories. Let F' : A — B be a functor.
(1) If F is either left or right exact, then it is additive.
(2) If F is additive then it is left exact if and only if for every short exact

sequence 0 - A — B — C' — 0 the sequence 0 — F(A) — F(B) — F(C)
18 exact.
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(3) If F is additive then it is right exact if and only if for every short exact
sequence 0 - A — B — C' — 0 the sequence F(A) — F(B) — F(C) — 0
15 exact.

(4) If F is additive then it is exact if and only if for every short exact sequence
0> A— B— C — 0 the sequence 0 — F(A) — F(B) — F(C) — 0 is
exact.

Proof. Let us first note that if F' commutes with the empty limit or the empty
colimit, then F'(0) = 0. In particular F applied to the zero morphism is zero. We
will use this below without mention.

Suppose that F' is left exact, i.e., commutes with finite limits. Then F(A x A) =
F(A) x F(A) with projections F(p) and F(g). Hence F(A® A) = F(A) @ F(A)
with all four morphisms F' (), F(j), F(p), F(q) equal to their counterparts in B as
they satisfy the same relations, see Remark Then f = F(p+ q) is a morphism
f:F(A)® F(A) — F(A) such that fo F(i) = F(poi+qoi) = F(ida) = idp(a).
And similarly f o F(j) =ida. We conclude that F(p + ¢q) = F(p) + F(q). For any
pair of morphisms a,b: B — A the map g = F(ioa+job): F(B) —» F(A)® F(A)
is a morphism such that F(p)og = F(po (ioa+ job)) = F(a) and similarly
F(q)og= F(b). Hence g = F(i) o F(a) + F(j) o F(b). The sum of a and b is the
composition
ioa+job p+q

B—— A9 A—— A
Applying F we get

F(i)oF (a)+F(j)oF(b) F(A) ® F(A) F(p)+F(q) A

F(B)
where we used the expressions for f and g obtained above. Hence F is additiveﬂ

Denote f: B — C a map from B to C. Exactness of 0 - A — B — C just means
that A = Ker(f). Clearly the kernel of f is the equalizer of the two maps f and
0 from B to C. Hence if F' commutes with limits, then F(Ker(f)) = Ker(F(f))
which exactly means that 0 — F(A) — F(B) — F(C) is exact.

Conversely, suppose that F' is additive and transforms any short exact sequence
0 - A — B — C into an exact sequence 0 — F(A) — F(B) — F(C). Because it
is additive it commutes with direct sums and hence finite products in A. To show
it commutes with finite limits it therefore suffices to show that it commutes with
equalizers. But equalizers in an abelian category are the same as the kernel of the
difference map, hence it suffices to show that F' commutes with taking kernels. Let
f : A — B be a morphism. Factor f as A — I — B with ' : A — I surjective
and ¢ : I — B injective. (This is possible by the definition of an abelian category.)
Then it is clear that Ker(f) = Ker(f’). Also 0 — Ker(f') - A - I — 0 and
0 - I — B — B/I — 0 are short exact. By the condition imposed on F' we see
that 0 — F(Ker(f')) = F(A) —» F(I) and 0 —» F(I) — F(B) — F(B/I) are exact.
Hence it is also the case that F(Ker(f’)) is the kernel of the map F(A4) — F(B),

and we win.

The proof of (3) is similar to the proof of (2). Statement (4) is a combination of
(2) and (3). O

1'm sure there is an infinitely slicker proof of this.
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Lemmal 7.2. Let A and B be abelian categories. Let F' : A — B be an exact
functor. For every pair of objects A, B of A the functor F' induces an abelian group
homomorphism

Exta(B, A) — FEuxtg(F(B), F(A))
which maps the extension E to F(E).

Proof. Omitted. O

The following lemma is used in the proof that the category of abelian sheaves on a
site is abelian, where the functor b is sheafification.

Lemma 7.3. Leta: A— B andb: B — A be functors. Assume that

(1) A, B are additive categories, a, b are additive functors, and a is right adjoint
to b,

(2) B is abelian and b is left exact, and

(3) ba X idy.

Then A is abelian.

Proof. As Bis abelian we see that all finite limits and colimits exist in B by Lemma
Since b is a left adjoint we see that b is also right exact and hence exact, see
Categories, Lemma, Let ¢ : By — Bs be a morphism of B. In particular, if
K = Ker(B; — B»), then K is the equalizer of 0 and ¢ and hence bK is the equalizer
of 0 and by, hence bK is the kernel of bp. Similarly, if @) = Coker(B; — Bs), then
@ is the coequalizer of 0 and ¢ and hence bQ is the coequalizer of 0 and bp, hence
bQ) is the cokernel of bp. Thus we see that every morphism of the form by in A has
a kernel and a cokernel. However, since ba = id we see that every morphism of A
is of this form, and we conclude that kernels and cokernels exist in A. In fact, the
argument shows that if ¢ : A; — As is a morphism then

Ker(y) = bKer(ay)), and Coker(y)) = bCoker(a)).

Now we still have to show that Coim(¢)) = Im(¢)). We do this as follows. First
note that since A has kernels and cokernels it has all finite limits and colimits (see
proof of Lemma . Hence we see by Categories, Lemma that a is left exact
and hence transforms kernels (=equalizers) into kernels.

Coim(¢) = Coker(Ker(y)) — A;) by definition
= bCoker(a(Ker(y)) — Ay)) by formula above
= bCoker(Ker(ay)) — aAy)) a preserves kernels
= bCoim(ay)) by definition
= bIm(ay)) B is abelian
= bKer(aAy — Coker(ar))) by definition
= Ker(baAy — bCoker(ar))) b preserves kernels
= Ker(As — bCoker(at))) ba = id 4
= Ker(Az — Coker(z))) by formula above
= TIm(v)) by definition

Thus the lemma holds. O
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8. Localization

In this section we note how Gabriel-Zisman localization interacts with the additive
structure on a category.

Lemma) 8.1. Let C be a preadditive category. Let S be a left or right multiplica-
tive system. There exists a canonical preadditive structure on S™1C such that the
localization functor Q : C — S™'C is additive.

Proof. We will prove this in the case S is a left multiplicative system. The case
where S is a right multiplicative system is dual. Suppose that XY are objects of
C and that a, 8 : X — Y are morphisms in $~!'C. According to Categories, Lemma
we may represent these by pairs s~ f, s71g with common denominator s. In
this case we define o + 3 to be the equivalence class of s™1(f + g). In the rest of
the proof we show that this is well defined and that composition is bilinear. Once
this is done it is clear that @ is an additive functor.

Let us show construction above is well defined. An abstract way of saying this is
that filtered colimits of abelian groups agree with filtered colimits of sets and to use
Categories, Equation . We can work this out in a bit more detail as follows.
Say s : Y — Y7 and f,g : X — Y7. Suppose we have a second representation of
a,B as ()7L (8)7lg’ with 8’ : Y — Y3 and f',¢' : X — Y3. By Categories,
Remark we can find a morphism s3 : Y — Y3 and morphisms a; : Y1 — Y3,
as : Yo — Y3 such that a;os = s3 = asos’ and also a0 f = asof’ and a10g9 = asog’.
Hence we see that s~1(f + g) is equivalent to

s3 (a0 (f+g)=s5 (a10f+aiog)
= 53_1(0,2 Ofl+a2 Og/)
=53 (az o (f'+9))
which is equivalent to (s')~*(f" + ¢').
Fixs:Y =Y and f,g: X — Y’ with a = s7!f and 3 = s g as morphisms
X = Y in S7!C. To show that composition is bilinear first consider the case of a
morphism v : Y — Z in S71C. Say y =t 'hforsome h:Y — Z' and t : Z — Z'

in S. Using LMS2 we choose morphisms a : Y/ — Z” and t' : Z' — Z” in S such
that a o s = t' o h. Picture
|
h

Y ——=7'

T
f.9

X*)YV*@>2//

Then yoa = (' ot) (ao f) and yo B = (' ot) (a0 g). Hence we see that
v o (a+ B) is represented by (¢’ ot) " (ao (f +g)) = (¥ ot)"(ao f + aog) which
represents y o « + y o 3.

Finally, assume that 6 : W — X is another morphism of S~!C. Say § = r~!i for
somei: W — X and r : X — X' in S. We claim that we can find a morphism
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5:Y’ —Y"” in S and morphisms a”,b"” : X’ — Y such that the following diagram
commutes
Y

ls
X f.9.f+g v’

\Ls \LSI
"o

W i X/ a”7 @ +b// Y//
Namely, using LMS2 we can first choose s1 : Y/ — Y3, s5 : Y/ — Y5 in S and
a:X —Y,b: X — Y;such that aos = s;0 f and bos = sy o f. Then
using that the category Y'/S is filtered (see Categories, Remaulrk7 we can find
as :Y' —Y"” and morphisms o’ : Y7 — YY", V' : Yo — Y" such that s’ = a/ 0 sy
and s’ = b/ 0 s9. Setting a”’ = a’ oa and b’ = b’ ob works. At this point we see that
the compositions awo § and 3 o § are represented by (s’ o s)~ta” and (s' o s)~1b".
Hence avod + B0 is represented by (s’ o s)~!(a” 4+ ") which by the diagram again
is a representative of (o + ) o 4. O

Lemmal 8.2. Let C be an additive category. Let S be a left or right multiplicative
system. Then STIC is an additive category and the localization functor Q : C —
S~1C is additive.

Proof. By Lemma we see that S™IC is preadditive and that @ is additive.
Recall that the functor @ commutes with finite colimits (resp. finite limits), see
Categories, Lemmas and We conclude that S~!C has a zero object and
direct sums, see Lemmas and O

The following lemma describes the kernel (see Definition [9.5) of the localization
functor in case we invert a multiplicative system.

Lemmal 8.3. Let C be an additive category. Let S be a multiplicative system. Let
X be an object of C. The following are equivalent

(1) Q(X)=0inS71C,

(2) there exists Y € Ob(C) such that 0: X — Y is an element of S, and

(3) there exists Z € Ob(C) such that 0: Z — X is an element of S.

Proof. If (2) holds we see that 0 = Q(0) : Q(X) — Q(Y) is an isomorphism. In
the additive category S™1C this implies that Q(X) = 0. Hence (2) = (1). Similarly,
(3) = (1). Suppose that Q(X) = 0. This implies that the morphism f : 0 — X
is transformed into an isomorphism in S~'C. Hence by Categories, Lemma
there exists a morphism g : Z — 0 such that fg € S. This proves (1) = (3).
Similarly, (1) = (2). O

Lemmal 8.4. Let A be an abelian category.

(1) If S is a left multiplicative system, then the category S™'A has cokernels
and the functor Q : A — S™' A commutes with them.

(2) If S is a right multiplicative system, then the category S~1A has kernels
and the functor Q : A — S™YA commutes with them.

(3) If S is a multiplicative system, then the category S~'A is abelian and the
functor Q : A — ST A is exact.
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Proof. Assume S is a left multiplicative system. Let a : X — Y be a morphism
of ST'A. Then a = s71f for some s: Y — Y’ in S and f: X — Y. Since Q(s)
is an isomorphism we see that the existence of Coker(a : X — Y) is equivalent to
the existence of Coker(Q(f) : X — Y”’). Since Coker(Q(f)) is the coequalizer of 0
and Q(f) we see that Coker(Q(f)) is represented by Q(Coker(f)) by Categories,

Lemma This proves (1).
Part (2) is dual to part (1).

If S is a multiplicative system, then S is both a left and a right multiplicative
system. Thus we see that S~'A has kernels and cokernels and @ commutes with
kernels and cokernels. To finish the proof of (3) we have to show that Coim = Im
in S71A. Again using that any arrow in S~!A is isomorphic to an arrow Q(f) we
see that the result follows from the result for A. O

9. Serre subcategories

In [Ser53, Chapter I, Section 1] a notion of a “class” of abelian groups is defined.
This notion has been extended to abelian categories by many authors (in slightly
different ways). We will use the following variant which is virtually identical to
Serre’s original definition.

Definition 9.1. Let A be an abelian category.

(1) A Serre subcategory of A is a nonempty full subcategory C of A such that
given an exact sequence

A—B—C

with A, C' € Ob(C), then also B € Ob(C).
(2) A weak Serre subcategory of A is a nonempty full subcategory C of A such
that given an exact sequence

A0*>A1*>A24)A3*>A4
with Ao,Al, A3, A4 in C, then also A2 in C.

In some references the second notion is called a “thick” subcategory and in other
references the first notion is called a “thick” subcategory. However, it seems that
the notion of a Serre subcategory is universally accepted to be the one defined
above. Note that in both cases the category C is abelian and that the inclusion
functor C — A is a fully faithful exact functor. Let’s characterize these types of
subcategories in more detail.

Lemmal 9.2. Let A be an abelian category. Let C be a subcategory of A. Then C
is a Serre subcategory if and only if the following conditions are satisfied:

(1) 0 € Ob(C),

(2) C is a strictly full subcategory of A,

(3) any subobject or quotient of an object of C is an object of C,

(4) if A € Ob(A) is an extension of objects of C then also A € Ob(C).
Moreover, a Serre subcategory is an abelian category and the inclusion functor is
exact.

Proof. Omitted. O
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Lemmal 9.3. Let A be an abelian category. Let C be a subcategory of A. Then C
is a weak Serre subcategory if and only if the following conditions are satisfied:
(1) 0 € Ob(C),
(2) C is a strictly full subcategory of A,
(3) kernels and cokernels in A of morphisms between objects of C are in C,

(4) if A € Ob(A) is an extension of objects of C then also A € Ob(C).
Moreover, a weak Serre subcategory is an abelian category and the inclusion functor
15 exact.

Proof. Omitted. O

Lemmal 9.4. Let A, B be abelian categories. Let F' : A — B be an exact functor.
Then the full subcategory of objects C' of A such that F(C) = 0 forms a Serre
subcategory of A.

Proof. Omitted. O

Definition 9.5. Let A, B be abelian categories. Let F' : A — B be an exact
functor. Then the full subcategory of objects C of A such that F(C) = 0 is called
the kernel of the functor F, and is sometimes denoted Ker(F').

Lemmal 9.6. Let A be an abelian category. Let C C A be a Serre subcategory.
There exists an abelian category A/C and an exact functor

F: A— A/C

which is essentially surjective and whose kernel is C. The category A/C and the
functor F are characterized by the following universal property: For any exact
functor G : A — B such that C C Ker(G) there exists a factorization G = H o F
for a unique exact functor H : A/C — B.

Proof. Consider the set of arrows of A defined by the following formula
S = {f € Arrows(A) | Ker(f), Coker(f) € Ob(C)}.

We claim that S is a multiplicative system. To prove this we have to check MS1,
MS2, MS3, see Categories, Definition [25.1]

It is clear that identities are elements of S. Suppose that f: A — Bandg: B — C
are elements of S. There are exact sequences

0 — Ker(f) — Ker(gf) — Ker(g)
Coker(f) — Coker(gf) — Coker(g) — 0

Hence it follows that gf € S. This proves MS1. (In fact, a similar argument will
show that S is a saturated multiplicative system, see Categories, Definition [25.17])

Consider a solid diagram

A B
g
tl s
f i
C >C1Il4 B

with ¢ € S. Set W = CIlI4 B = Coker((t,—g) : A — C®B). Then Ker(t) — Ker(s)
is surjective and Coker(t) — Coker(s) is an isomorphism. Hence s is an element of
S. This proves LMS2 and the proof of RMS2 is dual.
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Finally, consider morphisms f,g : B — C and a morphism s : A — B in S
such that fos = gos. This means that (f — g) o s = 0. In turn this means
that I = Im(f — g) C C is a quotient of Coker(s) hence an object of C. Thus
t:C — C'" = C/Iis an element of S such that to (f — g) = 0, i.e., such that
to f =tog. This proves LMS3 and the proof of RMS3 is dual.

Having proved that S is a multiplicative system we set A/C = S~1A, and we set
F' equal to the localization functor (). By Lemma the category A/C is abelian
and F is exact. If X is in the kernel of F' = @), then by Lemma we see that
0: X — Z is an element of S and hence X is an object of C, i.e., the kernel of F’
is C. Finally, if G is as in the statement of the lemma, then G turns every element
of S into an isomorphism. Hence we obtain the functor H : A/C — B from the
universal property of localization, see Categories, Lemma [25.6 O

Lemma 9.7. Let A, B be abelian categories. Let F': A — B be an exact functor.
Let C = Ker(F'). Then the induced functor F : A/C — B is faithful.

Proof. This is true because the kernel of F is zero by construction. Namely, if
f: X — Y is a morphism in A/C such that F(f) = 0, then Ker(f) — X and
Y — Coker(f) are transformed into isomorphisms by F, hence are isomorphisms
by the remark on the kernel of F. Thus f = 0. d

10. K-groups

Definition 10.1. Let A be an abelian category. We denote Ko(.A) the zeroth K-
group of A. It is the abelian group constructed as follows. Take the free abelian
group on the objects on A and for every short exact sequence 0 > A - B — C — 0
impose the relation [B] — [A] — [C] = 0.

Another way to say this is that there is a presentation

@ ZIA— B—(C] — @ Z[A] — Ko(A) — 0
A—B—C ses AeOb(A)

with [A - B — C] — [B] — [A] — [C] of Ky(A). The short exact sequence
0—0—=0— 0 — 0 leads to the relation [0] = 0 in Ky(A). There are no set-
theoretical issues as all of our categories are “small” if not mentioned otherwise.
Some examples of K-groups for categories of modules over rings where computed

in Algebra, Section

Lemmal 10.2. Let F : A — B be an exact functor between abelian categories.
Then F induces a homomorphism of K-groups Ko(F) : Ko(A) — Ko(B) by simply
setting Ko(F)([A]) = [F(A)].

Proof. Proves itself. O

Suppose we are given an object M of an abelian category A and a complex of the
form

(10.2.1) M-

In this situation we define

HO(M, ¢, %) = Ker(y)/Im(p), and H'(M,p,9) = Ker(p)/Im(s).
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Lemmal 10.3. Let A be an abelian category. Let C C A be a Serre subcategory and
set B=A/C.

(1) The exact functors C — A and A — B induce an exact sequence
Ko(C) = Ko(A) = Ko(B) =0

of K-groups, and
(2) the kernel of Ko(C) — Ko(A) is equal to the collection of elements of the
form

[HO(M7(p,¢)] - [Hl(MﬂOW)}

where (M, @, ) is a complez as in (10.2.1) with the property that it becomes
ezact in B; in other words that H°(M,p,1) and H'(M,p,v) are objects
of C.

Proof. We omit the proof of (1). The proof of (2) is in a sense completely combi-
natorial. First we remark that any class of the type [HY(M, o, )] — [H (M, ¢, )]
is zero in Ky(A) by the following calculation

= [M] — [M]

= [Ker(¢)] + [Im(p)] — [Ker(s)] — [Im(z))]
= [Ker(¢)/Im(¢)] — [Ker(¢) /Im(p)]

= [H' (M, ,9)] = [H*(M, ¢, )]

as desired. Hence it suffices to show that any element in the kernel of Ky(C) —
Ko(A) is of this form.

Any element z in Ky(C) can be represented as the difference 2 = [P] — [Q] of two
objects of C (fun exercise). Suppose that this element maps to zero in Ky(.A). This
means that there exist

(1) afinite set I =IT][1",
(2) for each i € I a short exact sequence

0—- A, —-B;,—C;—0

in the abelian category A
such that

Pl-[@Q =), (Bl-[4]-[CD) =) ([Bi]-[4]-[C]

in the free abelian group on the objects of A. We can rewrite this as

PI+Y A+ +Y Bl=@+ Y, (Ad+e)+Y, (Bl

Since the right and left hand side should contain the same objects of A counted
with multiplicity, this means there should be a bijection 7 between the terms which
occur above. Set

% ={p} [[ {a,c} x 1™ [T (b} x I™
and

~={q} H {a,c} x I~ H {b} x I'".
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Set T=T"[IT" ={p,q}[[{a,b,c} x I. For t € T define

P if t=p

Q if t=gq

ot)=<A4; if t=(a,i)

B; if t=(bi)

C,‘ if t= (C, Z)
Hence we can view 7 : Tt — T~ as a bijection such that O(t) = O(7(¢)) for all
teT+. Let ty = 7(p) and let tJ € T+ be the unique element such that 7(t7) =

Consider the object
+ _
M - @tET+ O(t)

By using 7 we see that it is equal to the object

v =@, o0

o: Mt — M~
which on the summand O(t) = A; corresponding to ¢t = (a,i), i € I uses the
map A; — B; into the summand O((b,i)) = B; of M~ and on the summand
O(t) = B; corresponding to (b,i), ¢ € I~ uses the map B; — C; into the summand
O((¢,4)) = C; of M~. The map is zero on the summands corresponding to p and
(c,4), 4 € I'". Similarly, consider the map

M — M™T
which on the summand O(t) = A; corresponding to ¢ = (a,4), ¢ € I~ uses the
map A; — B; into the summand O((b,i)) = B; of M* and on the summand
O(t) = B; corresponding to (b,4), i € I'" uses the map B; — C; into the summand
O((c,4)) = C; of M*. The map is zero on the summands corresponding to ¢ and
(c,i),i€l".
Note that the kernel of ¢ is equal to the direct sum of the summand P and the
summands O((c,i)) = C;, @ € I™ and the subobjects A; inside the summands
O((b,4)) = By, i € I~. The image of ¢ is equal to the direct sum of the summands
O((c,i)) = C;, i € I'T and the subobjects A; inside the summands O((b,i)) = B;,
t € I7. In other words we see that

P = Ker(p)/Tm ().
In exactly the same way we see that

@ = Ker(¢) /Im(¢).

Since as we remarked above the existence of the bijection 7 shows that M+ = M~
we see that the lemma follows. O

Consider the map

11. Cohomological delta-functors

Definition 11.1. Let A, B be abelian categories. A cohomological §-functor or
simply a d-functor from A to B is given by the following data:
(1) a collection F™ : A — B, n > 0 of additive functors, and
(2) for every short exact sequence 0 - A — B — C — 0 of A a collection
Saspc : F(C) — F™1(A), n > 0 of morphisms of B.

These data are assumed to satisfy the following axioms
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(1) for every short exact sequence as above the sequence

0 FO(A) FO(B) — > F(C)

A—B—C

FY(A) —— FY{(B) —— F(0)

A—B—C

F?(A) ——= F*(B) —— ...

is exact, and
(2) for every morphism (A - B — C) — (A" — B’ — (') of short exact
sequences of A the diagrams

F"(C) dAsBC F"J"l(A)

| |

F"(C/) Sarmploor F"Jrl(A’)

are commutative.
Note that this in particular implies that F° is left exact.

Definition 11.2. Let A, B be abelian categories. Let (F™,dr) and (G™,dg) be
d-functors from A to B. A morphism of §-functors from F' to G is a collection of
transformation of functors ¢t : F™ — G™, n > 0 such that for every short exact
sequence 0 - A — B — C' — 0 of A the diagrams

Fn(c) Fn+1(A)
SF,A»B—C

N o

Gn(C) 0G,A»B—C GnJrl(A)

are commutative.

Definition 11.3. Let A, B be abelian categories. Let F = (F",dr) be a d-functor
from A to B. We say F is a universal §-functor if an only if for every d-functor
G = (G™,6g) and any morphism of functors ¢ : FO — G there exists a unique
morphism of §-functors {#"},>¢ : F — G such that ¢t = ¢°.

Lemma 11.4. Let A, B be abelian categories. Let F'= (F™ dp) be a §-functor from
A to B. Suppose that for every n > 0 and any A € Ob(A) there exists an injective
morphism u : A — B (depending on A and n) such that F"(u) : F*(A) — F"™(B)
is zero. Then F' is a universal §-functor.

Proof. Let G = (G",d¢g) be a d-functor from A to B and let ¢t : F¥ — G° be
a morphism of functors. We have to show there exists a unique morphism of §-
functors {t"},>0 : F — G such that ¢t = tY. We construct ¢" by induction on n.
For n = 0 we set t° = t. Suppose we have already constructed a unique sequence of
transformation of functors ¢’ for ¢ < n compatible with the maps ¢ in degrees < n.

Let A € Ob(A). By assumption we may choose a embedding u : A — B such
that F"*1(u) = 0. Let C = B/u(A). The long exact cohomology sequence for
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the short exact sequence 0 -+ A — B — C — 0 and the §-functor F' gives that
F"1(A) = Coker(F™(B) — F™(C)) by our choice of u. Since we have already
defined t™ we can set
it FrL(A) — GPTH(A)
equal to the unique map such that
Coker(F™(B) — F™(C)) — Coker(G™(B) — G™(())

6F,A4>B~>C\L iéc,AHBHC
]

FHL(A) = G"H(A)

commutes. This is clearly uniquely determined by the requirements imposed. We
omit the verification that this defines a transformation of functors. (]

Lemmal 11.5. Let A, B be abelian categories. Let F : A — B be a functor. If
there erists a universal S-functor (F™,6p) from A to B with FO = F, then it is
determined up to unique isomorphism of d-functors.

Proof. Immediate from the definitions. O

12. Complexes

Of course the notions of a chain complex and a cochain complex are dual and you
only have to read one of the two parts of this section. So pick the one you like.
(Actually, this doesn’t quite work right since the conventions on numbering things
are not adapted to an easy transition between chain and cochain complexes.)

A chain complex A, in an additive category A is a complex

o Ay D A S A
of A. In other words, we are given an object A; of A for all ¢ € Z and for all i € Z
a morphism d; : A; — A;_1 such that d;_; od; = 0 for all i. A morphism of chain
complexes [ : Ae — B, is given by a family of morphisms f; : A; — B; such that
all the diagrams
Ai —_— Ai,]_

d;
fil if'ﬁl
d

B; —> Bi_4

commute. The category of chain complexes of A is denoted Ch(A). The full sub-
category consisting of objects of the form

o> Ay > A 5 Ag—> 00— ...

is denoted Ch>o(A). In other words, a chain complex A, belongs to Chxq(A) if
and only if A; = 0 for all i < 0. A homotopy h between a pair of morphisms of
chain complexes f,g: Ay — B, is is a collection of morphisms h; : A; — B;11 such
that we have
Ji—gi=diy10hi +hi_10d;

for all . Clearly, the notions of chain complex, morphism of chain complexes,
and homotopies between morphisms of chain complexes makes sense even in a
preadditive category.
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Lemmal 12.1. Let A be an additive category. Let f,g : Be — Co be morphisms
of chain complexes. Suppose given morphisms of chain complexes a : Aq — B,
and ¢ : Co — Do. If {h; : B; — Ci11} defines a homotopy between f and g, then
{¢iy1 0 h;oa;} defines a homotopy between co foa and cogoa.

Proof. Omitted. U

In particular this means that it makes sense to define the category of chain com-
plexes with maps up to homotopy. We’ll return to this later.

Definition 12.2. Let A be an additive category. We say a morphism a : Aq — B,
is a homotopy equivalence if there exists a morphism b : By — A, such that there
exists a homotopy between aob and id4 and there exists a homotopy between boa
and idg. If there exists such a morphism between A, and B,, then we say that A,
and B, are homotopy equivalent.

In other words, two complexes are homotopy equivalent if they become isomorphic
in the category of complexes up to homotopy.
Lemmal 12.3. Let A be an abelian category.

(1) The category of chain complezes in A is abelian.

(2) A morphism of complezes f : Ae — Bs is injective if and only if each
fn + An — By, is injective.

(3) A morphism of complexes [ : Ae — B, is surjective if and only if each
fn i Ay — By, is surjective.

(4) A sequence of chain complezes

4.4 B, % C,
is exact at Be if and only if each sequence
ALy B 2 ¢
is exact at B;.
Proof. Omitted. O

For any i € Z the ith homology group of a chain complex A, in an abelian category
is defined by the following formula

HZ(A.) = Ker(dl)/lm(dl_,_l)
If f: Ay — B, is a morphism of chain complexes of A then we get an induced
morphism H;(f) : H;(As) — H;(B.) because clearly f;(Ker(d; : A; — A;—1)) C
Ker(d; : B; — B;_1), and similarly for Im(d;1). Thus we obtain a functor

Definition 12.4. Let A be an abelian category.
(1) A morphism of chain complexes f : Ay — B, is called a quasi-isomorphism
if the induced maps H;(f) : H;(As) — H;(B,) is an isomorphism for all
1€ Z.
(2) A chain complex A, is called acyclic if all of its homology objects H;(A,)
are zero.

Lemmal 12.5. Let A be an abelian category.
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(1) If the maps f,g : Ae — Be are homotopic, then the induced maps H;(f)
and H;(g) are equal.

(2) If the map f : Ae — Be is a homotopy equivalence, then f is a quasi-
isomorphism.

Proof. Omitted. ]

Lemmal 12.6. Let A be an abelian category. Suppose that
0> Ay = Be =+ Co =0

is a short exact sequence of chain complexes of A. Then there is a canonical long
exact homology sequence

Proof. Omitted. The maps come from the Snake Lemma applied to the
diagrams

A;/Im(da,i+1) — B;/Im(dp,i+1) — C;/Im(dc it1) —0

\LdA,i idB,i ldc,z‘

0—— Ker(dA,i_l) I Ker(dB,i_l) — Ker(dc,i_l)

A cochain complex A® in an additive category A is a complex

_ d'n.fl dn
L AT S pn Sy gntl

of A. In other words, we are given an object A? of A for all i € Z and for all i € Z
a morphism d’ : A* — A1 such that d*'od’ = 0 for all i. A morphism of cochain
complezes f : A* — B*® is given by a family of morphisms f? : A’ — B such that
all the diagrams

Ai : Ai+1

)
fi \L lfi+l
Bi ' pit1

commute. The category of cochain complexes of A is denoted CoCh(A). The full
subcategory consisting of objects of the form

00— A 5 A 5 A%

is denoted CoChs>g(A). In other words, a cochain complex A® belongs to the
subcategory CoChxo(A) if and only if A* =0 for all i < 0. A homotopy h between
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a pair of morphisms of cochain complexes f,g : A®* — B® is is a collection of
morphisms h? : A* — B*~! such that we have

fi _gz _ difl Ohi +hi+1 Odi
for all i. Clearly, the notions of cochain complex, morphism of cochain complexes,

and homotopies between morphisms of cochain complexes makes sense even in a
preadditive category.

Lemmal 12.7. Let A be an additive category. Let f,g: B®* — C*® be morphisms of
cochain complexes. Suppose given morphisms of cochain complexes a : A®* — B®,
and ¢ : C* — D*. If {h' : B — O~} defines a homotopy between f and g, then
{ci=Y o hioa'} defines a homotopy between co foa and co go a.

Proof. Omitted. O

In particular this means that it makes sense to define the category of cochain
complexes with maps up to homotopy. We'll return to this later.

Definition 12.8. Let A be an additive category. We say a morphism a : A®* — B*®
is a homotopy equivalence if there exists a morphism b : B®* — A® such that there
exists a homotopy between aob and id4 and there exists a homotopy between bo a
and idg. If there exists such a morphism between A® and B®, then we say that A®
and B® are homotopy equivalent.

In other words, two complexes are homotopy equivalent if they become isomorphic
in the category of complexes up to homotopy.

Lemmal 12.9. Let A be an abelian category.
(1) The category of cochain complezes in A is abelian.
(2) A morphism of cochain complexzes f : A* — B*® is injective if and only if
each f™: A™ — B" is injective.
(3) A morphism of cochain complexes f : A®* — B*® is surjective if and only if
each f: A™ — B"™ is surjective.
(4) A sequence of cochain complezxes

AL g g o

is exact at B® if and only if each sequence

i

ALy g9
is exact at B*.

Proof. Omitted. |

For any i € Z the ith cohomology group of a cochain complex A® is defined by the
following formula

HY(A®*) = Ker(d")/Im(d*~1).
If f: A®* — B°® is a morphism of cochain complexes of A then we get an induced
morphism H(f) : H'(A®*) — H'(B®) because clearly f!(Ker(d®: A* — A1) C
Ker(d' : B — B**1), and similarly for Im(d*~!). Thus we obtain a functor

H': CoCh(A) — A.
Definition 12.10. Let A be an abelian category.
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(1) A morphism of cochain complexes f : A®* — B® of A is called a quasi-
isomorphism if the induced maps H(f) : H'(A®) — H*(B®) is an isomor-
phism for all i € Z.

(2) A cochain complex A® is called acyclic if all of its cohomology objects
Hi(A®) are zero.

Lemmal 12.11. Let A be an abelian category.

(1) If the maps f,g : A* — B® are homotopic, then the induced maps H'(f)
and H'(g) are equal.

(2) If f: A®* — B*® is a homotopy equivalence, then f is a quasi-isomorphism.
Proof. Omitted. d
Lemmal 12.12. Let A be an abelian category. Suppose that

0—>A*—=>B*—>C*—>0

is a short exact sequence of chain complexes of A. Then there is a canonical long
exact homology sequence

Hi(A) = Hi(B*)

Hi(oo)

Hi+1(Ao) - HiJrl(Bo) - Hi+1(co)

Proof. Omitted. The maps come from the Snake Lemma [5.17] applied to the
diagrams

A /Im(dy ') — B /Im(d'; ') —= C*/Im(d5; ') ——=0

ld; idg idg

0 —— Ker(d{') ——— Ker(dj ') ——— Ker(dif )

13. Truncation of complexes
Let A be an abelian category. Let A, be a chain complex. There are several ways
to truncate the complex A,.

(1) The “stupid” truncation o<y, is the subcomplex o<, Ae defined by the rule
(0<nAe); =0if i > n and (0<pde); = A; if i <n. In a picture

UgnAo e 0 An An—l
A. e An+1 An An,]_

Note the property o<, Ae/0<n—14¢ = Ap[—nl.
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(2) The “stupid” truncation o>y is the quotient complex o>, A, defined by the
rule (o>pAe); = A; if i > n and (0>p4.); = 0if i < n. In a picture

A. e An+1 An A’ﬂ*l
UznA. ce An+1 An 0

The map of complexes 0>, Ae — 0>n11A4 is surjective with kernel A, [—n].
(3) The canonical truncation 7>, Ae is defined by the picture

TZnAO .. T An—i—l —_— Ker(dn) 0
A. ---HAn—i-l An An_lﬁ...

Note that these complexes have the property that

Hi(TE"A'):{ (0 ) if i<n

(4) The canonical truncation T<,Ae is defined by the picture

Ao ce An-i—l An An—l
TSnAo [N 0 Coker(dn+1) An—l

Note that these complexes have the property that

Hi(TS"A'){ (0 : if i>n

Let A be an abelian category. Let A® be a cochain complex. There are four ways
to truncate the complex A®.

(1) The “stupid” truncation o> is the subcomplex 0>, A® defined by the rule
(05,A%) = 01if i <n and (05>,A4%)" = A; if i > n. In a picture

TonA® S 0 An A+l
A S An-1 An A+l

Note the property 0>, A%/0>,4+1A4% = A" [—n].
(2) The “stupid” truncation o<, is the quotient complex o<, A® defined by the
rule (05,A%) =0 if i > n and (05,A4%)" = A" if i < n. In a picture

A S An-1 An Al
TenA® S An-1 An 0

The map of complexes o<, A* — 0<,,—1A® is surjective with kernel A™[—n].
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(3) The canonical truncation 7<, A® is defined by the picture

T<nA® coi—= A" > Ker(d") 0
A* o — A1 A" Al

Note that these complexes have the property that
; Hi(A®) if i<n
i o\ _ >

H(T<”A)_{ 0 if i>n

(4) The canonical truncation 7>, A® is defined by the picture

A e An—l A™ Antl
T>nA® o 0 Coker(d"—1) A+l

Note that these complexes have the property that
; 0 if i<n
(2 o\ _ .

H (TSnA )_ {HZ(A.) if i>n

14. Homotopy and the shift functor

It is an annoying feature that signs and indices have to be part of any discussion
of homological algebraﬂ

Definition 14.1. Let A be an additive category. Let A, be a chain complex with
boundary maps da, : A, = Ap—1. For any k € Z we define the k-shifted chain
complezx Alk]e as follows:

(1) we set A[k], = Aptk, and

(2) we set dagk],n : Alk]ln = A[k]n—1 equal to dapn = (—1)"da nis-
If f: Ae — B, is a morphism of chain complexes, then we let f[k]: A[k]e — B[k]e
be the morphism of chain complexes with f[k], = fi+n-

Of course this means we have functors [k] : Ch(A) — Ch(A) which mutually
commute (on the nose, without any intervening isomorphisms of functors), such

that A[k] [l]. = A[k + l]. and with [O] = idCh(.A)-

Definition 14.2. Let A be an abelian category. Let A, be a chain complex with
boundary maps dan : An — A,—1. For any k € Z we identify H; ;(As.) —
H;(Alk]s) via the identification A;yr = A[k];.

This identification is functorial in A,. Note that since no signs are involved in
this definition we actually get a compatible system of identifications of all the ho-
mology objects H;_j(A[kls), which are further compatible with the identifications
Alk][l]e = Alk +l]o and with [0] = idch(a)-

Let A be an additive category. Suppose that A, and B, are chain complexes,
a,b : Ae — B, are morphisms of chain complexes, and {h; : A; — B;y1} is a
homotopy between a and b. Recall that this means that a; —b; = d;+10h;+h;—10d;.

2T am sure you think that my conventions are wrong. If so and if you feel strongly about it
then drop me an email with an explanation.
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What if a = b7 Then we obtain the formula 0 = d;41 0h; +h;—1 od;, in other words,
—d;q1 0 h; = hj—1 od;. By definition above this means the collection {h;} above
defines a morphism of chain complexes

As — Bl[1]s.

Such a thing is the same as a morphism A[—1]s — B, by our remarks above. This
proves the following lemma.

Lemmal 14.3. Let A be an additive category. Suppose that Ae and B, are chain
complexes. Given any morphism of chain complezes a : Aq — B, there is a bijection
between the set of homotopies from a to a and Mor ¢y 4)(Ae, B[1]s). More generally,
the set of homotopies between a and b is either empty or a principal homogeneous
space under the group Mor g4y (Ae, B[1]e).

Proof. See above. O

Lemmal 14.4. Let A be an abelian category. Let
0—Ae > Be > Co — 0

be a sort exact sequence of complexes. Suppose that {s, : C,, = Bp} is a family
of morphisms which split the short exact sequences 0 — A, — B, — C,, — 0. Let
Tn @ By — A, be the associated projections, see Lemmal[5.10, Then the family of
morphisms

Tp—10dBn 08y : Cp = Ap_1

define a morphism of complexes §(s) : Co — A[—1]s.

Proof. Denote ¢ : A¢ — Be and q : B, — C, the maps of complexes in the
short exact sequence. Then i,—1 0 T—1 0dpyn 08, = dBn © Sn — Sn—1 © do .
Hence 4,2 0 dA,nfl O Tp—1 © dB,n O Sp = dB,nfl o (dB,n ©S8p —Sp-10 dC,n) =
—dB p—10°8p—1 °dc,y as desired. O

Lemma 14.5. Notation and assumptions as in Lemma[1].4) above. The morphism
of complezxes 6(s) : Co — A[—1]e induces the maps

Hi(6(s)) : Hi(Ce) — Hi(A[-1]a) = H;-1(As)

which occur in the long exact homology sequence associated to the short exact se-
quence of chain complexes by Lemma[12.6

Proof. Omitted. O

Lemma 14.6. Notation and assumptions as in Lemma above. Suppose {s], :
C, — By} is a second choice of splittings. Write si, = s, + in © hy, for some
unique morphisms hy : Cp, — Ay,. The family of maps {hy, : Cp, = A[—1]p41} is a
homotopy between the associated morphisms 0(s),d(s") : Co — A[—1]e.

Proof. Omitted. O

Definition 14.7. Let A be an additive category. Let A® be a cochain complex
with boundary maps d% : A" — A"l For any k € Z we define the k-shifted
cochain complex A[k]® as follows:

(1) we set A[k]" = A" and

(2) we set dyy, « A[k]" — A[k]" Tt equal to A = (—1)kdntk.
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If f: A* — B*is amorphism of cochain complexes, then we let f[k] : A[k]®* — B[k]®
be the morphism of cochain complexes with f[k]" = fk+7.

Of course this means we have functors [k] : CoCh(A) — CoCh(A) which mutually
commute (on the nose, without any intervening isomorphisms of functors) and such
that A[k][l]* = A[k +1]* and with [0] = idcoch(a)-

Definition 14.8. Let A be an abelian category. Let A® be a cochain complex
with boundary maps d7% : A" — A"+l For any k € Z we identify H*k(A®) —
Hi(A[K]®) via the identification A*t* = A[k]".

This identification is functorial in A®. Note that since no signs are involved in
this definition we actually get a compatible system of identifications of all the ho-
mology objects H'~*(A[k]*), which are further compatible with the identifications
Alk][l]* = A[k +1]* and with [0] = idgocn(a)-

Let A be an additive category. Suppose that A® and B® are cochain complexes,
a,b : A* — B*® are morphisms of cochain complexes, and {h’ : A® — Bi~1} is a
homotopy between a and b. Recall that this means that a’ —b® = d*~toh’+hi*tlod’.
What if @ = b? Then we obtain the formula 0 = d*~! o h* +h*t!od?, in other words,
—d=1 o hi = hiTt o d'. By definition above this means the collection {h‘} above
defines a morphism of cochain complexes

A* — B[-1]°.
Such a thing is the same as a morphism A[1]* — B*® by our remarks above. This
proves the following lemma.

Lemmal 14.9. Let A be an additive category. Suppose that A® and B® are cochain
complexes. Given any morphism of cochain complexes a : A®* — B® there is a
bijection between the set of homotopies from a to a and Mor c,cpa)(A®, B[—1]°).
More generally, the set of homotopies between a and b is either empty or a principal
homogeneous space under the group Mor c,cna)(A®, B[—1]°).

Proof. See above. O

Lemmal 14.10. Let A be an additive category. Let
0—+A*—>B*—>C*—0
be a complez (!) of complexes. Suppose that we are given splittings B = A™ & C"

compatible with the maps in the displayed sequence. Let s™ : C™ — B™ and 7" :
B™ — A™ be the corresponding maps. Then the family of morphisms

a"lodhos™: C" — A
define a morphism of complexes § : C* — A[1]°.

Proof. Denote i : A* — B® and ¢ : B* — C*® the maps of complexes in the
short exact sequence. Then "' o 7" o d% 0 s" = dy 0 s" — s"T! o d:. Hence
in+2 Odjz“+1 o7'(n+1 ° d% os™ = d%-H o (d% os™ — Sn+1 Odg) — _d%-i-l o Sn+1 ° dré as
desired. (I

Lemma 14.11. Notation and assumptions as in Lemma [I].10 above. Assume in
addition that A is abelian. The morphism of complexes § : C* — A[1]* induces the
maps

HY(8) : H(C®) — H'(A[1]*) = H'"T'(A®)
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which occur in the long exact homology sequence associated to the short exact se-
quence of cochain complexes by Lemma [12.12

Proof. Omitted. O

Lemma 14.12. Notation and assumptions as in Lemma[I.10 Let o : A* — B®,
B : B* — C* be the given morphisms of complexes. Suppose (s')" : C™ — B™ and
(7)™ : B™ — A™ is a second choice of splittings. Write (s')" = s™ + a™ o h™ and
(7)™ = a4+ g" o ™ for some unique morphisms h™ : C™ — A™ and g" : C™ — A"™.
Then

(1) g™ =—h", and

(2) the family of maps {g" : C™ — A[1]"~'} is a homotopy between 6,6 : C* —

A[1]*, more precisely (§')" = 6" + g" ' o d + dﬁx[_ﬁ og™.

Proof. As (s')"™ and (7')™ are splittings we have (7/)" o (s')" = 0. Hence
O:(ﬂ.n_'_gnoﬁn)o(sn_’_anohn):gnoﬁvtosn+ﬂnoanohn:g7L+hn
which proves (1). We compute (6")™ as follows
(ﬂ_n—i-l +gn+1 Oﬂn-{-l) Od% ° (Sn +an Ohn) _ 511 +gn+1 Od’rCLv _'_dz Ohn

Since h™ = —g™ and since dff‘[_ﬁ = —d’} we conclude that (2) holds. O

15. Graded objects
We make the following definition.

Definition 15.1. Let A be an additive category. The category of graded objects of
A, denoted Gr(A), is the category with

(1) objects A = (A?) are families of objects A%, i € Z of objects of A, and
(2) morphisms f: A = (A) — B = (B?) are families of morphisms f*: A* —
B of A.

If A has countable direct sums, then we can asssociated to an object A = (A?) of
Gr(A) the object
A= Al
i€Z
and set kA = A’. In this case Gr(A) is equivalent to the category of pairs (A, k)
consisting of an object A of A and a direct sum decomposition

A= @iez kA
by direct summands indexed by Z and a morphism (A4, k) — (B, k) of such objects
is given by a morphism ¢ : A — B of A such that ¢(k'A) C k'B for all i €
Z. Whenever our additive category A has countable direct sums we will use this
equivalence without further mention.

However, with our definitions an additive or abelian category does not necessarily
have all (countable) direct sums. In this case our definition still makes sense. For
example, if A = Vecty is the category of finite dimensional vector spaces over a
field k, then Gr(Vecty) is the category of vector spaces with a given gradation
all of whose graded pieces are finite dimensional, and not the category of finite
dimensional vector spaces with a given graduation.
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Lemma 15.2. Let A be an abelian category. The category of graded objects Gr(.A)
is abelian.

Proof. Let f : A = (A') — B = (B%) be a morphism of graded objects of A
given by morphisms f¢: A® — B’ of A. Then we have Ker(f) = (Ker(f*)) and
Coker(f) = (Coker(f%)) in the category Gr(.A). Since we have Im = Coim in A we
see the same thing holds in Gr(A). O

Remark 15.3 (Warning). There are abelian categories A having countable direct
sums but where countable direct sums are not exact. An example is the opposite
of the category of abelian sheaves on R. Namely, the category of abelian sheaves
on R has countable products, but countable products are not exact. For such a
category the functor Gr(A) — A, (A?) — @ A® described above is not exact. It
is still true that Gr(A) is equivalent to the category of graded objects (A, k) of A,
but the kernel in the category of graded objects of a map ¢ : (A, k) — (B,k) is
not equal to Ker(p) endowed with a direct sum decomposition, but rather it is the
direct sum of the kernels of the maps k*A — k'B.

Definition 15.4. Let A be an additive category. If A = (A?) is a graded object,
then the kth shift A[k] is the graded object with A[k] = Ak+e.

If A and B are graded objects of A, then we have
(1541) HomGr(.A) (A7 B[k]) = HomGr(.A) (A[_k]v B)

and an element of this group is sometimes called a map of graded objects homoge-
neous of degree k.

Given any set G we can define G-graded objects of A as the category whose objects
are A = (A9)4ec families of objects parametrized by elements of G. Morphisms
f A — B are defined as families of maps f9 : A9 — BY where g runs over the
elements of G. If G is an abelian group, then we can (unambiguously) define shift
functors [g] on the category of G-graded objects by the rule (A[g])% = A9T9. A
particular case of this type of construction is when G = Z x Z. In this case the
objects of the category are called bigraded objects of A. The (p,q) component of
a bigraded object A is usually denoted AP-4. For (a,b) € Z X Z we write Ala,b] in
stead of A[(a,b)]. A morphism A — Ala,b] is sometimes called a map of bidegree
(a,b).

16. Filtrations

A nice reference for this material is [Del71l Section 1]. (Note that our conventions
regarding abelian categories are different.)

Definition 16.1. Let A be an abelian category.

(1) A decreasing filtration F' on an object A is a family (F™A),cz of subobjects
of A such that

AD..DF"ADF"AS...D0

(2) A filtered object of A is pair (A, F') consisting of an object A of A and a
decreasing filtration F on A.

(3) A morphism (A, F) — (B, F) of filtered objects is given by a morphism
¢ : A — B of Asuch that p(F*A) C F'B for all i € Z.

(4) The category of filtered objects is denoted Fil(.A).
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(5) Given a filtered object (A, F') and a subobject X C A the induced filtration
on X is the filtration with F"X = X N F"A.

(6) Given a filtered object (A, F') and a surjection m : A — Y the quotient
filtration is the filtration with F*Y = w(F™A).

(7) A filtration F on an object A is said to be finite if there exist n,m such
that F"A = A and F"A = 0.

(8) Given a filtered object (A, F') we say [ F'A exists if there exists a biggest
subobject of A contained in all F?A. We say | J F'A exists if there exists a
smallest subobject of A containing all F*A.

(9) The filtration on a filtered object (A, F') is said to be separatedif (), F*A =0
and ezhaustive if | JF'A = A.

By abuse of notation we say that a morphism f : (A, F') — (B, F) of filtered objects
is injective if f : A — B is injective in the abelian category A. Similarly we say
f is surjective if f : A — B is surjective in the category A. Being injective (resp.
surjective) is equivalent to being a monomorphism (resp. epimorphism) in Fil(A).
By Lemma this is also equivalent to having zero kernel (resp. cokernel).

Lemma 16.2. Let A be an abelian category. The category of filtered objects Fil(.A)
has the following properties:

(1) It is an additive category.

(2) It has a zero object.

(3) It has kernels and cokernels, images and coimages.
(4) In general it is not an abelian category.

Proof. It is clear that Fil(.A) is additive with direct sum given by (A4, F)® (B, F) =
(A® B, F) where FP(A® B) = FPA® FPB. The kernel of a morphism f : (4, F) —
(B, F) of filtered objects is the injection Ker(f) C A where Ker(f) is endowed with
the induced filtration. The cokernel of a morphism f : A — B of filtered objects
is the surjection B — Coker(f) where Coker(f) is endowed with the quotient
filtration. Since all kernels and cokernels exist, so do all coimages and images. See
Example for the last statement. O

Definition 16.3. Let A be an abelian category. A morphism f : A — B of filtered
objects of A is said to be strict if f(F'A) = f(A)N F'B for all i € Z.

This also equivalent to requiring that f~1(F'B) = F'A + Ker(f) for all i € Z. We
characterize strict morphisms as follows.

Lemmal 16.4. Let A be an abelian category. Let f : A — B be a morphism of
filtered objects of A. The following are equivalent

(1) f is strict,

(2) the morphism Coim(f) — Im(f) of Lemma is an isomorphism.

Proof. Note that Coim(f) — Im(f) is an isomorphism of objects of A, and that
part (2) signifies that it is an isomorphism of filtered objects. By the description
of kernels and cokernels in the proof of Lemma [16.2] we see that the filtration
on Coim(f) is the quotient filtration coming from A — Coim(f). Similarly, the
filtration on Im(f) is the induced filtration coming from the injection Im(f) —
B. The definition of strict is exactly that the quotient filtration is the induced
filtration. O
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Lemmal 16.5. Let A be an abelian category. Let f: A — B be a strict monomor-
phism of filtered objects. Let g : A — C be a morphism of filtered objects. Then
f®g: A— B C is a strict monomorphism.

Proof. Clear from the definitions. |

Lemmal16.6. Let A be an abelian category. Let f : B — A be a strict epimorphism
of filtered objects. Let g : C — A be a morphism of filtered objects. Then f @ g :
B @ C — A is a strict epimorphism.

Proof. Clear from the definitions. O

Lemma 16.7. Let A be an abelian category. Let (A, F), (B, F) be filtered objects.
Let u: A — B be a morphism of filtered objects. If u is injective then u is strict if
and only if the filtration on A is the induced filtration. If u is surjective then u is
strict if and only if the filtration on B is the quotient filtration.

Proof. This is immediate from the definition. O

Lemmal 16.8. Let A be an abelian category. Let f : A — B, g : B — C be strict
morphisms of filtered objects.

(1) In general the composition g o f is not strict.
(2) If g is injective, then go f is strict.
(3) If f is surjective, then go f is strict.

Proof. Let B a vector space over a field k with basis e, es, with the filtration
F"B = B for n < 0, with FOB = ke;, and F*B = 0 for n > 0. Now take
A = Ek(e1+e2) and C = B/key with filtrations induced by B, i.e., such that A — B
and B — C are strict (Lemma[16.7). Then F"(A) = A for n < 0 and F"(A) =0
for n > 0. Also F(C) = C for n <0 and F™(C) =0 for n > 0. So the (nonzero)
composition A — C is not strict.

Assume g is injective. Then
g(F(F?A)) = g(f(4) N F7BB)
— g(£(4)) N g(F7(B))
= (9o NA)N(g(B)NFC)
=(go f)(A)NFPC.

The first equality as f is strict, the second because g is injective, the third because
g is strict, and the fourth because (g o f)(A) C g(B).

Assume f is surjective. Then
(go f)"H(F'C) = [~H(F'B + Ker(g))
= fTHF'B) + [ (Ker(g))
= F'A + Ker(f) + Ker(go f)

= F'A +Ker(go f)
The first equality because g is strict, the second because f is surjective, the third
because f is strict, and the last because Ker(f) C Ker(go f). O

The following lemma says that subobjects of a filtered object have a well defined
filtration independent of a choice of writing the object as a cokernel.
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Lemma 16.9. Let A be an abelian category. Let (A, F) be a filtered object of A.
Let X CY C A be subobjects of A. On the object

Y/X = Ker(A/X — A]Y)

the quotient filtration coming from the induced filtration on Y and the induced
filtration coming from the quotient filtration on A/X agree. Any of the morphisms
X2V, X2AY>AY > A/XY SY/X,Y/X — A/X are strict (with
induced/quotient filtrations).

Proof. The quotient filtration Y/X is given by FP(Y/X) = FPY/(X N FPY) =
FPY/FPX because FPY =Y NFPA and FPX = X N FPA. The induced filtration
from the injection Y/X — A/X is given by

FP(Y/X)=Y/XNFP(A/X)
=Y/XN(FPA+ X)/X
=(YNFPA)/(XNFPA)
= FPY/FPX.

Hence the first statement of the lemma. The proof of the other cases is similar. [

Lemma 16.10. Let A be an abelian category. Let A, B,C € Fil(A). Let f : A— B
and g : A — C be morphisms Then there exists a pushout

A4f>B
gl ig,
f’
c—Lcu,n
in Fil(A). If f is strict, so is f’.

Proof. Set C'II4 B equal to Coker((1,—1) : A — C & B) in Fil(A). This cokernel
exists, by Lemma It is a pushout, see Example Note that F?(C x 4 B) is
the image of FPC' @ FPB. Hence

(f )N (FP(C xa B)) = g(f~'(F?B))) + FFC
Whence the last statement. O

Lemma 16.11. Let A be an abelian category. Let A,B,C € Fil(A). Let f : B — A
and g : C — A be morphisms Then there exists a pushout

BXACHB

17

c—1 .4

in Fil(A). If f is strict, so is f'.
Proof. This lemma is dual to Lemma [I6.10l U

Let A be an abelian category. Let (A, F) be a filtered object of A. We denote
grh.(A) = grP(A) the object FPA/FPT1 A of A. This defines an additive functor

gr’ : Fil(A) — A, (A, F) — giP(A4).
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Recall that we have defined the category Gr(.A) of graded objects of A in Section
For (A, F) in Fil(A) we may set

gr(A) = the graded object of A whose pth graded piece is gr”(A)

and if A4 has countable direct sums, then we simply have

gr(A) = P er’(A)
This defines an additive functor
gr: Fil(A) — Gr(A), (A, F)— gr(A).

Lemmal 16.12. Let A be an abelian category.
(1) Let A be a filtered object and X C A. Then for each p the sequence

0— g (X) = gP(4) = g?(4/X) =0

is exact (with induced filtration on X and quotient filtration on A/X ).
(2) Let f: A— B be a morphism of filtered objects of A. Then for each p the
sequences

0 — gr’(Ker(f)) = gP(A) = gP(Coim(f)) — 0

and
0— gr(Im(f)) = g (B) — gr’(Coker(f)) — 0

are exact.

Proof. We have FPT1X = X N FPTL A, hence map gr?(X) — grP(A) is injective.
Dually the map gr?(A) — gr?(A/X) is surjective. The kernel of FPA/FPH1A —
A/ X+ FPHAjs clearly FPTY A+ XNEFPA/FPTIA = FPX/FPTIX hence exactness
in the middle. The two short exact sequence of (2) are special cases of the short
exact sequence of (1). O

Lemmal 16.13. Let A be an abelian category. Let f : A — B be a morphism of
finite filtered objects of A. The following are equivalent

(1) f is strict,

(2) the morphism Coim(f) — Im(f) is an isomorphism,

(3) gr(Coim(f)) — gr(Im(f)) is an isomorphism,

(4) the sequence gr(Ker(f)) — gr(A) — gr(B) is exact,

(5) the sequence gr(A) — gr(B) — gr(Coker(f)) is exact, and

(6) the sequence

0 — gr(Ker(f)) — gr(A) — gr(B) — gr(Coker(f)) — 0
18 exact.

Proof. The equivalence of (1) and (2) is Lemma[16.4] By Lemma[16.12]we see that
(4), (5), (6) imply (3) and that (3) implies (4), (5), (6). Hence it suffices to show that
(3) implies (2). Thus we have to show that if f : A — B is an injective and surjective
map of finite filtered objects which induces and isomorphism gr(A4) — gr(B), then
f induces an isomorphism of filtered objects. In other words, we have to show
that f(FPA) = FPB for all p. As the filtrations are finite we may prove this by
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descending induction on p. Suppose that f(FP*1A) = FPTLB. Then commutative
diagram

00— Frtig FrA gr?(A) —= 0
PR
0—= Frip FPB gr?(B) —= 0
and the five lemma imply that f(FPA) = FPB. |

Lemmal 16.14. Let A be an abelian category. Let A — B — C be a complex of
filtered objects of A. Assume a: A — B and 5 : B — C are strict morphisms of
filtered objects. Then gr(Ker(8)/Im(«)) = Ker(gr(8))/Im(gr(a))).

Proof. This follows formally from Lemma and the fact that Coim(a) 22
Im(a) and Coim(8) = Im(3) by Lemma O
Lemmal 16.15. Let A be an abelian category. Let A — B — C be a complex
of filtered objects of A. Assume A, B,C have finite filtrations and that gr(A) —
gr(B) — gr(C) is exact. Then

(1) for each p € Z the sequence gr?(A) — gr?(B) — gr*(C) is exact,

(2) for each p € Z the sequence FP(A) — FP(B) — FP(C) is exact,

(3) for each p € Z the sequence A/FP(A) — B/FP(B) — C/FP?(C) is exact,
(4) the maps A — B and B — C are strict, and

(5) A— B — C is ezact (as a sequence in A).

Proof. Part (1) is immediate from the definitions. We will prove (3) by induction
on the length of the filtrations. If each of A, B, C has only one nonzero graded part,
then (3) holds as gr(A) = A, etc. Let n be the largest integer such that at least
one of F"A, F"B, F"C is nonzero. Set A’ = A/F"A, B' = B/F"B, C' = C/F"C
with induced filtrations. Note that gr(4) = F"A @ gr(A’) and similarly for B
and C. The induction hypothesis applies to A’ — B’ — (', which implies that
A/FP(A) — B/FP(B) — C/FP(C) is exact for p > n. To conclude the same for
p=n+1, ie., to prove that A - B — C' is exact we use the commutative diagram

0 F"A A A’ 0
0 F"B B B’ 0
0 e C c’ 0

whose rows are short exact sequences of objects of A. The proof of (2) is dual. Of
course (5) follows from (2).

To prove (4) denote f : A — B and g : B — C the given morphisms. We know
that f(FP(A)) = Ker(FP(B) — FP(C)) by (2) and f(A) = Ker(g) by (5). Hence
f(FP(A)) = Ker(FP(B) — FP(C)) = Ker(9)NF?P(B) = f(A)NF?(B) which proves
that f is strict. The proof that g is strict is dual to this. O
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17. Spectral sequences

A nice discussion of spectral sequences may be found in [Eis95]. See also [McCO01],
[Lan02], etc.

Definition 17.1. Let A be an abelian category.

(1) A spectral sequence in A is given by a system (E,,d,),>1 where each E, is
an object of A, each d,. : E,. — E, is a morphism such that d, od, = 0 and
E,.+1 = Ker(d,)/Im(d,.) for r > 1.

(2) A morphism of spectral sequences f : (Ey,d;)r>1 — (EL,d.)r>1 is given by
a family of morphisms f, : E, — E! such that f. od, = d/ o f, and such
that f,11 is the morphism induced by f, via the identifications E, 1 =
Ker(d,)/Im(d,) and E], = Ker(d.)/Im(d}.).

We will sometimes loosen this definition somewhat and allow E,.; to be an object
with a given isomorphism FE,,; — Ker(d,)/Im(d,). In addition we sometimes
have a system (E,,d,),>r, for some rq satisfying the properties of the definition
above for indices > r. We will also call this a spectral sequence since by a simple
renumbering it falls under the definition anyway. In fact, sometimes it makes sense
to allow rg = 0 or even rg = —1 due to conventions in the literature.

Given a spectral sequence (E,,d,),>1 we define
0=BiCcB,C...CB,C...CZ,C...CZyCZi1=F

by the following simple procedure. Set By = Im(d;) and Zy = Ker(dy). Then it is
clear that dy : Z3/Bs — Z5/By. Hence we can define Bj as the unique subobject
of E; containing Bs such that Bs/Bs is the image of dy. Similarly we can define
Z3 as the unique subobject of F; containing By such that Z3/Bs is the kernel of
ds. And so on and so forth. In particular we have

E.=Z7./B,

for all » > 1. I case the spectral sequence starts at r = ry then we can similarly
construct B;, Z; as subobjects in E,,.

Definition 17.2. Let A be an abelian category. Let (E,,d,),>1 be a spectral
sequence.

(1) If the subobjects Zoo = (] Z, and By, = |J B, of E; exist then we define
the limit of the spectral sequence to be the object

Ewo = Zoo/Beo.

(2) We say that the spectral sequence collapses at E,., or degenerates at E,. if
the differentials d,-,d; 41, ... are all zero.

Note that if the spectral sequence collapses at E,, then we have E, = F,. 41 =
... = Es (and the limit exists of course). Also, almost any abelian category we
will encounter has countable sums and intersections.

Remark 17.3 (Variant). It is often the case that the terms of a spectral sequence
have additional structure, for example a grading or a bigrading. To accomodate
this (and to get around certain technical issues) we introduce the following notion.
Let A be an abelian category. Let (T),>1 be a sequence of translation or shift
functors, i.e., T;. : A — A is an isomorphism of categories. In this setting a spectral
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sequence is given by a system (E,,d,),>1 where each E, is an object of A, each
dy : B, — T,.FE, is a morphism such that 7T,.d,- o d,, = 0 so that

~ld, d,

T Trd
..—>TT_1ET - FE, i

T.E, T2E,

is a complex and E,,1 = Ker(d,.)/Im(T,71d,.) for r > 1. Tt is clear what a morphism
of spectral sequences means in this setting. In this setting we can still define

0=Bi1CB,C...CB,C...CZ,C...ClZyCZi=EF

and Z., and B, (if they exist) as above.

18. Spectral sequences: exact couples

Definition 18.1. Let A be an abelian category.

(1) An ezact couple is a datum (A, E, «, f, g) where A, E are objects of A and
a, f, g are morphisms as in the following diagram

A p A
DA
E
with the property that the kernel of each arrow is the image of its prede-
cessor. So Ker(a) = Im(f), Ker(f) =Im(g), and Ker(g) = Im(a).
(2) A morphism of exact couplest: (A, E,a, f,g) — (A, E',d, f',¢) is given

by morphisms t4 : A - A" and tg : E — E’ such that o/ oty = t4 0 a,
flotg=taof,and g’ oty =tgog.

Lemma 18.2. Let (A, E,a, f,g) be an exact couple in an abelian category A. Set

(1) d=gof:E— FE sothatdod =0,
2) E' = Ker(d)/Im(d),

3) A" = Im(a),

4) o + A" = A’ induced by «,

5) f': B — A’ induced by f,

6) ¢ : A — E' induced by “goa~'".

Then we have

(1) Ke?"( ) = fH(Ker(g)) = f~ (Im(e)),
(2) Im(d) = g(Im(f)) = g(Ker(c)),

(3) (A,E o, f',q") is an exact couple.
Proof. Omitted. g

Hence it is clear that given an exact couple (A, E, «, f, g) we get a spectral sequence
by setting E1 = E, d1 = d, E2 = E/, dg =d = g/ Of/, E3 = E”, d3 =d" = g”of”’
and so on.

Definition 18.3. Let A be an abelian category. Let (A, E,«, f,g) be an exact
couple. The spectral sequence associated to the exact couple is the spectral sequence
(Er;dr)r21 with E1 = E, d1 = d, E2 = E‘/7 d2 = d/ = g’ o f/, E3 = E”, d3 = d” =
g" o f”, and so on.
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Lemma 18.4. Let A be an abelian category. Let (A, E, «, f,g) be an exact couple.
Let (Er,dy)r>1 be the spectral sequence associated to the exact couple. In this case
we have

0=B,C...CBy1=g(Ker(@"))C...C Zpy1=f *Um@")C...CZ=F

and the map dy41 : Ery1 — Erq1 is described by the following rule: For any (test)
object T' of A and any elementsx : T — Z,41 andy : T — A such that fox = a"oy
we have

dry10T=9goy
where T : T — E,y is the induced morphism.

Proof. Omitted. O

Note that in the situation of the lemma we obviously have

Be=yg (UT Ker(o/")) CZx=f"" (mT Im(of))

provided these exist and in this case Ex = Zoo/Boo-

Remark 18.5 (Variant). Let A be an abelian category. Let S,T : A — A be shift
functors, i.e., isomorphisms of categories. We will indicate the n-fold compositions
by S™A and T" A for A € Ob(A) and n € Z. In this situation an ezact couple is a
datum (A, E, «, f,g) where A, E are objects of Aand a: A — T~ 1A, f: E — A,
g: A — SE are morphisms such that

rE-epa Teo qa g5 ga
is an exact complex. Let’s visualize this as follows
TA A T4
Ta @
TE SE E T-'SE

Wesetd=gof:E — SE. Thendo S 'd=go foS 'goS™!f =0 because
foS7lg=0. Set E' = Ker(d)/Im(S~1d). Set A’ =Im(Ta). Let o/ : A’ — T 1A’
induced by a. Let f': E/ — A’ be induced by f which works because f(Ker(d)) C
Ker(g) = Im(T«). Finally, let ¢’ : A” — T'SE’ induced by “I'g o (Ta)*l’ﬂ

In exactly the same way as above we find
(1) Ker(d) = f~1(Ker(g)) = f~(Im(Ta)),

(2) Im(d) = g(Im(f)) = g(Ker(a)),
(3) (A, E',d/, f',g") is an exact couple for the shift functors T'S and T.

We obtain a spectral sequence (as in Remark [17.3) with F1 = E, Ey = F’, etc,
with d, : E, — T"1SE, for all » > 1. Lemma [18.4] tells us that

SByi1 = g(Ker(T7"Mao...oT raoa))

and
Zpy1 = fHIm(TaoT?ao...0T"a))

3This works because TSE’ = Ker(T'Sd)/Im(Td) and Tg(Ker(Ta)) = Tg(Im(T'f)) = Im(T(d))
and T'S(d)(Im(Tg)) = Im(TSgoTSfoTg) =0.
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in this situation. The description of the map d,41 is similar to that given in the
lemma. (It may be easier to use these explicit descriptions to prove one gets a
spectral sequence from such an exact couple.)

19. Spectral sequences: differential objects

Definition 19.1. Let A be an abelian category. A differential object of A is a pair
(A, d) consisting of an object A of A endowed with a selfmap d such that dod = 0. A
morphism of differential objects (A,d) — (B,d) is given by a morphism a: A — B
such that doa =« od.

Lemmal 19.2. Let A be an abelian category. The category of differential objects of
A is abelian.

Proof. Omitted. O

Definition 19.3. For a differential object (A, d) we denote
H(A,d) = Ker(d)/Im(d)
its homology.

Lemma 19.4. Let A be an abelian category. Let 0 — (A,d) — (B,d) — (C,d) — 0
be a short exact sequence of differential objects. Then we get an exact homology

sequence
...—~> H(C,d) - H(A,d) - H(B,d) — H(C,d) — ...

Proof. Apply Lemma [I2.12] to the short exact sequence of complexes

0 - A - B —- C = 0
{ { i
0 - A - B —- C — 0
{ { {
0O - A - B —- C — 0
where the vertical arrows are d. O

We come to an important example of a spectral sequence. Let A be an abelian
category. Let (A,d) be a differential object of A. Let o : (A,d) — (A,d) be an
endomorphism of this differential object. If we assume « injective, then we get a
short exact sequence

0— (A4,d) = (A,d) = (A/aA,d) =0
of differential objects. By the Lemma [19.4] we get an exact couple

H(A,d) H(A,d)

A

H(A/aA, d)

where ¢ is the canonical map and f is the map defined in the snake lemma. Thus we
get an associated spectral sequence! Since in this case we have Ey = H(A/aA,d)
we see that it makes sense to define Ey = A/aA and dy = d. In other words, we
start the spectral sequence with » = 0. According to our conventions in Section
we define a sequence of subobjects

0=ByC...CB,C...CZ.C...CZy=E,
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with the property that E, = Z,./B,. Namely we have for r > 1 that

(1) B, is the image of (a"!)~1(dA) under the natural map A — A/aA,

(2) Z, is the image of d~1(a"A) under the natural map A — A/aA, and

(3) d, : E. — E, is given as follows: given an element z € Z, choose an element
y € A such that d(z) = a”(y). Then d,(z + B, + aA) = y + B, + o A.

Warning: It is not necessarily the case that a4 C (o™ 1)7!(dA), nor ad C
d='(a"A). Tt is true that (a"1)"1(dA) C d~!(a"A). We have

d1(a"A) + aA
(@ 1) 1(dA) + ad’

E, =

It is not hard to verify directly that (1) — (3) give a spectral sequence.

Definition 19.5. Let A be an abelian category. Let (A4, d) be a differential object
of A. Let a : A — A be an injective selfmap of A which commutes with d.
The spectral sequence associated to (A,d, ) is the spectral sequence (E,,d,);>0
described above.

Remark 19.6 (Variant). Let A be an abelian category and let S,T : A — A be
shift functors, i.e., isomorphisms of categories. Assume that T'S = ST as functors.
Consider pairs (A, d) consisting of an object A of A and a morphism d : A — SA
such that d o S™'d = 0. The category of these objects is abelian. We define
H(A,d) = Ker(d)/Im(S~*d) and we observe that H(SA, Sd) = SH(A,d) (canoni-
cal isomorphism). Given a short exact sequence

0—(A,d) = (B,d) = (C,d) =0
we obtain a long exact homology sequence
.= STYH(C,d) — H(A,d) — H(B,d) — H(C,d) — SH(A,d) — ...

(note the shifts in the boundary maps). Since ST = T'S the functor T defines a shift
functor on pairs by setting T'(A,d) = (T'A,Td). Next, let o : (A,d) — T~(A,d)
be injective with cokernel (@, d). Then we get an exact couple as in Remark
with shift functors T'S and T" given by

(H(A,d),ST'H(Q,d),a, f,9)

where @ : H(A,d) — T~'H(A,d) is induced by «, the map f : ST H(Q,d) —
H(A,d) is the boundary map and g : H(A,d) — TH(Q,d) = TS(S™'H(Q,d))
is induced by the quotient map A — T'Q. Thus we get a spectral sequence as
above with E; = ST'H(Q, d) and differentials d, : E, — T"SE,.. As above we set
Ey = S7'Q and dy : Ey — SEj given by S~'d : S7'Q — Q. If according to our
conventions we define B, C Z, C Ey, then we have for r > 1 that

(1) SB, is the image of
(T-"Mao...oT ) ' Im(T""S™d)

under the natural map 7714 — Q,
(2) Z, is the image of

(ST d) " Mm(ao ... o T ta)
under the natural map S~™'T714 — S~1Q.
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The differentials can be described as follows: if x € Z,., then pick 2’ € S™!T—1A
mapping to 2. Then S™1T~1d(z') is (ao... 0o T" 1a)(y) for some y € T"~LA.
Then d,.(x) € T"SE, is represented by the class of the image of y in T"SEy =T"Q
modulo T"SB,.

20. Spectral sequences: filtered differential objects
We can build a spectral sequence starting with a filtered differential object.

Definition 20.1. Let A be an abelian category. A filtered differential object
(K,F,d) is a filtered object (K,F) of A endowed with an endomorphism d :
(K, F) — (K, F) whose square is zero: dod = 0.

To describe the spectral sequence associated to such an object we assume, for
the moment, that A is an abelian category which has countable direct sums and
countable direct sums are exact (this is not automatic, see Remark [15.3). Let
(K, F,d) be a filtered differential object of A. Note that each F"K is a differential
object by itself. Consider the object A = F"K and endow it with a differential
d by using d on each summand. Then (A4,d) is a differential object of A which
comes equipped with a grading. Consider the map

a:A— A

which is given by the inclusions F”A — F" 1 A. This is clearly an injective mor-
phism of differential objects « : (4,d) — (A, d). Hence, by Definition we get
a spectral sequence. We will call this the spectral sequence associated to the filtered
differential object (K, F,d).

Let us figure out the terms of this spectral sequence. First, note that A/aA = gr(K)
endowed with its differential d = gr(d). Hence we see that

Ey =gr(K), dy=gr(d).
Hence the homology of the graded differential object gr(K) is the next term:
Ey = H(gr(K), gr(d)).

In addition we see that Fy is a graded object of A and that dy is compatible with
the grading. Hence clearly E; is a graded object as well. But it turns out that the
differential d; does not preserve this grading; instead it shifts the degree by 1.

To work this out precisely, we define

FPK Nd~Y(FP+K) + FPHK

P
Zr = FrHlK
and
B = FPE O d(FP ) + FPUE

Fr+lK

This notation, although quite natural, seems to be different from the notation in
most places in the literature. Perhaps it does not matter, since the literature does
not seem to have a consistent choice of notation either. With these choices we see
that B, C Ey, resp. Z, C Ey (as defined in Section is equal to @p BP, resp.
@D, Z?. Hence if we define

EY =27/B7
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for r > 0 and p € Z, then we have FE, = @p EP. We can define a differential
d? : EP — EPT" by the rule

24 FPPUK —s dz + FPTH K
where z € FPK Nd~}(FPTTK).

Lemma 20.2. Let A be an abelian category. Let (K, F,d) be a filtered differential
object of A. There is a spectral sequence (Ey,dy)r>o in Gr(A) associated to (K, F,d)
such that d. : E. — E.[1] for all r and such that the graded pieces EP and maps
dt : EP — EP" are as given above. Furthermore, E§ = gi’K, df = gr*(d), and
EY = H(g"K,d).

Proof. If A has countable direct sums and if countable direct sums are exact, then
this follows from the discussion above. In general, we proceed as follows; we strongly
suggest the reader skip this proof. Consider the object A = (FPT1K) of Gr(A), i.e.,
we put FPH1K in degree p (the funny shift in numbering to get numbering correct
later on). We endow it with a differential d by using d on each component. Then
(A, d) is a differential object of Gr(A). Consider the map

a: A— A[-1]

which is given in degree p by the inclusions FPT*A — FPA. This is clearly an
injective morphism of differential objects « : (A,d) — (A, d)[—1]. Hence, we can
apply Remark with S = id and T' = [1]. The corresponding spectral sequence
(Er,d,)r>0 in Gr(A) is the spectral sequence we are looking for. Let us unwind the
definitions a bit. First of all we have E, = (EP?) is an object of Gr(.A). Then, since
T"S = [r] we have d, : E, — E,[r] which means that d? : EP — EP*".

To see that the description of the graded pieces hold, we argue as above. Namely,
first we have Fy = Coker(a : A — A[—1]) and by our choice of numbering above
this gives Ef = gr? K. The first differential is given by df = grd : Ef — E}. Next,
the description of the boundaries B, and the cocycles Z, in Remark [19.6] translates
into a straightforward manner into the formulae for Z? and B? given above. O

Lemma 20.3. Let A be an abelian category. Let (K, F,d) be a filtered differential
object of A. The spectral sequence (E,,d,),>o associated to (K, F,d) has

& E? = H(g"K) — H(g*'K) = EP'!
equal to the boundary map in homology associated to the short exact sequence of
differential objects

0— g K — FPK/FPP?K — gPT1K — 0.
Proof. Omitted. ]

Definition 20.4. Let A be an abelian category. Let (K, F, d) be a filtered differ-
ential object of A. The induced filtration on H(K, d) is the filtration defined by
FPH(K,d) = Im(H(FPK, d) — H(K,d)).

Lemma 20.5. Let A be an abelian category. Let (K, F,d) be a filtered differential
object of A. If Z¥ and BE, exist (see proof), then associated graded gr(H(K))
of the cohomology of K is a graded subquotient of the graded object Eo, having
Er = ZP /BP in degree p.
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Proof. Here we have
P ﬂ 7p N, (FPK N d~Y(FPHTK) + FPHLK)

Fr+lK
wnd U, (FPK 0 d(FP~"+1K) + FPH )
TFPKO FP—rTiK) 4+ FPTIK
By =, Br = FrHK '
Thus

N, (FPKNd Y (FPT"K) 4+ FPHK)
U, (FPK Nd(FP~—m+1K) + FrHK)’
and the top and bottom exist. On the other hand, we have

_ Ker(d) N FPK + FrHK

- Im(d)N FPK + FPHIK

E%, =

gr’ H(K)

The result follows since
(20.5.1) Ker(d) N\ FPK + FPP K | ] (FPK nd ™' (FPTK) + FPTK)
and
(20.5.2) () (FPE nd(FP~" ' K) + FPT'K) C Im(d) N FPK + FPH K.
0

Definition 20.6. Let A be an abelian category. Let (K, F,d) be a filtered differ-
ential object of A. We say the spectral sequence associated to (K, F,d) converges
if gr(H(K)) = E via Lemma In this case we also say that (E,,d,),>o abuts
to or converges to H(K).

In the literature one finds more refined notions distinguishing between “weakly
converging”, “abutting” and “converging”. Namely, one can require the filtration
on H(K) to be either “arbitrary”, or “exhaustive and separated”, or “exhaustive
and complete” in addition to the condition that gr(H(K)) = E.. We try to
avoid introducing this notation by simply adding the relevant information in the
statements of the results.

Lemma 20.7. Let A be an abelian category. Let (K, F,d) be a filtered differential
object of A. The associated spectral sequence converges if and only if for every

p € Z we have equality in equations and (20.5.1).

Proof. Immediate from the discussions above. O

21. Spectral sequences: filtered complexes

Definition 21.1. Let A be an abelian category. A filtered complex K*® of A is a
complex of Fil(A) (see Definition [16.1)).

We will denote the filtration on the objects by F. Thus FP K™ denotes the pth step
in the filtration of the nth term of the complex. Note that each FPK*® is a complex
of A. Hence we could also have defined a filtered complex as a filtered object in
the (abelian) category of complexes of A. In particular grK® is a graded object of
the category of complexes of A.

To describe the spectral sequence associated to such an object we assume, for
the moment, that A is an abelian category which has countable direct sums and
countable direct sums are exact (this is not automatic, see Remark [15.3). Let
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us denote d the differential of K. Forgetting the grading we can think of @ K"
as a filtered differential object of A. Hence according to Section we obtain
a spectral sequence (E,,d,)r>0. In this section we work out the terms of this
spectral sequence, and we endow the terms of this spectral sequence with additional
structure coming from the grading of K.

First we point out that Ef = gr? K* is a complex and hence is graded. Thus Ej is
bigraded in a natural way. It is customary to use the bigrading

Ey = @ E(z)z,q7 E(z)hq — gerzH-q

P.q
The idea is that p 4+ ¢ should be thought of as the total degree of the (co)homology

classes. Also, p is called the filtration degree, and q is called the complementary
degree. The differential dy is compatible with this bigrading in the following way

_ D, D4 . Pd D,q+1
do=@Pdi?, dy?: ERT— BRT

Namely, db is just the differential on the complex gr? K* (which occurs as grf Ej
just shifted a bit).

To go further we identify the objects B? and ZP introduced in Section as graded
objects and we work out the corresponding decompositions of the differentials. We
do this in a completely straightforward manner, but again we warn the reader that
our notation is not the same as notation found elsewhere. We define

FPRKPta N d—1 (Fp+er+q+1) + Fptlpgpta

P4 —
r Fpr+1Kptq

and FPKPtTaN d(prrHKerqfl) 4 FptHlgp+a

Fp+1Kptq ’
and of course EP? = ZP9/BP1. With these definitions it is completely clear that
zb =€, 2z, BY = @, Br?, and E? = P, EP1. Moreover,

21—
Br =

0Cc...cBMIcC...czricC...C EPM

and hence it makes sense to define Z2:? = (1, Z?¢ and B%¢ = |J, B?? and E%? =
Z%1 /B provided these exist. Also, the map d? decomposes as the direct sum of
the maps

d{qu : ETI?vq — Ef+7"¢1—r+1’ z+ Frtlgeta, o g, + Fptrl el
where z € FPKPTIN d*]-(Fp+TKp+q+1).

Lemma 21.2. Let A be an abelian category. Let (K*®, F) be a filtered complex of
A. There is a spectral sequence (E,,d,)r>0 in the category of bigraded objects of A
associated to (K*®, F) such that d, has bidegree (r, —r + 1) and such that E,. has bi-
graded pieces EP? and maps d?9 : EP4 — EPTH4="+1 g given above. Furthermore,
we have EY? = g (KP*2), di? = grP (dP19), and EV? = HPH(gr? (K*)).

Proof. If A has countable direct sums and if countable direct sums are exact, then
this follows from the discussion above. In general, we proceed as follows; we strongly
suggest the reader skip this proof. Consider the bigraded object A = (FPH1 KP+1+4)
of A, i.e., we put FPTLKPT1%4 in degree (p, q) (the funny shift in numbering to get
numbering correct later on). We endow it with a differential d : A — A[0, 1] by
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using d on each component. Then (A4, d) is a differential bigraded object. Consider
the map
a:A— Al-1,1)

which is given in degree (p,q) by the inclusion FPHIKP+e — FPKPT4. This is
an injective morphism of differential objects a : (A,d) — (A4,d)[—1,1]. Hence,
we can apply Remark with S = [0,1] and T = [1,—1]. The corresponding
spectral sequence (E,,d,),>o of bigraded objects is the spectral sequence we are
looking for. Let us unwind the definitions a bit. First of all we have E,. = (EP'?).
Then, since T"S = [r,—r + 1 we have d,. : E, — E.[r,—r + 1] which means that
P P — Epema-rl

To see that the description of the graded pieces hold, we argue as above. Namely,
first we have

Ey = Coker(a: A — A[—1,1])[0,—1] = Coker(«[0, —1] : A[0,—1] — A[-1,0])
and by our choice of numbering above this gives
Eg»q — Coker(FerleJrq N Fpr+q) — gerp+q

The first differential is given by df¢ = grPdPte : EP? — EPIT' Next, the de-
scription of the boundaries B, and the cocycles Z,. in Remark [19.6] translates into
a straightforward manner into the formulae for ZP*¢ and BP9 given above. ]

Lemma 21.3. Let A be an abelian category. Let (K*®,F) be a filtered complex of
A. Assume A has countable direct sums. Let (E,,d,),>o be the spectral sequence
associated to (K*, F).

(1) The map
dlf’q : E{),q _ Hp.g.q(ng(K.)) — E{H—Lq — Hp+q+1(grp+1(K°))
18 equal to the boundary map in cohomology associated to the short exact
sequence of complexes
0— g (K®) = FPK®/FPT2K® — gPT1(K*®) — 0.

(2) Assume that d(FPK) C FPTY K for all p € Z. Then d induces the zero
differential on gr*(K*®) and hence EY? = gr? (K*)PT4. Furthermore, in this
case

df’q . Ef’q — grp(K°)p+q — E{Ml — grp+1(K')p+q+1
is the morphism induced by d.

Proof. Omitted. But compare Lemma [20.3 O

Lemma 21.4. Let A be an abelian category. Let o : (K*,F) — (L*,F) be a
morphism of filtered complexes of A. Let (E.(K),d,)r>0, resp. (Er(L),d,)r>0 be
the spectral sequence associated to (K*®, F'), resp. (L®*, F'). The morphism « induces
a canonical morphism of spectral sequences {c, : E.(K) — E.(L)},>0 compatible
with the bigradings.

Proof. Obvious from the explicit representation of the terms of the spectral se-
quences. 0

Definition 21.5. Let A be an abelian category. Let (K®, F) be a filtered complex
of A. The induced filtration on H™(K*) is the filtration defined by FPH™(K®) =
Im(H™(FPK®) — H"(K?")).
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Lemma 21.6. Let A be an abelian category. Let (K*, F) be a filtered complex of
A. If ZP:% and BP9 exist (see above), then the associated graded gr(H™(K®)) of

the cohomology of K*® is a graded subquotient of the graded object @p+q:n EP:9,

Proof. Let ¢ =n — p. As in the proof of Lemma we see that
N, (FPK™N d_l(Fp+7"K”+1) + Fp‘HK")
U, (FPK" Nd(Fp—r+1Kn=1) + Frt1Kn)
On the other hand, we have

P:q
BT =

Ker(d) N FPK™ + Frtign
21.6.1 PH™(K) =
( ) ar ( ) Im(d) N FpKn + Fp+1K’n

The result follows since

(21.6.2) Ker(d) N FPK™ + FPHIK™ C UT (FPK™ 0 d Y (FPHr K™Yy 4 Freigm)

and

(21.63) (| (FPK" Nd(FP~H K™Y + PP C Im(d) 0 FPK™ + FPELK™,
O

Definition 21.7. Let A be an abelian category. Let (K*®, F') be a filtered complex
of A. We say the spectral sequence associated to (K*, F') converges if grH"(K*®) =
D, g=n LR for every n € Z.

This is often symbolized by the notation EP*? = HPTI(K®). Please read the
remarks following Definition [20.6]

Lemma 21.8. Let A be an abelian category. Let (K*®, F) be a filtered complex of
A. The associated spectral sequence converges if and only if for every p,q € Z we
have equality in equations (21.6.3) and (21.6.9).

Proof. Immediate from the discussions above. O

Lemma 21.9. Let A be an abelian category. Let (K*, F) be a filtered complex of
A. Assume that the filtration on each K™ is finite (see Definition m Then

(1) the filtration on each H™(K*®) is finite, and

(2) the spectral sequence associated to (K*, F') converges.

Proof. Part (1) is clear from Equation (21.6.1)). We will use Lemma to prove
51.6.3)

part (2). Fix p,n € Z. Look at the left hand side of Equation ({ The
expression is equal to the right hand side since F™K"~! = 0 for m < 0. Similarly,
use FMK"t! = K™+ for m > 0 to prove equality in Equation (21.6.2)). O

22. Spectral sequences: double complexes

Definition 22.1. Let A be an additive category. A double complex in A is given
by a system ({AP9,d}?, d5?}, 4ez), where each AP-? is an object of A and d}? :
AP@ — APTLa and @57 ¢ AP7 — AP9T! are morphisms of A such that the following
rules hold:

(1) &0t =0

(2) d*todh? =0

(3) dpit o dh® = dbt o @B

for all p,q € Z.
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This is just the cochain version of the definition. It says that each AP® is a cochain
complex and that each d}’® is a morphism of complexes AP* — APT1® such that
d’f“" od* = 0 as morphisms of complexes. In other words a double complex can
be seen as a complex of complexes. So in the diagram

p,q+1
S APl L Aptlgl
, 1,
dg q dg-%— q

dy?
AP:4 Aptla o

any square commutes. Warning: In the literature one encounters a different defini-
tion where a “bicomplex” or a “double complex” has the property that the squares
in the diagram anti-commute.

Example| 22.2. Let A, B, C be abelian categories. Suppose that
®:AxB—C, (X)Y)—XQY

is a functor which is bilinear on morphisms, see Categories, Definition for the
definition of A x B. Given a complexes X*® of A and Y* of B we obtain a double
complex

K*® — X°* ® Ye
in C. Here the first differential K?¢ — KPT14 is the morphism X? @ Y7 —
XP+t1 @Y7 induced by the morphism X? — XP*! and the identity on Y. Similarly
for the second differential.

Let A** be a double complex. It is customary to denote HY(A**®) the complex
with terms Ker(d??)/Im(d?"?) (varying ¢) and differential induced by dy. Then
HY,(HY(A**)) denotes its cohomology in degree g. It is also customary to denote
H{,(A**) the complex with terms Ker(d5?)/Im(d5 ") (varying p) and differential
induced by dy. Then HY(H};(A**)) denotes its cohomology in degree ¢. It will turn
out that these cohomology groups show up as the terms in the spectral sequence
for a filtration on the associated to total complex.

Definition 22.3. Let A be an additive category. Let A®*® be a double complex.
The associated simple complex sA®, also sometimes called the associated total com-
plex is given by
sA™ = APA
69n:p+q

(if it exists) with differential

(— dp,q -1 pdp»q

e SR AR G N
Alternatively, we sometimes write Tot(A®**) to denote this complex.

If countable direct sums exist in A or if for each n at most finitely many AP""~P are
nonzero, then sA® exists. Note that the definition is not symmetric in the indices

(p,q).
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There are two natural filtrations on the simple complex sA® associated to the double
complex A**. Namely, we define

FP(sA™) = P A and  Ff(sA™) = P ABI,

i+j=n, j=p
It is immediately verified that (sA®, Fy) and (sA®, Fyy) are filtered complexes. By
Section we obtain two spectral sequences. It is customary to denote ('E,,’d,),>0
the spectral sequence associated to the filtration F7 and to denote ("E,,”d,);>0
the spectral sequence associated to the filtration F;;. Here is a description of these
spectral sequences.

i+j=n, i>p

Lemmal 22.4. Let A be an abelian category. Let K**® be a double complex. The
spectral sequences associated to K** have the following terms:
(1) /E(I)MI = KP9 with /dg;q — (_1)pd12%q - KPP Kp,q-&-l!
) "ENT = K9P with "db? = d¥P K9P — K9tLP,
) 'EPT = HI(KP*) with 'd)"" = HI1(d)®),
) "EPY = HI(K*P) with "d}" = (—1)1H4(d3"?),
) "B = HY(H}, (")),
(6) "E5 = HY, (H](K**)).

Proof. Omitted. O

These spectral sequences define two filtrations on H"(sK*®). We will denote these
F] and F[[.

Definition 22.5. Let 4 be an abelian category. Let K**® be a double complex.
We say the spectral sequence ('E,,’d,),>o converges if Definition applies. In
other words, for all n

3y o (H"(sK*®)) = @p+q:n/Eg<’>q
via the canonical comparison of Lemma[2T.6] Similarly we say the spectral sequence
("E,,"d,)r>0 converges if Definition applies. In other words for all n

8, (H"(sK*®)) = 69p+q:nuEg<’>q
via the canonical comparison of Lemma [21.6]

Same caveats as those following Definition [20.6

Lemma 22.6 (First quadrant spectral sequence). Let A be an abelian category.
Let K** be a double complex. Assume that for every n € Z there are only finitely
many nonzero KP1 with p4+ g =mn. Then

(1) the filtrations Fy, Fr; on each H"(K*®) are finite,

(2) the spectral sequence ('E,,'d,),>o converges, and

(3) the spectral sequence ("E,,"d,)r>0 converges.

Proof. Follows immediately from Lemma O
Here is our first application of spectral sequences.
Lemmal 22.7. Let A be an abelian category. Let K® be a complex. Let A*® be a

double complex. Let o : KP — AP0 be morphisms. Assume that

(1) For every n € Z there are only finitely many nonzero AP% with p + q¢ = n.
(2) We have AP2 =0 if ¢ < 0.
(3) The morphisms o give rise to a morphism of complezes o : K® — A®0.
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(4) The complex AP® is exact in all degrees q # 0 and the morphism KP — AP
induces an isomorphism K? — Ker(dy").

Then o induces a quasi-isomorphism
K* — sA*

of complexes. Moreover, there is a variant of this lemma involving the second
variable q instead of p.

Proof. The map is simply the map given by the morphisms K" — A™9 — sA”,
which are easily seen to define a morphism of complexes. Consider the spectral
sequence ('E,,’d,),>o associated to the double complex A**. By Lemma this
spectral sequence converges and the induced filtration on H™(sA®) is finite for each
n. By Lemma and assumption (4) we have 'E?"? = 0 unless ¢ = 0 and 'EP"° =
K? with differential ‘d?"° identified with d%. Hence 'E}° = HP(K*) and zero
otherwise. This clearly implies dy? = d5'? = ... = 0 for degree reasons. Hence we
conclude that H"(sA®) = H™(K*®). We omit the verification that this identification
is given by the morphism of complexes K*® — sA® introduced above. O

Remark]| 22.8. Let A be an abelian category. Let C C A be a weak Serre subcate-
gory (see Definition . Suppose that K** is a double complex to which Lemma
applies such that for some r > 0 all the objects 'E?*? belong to C. We claim
all the cohomology groups H™(sK*) belong to C. Namely, the assumptions imply
that the kernels and images of 'd?? are in C. Whereupon we see that each ’ Ef_’_’fl is
in C. By induction we see that each 'E2? is in C. Hence each H™(sK*®) has a finite
filtration whose subquotients are in C. Using that C is closed under extensions we
conclude that H"(sK*) is in C as claimed.

The same result holds for the second spectral sequence associated to K*-®. Similarly,
if (K*,F) is a filtered complex to which Lemma applies and for some r > 0
all the objects EP-? belong to C, then each H™(K*®) is an object of C.

Remark]| 22.9. Let A be an additive category. Let A**® be a triple complex. The
associated total complex is the complex with terms

TOtn(A.’.") — @p+q+T:n APOT

and differential
%ot(A’v'«') = Zp+q+7"=n dPrT 4+ (=1)Pdhy T 4 (—1)PTagh T

With this definition a simple calculation shows that the associated total complex
is equal to

Tot(A***) = Tot(Totys(A%**)) = Tot(Totas(A%**))

In other words, we can either first combine the first two of the variables and then
combine sum of those with the last, or we can first combine the last two variables
and then combine the first with the sum of the last two.

Lemmal 22.10. Let M*® be a complex of abelian groups. Let

oo A5 Al A Mt =0
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be an exact complex of complexes of abelian groups such that for all p € Z the
complezes

p p p p
- = Ker(dlyy) — Ker(d),) — Ker(d}},) — Ker(dj.) = 0

are exact as well. Set AP? = A7 to obtain a double complex. Then Tot(A®®) —
M*® induced by Aj — M® is a quasi-isomorphism.

Proof. Write T® = Tot(A**). Let z € Ker(d}.) represent a cohomology class
£ Write z = >, jx; with z; € A; Assume n > 0. Then z,, is in the
kernel of dﬁ; and maps to zero in the cohomology of A?_; (because it maps to an
element which is the boundary of z,_; up to sign). The condition on exactness
of kernels of differentials implies that the cohomology class of x,, is in the image
of H"(Ap 1) — H™(A}) (details omitted). Thus we can modify x by a boundary
and reach the situation where x, is a boundary. Modifying x once more we see
that we may assume xz,, = 0. By induction we see that every cohomology class &
is represented by a cocycle x = x(y. Finally, the condition on exactness of kernels
tells us two such cocycles z¢ and z(, are cohomologous if and only if their image in
HO(M?®) are the same. O

Lemma 22.11. Let M*® be a complex of abelian groups. Let
0— M®*— Af - A} — A5 — ...

be an exact complex of complexes of abelian groups such that for all p € Z the
complexes

0 — Coker(dy.) — Coker(dia) — C’oker(di;) — Coker(di;) — ...

are ezxact as well. Set AP9 = Al to obtain a double complex. Let Tot,(A**) be the
product total complex associated to the double complex (see proof). Then the map
M?® — Tot,(A**) induced by M*® — A is a quasi-isomorphism.

Proof. Abbreviating 7* = Tot,(A**) we define

™= Hp+q:n At = Hp+q:n Ag

As differential we use
d((2p,q)) = (fp(Tp—1,4) + (_1>pdA;(xp,q71))

Let 2 € Ker(dJ.) represent a cohomology class & € HO(T*). Write z = (z;) with
z; € A;". Note that zo maps to zero in Coker(A;' — AY). Hence we see that
xo = mg + d(y) for some mg € M°. Then d(mg) = 0 because d(zo) = 0 as = is
a cocycle. Thus, replacing & by something in the image of H(M®) — H°(T*) we
may assume that zq is in the image of d : Agl — AQ.

Assume 2 € Im(A;" — AJ). We claim that in this case & = 0. To prove this we
find, by induction on n elements yi,...,y, with y; € A;Fl such that z¢o = d(yo)
and ; = fj_1(yj—1) + (=1)7d(y;). This is clear for n = 0. Proof of induction step
is omitted. Taking y = (y;) we find that d(y) = &.

This shows that HO(M®) — H®(T*) is surjective. We omit the proof of injectivity.
(]
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23. Injectives

Definition 23.1. Let A be an abelian category. An object J € Ob(A) is called
injective if for every injection A — B and every morphism A — J there exists a
morphism B — J making the following diagram commute

A——DB

J/ Ve

7/

Ve
»
J

Here is the obligatory characterization of injective objects.
Lemmal 23.2. Let A be an abelian category. Let I be an object of A. The following
are equivalent:

(1) The object I is injective.

(2) The functor B — Hom (B, I) is exact.

(3) Any short exact sequence

0—-1I—-A—-B—0
in A is split.
(4) We have Ext4(B,I) =0 for all B € Ob(A).
Proof. Omitted. O

Lemmal 23.3. Let A be an abelian category. Suppose I, w € Q is a set of injective
objects of A. If [],cq L. ewists then it is injective.

Proof. Omitted. O

Definition 23.4. Let A be an abelian category. We say A has enough injectives
if every object A has an injective morphism A — J into an injective object J.

Definition 23.5. Let A be an abelian category. We say that A has functorial
injective embeddings if there exists a functor

J: A — Arrows(A)
such that
(1) soJ =idua,
(2) for any object A € Ob(.A) the morphism J(A) is injective, and
(3) for any object A € Ob(.A) the object ¢(J(A)) is an injective object of A.
We will denote such a functor by A — (A — J(A)).

24. Projectives

Definition 24.1. Let A be an abelian category. An object P € Ob(A) is called
projective if for every surjection A — B and every morphism P — B there exists a
morphism P — A making the following diagram commute

A——=DB

¥

Here is the obligatory characterization of projective objects.
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Lemmal 24.2. Let A be an abelian category. Let P be an object of A. The following
are equivalent:

(1) The object P is projective.

(2) The functor B — Hom4(P, B) is exact.

(3) Any short exact sequence
0—-A—=B—-P—=0

in A is split.
(4) We have Exta(P,A) =0 for all A € Ob(A).

Proof. Omitted. (]

Lemmal 24.3. Let A be an abelian category. Suppose P,,, w € Q is a set of
projective objects of A. If [],cq P exists then it is projective.

Proof. Omitted. O

Definition 24.4. Let A be an abelian category. We say A has enough projectives
if every object A has an surjective morphism P — A from an projective object P
onto it.

Definition 24.5. Let A be an abelian category. We say that A has functorial
projective surjections if there exists a functor

P: A — Arrows(A)

such that

(1) toJ =1idy,

(2) for any object A € Ob(A) the morphism P(A) is surjective, and

(3) for any object A € Ob(.A) the object s(P(A)) is an projective object of A.
We will denote such a functor by A — (P(A) — A).

25. Injectives and adjoint functors

Here are some lemmas on adjoint functors and their relationship with injectives.
See also Lemma [7.3]

Lemmal 25.1. Let A and B be abelian categories. Let u : A — B andv: B — A
be additive functors. Assume

(1) w is right adjoint to v, and

(2) v transforms injective maps into injective maps.
Then u transforms injectives into injectives.

Proof. Let I be an injective object of A. Let ¢ : N — M be an injective map in B
and let o : N — ul be a morphism. By adjointness we get a morphism « : vN — [
and by assumption vy : vIN — vM is injective. Hence as I is an injective object we
get a morphism 3 : vM — I extending «. By adjointness again this corresponds to
a morphism 5 : M — ul as desired. ([

Remark| 25.2. Let A, B, u : A — B and v : B — A be as in Lemma [25.1] In
the presence of assumption (1) assumption (2) is equivalent to requiring that v is
exact. Moreover, condition (2) is necessary. Here is an example. Let A — B be a
ring map. Let v : Modg — Moda be u(N) = N4 and let v : Moda — Modpg be
v(M) =M ®4 B. Then u is right adjoint to v, and w is exact and v is right exact,
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but v does not transform injective maps into injective maps in general (i.e., v is
not left exact). Moreover, it is not the case that u transforms injective B-modules
into injective A-modules. For example, if A = Z and B = Z/pZ, then the injective
B-module Z/pZ is not an injective Z-module. In fact, the lemma applies to this
example if and only if the ring map A — B is flat.

Lemmal 25.3. Let A and B be abelian categories. Let u : A — B andv: B — A
be additive functors. Assume

(1) w is right adjoint to v,

(2) v transforms injective maps into injective maps,

(3) A has enough injectives, and

(4) vB =0 implies B =0 for any B € Ob(B).

Then B has enough injectives.

Proof. Pick B € Ob(B). Pick an injection vB — I for I an injective object of A.
According to Lemma and the assumptions the corresponding map B — ul is
the injection of B into an injective object. (I

Remark| 25.4. Let A, B, u: A— Band v: B — Abe as In Lemma [25.3] In the
presence of conditions (1) and (2) condition (4) is equivalent to v being faithful.
Moreover, condition (4) is needed. An example is to consider the case where the
functors u and v are both the zero functor.

Lemmal 25.5. Let A and B be abelian categories. Letu : A — B andv: B — A
be additive functors. Assume

(1) w is right adjoint to v,

(2) v transforms injective maps into injective maps,

(3) A has enough injectives,

(4) vB =0 implies B =0 for any B € Ob(B), and

(5) A has functorial injective hulls.

Then B has functorial injective hulls.

Proof. Let A+ (A — J(A)) be a functorial injective hull on A. Then B — (B —
uJ(vB)) is a functorial injective hull on B. Compare with the proof of Lemma

253l O

Lemmal 25.6. Let A and B be abelian categories. Let v : A — B be a functor. If
there exists a subset P C Ob(B) such that
(1) every object of B is a quotient of an element of P, and
(2) for every P € P there exists an object Q of A such that Hom4(Q, A) =
Homp (P, u(A)) functorially in A,

then there exists a left adjoint v of u.

Proof. By the Yoneda lemma (Categories, Lemma the object @ of A corre-
sponding to P is defined up to unique isomorphism by the formula Hom4(Q, A) =
Homp(P,u(A)). Let us write @ = v(P). Denote ip : P — u(v(P)) the map cor-
responding to id,(py in Homy4(v(P),v(P)). Functoriality in (2) implies that the
bijection is given by

Hom 4 (v(P), A) — Homg(P,u(A)), ¢+ u(p)oip
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For any pair of elements Py, P> € P there is a canonical map
HomB(P27P1) HHomA(U(P2)7’U(P1))7 @Hv(@)

which is characterized by the rule u(v(p)) o ip, = ip, o ¢ in Homp(Ps, u(v(Pr))).
Note that ¢ — v(p) is compatible with composition; this can be seen directly from
the characterization. Hence P +— v(P) is a functor from the full subcategory of B
whose objects are the elements of P.

Given an arbitrary object B of B choose an exact sequence
Po—P,—B—=0

which is possible by assumption (1). Define v(B) to be the object of A fitting into
the exact sequence

v(Py) = v(Py) = v(B) =0
Then

Hom 4(v(B), A) = Ker(Hom 4 (v(Py), A) = Hom 4 (v(Ps), A))
= Ker(Hompg(P;,u(A)) — Hompg(Ps, u(A)))
= Hompg(B, u(A))

Hence we see that we may take P = Ob(B), i.e., we see that v is everywhere
defined. m

26. Essentially constant systems

In this section we discuss essentially constant systems with values in additive cat-
egories.

Lemmal 26.1. Let Z be a category, let A be a pre-additive Karoubian category, and
let M : 7T — A be a diagram.

(1) Assume T is filtered. The following are equivalent
(a) M is essentially constant,
(b) X = colim M exists and there exists a cofinal filtered subcategory ' C
T and for i’ € Ob(Z') a direct sum decomposition My = X; & Z; such
that X; maps isomorphically to X and Z; to zero in M+ for some
i =" inT.
(2) Assume T is cofiltered. The following are equivalent
(a) M is essentially constant,
(b) X =1lim M ezists and there exists an initial cofiltered subcategory ' C
T and for i’ € Ob(Z') a direct sum decomposition My = X; & Z; such
that X maps isomorphically to X; and M;» — Z; is zero for some
i =i inT.

Proof. Assume (1)(a), i.e., Z is filtered and M is essentially constant. Let X =
colim M;. Choose i and X — M; as in Categories, Definition[22.1} Let Z’ be the full
subcategory consisting of objects which are the target of a morphism with source
i. Suppose i’ € Ob(Z') and choose a morphism ¢ — i. Then X — M; — My
composed with M;; — X is the identity on X. As A is Karoubian, we find a direct
summand decomposition My = Xy & Z;1, where Z; = Ker(M; — X) and Xy
maps isomorphically to X. Pick ¢ — k and i — k such that My — X — M; — My
equals M; — M, as in Categories, Definition Then we see that M; — M,
annihilates Z;. Thus (1)(b) holds.
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Assume (1)(b), i.e., Z is filtered and we have Z' C Z and for i’ € Ob(Z") a direct sum
decomposition M; = X; @ Z; as stated in the lemma. To see that M is essentially
constant we can replace Z by 7', see Categories, Lemmas and Pick any
i € Ob(Z) and denote X — M; the inverse of the isomorphism X; — X followed
by the inclusion map X; — M;. If j is a second object, then choose j — k such
that Z; — Mj, is zero. Since 7 is filtered we may also assume there is a morphism
i — k (after possibly increasing k). Then M; - X — M; — My, and M; — M,
both annihilate Z;. Thus after postcomposing by a morphism M; — M; which
annihilates the summand Zj, we find that M; — X — M; — M; and M; — M,
are equal, i.e., M is essentially constant.

The proof of (2) is dual. O

Lemmal 26.2. Let Z be a category. Let A be an additive, Karoubian category. Let
F:7ZT— Aand G:Z — A be functors. The following are equivalent

(1) colimz F & G exists, and

(2) colimz F' and colimz G exist.
In this case colimz F & G = colimz F' & colimz G.

Proof. Assume (1) holds. Set W = colimz F' & G. Note that the projection onto
F' defines natural tranformation F' @& G — F @& G which is idempotent. Hence we
obtain an idempotent endomorphism W — W by Categories, Lemma Since
A is Karoubian we get a corresponding direct sum decomposition W = X @Y, see
Lemma A straightforward argument (omitted) shows that X = colimz F' and
Y = colimz G. Thus (2) holds. We omit the proof that (2) implies (1). O

Lemmal 26.3. Let Z be a filtered category. Let A be an additive, Karoubian cate-
gory. Let F: 7T — A and G : T — A be functors. The following are equivalent

(1) F®& G : T — A is essentially constant, and
(2) F and G are essentially constant.

Proof. Assume (1) holds. In particular W = colimz F' @ G exists and hence by
Lemma [26.2) we have W = X ® Y with X = colimz F' and Y = colimz G. A
straightforward argument (omitted) using for example the characterization of Cat-
egories, Lemma shows that F' is essentially constant with value X and G is
essentially constant with value Y. Thus (2) holds. The proof that (2) implies (1)
is omitted. ]

27. Inverse systems

Let C be a category. In Categories, Section 21| we defined the notion of an inverse
system over a partially ordered set (with values in the category C). If the partially
ordered set is N = {1,2,3,...} with the usual ordering such an inverse system
over N is often simply called an inverse system. It consists quite simply of a pair
(M, fiir) where each M;, i € N is an object of C, and for each i > ', i,i’ € N
a morphism f;;; : M; — M, such that moreover f;/;» o f;v = fi;» whenever this
makes sense. It is clear that in fact it suffices to give the morphisms My — My,
M3 — Ms, and so on. Hence an inverse system is frequently pictured as follows

Ml(ﬂMQ(ﬁMg(—...

Moreover, we often omit the transition maps ¢; from the notation and we simply
say “let (M;) be an inverse system”.
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The collection of all inverse systems with values in C forms a category with the
obvious notion of morphism.
Lemmal 27.1. Let C be a category.

(1) IfC is an additive category, then the category of inverse systems with values
in C is an additive cateogry.

(2) IfC is an abelian category, then the category of inverse systems with values
in C is an abelian cateogry. A sequence (K;) — (L;) — (M;) of inverse
systems is exact if and only if each K; — L; — N; is exact.

Proof. Omitted. U

The limit (see Categories, Section of such an inverse system is denoted lim M;,
or lim; M;. If C is the category of abelian groups (or sets), then the limit always
exists and in fact can be described as follows

lim; M; = {(.131) € HMl | @i(xi) =x;_1, 1 =2,3,.. }
see Categories, Section However, given a short exact sequence

of inverse systems of abelian groups it is not always the case that the associated
system of limits is exact. In order to discuss this further we introduce the following
notion.

Definition 27.2. Let C be an abelian category. We say the inverse system (A;)
satisfies the Mittag-Leffler condition, or for short is ML, if for every ¢ there exists
a ¢ = c(i) > i such that

Im(Ak — Az) = Im(AC — Az)
for all £ > c.

It turns out that the Mittag-Lefller condition is good enough to ensure that the
lim-functor is exact, provided one works within the abelian category of abelian
groups, or abelian sheaves, etc. It is shown in a paper by A. Neeman (see [Nee(2])
that this condition is not strong enough in a general abelian category (where limits
of inverse systems exist).

Lemma 27.3. Let
0— (4;) = (Bi) = (C;) =0
be a short exact sequence of inverse systems of abelian groups.

(1) In any case the sequence

18 exact.
(2) If (B;) is ML, then also (C;) is ML.
(3) If (4;) is ML, then

15 exact.

Proof. Nice exercise. See Algebra, Lemma for part (3). O
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Lemma 27.4. Let

(4i) = (Bi) = (Cs) — (Di)
be an exact sequence of inverse systems of abelian groups. If the system (A;) is ML,
then the sequence

15 exact.

Proof. Let Zz = KG‘I‘(CZ‘ — Dl) and Iz = Im(AZ — Bz) Then lim Zz = Ker(hm Cz —
lim D;) and we get a short exact sequence of systems

0—(I;) = (Bi) = (Zi)) =0

Moreover, by Lemma we see that (I;) has (ML), thus another application of
Lemma [27.3] shows that lim B; — lim Z; is surjective which proves the lemma. O

The following characterization of essentially constant inverse systems shows in par-
ticular that they have ML.

Lemma 27.5. Let A be an abelian category. Let (A;) be an inverse system in A
with limit A =1im A;. Then (A;) is essentially constant (see Categories, Definition
if and only if there exists an © and for all j > i a direct sum decomposition
Aj = A& Z; such that (a) the maps Aj — A, are compatible with the direct sum
decompositions, (b) for all j there exists some j' > j such that Z; — Z; is zero.

Proof. Assume (A4;) is essentially constant. Then there exists an ¢ and a morphism
A; — A such that for all j > i there exists a j° > j such that A;; — A; factors
as Ay — A; - A — A; (the last map comes from A = lim A;). Hence setting
Zj = Ker(A; — A) for all j > i works. Proof of the converse is omitted. O

Lemma 27.6. Let

0— (4;) = (Bi) = (C;) =0
be an exact sequence of inverse systems of abelian groups. If (4;) has ML and (C;)
is essentially constant, then (B;) has ML.

Proof. After renumbering we may assume that C; = C @ Z; compatible with
transition maps and that for all 7 there exists an i’ > 7 such that Z;; — Z; is zero, see
Lemma[27.5 Pick i. Let ¢ > i by an integer such that Im(A, — A) = Im(Ay — A;)
for all #/ > ¢. Let ¢’ > ¢ be an integer such that Z., — Z, is zero. For i’ > ¢/
consider the maps

0 Ay By CopZy——0
0 A By CoZs—0
0 A, B, Ce®Z.—0
0 A; B; CeZ,——0

Because Z. — Z, is zero the image Im(B. — B.) is an extension C' by a subgroup
A’ C A. which contains the image of Ao — A.. Hence Im(B., — B;) is an
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extension of C' by the image of A’ which is the image of A. — A; by our choice of
c. In exactly the same way one shows that Im(B;; — B;) is an extension of C' by
the image of A, — A;. Hence Im(B. — B;) = Im(B;; — B;) and we win. O

The “correct” version of the following lemma is More on Algebra, Lemma [61.2

Lemmal 27.7. Let

(A72 = A7 — A) — A])
be an inverse system of complexes of abelian groups and denote A=2 — A~1 —
A® — A' its limit. Denote (H; '), (HY) the inverse systems of cohomologies, and
denote H=*, HO the cohomologies of A=2 — A=' — A® — A'. If (A7?) and (A1)
are ML and (H; ') is essentially constant, then H® = lim H?.

Proof. Let ZZ-j = Ker(Ag — Ag"'l) and Il-j = Im(Ag_1 — Af) Note that lim ZY =
Ker(lim A? — lim A}) as taking kernels commutes with limits. The systems (I; ')
and (I?) have ML as quotients of the systems (A;?) and (A; '), see Lemmam
Thus an exact sequence

0= (I = (Z7Y) = (H ') =0

? 2

of inverse systems where (I; ') has ML and where (H; ') is essentially constant by
assumption. Hence (Z; 1) has ML by Lemma The exact sequence

0= (Z7H) = (A7) = (1)) =0
and an application of Lemma shows that lim A7 ' — lim I? is surjective. Fi-
nally, the exact sequence
0— (I?) = (Z%) = (H?) =0

and Lemma m show that imI? — limZ) — lim HY — 0 is exact. Putting
everything together we win. |

Sometimes we need a version of the lemma above where we take limits over big
ordinals.

Lemma 27.8. Let a be an ordinal. Let K§, B < «a be an inverse system of
complexes of abelian groups over a. If for all B < a the complex K§ is acyclic and
the map

Kz — limy<p K7
is surjective, then the complex limg<q K§ is acyclic.

Proof. By transfinite induction we prove this holds for every ordinal « and every
system as in the lemma. In particular, whilst proving the result for o we may
assume the complexes lim, g K are acyclic.

Let z € limg<, KO with d(z) = 0. We will find a y € K;' with d(y) = z. Write
x = (xp) where x5 € K} is the image of x for § < a. We will construct y = (yg)
by transfinite induction.

For B =0 let yo € K, " be any element with d(yo) = .

For 8 = v + 1 a successor, we have to find an element yg which maps both to
Yy by the transition map f : K§ — K3 and to zs under the differential. As a
first approximation we choose yj; with d(yj) = 2. Then the difference y,, — f(yj)
is in the kernel of the differential, hence equal to d(z,) for some z, € K,Y’2. By
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assumption, the map f~2: Kﬁ_2 — K is surjective. Hence we write z, = f(23)
and change yj; into ys = yj + d(25) which works.

If 5 is a limit ordinal, then we have the element (y,),<p in lim,<g K> 1 whose
differential is the image of x3. Thus we can argue in exactly the same manner as
above using the termwise surjective map of complexes f : K§ — lim,<g K and
the fact (see first paragraph of proof) that we may assume lim, s K7 is acyclic by
induction. (]

28. Exactness of products

Lemma 28.1. Let I be a set. Fori €I let L; — M; — N; be a complex of abelian
groups. Let H; = Ker(M; — N;)/Im(L; — M;) be the cohomology. Then

is a complex of abelian groups with homology [| H;.
Proof. Omitted. (]
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