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1. Introduction

In this chapter we put material related to limits of schemes. We mostly study limits
of inverse systems over directed partially ordered sets with affine transition maps.
We discuss absolute Noetherian approximation. We characterize schemes locally of
finite presentation over a base as those whose associated functor of points is limit
preserving. As an application of absolute Noetherian approximation we prove that
the image of an affine under an integral morphism is affine. Moreover, we prove
some very general variants of Chow’s lemma. A basic reference is [DGG7].

2. Directed limits of schemes with affine transition maps

In this section we construct the limit.

Lemma 2.1. Let I be a directed partially ordered set. Let (S;, fiir) be an inverse
system of schemes over I. If all the schemes S; are affine, then the limit S = lim; S;
exists in the category of schemes. In fact S is affine and S = Spec(colim; R;) with
R; =T(S;,0).

Proof. Just define S = Spec(colim; R;). It follows from Schemes, Lemmathat
S is the limit even in the category of locally ringed spaces. ]
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Lemma 2.2. Let I be a directed partially ordered set. Let (S;, fiir) be an inverse
system of schemes over I. If all the morphisms fir : S; — Sy are affine, then the
limit S = lim; S; exists in the category of schemes. Moreover,

(1) each of the morphisms f; : S — S; is affine,

(2) for an element 0 € I and any open subscheme Uy C Sy we have

fo ' (Uo) = limy>o fi' (Uo)
in the category of schemes.

Proof. Choose an element 0 € I. Note that I is nonempty as the limit is directed.
For every i > 0 consider the quasi-coherent sheaf of Og -algebras A; = fip .Osg,;.
Recall that S; = MSO (A;), see Morphisms, Lemma Set A = colim;>g A;.
This is a quasi-coherent sheaf of Og,-algebras, see Schemes, Section Set S =
%So (A). By Morphisms, Lemma we get for ¢ > 0 morphisms f; : S — S;
compatible with the transition morphisms. Note that the morphisms f; are affine
by Morphisms, Lemma [I3.11] for example. By Lemma[2:I] above we see that for any
affine open Uy C Sy the inverse image U = f; *(Up) C S is the limit of the system
of opens U; = figl(UO), i > 0 in the category of schemes.

Let T be a scheme. Let g; : T' — S; be a compatible system of morphisms. To
show that S = lim; S; we have to prove there is a unique morphism g : T — S
with g; = f; o g for all 4 € I. For every t € T there exists an affine open Uy C Sy
containing go(t). Let V C gg 1(Uy) be an affine open neighbourhood containing .
By the remarks above we obtain a unique morphism gy : V. — U = f 1(UO) such
that f; o gy = ¢i|u, for all i. The open sets V' C T so constructed form a basis for
the topology of T. The morphisms gy glue to a morphism g : T — S because of
the uniqueness property. This gives the desired morphism g : T'— S.

The final statement is clear from the construction of the limit above. O

Lemma 2.3. Let I be a directed partially ordered set. Let (S;, fiir) be an inverse
system of schemes over I. Assume all the morphisms fi : S; — Sy are affine, Let
S =1lim; S;. Let 0 € I. Suppose that T is a scheme over Sy. Then

T xg, S =1lim;>0 T xg, S;

Proof. The right hand side is a scheme by Lemma[2.2] The equality is formal, see
Categories, Lemma [14.9 (]
3. Descending properties

In this section we work in the following situation.

Situation 3.1. Let S = lim;c; S; be the limit of a directed system of schemes
with affine transition morphisms f;/; : Sy — S; (Lemma . We assume that S;
is quasi-compact and quasi-separated for all ¢ € I. We denote f; : S — S; the
projection. We also choose an element 0 € I.

The type of result we are looking for is the following: If we have an object over .S,
then for some i there is a similar object over S;.
Lemmal 3.2. In Situation [Z 1

(1) We have Sser = lim; S; g1 where Ssey indicates the underlying set of the
scheme S.
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(2) We have Siop = lim; S; 10p where Syop indicates the underlying topological
space of the scheme S.

(3) Ifs,s" € S and s’ is not a specialization of s then for some i € I the image
s, €8; of 8 is not a specialization of the image s; € S; of s.

(4) Add more easy facts on topology of S here. (Requirement: whatever is added
should be easy in the affine case.)

Proof. Proofof (1). Picki € I. Take U; C S; an affine open. Denote U; = fZTil(Ui)
and U = fi_l(Ui). Suppose we can show that User = limyr>; Uy ger. Then assertion
(1) follows by a simple argument using an affine covering of S;. Hence we may
assume all S; and S affine. This reduces us to the following algebra question:
Suppose given a system of rings (A4;, p;;r) over I. Set A = colim; A; with canonical
maps @; : A; = A. Then

Spec(A) = lim; Spec(4;)

Namely, suppose that we are given primes p; C A; such that p; = 90;-/1 (pir) for all
1/ > 1. Then we simply set

p={xe Al €p; with g;(z;) =z}

It is clear that this is an ideal and has the property that ¢;*(p) = p;. Then it
follows easily that it is a prime ideal as well. This proves (1).

Proof of (2). Choose an ¢ and a finite affine open covering S; = Uy ; U ... U U,;.
If we can show the topology on f[l(Uk,i) = lim;/>; fifil(Ukyi) is the limit topology,
then the same is true for S. Hence we may assume that S and S; are affine. Say
S; = Spec(4;) and S = Spec(A) with A = colim A;. A basis for the topology of
Spec(A) is given by the standard opens D(g), g € A. Since each g € A is the image
of some g; € A; for some ¢ we see that D(g) is the inverse image of D(g;) by f;.
The deisred result now follows from the criterion of Topology, Lemma [13.3

Proof of (3). Pick ¢ € I. Pick an affine open U; C S; containing f;(s"). If f;(s) € S;
then we are done. Hence reduce to the affine case by considering the inverse images
of U; as above. This reduces us to the following algebra question: Suppose given a
system of rings (A;, ;i) over I. Set A = colim; A; with canonical maps ¢; : A; —
A. Suppose given primes p, p’ of A. Suppose that p ¢ p’. Then for some 7 we have
o t(p) ¢ ¢; H(p'). This is clear. O

Lemma 3.3. In Situation [3.1 Suppose that Fy is a quasi-coherent sheaf on Sp.
Set F; = fiyFo fori >0 and set F = fiFo. Then

F(S, f) = colimizo F(S“ ]:z)

Proof. Write A; = fi0,+Os,. This is a quasi-coherent sheaf of Og, -algebras (see
Morphisms, Lemma and S; is the relative spectrum of A; over Sy. In the
proof of Lemma @ we constructed S as the relative spectrum of A = colim;>q A;
over Sp. Set

M; = Fo ®og, A
and

M = Fy ®(950 A.
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Then we have f; .F; = M; and fo .F = M. Since A is the colimit of the sheaves
A; and since tensor product commutes with directed colimits, we conclude that
M = colim;>o M;. Since Sy is quasi-compact and quasi-separated we see that

(S, F) = T(S, M)
= TI'(Sp, colim;>g M;)
= colim;>oI'(Sp, M;)
= colim;>o I'(S;, Fi)
see Sheaves, Lemma, and Topology, Lemma for the middle equality. U

Lemma 3.4. In Situation[3. If all the schemes S; are nonempty, then the limit
S = lim; S; is nonempty.

Proof. Choose i9g € I. Note that I is nonempty as the limit is directed. For
convenience write Sy = S;, and i9p = 0. Choose an affine open covering Sy =

_____ .. Uj. Since I is directed there exists a j € {1,...,m} such that f;;"(U;) # 0
for all ¢ > 0. Hence lim;>q fi_ol(Uj) is not empty since a directed colimit of nonzero
rings is nonzero (because 1 # 0). As lim;>¢ f;,"(U;) is an open subscheme of the
limit we win. (]

Lemma 3.5. In Situation[3.1 Suppose for each i we are given a nonempty closed
subset Z; C S; with f;i(Z;) C Zis. Then there exists a point s € S with f;(s) € Z;
for all i.

Proof. Let Z; C S; also denote the reduced closed subscheme associated to Z;, see
Schemes, Definition A closed immersion is affine, and a composition of affine
morphisms is affine (see Morphisms, Lemmas and [13.7), and hence Z; — Sy
is affine when ¢ > /. We conclude that the morphism f;;; : Z; — Z; is affine by
Morphisms, Lemma Each of the schemes Z; is quasi-compact as a closed
subscheme of a quasi-compact scheme. Hence we may apply Lemma to see that
Z = lim; Z; is nonempty. Since there is a canonical morphism Z — S we win. [

Lemma 3.6. In Situation[3.1l Suppose we are given an i and a morphism T — S;
such that

(1) T X3, S = @, and

(2) T is quasi-compact.
Then T xg, Sy =0 for all sufficiently large i'.

Proof. By Lemma 2.3 we see that T xg, S = limy>; T x5, Sy. Hence the result
follows from Lemma [3.41 O

Lemma 3.7. In Situation[3-1l Suppose we are given an i and a locally constructible
subset E C S; such that f;(S) C E. Then f;;/(Sy) C E for all sufficiently large i’.

Proof. Writing S; as a finite union of open affine subschemes reduces the question
to the case that S; is affine and F is constructible, see Lemma [2.2] and Properties,
Lemma In this case the complement S; \ F is constructible too. Hence there
exists an affine scheme T and a morphism 7' — S; whose image is S;\ E, see Algebra,
Lemma [28.3] By Lemma we see that T x g, S;s is empty for all sufficiently large
i’, and hence f;;/(Sy) C E for all sufficiently large i’ O

Lemma 3.8. In Situation[3.1] we have the following:
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(1) Given any quasi-compact open V- C S = lim; S; there exists an i € I and a
quasi-compact open V; C S; such that f_l( ) =V.

(2) Given V; C S; and Vi C Sy quasi- compact opens such that f; L) =
I (Vir) there exists an index i" > i, such that f;,}(V;) = Z,,Z,( z/)

(3) If Vig,..., Vo C S; are quasi-compact opens and S = f (VU) u.
fi_l(Vm ) then Sy = f.. (VLZ) LU f ( Vi,i) for some i > i.

Proof. Choose ig € I. Note that I is nonempty as the limit is directed. For
convenience we write Sy = S5;, and ip = 0. Choose an affine open covering Sy =
UioU...UUpyp. Denote Uj; C S; the inverse image of U; ¢ under the transition
morphism for ¢ > 0. Denote U; the inverse image of U;o in S. Note that U; =

lim; U; ; is a limit of affine schemes.

We first prove the uniqueness statement: Let V; C S; and V;» C S;; quasi-compact
opens such that f;'(V;) = f;,'(Vir). It suffices to show that f;,}(V; N U;,») and
fit(Vir N U 1) become equal for i” large enough. Hence we reduce to the case
of a limit of affine schemes. In this case write S = Spec(R) and S; = Spec(R;)
for all ¢ € I. We may write V; = S; \ V/(h1,...,hy) and Vi = Si \ V(g1,- -, gn)-
The assumption means that the ideals ) g; R and ) h; R have the same radical in
R. This means that gV = > a;j-hj and hY =37 b;;g; for some N > 0 and ajj
and b;;/ in R Since R = colim; R; we can chose an index ¢ > 4 such that the
equations gV =Y aj;hj and hY = Ebu/gJ hold in R;~ for some aj;» and b;;/ in
R;». This implies that the 1deals > gjRi» and > hjR;» have the same radical in
R; as desired.

We prove existence. We may apply the uniqueness statement to the limit of schemes
U;, NU;, = lim; Uj, ; NUj, ; since these are still quasi-compact due to the fact that
the S; were assumed quasi-separated. Hence it is enough to prove existence in the
affine case. In this case write S = Spec(R) and S; = Spec(R;) for all i € I. Then
V =S5\V(g1,...,9n) for some g1,...,g, € R. Choose any i large enough so that
each of the g; comes from an element g;; € R; and take V; = S; \ V(91,55 -, 9n,i)-

The statement on coverings follows from the uniqueness statement for the opens
Vl,iU...UVn,i and Si of Sz [l

Lemma 3.9. In Situation[3.1]if S is quasi-affine, then for some iy € I the schemes
S; for i > ig are quasi-affine.

Proof. Choose iy € I. Note that I is nonempty as the limit is directed. For
convenience we write Sop = 5;, and ic = 0. Let s € §. We may choose an affine
open Uy C Sy containing fo(s). Since S is quasi-affine we may choose an element
a € T(S,0g) such that s € D(a) C f; ' (Up), and such that D(a) is affine. By
Lemma 3.3 there exists an i > 0 such that a comes from an element a; € I'(5;, Og,).
For any index j > i we denote a; the image of a; in the global sections of the
structure sheaf of S;. Consider the opens D(a;) C S; and U; = f;3'(Up). Note
that U; is affine and D(a;) is a quasi-compact open of S;, see Properties, Lemma
for example. Hence we may apply Lemma to the opens U; and U; U D(a;)
to conclude that D(a;) C U; for some j > 4. For such an index j we see that
D(a;) C S; is an affine open (because D(a;) is a standard affine open of the affine
open Uj) containing the image f;(s).
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We conclude that for every s € S there exist an index ¢ € I, and a global section
a € T'(S;, Og,) such that D(a) C S; is an affine open containing f;(s). Because S is

quasi-compact we may choose a single index ¢ € I and global sections ay,...,a,, €
I'(S;, Og,) such that each D(a;) C S; is affine open and such that f; : S — S; has
image contained in the union W; =,_, _,, D(a;). For i’ > iset Wy = SEOVL).

Since f;*(W;) is all of S we see (by Lemma again) that for a suitable i’ > ¢ we
have S = Wy . Thus we may replace i by ¢ and assume that S; = U,;_, _,, D(a;).
This implies that Og, is an ample invertible sheaf on S; (see Properties, Definition
24.1) and hence that S; is quasi-affine, see Properties, Lemma Hence we
win. g

Lemma 3.10. In Situation[3.1]if S is affine, then for some i € I the schemes S;
for i > ig are affine.

Proof. By Lemma we may assume that Sy is quasi-affine for some 0 € I. Set
Ry = T'(S0,0s,). Then Sy is a quasi-compact open of Ty = Spec(Rp). Denote
Jo : So — Ty the corresponding quasi-compact open immersion. For ¢ > 0 set A; =
f0i.+Os,. Since fo; is affine we see that S; = MSO (A;). Set T; = MTO (Jo,xAi)-
Then T; — Ty is affine, hence T; is affine. Thus T; is the spectrum of

Ri = F(T()ij,*Ai) = F(S()7A1) = F(Slv Osl)

Write S = Spec(R). We have R = colim; R; by Lemma Hence also S = lim; T;.
As formation of the relative spectrum commutes with base change, the inverse image
of the open Sy C Ty in T; is S;. Let Zy = Ty \ So and let Z; C T; be the inverse
image of Zy. As S; = T;\ Z;, it suffices to show that Z; is empty for some ¢. Assume
Z; is nonempty for all i to get a contradiction. By Lemma there exists a point
s of S = lim T; which maps to a point of Z; for every 7. But .S = lim; .S;, and hence
we arrive at a contradiction by Lemma [3.2] O

Lemma 3.11. In Situation[3.1) if S is separated, then for some ig € I the schemes
S; for i >y are separated.

Proof. Choose a finite affine open covering So = Up,1U...UUg . Set U; ; C S; and
U; C S equal to the inverse image of Uy ;. Note that U; ; and U; are affine. As S'is
separated the intersections U;, NUj, are affine. Since U;, NUj, = lim;>o U; j, NU; 4,
we see that U, j, NU; ;, is affine for large ¢+ by Lemma To show that S; is
separated for large ¢ it now suffices to show that

OSi(V;,jd) ®(95(S) OSi(V:i,jz) — Osi(‘/;ajl N Vvlﬁjz)
is surjective for large ¢ (Schemes, Lemma [21.8)).

To get rid of the annoying indices, assume we have affine opens U, V' C Sj such that
UNV is affine too. Let U;, V; C S;, resp. U,V C S be the inverse images. We have to
show that O(U;) ® O(V;) — O(U; NV;) is surjective for 4 large enough and we know
that O(Uy®O(V) — O(UNV) is surjective. Note that O(Up)@0(Vy) — O(UsNVp)
is of finite type, as the diagonal morphism S; — S; x S; is an immersion (Schemes,
Lemma hence locally of finite type (Morphisms, Lemmas and. Thus
we can choose elements fo 1, ..., fo.. € O(UyNV,) which generate O(Uy NVp) over
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O(Up) ® O(Vp). Observe that for ¢ > 0 the diagram of schemes

L

UoﬂV()HUO

is cartesian. Thus we see that the images fi1,...,fin € O(U; NV;) generate
O(U;NV;) over O(U;)@0O(Vp) and a fortiori over O(U;) @ O(V;). By assumption the
images f1,..., fn € O(URV) are in the image of the map O(U)0O(V) — O(UNV).
Since O(U) @ O(V') = colim O(U;) ® O(V;) we see that they are in the image of the
map at some finite level and the lemma is proved. O

Lemma 3.12. In Situation[3.1] let Lo be an invertible sheaf of modules on Sy. If
the pullback L to S is ample, then for some i € I the pullback L; to S; is ample.

Proof. The assumption means there are finitely many sections sq, ..., s, € T'(S, £)
such that S, is affine and such that S = [J S,, see Properties, Definition By
Lemma we can find an ¢ € I and sections s, ; € I'(S;, £;) mapping to s;. By

Lemma|3.10{we may, after increasing 4, assume that (S;)s, ; is affineforj = 1,...,m.
By Lemma we may, after increasing 7 a last time, assume that S; = [J(S;)s, ;-

Then £; is ample by definition. (]

Lemma) 3.13. Let S be a scheme. Let X = lim X; be a directed limit of schemes
over S with affine transition morphisms. Let Y — X be a morphism of schemes
over S.

(1) If Y — X is a closed immersion, X; quasi-compact, and Y locally of finite
type over S, then Y — X, is a closed immersion for i large enough.

(2) IfY — X is an immersion, X; quasi-separated, Y — S locally of finite type,
and Y quasi-compact, then Y — X; is an immersion for i large enough.

Proof. Proof of (1). Choose 0 € I and a finite affine open covering Xy = Uy U
... U Uy,m with the property that U ; maps into an affine open W; C S. Let
V; C Y, resp. U;; C X;, 1 >0, resp. U; C X be the inverse image of Uy ;. It
suffices to prove that V; — U ; is a closed immersion for ¢ sufficiently large and we
know that V; — Uj is a closed immersion. Thus we reduce to the following algebra
fact: If A = colim A; is a directed colimit of R-algebras, A — B is a surjection of
R-algebras, and B is a finitely generated R-algebra, then A; — B is surjective for
1 sufficiently large.

Proof of (2). Choose 0 € I. Choose a quasi-compact open X} C Xy such that
Y — X, factors through X|,. After replacing X; by the inverse image of X|, for
i > 0 we may assume all X/ are quasi-compact and quasi-separated. Let U C X be
a quasi-compact open such that Y — X factors through a closed immersion ¥ — U
(U exists as Y is quasi-compact). By Lemma we may assume that U = lim U;
with U; C X, quasi-compact open. By part (1) we see that Y — U, is a closed
immersion for some ¢. Thus (2) holds. O

Lemma) 3.14. Let S be a scheme. Let X = lim X; be a directed limit of schemes
over S with affine transition morphisms. Assume

(1) S quasi-separated,
(2) X; quasi-compact and quasi-separated,
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(3) X — S separated.
Then X; — S is separated for all i large enough.

Proof. Let 0 € I. Note that I is nonempty as the limit is directed. As Xy is
quasi-compact we can find finitely many affine opens Uy,...,U, C S such that
Xo — S maps into Uy U ... UU,. Denote h; : X; — S the structure morphism. It
suffices to check that for some i > 0 the morphisms h; ! (U;) — U; are separated for
j=1,...,n. Since S is quasi-separated the morphisms U; — S are quasi-compact.
Hence h; 1(Uj) is quasi-compact and quasi-separated. In this way we reduce to the
case S affine. In this case we have to show that X; is separated and we know that
X is separated. Thus the lemma follows from Lemma [3.11 (]

Lemmal 3.15. Let S be a scheme. Let X = lim X; be a directed limit of schemes
over S with affine transition morphisms. Assume

(1) S quasi-compact and quasi-separated,
(2) X, quasi-compact and quasi-separated,
(3) X — S affine.

Then X; — S is affine for i large enough.

Proof. Choose a finite affine open covering S = Uj:L...,n V;. Denote f: X — S
and f; : X; — S the structure morphisms. For each j the scheme f~!(V;) =
lim; f;*(V;) is affine (as a finite morphism is affine by definition). Hence by Lemma
there exists an i € I such that each f;"*(V;) is affine. In other words, f; : X; —
S is affine for ¢ large enough, see Morphisms, Lemma [13.3 O

Lemma 3.16. Let S be a scheme. Let X = lim X; be a directed limit of schemes
over S with affine transition morphisms. Assume

(1) S quasi-compact and quasi-separated,

(2) X; quasi-compact and quasi-separated,

(3) the transition morphisms X;; — X; are finite,
(4) X; — S locally of finite type

(5) X — S integral.

Then X; — S is finite for i large enough.

Proof. By Lemma [3.15| we may assume X; — S is affine for all 7. Choose a finite
affine open covering S = szlp_”an. Denote f : X — S and f; : X; — S the
structure morphisms. It suffices to show that there exists an ¢ such that fi_l(Vj)
is finite over V; for j = 1,...,m (Morphisms, Lemma . Namely, for ¢/ > i
the composition X;; — X; — S will be finite as a composition of finite morphisms
(Morphisms, Lemma. This reduces us to the affine case: Let R be a ring and
A = colim A; with R — A integral and A; — A finite for all i < /. Moreover
R — A; is of finite type for all i. Goal: Show that A; is finite over R for some
1. To prove this choose an i € I and pick generators z1,...,z,, € A; of A; as an
R-algebra. Since A is integral over R we can find monic polynomials P; € R[T]
such that P;(z;) = 0 in A. Thus there exists an ¢’ > 4 such that P;(z;) = 0 in
Ay for j =1,...,m. Then the image A} of A; in A, is finite over R by Algebra,
Lemma Since A, C Ay is finite too we conclude that A; is finite over R by
Algebra, Lemma [7.3 g
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Lemma 3.17. Let S be a scheme. Let X = lim X; be a directed limit of schemes
over S with affine transition morphisms. Assume

(1) S quasi-compact and quasi-separated,
(2) X, quasi-compact and quasi-separated,
(3) the transition morphisms X, — X; are closed immersions,
(4) X; — S locally of finite type

(5) X = S a closed immersion.

Then X; — S is a closed immersion for i large enough.

Proof. By Lemma [3.15 we may assume X; — S is affine for all . Choose a finite
affine open covering S = | »Vj. Denote f: X — S and f; : X; — S the
structure morphisms. It suffices to show that there exists an ¢ such that f;l(Vj) is
a closed subscheme of V; for j = 1,...,m (Morphisms, Lemma . This reduces
us to the affine case: Let R be a ring and A = colim A; with R — A surjective and
A; — A, surjective for all ¢ < i'. Moreover R — A; is of finite type for all 7. Goal:
Show that R — A; is surjective for some i. To prove this choose an i € I and pick
generators i,...,T,m € A; of A; as an R-algebra. Since R — A is surjective we
can find 7; € R such that r; maps to z; in A. Thus there exists an i > 4 such that
r; maps to the image of x; in Ay for j = 1,...,m. Since A; — Ay is surjective
this implies that R — A, is surjective. ]

i=1,...,

4. Absolute Noetherian Approximation

A nice reference for this section is Appendix C of the article by Thomason and
Trobaugh [TT90]. See Categories, Section [21]for our conventions regarding directed
systems. We will use the existence result and properties of the limit from Section
[ without further mention.

Lemmal 4.1. Let W be a quasi-affine scheme of finite type over Z. Suppose W —
Spec(R) is an open immersion into an affine scheme. There exists a finite type
Z-algebra A C R which induces an open immersion W — Spec(A). Moreover, R
is the directed colimit of such subalgebras.

Proof. Choose an affine open covering W = Uz‘:l,...,n W, such that each W, is a
standard affine open in Spec(R). In other words, if we write W; = Spec(R;) then
R; = Ry, for some f; € R. Choose finitely many x;; € R; which generate R; over Z.
Pick an N > 0 such that each fz'inj comes from an element of R, say y;; € R. Set
A equal to the Z-algebra generated by the f; and the y;; and (optionally) finitely
many additional elements of R. Then A works. Details omitted. O

Lemmal 4.2. Suppose given a cartesian diagram of rings
B——R
L
B ——=R
Let W' C Spec(R') be an open of the form W' = D(f1)U...U D(f,) such that

t(fi) = s(gi) for some g; € B and By, = Ryy,y. Then B" — R’ induces an open
immersion of W' into Spec(B’).

Proof. Set h; = (g;, f;) € B'. More on Algebra, Lemma [4.3| shows that (B')),, =
(R)y, as desired. O
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The following lemma is a precise statement of Noetherian approximation.

Lemmal 4.3. Let S be a quasi-compact and quasi-separated scheme. Let V C S be
a quasi-compact open. Let I be a directed partially ordered set and let (V;, fi) be
an inverse system of schemes over I with affine transition maps, with each V; of
finite type over Z, and with V- =1imV;. Then there exist

(1) a directed partially ordered set J,

(2) an inverse system of schemes (S;,gj;:) over J,
(3) an order preserving map a: J — I,

(4) open subschemes V] C S;, and

(5) dsomorphisms V] — Vi)

such that

(1) the transition morphisms g;; : S; — S; are affine,

(2) eaclh S; is of finite type over Z,

(3) 955 (Vi) = Vj,

(4) S=1lmS; and V =lmV;, and

(5) the diagrams
|4 Vi——="Va@
l \ and l J/
V"j/ - Va(]) ‘/j/ E—— Va(]’)

are commutative.

Proof. Set Z = S\ V. Choose affine opens Uj,..., U, C S such that Z C
Ui=1.....m Ui Consider the opens

VcVulicVuliulzc...cVul] — Ui=s

If we can prove the lemma successively for each of the cases
Vuhu..ulU,cVulUiu...UU

then the lemma will follow for V' C S. In each case we are adding one affine open.
Thus we may assume

(1) S=UuV,

(2) U affine open in S,

(3) V quasi-compact open in S, and

(4) V =1lim; V; with (V;, fiir) an inverse system over a directed set I, each f;;/
affine and each V; of finite type over Z.

Set W =UnNV. As S is quasi-separated, this is a quasi-compact open of V. By
Lemma (and after shrinking I') we may assume that there exist opens W; C V;
such that fzgl(Wj) = W; and such that f; ' (W;) = W. Since W is a quasi-compact
open of U it is quasi-affine. Hence we may assume (after shrinking I again) that
W; is quasi-affine for all i, see Lemma [3.9
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Write U = Spec(B). Set R =T (W, Ow), and R; = T'(W;, Ow,). By Lemma|3.3| we
have R = colim; R;. Now we have the maps of rings

B——R

R;
We set B; = {(b,r) € B x R; | s(b) =t;(t)} so that we have a cartesian diagram

.

BiHRi

for each i. The transition maps R; — R; induce maps B; — B;/. It is clear that
B = colim; B;. In the next paragraph we show that for all sufficiently large i the
composition W; — Spec(R;) — Spec(B;) is an open immersion.

As W is a quasi-compact open of U = Spec(B) we can find a finitely many elements
g1 € B, 1 =1,...,m such that D(¢g;) C W and such that W = U,_, _,, D(q)
Note that this implies D(g;) = W(y,) as open subsets of U, where W, denotes
the largest open subset of W on which s(g;) is invertible. Hence

Bgz = F(D(gl)a OU) = F<W5(9l)’ OW) = Rs(gl)’

where the last equality is Properties, Lemma Since Wy(g,) is affine this also
implies that D(s(g1)) = Wi(g,) as open subsets of Spec(R). Since R = colim; R; we
can (after shrinking I) assume there exist g;; € R; for all i € I such that s(g;) =
t;(g1,;). Of course we choose the g;; such that g;; maps to g; ,» under the transition
maps R; — R;. Then, by Lemma we can (after shrinking I again) assume
the corresponding opens D(g;.;) C Spec(R;) are contained in W;, j =1,...,m and
cover W;. We conclude that the morphism W; — Spec(R;) — Spec(B;) is an open
immersion, see Lemma [4.2]

By Lemmawe can write B; as a directed colimit of subalgebras 4; , C B;,p € F;
each of finite type over Z and such that W; is identified with an open subscheme
of Spec(4; ). Let S; , be the scheme obtained by glueing V; and Spec(4; ;) along
the open W;, see Schemes, Section Here is the resulting commutative diagram
of schemes:

V~—Ww

]

A 7 U

Sip <—— Spec(4;p)
The morphism S — §;, arises because the upper right square is a pushout in
the category of schemes. Note that S;, is of finite type over Z since it has a
finite affine open covering whose members are spectra of finite type Z-algebras. We

define a partial ordering on J = [[,.; P; by the rule (i',p") > (4,p) if and only if
i’ > i and the map B; — By maps A, into Ay . This is exactly the condition
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needed to define a morphism Sy ,» — S; ,: namely make a commutative diagram as
above using the transition morphisms V;; — V; and W;; — W; and the morphism
Spec(Ayr p) — Spec(A;p) induced by the ring map A;, — Ay . The relevant
commutativities have been built into the constructions. We claim that S is the
directed limit of the schemes S; ,. Since by construction the schemes V; have limit
V' this boils down to the fact that B is the limit of the rings A;, which is true
by construction. The map « : J — I is given by the rule j = (i,p) — i. The
open subscheme Vj’ is just the image of V; — S;, above. The commutativity of
the diagrams in (5) is clear from the construction. This finishes the proof of the
lemma. (I

Proposition 4.4. Let S be a quasi-compact and quasi-separated scheme. There
exist a directed partially ordered set I and an inverse system of schemes (S;, fiir)
over I such that

(1) the transition morphisms fii are affine
(2) each S; is of finite type over Z, and

Proof. This is a special case of Lemma with V = 0. O

5. Limits and morphisms of finite presentation
The following is a generalization of Algebra, Lemma [123.2
Proposition| 5.1. Let f : X — S be a morphism of schemes. The following are

equivalent:

(1) The morphism f is locally of finite presentation.
(2) For any directed partially ordered set I, and any inverse system (T3, fi) of
S-schemes over I with each T; affine, we have

Morg(lim; T;, X') = colim; Morg(T;, X)

(3) For any directed partially ordered set I, and any inverse system (T;, fiir)
of S-schemes over I with each fi affine and every T; quasi-compact and
quasi-separated as a scheme, we have

Morg(lim; T;, X') = colim; Morg(T;, X)
Proof. It is clear that (3) implies (2).
Let us prove that (2) implies (1). Assume (2). Choose any affine opens U C X
and V' C S such that f(U) C V. We have to show that Og(V) — Ox(U) is

of finite presentation. Let (A;, ¢;7) be a directed system of Og(V)-algebras. Set
A = colim; A;. According to Algebra, Lemma [123.2] we have to show that

Homop vy (Ox (U), A) = colim; Homep (v (Ox (U), A;)

Consider the schemes T; = Spec(A4;). They form an inverse system of V-schemes
over I with transition morphisms f; : T; — Ty induced by the Og(V)-algebra
maps ;. Set T := Spec(A) = lim; T;. The formula above becomes in terms of
morphism sets of schemes

Mory (lim; T;, U) = colim; Mory (T3, U).
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We first observe that Mory (T;,U) = Morg(T;,U) and Mory (T,U) = Morg(T,U).
Hence we have to show that

MOI‘S (hml Ti7 U) = COHHLL' MOI‘S (Ti; U)
and we are given that
Morg(lim; T;, X') = colim; Morg (T3, X).

Hence it suffices to prove that given a morphism g; : T; — X over S such that
the composition 7' — T; — X ends up in U there exists some ¢’ > i such that the
composition g; : Ty» — T; — X ends up in U. Denote Z;; = g;l(X \U). Assume
each Z; is nonempty to get a contradiction. By Lemma there exists a point ¢
of T which is mapped into Z; for all ¢/ > 7. Such a point is not mapped into U. A
contradiction.

Finally, let us prove that (1) implies (3). Assume (1). Let an inverse directed
system (T5, fir) of S-schemes be given. Assume the morphisms f;; are affine and
each T; is quasi-compact and quasi-separated as a scheme. Let T' = lim; T;. Denote
fi : T — T; the projection morphisms. We have to show:
(a) Given morphisms g;,g; : T; — X over S such that g; o f; = g} o f;, then
there exists an i’ > ¢ such that g; o fir; = gl o firi.
(b) Given any morphism g : T'— X over S there exists an ¢ € I and a morphism
gi : T; — X such that g = f; 0 g;.
First let us prove the uniqueness part (a). Let g;, ¢; : T; — X be morphisms such
that g; o f; = g} o f;. For any i’ > i we set g = g; o fir; and g}, = g} o fi;. We also
set g = g; 0 fi = ¢} o f;. Consider the morphism (g;,g;) : T; — X xs X. Set

w=|J U xy U.
UCX affine open,VCS affine open, f(U)CV

This is an open in X xg X, with the property that the morphism Ax/s factors
through a closed immersion into W, see the proof of Schemes, Lemma Note
that the composition (g;,¢;) o fi : T — X xg X is a morphism into W because it
factors through the diagonal by assumption. Set Zy = (gi, g%) 1(X xg X \ W).
If each Z;; is nonempty, then by Lemma [3.5| there exists a point ¢ € T" which maps
to Z;y for all ¢/ > 4. This is a contradiction with the fact that 7" maps into W.
Hence we may increase ¢ and assume that (g;,g}) : T; — X xg X is a morphism
into W. By construction of W, and since T; is quasi-compact we can find a finite
affine open covering T; = T1; U ... U T, ; such that (g;, gg)\Tj,i is a morphism into
U xy U for some pair (U, V) as in the definition of W above. Since it suffices to
prove that g; and g}, agree on each of the f;.'(T};) this reduces us to the affine
case. The affine case follows from Algebra, Lemma [123.2] and the fact that the ring
map Og(V) — Ox (U) is of finite presentation (see Morphisms, Lemma [22.2)).

Finally, we prove the existence part (b). Let g : T — X be a morphism of schemes
over S. We can find a finite affine open covering T'= W7 U ... U W, such that for
each j € {1,...,n} there exist affine opens U; C X and V; C S with f(U;) C V;
and g(W;) C U;. By Lemmas and (after possibly shrinking I) we may
assume that there exist affine open coverings T; = Wi ; U ... U W, ; compatible
with transition maps such that W; = lim; W, ;. We apply Algebra, Lemma
to the rings corresponding to the affine schemes Uj;, V;, W;; and W; using that
Os(V;) = Ox(Uj) is of finite presentation (see Morphisms, Lemma [22.2)). Thus
we can find for each j an index i; € I and a morphism g;;, : W;;, — X such that
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9ji; © filw, : Wj = W;; — X equals g|w,. By part (a) proved above, using the
quasi-compactness of W, ; N Wj, ; which follows as T; is quasi-separated, we can
find an index ¢’ € I larger than all ¢; such that

gjl,ijl o fi’ijl |Wj1,i/mwj2,i’ = gjz,ij2 o fi/ijz |Wj1,i/ﬂWj2,i’
for all j1,j2 € {1,...,n}. Hence the morphisms g;;, o fir;, |iji, glue to given the

desired morphism T; — X. O

Remark 5.2. Let S be a scheme. Let us say that a functor F : (Sch/S)°PP — Sets
is limit preserving if for every directed inverse system {T;};cr of affine schemes
with limit T we have F(T) = colim; F(T;). Let X be a scheme over S, and let
hx : (Sch/S)°PP — Sets be its functor of points, see Schemes, Section In this
terminology Proposition says that a scheme X is locally of finite presentation
over S if and only if hx is limit preserving.

6. Relative approximation
The title of this section refers to results of the following type.

Lemma) 6.1. Let f: X — S be a morphism of schemes. Assume that

(1) X is quasi-compact and quasi-separated, and

(2) S is quasi-separated.
Then X =lim X; is a limit of a directed system of schemes X; of finite presentation
over S with affine transition morphisms over S.

Proof. Since f(X) is quasi-compact we may replace S by a quasi-compact open
containing f(X). Hence we may assume S is quasi-compact as well. Write X =
lim X, and S = lim .S, as in Proposition 4.4} i.e., with X, and S} of finite type over
Z and with affine transition morphisms. By Proposition we find that for each
b there exists an a and a morphism f, : X, — Sp making the diagram

X——S5

|

XGHSb

commute. Moreover the same proposition implies that, given a second triple
(@', V, for ), there exists an a” > o’ such that the compositions X,» — X, = X}
and X, — Xo — Xy — X, are equal. Consider the set of triples (a,b, fqo.p)
endowed with the partial ordering

(a7ba fa,b) > (alvblafa’,b’) a2 a/a v > b, and fa’,b’ o hma’ =0gv.b° fa,b
where hg, o 1 Xq = Xg and gy p : Sy — Sp are the transition morphisms. The
remarks above show that this system is directed. It follows formally from the
equalities X = lim X, and S = lim S} that

X = 1im(a7b1fa,b) Xa Xfa,bysb S
where the limit is over our directed system above. The transition morphisms X, x g,
S — Xu x5, S are affine as the composition
X XS, S—)Xa XSy S — X XS, S
where the first morphism is a closed immersion (by Schemes, Lemma [21.10) and
the second is a base change of an affine morphism (Morphisms, Lemma |13.8)) and
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the composition of affine morphisms is affine (Morphisms, Lemma [13.7). The mor-
phisms f,; are of finite presentation (Morphisms, Lemmas and [22.11) and
hence the base changes X, Xy, , 5, S — S are of finite presentation (Morphisms,

Lemma [22.4]). O

Lemma 6.2. Let X — S be an integral morphism with S quasi-compact and quasi-
separated. Then X =lim X; with X; — S finite and of finite presentation.

Proof. Consider the sheaf A = f,Ox. This is a quasi-coherent sheaf of Og-
algebras, see Schemes, Lemma Combining Properties, Lemma we can
write A = colim; A; as a filtered colimit of finite and finitely presented Og-algebras.
Then

X, = MS(AZ-) — S
is a finite and finitely presented morphism of schemes. By construction X = lim; X;
which proves the lemma. O

7. Descending properties of morphisms

This section is the analogue of Section [3| for properties of morphisms over S. We
will work in the following situation.

Situation|7.1. Let S = lim S; be a limit of a directed system of schemes with affine
transition morphisms (Lemma. Let 0 € I and let fy : Xg — Y; be a morphism
of schemes over Sy. Assume Sy, Xg, Yy are quasi-compact and quasi-separated.
Let f; : X; — Y; be the base change of fy to S; and let f : X — Y be the base
change of fy to S.

Lemma 7.2. Notation and assumptions as in Situation [7.4. If f is affine, then
there exists an index i > 0 such that f; is affine.

Proof. Let Yo = U;_,
fo'(Vio). For i > 0 we denote Vj; the inverse image of Vjo in V; and U;,; =
71 (V). Similarly we have U; = f~'(V;). Then U; = lim;>oU;; (see Lemma
2.2). Since U; is affine by assumption we see that each U, ; is affine for i large
enough, see Lemma[3.10] As there are finitely many j we can pick an ¢ which works
for all j. Thus f; is affine for ¢ large enough, see Morphisms, Lemma [13.3 (Il

m Vi0 be a finite affine open covering. Set Uj;o =

.....

Lemma 7.3. Notation and assumptions as in Situation[7.1] If
(1) f is a finite morphism, and
(2) fo is locally of finite type,

then there exists an i > 0 such that f; is finite.

Proof. A finite morphism is affine, see Morphisms, Definition [44.1] Hence by
Lemma above after increasing 0 we may assume that fy is affine. By writing
Y, as a finite union of affines we reduce to proving the result when Xy and Y, are

affine and map into a common affine W C Sy. The corresponding algebra statement
follows from Algebra, Lemma [156.3] ]

Lemma 7.4. Notation and assumptions as in Situation[7.1] If

(1) f is a closed immersion, and
(2) fo is locally of finite type,
then there exists an i > 0 such that f; is a closed immersion.
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Proof. A closed immersion is affine, see Morphisms, Lemma [13.9) Hence by
Lemma above after increasing 0 we may assume that fy is affine. By writ-
ing Yy as a finite union of affines we reduce to proving the result when X, and
Yy are affine and map into a common affine W C Sy. The corresponding algebra
statement is a consequence of Algebra, Lemma O

Lemma 7.5. Notation and assumptions as in Situation[71] If f is separated, then
fi is separated for some i > 0.

Proof. Apply Lemma to the diagonal morphism Ay, /s, : Xo = Xo X5, Xo-
(This is permissible as diagonal morphisms are locally of finite type and the fibre
product Xo xg, Xo is quasi-compact and quasi-separated, see Schemes, Lemma

Morphisms, Lemma and Schemes, Remark [21.18 (]
Lemma 7.6. Notation and assumptions as in Situation[71] If

(1) f is flat,
(2) fo is locally of finite presentation,

then f; is flat for some ¢ > 0.

Proof. Choose a finite affine open covering Yy = |J Y; o such that each Yj o

maps into an affine open S; 9 C Sp. For each j let f(;lYLO = Up=1.... n, Xp,0 be a
finite affine open covering. Since the property of being flat is local we see that it
suffices to prove the lemma for the morphisms of affines X, ; — Y;; — S;,; which
are the base changes of Xy 0 — Y0 — Sj0 to S;. Thus we reduce to the case that
X0,Ys, Sy are affine

In the affine case we reduce to the following algebra result. Suppose that R =
colim;e; R;. For some 0 € I suppose given an Ry-algebra map A; — B; of finite
presentation. If R ®pr, Ao - R ®g, Bo is flat, then for some ¢ > 0 the map
R; ®r, Ay — R; ®p, By is flat. This follows from Algebra, Lemma part
(3). O
Lemma 7.7. Notation and assumptions as in Situation[7.1] If

(1) f is finite locally free (of degree d),

(2) fo is locally of finite presentation,
then f; is finite locally free (of degree d) for some i > 0.

Proof. By Lemmas and we find an ¢ such that f; is flat and finite. On
the other hand, f; is locally of finite presentation. Hence f; is finite locally free by
Morphisms, Lemma If moreover f is finite locally free of degree d, then the
image of Y — Y is contained in the open and closed locus Wy C Y; over which f;
has degree d. By Lemma we see that for some 7' > 4 the image of Y;; — Yj is
contained in Wy. Then f;; will be finite locally free of degree d. O

Jj=1,....m

Lemma 7.8. Notation and assumptions as in Situation[7.1] If
(1) f is étale,
(2) fo is locally of finite presentation,
then f; is étale for some i > 0.
Proof. Being étale is local on the source and the target (Morphisms, Lemma |37.2))

hence we may assume Sy, Xy, Yy affine (details omitted). The corresponding algebra
fact is Algebra, Lemma [156.5 g
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Lemma 7.9. Notation and assumptions as in Situation[7.1] If
(1) f is an isomorphism, and
(2) fo is locally of finite presentation,

then f; is an isomorphism for some i > 0.

Proof. By Lemmas and we can find an ¢ such that f; is flat and a closed
immersion. Then f; identifies X; with an open and closed subscheme of Y;, see
Morphisms, Lemma By assumption the image of Y — ¥; maps into f;(X;).
Thus by Lemma we find that Y, maps into f;(X;) for some i’ > i. It follows
that X;; — Y}/ is surjective and we win. O

Lemma 7.10. Notation and assumptions as in Situation [7.1. If

(1) f is a monomorphism, and
(2) fo is locally of finite type,
then f; is a monomorphism for some i > 0.

Proof. Recall that a morphism of schemes V' — W is a monomorphism if and
only if the diagonal V' — V xy V is an isomorphism (Schemes, Lemma [23.2). The
morphism Xo — Xo Xy, Xo is locally of finite presentation by Morphisms, Lemma

22.120 Since X Xy, Xo is quasi-compact and quasi-separated (Schemes, Remark
21.18)) we conclude from Lemma that A; : X; — X; xy; X; is an isomorphism

for some ¢ > 0. For this ¢ the morphism f; is a monomorphism. ([l

Lemma 7.11. Notation and assumptions as in Situation [7.1 If
(1) f is surjective, and
(2) fo is locally of finite presentation,
then there exists an i > 0 such that f; is surjective.
Proof. The morphism fy is of finite presentation. Hence E = fo(Xp) is a con-
structible subset of Yy, see Morphisms, Lemma, Since f; is the base change of

fo by Y; — Y, we see that the image of f; is the inverse image of E in Y;. Moreover,
we know that Y — Y; maps into E. Hence we win by Lemma [3.7] O

8. Finite type closed in finite presentation
A result of this type is [Kie72, Satz 2.10]. Another reference is [Con(7].

Lemmal 8.1. Let f: X — S be a morphism of schemes. Assume:
(1) The morphism f is locally of finite type.
(2) The scheme X is quasi-compact and quasi-separated.

Then there exists a morphism of finite presentation [’ : X' — S and an immersion
X — X' of schemes over S.

Proof. By Proposition[f.4]we can write X = lim; X; with each X; of finite type over
Z and with transition morphisms f;;; : X; — X,/ affine. Consider the commutative
diagram
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Note that X; is of finite presentation over Spec(Z), see Morphisms, Lemma [22.9]
Hence the base change X; g — S is of finite presentation by Morphisms, Lemma
22.4] Thus it suffices to show that the arrow X — X; g is an immersion for i
sufficiently large.

To do this we choose a finite affine open covering X = V3 U...UV,, such that f maps
each V; into an affine open U; C S. Let h;, € Ox(V;) be a finite set of elements
which generate Ox (V;) as an Og(Uj)-algebra, see Morphisms, Lemma [16.2] By
Lemmas and (after possibly shrinking I) we may assume that there exist
affine open coverings X; = Vi ; U... UV, ; compatible with transition maps such
that V; = lim; V; ;. By Lemma we can choose i so large that each h;, comes
from an element h;q; € Ox,(V;,;). Thus the arrow in

Vi — Uj Xspee(z) Vii = (Vi)u;, € (Vyi)s € Xis

is a closed immersion. Since |J(V})v, forms an open of X; 5 and since the inverse
image of (Vj;)u, in X is Vj it follows that X — X; ¢ is an immersion. O

Remark/ 8.2. We cannot do better than this if we do not assume more on S and
the morphism f : X — S. For example, in general it will not be possible to find a
closed immersion X — X’ as in the lemma. The reason is that this would imply
that f is quasi-compact which may not be the case. An example is to take S to be
infinite dimensional affine space with 0 doubled and X to be one of the two infinite
dimensional affine spaces.

Lemmal 8.3. Let f: X — S be a morphism of schemes. Assume:
(1) The morphism f is of locally of finite type.
(2) The scheme X is quasi-compact and quasi-separated, and
(3) The scheme S is quasi-separated.

Then there exists a morphism of finite presentation f' : X' — S and a closed
immersion X — X' of schemes over S.

Proof. By Lemma[8:I]above there exists a morphism Y — S of finite presentation
and an immersion ¢ : X — Y of schemes over S. For every point x € X, there
exists an affine open V,, C Y such that i~1(V,) — V, is a closed immersion. Since
X is quasi-compact we can find finitely may affine opens Vi,...,V,, C Y such
that i(X) C V4 U...UV, and i~ }(V;) — V; is a closed immersion. In other
words such that 7 : X — X’ = V; U... UV, is a closed immersion of schemes
over S. Since S is quasi-separated and Y is quasi-separated over S we deduce
that Y is quasi-separated, see Schemes, Lemma [21.13| Hence the open immersion
X' =ViU...UV, = Y is quasi-compact. This implies that X’ — Y is of finite
presentation, see Morphisms, Lemma[22.6] We conclude since then X’ — Y — S is
a composition of morphisms of finite presentation, and hence of finite presentation
(see Morphisms, Lemma [22.3)). (]

Lemmal 8.4. Let X — Y be a closed immersion of schemes. Assume Y quasi-
compact and quasi-separated. Then X can be written as a directed limit X = lim X
of schemes over Y where X; =Y is a closed immersion of finite presentation.

Proof. Let Z C Oy be the quasi-coherent sheaf of ideals defining X as a closed
subscheme of Y. By Properties, Lemma we can write Z as a directed colimit
T = colim;c; Z; of its quasi-coherent sheaves of ideals of finite type. Let X; C Y
be the closed subscheme defined by Z;. These form an inverse system of schemes
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indexed by I. The transition morphisms X; — X, are affine because they are
closed immersions. Each X; is quasi-compact and quasi-separated since it is a closed
subscheme of Y and Y is quasi-compact and quasi-separated by our assumptions.
We have X = lim; X; as follows directly from the fact that Z = colim;c; Z,. Each of
the morphisms X; — Y is of finite presentation, see Morphisms, Lemma[22.7 O

Lemmal 8.5. Let f: X — S be a morphism of schemes. Assume

(1) The morphism f is of locally of finite type.
(2) The scheme X is quasi-compact and quasi-separated, and
(3) The scheme S is quasi-separated.

Then X = lim X; where the X; — S are of finite presentation, the X; are quasi-
compact and quasi-separated, and the transition morphisms X;; — X; are closed
immersions (which implies that X — X; are closed immersions for all i).

Proof. By Lemma there is a closed immersion X — Y with Y — § of finite
presentation. Then Y is quasi-separated by Schemes, Lemma [21.13] Since X is
quasi-compact, we may assume Y is quasi-compact by replacing Y with a quasi-
compact open containing X. We see that X = lim X; with X; — Y a closed
immersion of finite presentation by Lemma The morphisms X; — S are of
finite presentation by Morphisms, Lemma [22.3 O

Proposition| 8.6. Let f: X — S be a morphism of schemes. Assume

(1) f is of finite type and separated, and
(2) S is quasi-compact and quasi-separated.

Then there exists a separated morphism of finite presentation ' : X' — S and a
closed immersion X — X' of schemes over S.

Proof. Apply Lemma/8.5|and note that X; — S is separated for large i by Lemma
as we have assumed that X — S is separated. O

Lemma 8.7. Let f: X — S be a morphism of schemes. Assume
(1) f is finite, and
(2) S is quasi-compact and quasi-separated.

Then there exists a morphism which is finite and of finite presentation [ : X' — S
and a closed immersion X — X' of schemes over S.

Proof. We may write X = lim X; as in Lemma[8.5] Applying Lemma [3.16] we see
that X; — S is finite for large enough 1. O

Lemmal 8.8. Let f: X — S be a morphism of schemes. Assume
(1) f is finite, and
(2) S quasi-compact and quasi-separated.

Then X is a directed limit X = lim X; where the transition maps are closed im-
mersions and the objects X; are finite and of finite presentation over S.

Proof. We may write X = lim X; as in Lemma[8.5] Applying Lemma [3.16] we see
that X; — S is finite for large enough 1. O
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9. Descending relative objects

The following lemma is typical of the type of results in this section. We write out
the “standard” proof completely. It may be faster to convince yourself that the
result is true than to read this proof.

Lemma 9.1. Let I be a directed partially ordered set. Let (S;, fiir) be an inverse
system of schemes over I. Assume

(1) the morphisms fiyr + S; — Sy are affine,

(2) the schemes S; are quasi-compact and quasi-separated.

Let S =1lim; S;. Then we have the following:

(1) For any morphism of finite presentation X — S there exists an index i € T
and a morphism of finite presentation X; — S; such that X = X, s as
schemes over S.

(2) Given an index i € I, schemes X;, Y; of finite presentation over S;, and
a morphism ¢ : X; s — Yi g over S, there exists an index i > i and a
morphism @i : X; 5., — Y; s, whose base change to S is .

(3) Given an index i € I, schemes X;, Y; of finite presentation over S; and
a pair of morphisms ;,v; : X; — Y; whose base changes ¢; s = ;5 are
equal, there exists an index i' > i such that v; s, =i s, -

In other words, the category of schemes of finite presentation over S is the colimit
over I of the categories of schemes of finite presentation over S;.

Proof. In case each of the schemes 5 is affine, and we consider only affine schemes
of finite presentation over S;, resp. S this lemma is equivalent to Algebra, Lemma
123.6] We claim that the affine case implies the lemma in general.

Let us prove (3). Suppose given an index i € I, schemes X;, Y; of finite presentation
over S; and a pair of morphisms p;,1; : X; — Y;. Assume that the base changes
are equal: @; ¢ = 1; 5. We will use the notation Xy = X; s, and Yy = Y; g, for
i >1i. Wealsoset X = X; g and Y =Y, g. Note that according to Lemma
we have X = limy>; Xy and similarly for Y. Additionally we denote y;; and )y
(resp. ¢ and %) the base change of ; and v¥; to S; (resp. S). So our assumption
means that ¢ = 1. Since Y; and X; are of finite presentation over S;, and since S;
is quasi-compact and quasi-separated, also X; and Y; are quasi-compact and quasi-
separated (see Morphisms, Lemma. Hence we may choose a finite affine open
covering Y; = [JV;; such that each V;; maps into an affine open of S. As above,
denote Vj;; the inverse image of V;; in Y; and Vj the inverse image in Y. The
immersions Vj ;» — Y;s are quasi-compact, and the inverse images U; i = ¢; ' (V}.ir)
and U7, = z/;i_l(Vj,i/) are quasi-compact opens of X;/. By assumption the inverse
images of V; under ¢ and ¢ in X are equal. Hence by Lemma @ there exists an
index ' > i such that of U; s = U ;, in X;». Choose an finite affine open covering
Ujir = Uj ;o = UWj i which induce coverings Uy ;v = U . = JWj v for all
1" > 1'. By the affine case there exists an index 7" such that y;» ‘Wj,k,i” = P ‘Wj,k,i”
for all j, k. Then ¢” is an index such that ;» = 1;» and (3) is proved.

Let us prove (2). Suppose given an index i € I, schemes X;, Y; of finite presentation
over S; and a morphism ¢ : X; g — Y; 5. We will use the notation Xy = X; 5., and
Yir =Y, for i’ >i. We also set X = X; g and Y =Y 5. Note that according
to Lemmawe have X = limy>; X and similarly for Y. Since Y; and X; are of
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finite presentation over .S;, and since S; is quasi-compact and quasi-separated, also
X; and Y; are quasi-compact and quasi-separated (see Morphisms, Lemma .
Hence we may choose a finite affine open covering ¥; = (JV;; such that each V} ;
maps into an affine open of S. As above, denote Vj;; the inverse image of V;; in
Y; and Vj the inverse image in Y. The immersions V; — Y are quasi-compact, and
the inverse images U; = p~(V;) are quasi-compact opens of X. Hence by Lemma
there exists an index i > ¢ and quasi-compact opens U, ;» of X, whose inverse
image in X is U;. Choose an finite affine open covering U; » = |J Wk which
induce affine open coverings Uj ;v = |JW; i for all i > i’ and an affine open
covering U; = |JWj 1. By the affine case there exists an index " and morphisms
©j ki s Wi — Vjn such that ¢lw, , = @j ki s for all j, k. By part (3) proved
above, there is a further index " > 4" such that

Qle,kl,i”,Sim ‘le,kl,i”/mwjg.kz,i/” - Sojg,kg,’i”,siul |Wj1.k1,i”’ijz,kQ,i/”

for all j1, 72, k1, k2. Then " is an index such that there exists a morphism ;- :
X, — Y whose base change to S gives ¢. Hence (2) holds.

Let us prove (1). Suppose given a scheme X of finite presentation over S. Since X is
of finite presentation over S, and since S is quasi-compact and quasi-separated, also
X is quasi-compact and quasi-separated (see Morphisms, Lemma. Choose a
finite affine open covering X = | J U; such that each U; maps into an affine open V; C
S. Denote Uj1j2 = Uj1 ﬂU]’Q and Uj1j2j3 = Uj1 ﬂsz ﬂUjS. By Lemmas@and
we can find an index 4, and affine opens V; ;, C S;, such that each V is the inverse of
thisin S. Let V}; be the inverse image of V;;, in S; for ¢ > 4;. By the affine case we
may find an index ¢2 > ¢; and affine schemes U;;, — Vi, such that U; = S><5i2 Uji,
is the base change. Denote U;; = S; T for i > i5. By Lemma there
exists an index i3 > 73 and open subschemes W}, ;, i, C Uj, 4, whose base change to
S is equal to Uj, j,. Denote Wy, j, i = Si xs,, Wy, j,.i5 for i > i3. By part (2) shown
above there exists an index i4 > i3 and morphisms ¢;, j, i, : Wi, joia — Wiz i1 ia
whose base change to S gives the identity morphism Uj, ;, = Uj,;, for all j1, jo. For
all i > i4 denote @;, j, ;s =idg X ©;, j, i, the base change. We claim that for some
is = ia the system ((Ujis)j, Wiy o is)jr.dos (91,2 .is )jr.j2) forms a glueing datum
as in Schemes, Section In order to see this we have to verify that for ¢ large
enough we have

_1 _ . . . . . .
Spjl,jg,i(thsz N Wj17j37i) = W]h]zﬂ N WJlJSﬂ

and that for large enough ¢ the cocycle condition holds. The first condition follows
from Lemma and the fact that Uj,j,;, = Uj,j,.j,. The second from part (1)
of the lemma proved above and the fact that the cocycle condition holds for the
maps id : Uj j, = Uj,j,. Ok, so now we can use Schemes, Lemma to glue
the system ((Uj.is )55 (Wi ja.is )irga» (9i1.ga.is )i g2) 1O et a scheme Xy — Sy, By
construction the base change of X;, to S is formed by glueing the open affines U;
along the opens Uj, < Uj,j, = Uj,. Hence S x5, X;; = X as desired. g

Lemma 9.2. Let I be a directed partially ordered set. Let (S;, fiir) be an inverse
system of schemes over I. Assume

(1) all the morphisms fi; : S; — Sy are affine,

(2) all the schemes S; are quasi-compact and quasi-separated.
Let S =1lim; S;. Then we have the following:
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(1) For any sheaf of Og-modules F of finite presentation there exists an index
i € I and a sheaf of Og,-modules of finite presentation F; such that F =
£,

(2) Suppose given an index i € I, sheaves of Og,-modules F;, G; of finite pre-
sentation and a morphism ¢ : ffF; — fFG; over S. Then there exists an
index i’ > i and a morphism @y @ f5,Fi — f5.Gi whose base change to S
is .

(3) Suppose given an index i € I, sheaves of Og,-modules F;, G; of finite pre-
sentation and a pair of morphisms @;,v; : F; — G;. Assume that the base
changes are equal: fFp; = fF;. Then there exists an index i’ > i such
that [ = fibi.

In other words, the category of modules of finite presentation over S is the colimit
over I of the categories modules of finite presentation over S;.

Proof. Omitted. Since we have written out completely the proof of Lemma [9.1
above it seems wise to use this here and not completely write this proof out also.
For example we can use:

(1) there is an equivalence of categories between quasi-coherent Og-modules
and vector bundles over S, see Constructions, Section [6]

(2) a vector bundle V(F) — S is of finite presentation over S if and only if F
is an Og-module of finite presentation.

Then you can descend morphisms in terms of morphisms of the associated vector-
bundles. Similarly for objects. O

Lemma 9.3. With notation and assumptions as in Lemmal[9.1l Leti € I. Suppose
that p; : X; — Y; is a morphism of schemes of finite presentation over S; and that
Fi is a quasi-coherent Ox,-module of finite presentation. If the pullback of F; to
Xixg, S is flat over'Y; x g, S, then there exists an index i’ > i such that the pullback
of Fi to X; xs, Sy is flat over Y; xg, Sir.

Proof. (This lemma is the analogue of Lemma [7.6| for modules.) For ¢’ > i denote
Xy =Sy xg, X4y, Fir = (Xy — X;)*F; and similarly for Y;,. Denote ¢, the base
change of ¢; to Si. Alsoset X = S xg, X;, Y = S x5, X;, F = (X — X))*F;
and ¢ the base change of ¢; to S. Let Y; = Uj:l,---,m Vj,i be a finite affine open
covering such that each V;; maps into some affine open of S;. Foreach j =1,...m
let ;' (Vj,) = Uk=1,....im(j) Ukj,i be a finite affine open covering. For i > i we
denote Vj; the inverse image of Vj;; in Yy and Uy ;,+ the inverse image of Uy ;;
in X;. Similarly we have Uy ; C X and V; C Y. Then Uy ; = limy>; Uy 5, and
V; = limy>; V; (see Lemma . Since X; = Ukj Uy, j. is a finite open covering
it suffices to prove the lemma for each of the morphisms Uy ;; — Vj; and the sheaf
—7:i|Uk,j,» Hence we see that the lemma reduces to the case that X; and Y; are affine

i

and map into an affine open of S;, i.e., we may also assume that S is affine.

In the affine case we reduce to the following algebra result. Suppose that R =
colim;c; R;. For some i € I suppose given a map A; — B; of finitely presented
R;-algebras. Let N; be a finitely presented B;-module. Then, if R ®pg, N; is flat
over R ®pg, A;, then for some ¢’ > i the module R ®g, N; is flat over Ry ®pg, A.
This is exactly the result proved in Algebra, Lemma part (3). (I
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10. Characterizing affine schemes

If f: X — S is a surjective integral morphism of schemes such that X is an affine
scheme then S is affine too. See [Con07, A.2]. Our proof relies on the Noetherian
case which we stated and proved in Cohomology of Schemes, Lemma [13.3] See also
[DG67, 1T 6.7.1].

Lemma 10.1. Let f : X — S be a morphism of schemes. Assume that f is
surjective and finite, and assume that X is affine. Then S is affine.

Proof. Since f is surjective and X is quasi-compact we see that S is quasi-compact.
Since X is separated and f is surjective and universally closed (Morphisms, Lemma

44.7), we see that S is separated (Morphisms, Lemma [42.11)).

By Lemma [8.8 we can write X = lim, X, with X, — S finite and of finite presen-
tation. By Lemma we see that X, is affine for some a € A. Replacing X by
X, we may assume that X — S is surjective, finite, of finite presentation and that
X is affine.

By Proposition we may write S = lim;c;S; as a directed limits as schemes
of finite type over Z. By Lemma [9.1] we can after shrinking I assume there exist
schemes X; — S; of finite presentation such that X;; = X; xg Sy for i/ > i and
such that X = lim; X;. By Lemma we may assume that X; — S; is finite for
all i € I as well. By Lemma [3.10] once again we may assume that X; is affine for
all + € I. Hence the result follows from the Noetherian case, see Cohomology of
Schemes, Lemma, [13.3 (I

Proposition| 10.2. Let f : X — S be a morphism of schemes. Assume that f is
surjective and integral, and assume that X is affine. Then S is affine.

Proof. Since f is surjective and X is quasi-compact we see that S is quasi-compact.
Since X is separated and f is surjective and universally closed (Morphisms, Lemma
[44.7), we see that S is separated (Morphisms, Lemma [42.11]).

By Lemma we can write X = lim; X; with X; — S finite. By Lemma we
see that for ¢ sufficiently large the scheme X; is affine. Moreover, since X — S
factors through each X; we see that X; — S is surjective. Hence we conclude that
S is affine by Lemma [10.1 O

Lemma 10.3. Let X be a scheme which is set theoretically the union of finitely
many affine closed subschemes. Then X is affine.

Proof. Let Z; C X, i=1,...,n be affine closed subschemes such that X = |J Z;
set theoretically. Then [[Z; — X is surjective and integral with affine source.
Hence X is affine by Proposition [10.2 (]

Lemma 10.4. Leti: Z — X be a closed immersion of schemes inducing a home-
omorphism of underlying topological spaces. Let L be an invertible sheaf on X. If
i*L is ample on Z, then L is ample on X.

Proof. Since i*L is ample we see that Z is quasi-compact (Properties, Definition
24.1) and separated (Properties, Lemma [24.9). Since i is surjective, we see that
X is quasi-compact. Since ¢ is universally closed and surjective, we see that X is

separated (Morphisms, Lemma [42.11]).
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By Proposition[f.4)we can write X = lim X; as a directed limit of finite type schemes
over Z with affine transition morphisms. We can find an ¢ and an invertible sheaf
L; on X; whose pullback to X is isomorphic to £, see Lemma [9.2

For each i let Z; C X; be the scheme theoretic image of the morphism Z — X. If
Spec(4;) C X, is an affine open subscheme with inverse image of Spec(A) in X and
if Z N Spec(A) is defined by the ideal I C A, then Z; N Spec(A4;) is defined by the
ideal I; C A; which is the inverse image of I in A; under the ring map A; — A, see
Morphisms, Example Since colim A;/I; = A/I it follows that lim Z; = Z. By
Lemma we see that £;|z, is ample for some i. Since Z and hence X maps into
Z; set theoretically, we see that X;; — X; maps into Z; set theoretically for some
i > i, see Lemma (Observe that since X; is Noetherian, every closed subset
of X; is constructible.) Let T'C X,/ be the scheme theoretic inverse image of Z; in
X;. Observe that Ly |7 is the pullback of £;|z, and hence ample by Morphisms,
Lemma [38.7] and the fact that T — Z; is an affine morphism. Thus we see that
L; is ample on X;; by Cohomology of Schemes, Lemma Pulling back to X
(using the same lemma as above) we find that £ is ample. O

11. Variants of Chow’s Lemma

In this section we prove a number of variants of Chow’s lemma. The most inter-
esting version is probably just the Noetherian case, which we stated and proved in
Cohomology of Schemes, Section

Lemma 11.1. Let S be a quasi-compact and quasi-separated scheme. Let f: X —
S be a separated morphism of finite type. Then there exists ann > 0 and a diagram

X<~—X —P}
S
where X" — P is an immersion, and 7 : X' — X is proper and surjective.

Proof. By Proposition [8.:6] we can find a closed immersion X — Y where Y is
separated and of finite presentation over S. Clearly, if we prove the assertion for Y,
then the result follows for X. Hence we may assume that X is of finite presentation
over S.

Write S = lim; S; as a directed limit of Noetherian schemes, see Proposition[£.4 By
Lemma we can find an index ¢ € I and a scheme X; — S; of finite presentation
so that X =S xg, X;. By Lemma we may assume that X; — §; is separated.
Clearly, if we prove the assertion for X; over S;, then the assertion holds for X.
The case X; — 5; is treated by Cohomology of Schemes, Lemma [16.1 O

Here is a variant of Chow’s lemma where we assume the scheme on top has finitely
many irreducible components.

Lemma 11.2. Let S be a quasi-compact and quasi-separated scheme. Let f :
X — S be a separated morphism of finite type. Assume that X has finitely many
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irreducible components. Then there exists an n > 0 and a diagram
X<~—X —P}
S
where X' — PY% is an immersion, and m : X' — X is proper and surjective.

Moreover, there exists an open dense subscheme U C X such that m=*(U) — U is
an isomorphism of schemes.

Proof. Let X = Z; U...U Z, be the decomposition of X into irreducible compo-
nents. Let n; € Z; be the generic point.

There are (at least) two ways to proceed with the proof. The first is to redo the
proof of Cohomology of Schemes, Lemma[16.1| using the general Properties, Lemma
to find suitable affine opens in X. (This is the “standard” proof.) The second
is to use absolute Noetherian approximation as in the proof of Lemma above.
This is what we will do here.

By Proposition[8.6]we can find a closed immersion X — Y where Y is separated and
of finite presentation over S. Write S = lim; S; as a directed limit of Noetherian
schemes, see Proposition {4 By Lemma we can find an index ¢ € I and a
scheme Y; — 5; of finite presentation so that ¥ = S xg, Y;. By Lemmawe may
assume that Y; — S; is separated. We have the following diagram

4>Sz

nj € Zj X Y

N

For ¢/ > i write Yy = Sy Xg, ¥;. Then Y = lim;>; Yy, see Lemma Choose
j.i" €{1,...,n}, j # j'. Note that n; is not a specialization of n;,. By Lemma [3.2]
we can replace ¢ by a bigger index and assume that h(n;) is not a specialization of
h(n;js) for all pairs (j, ;) as above. For such an index, let Y’ C Y; be the scheme
theoretic image of h : X — Y;, see Morphisms, Definition The morphism
h is quasi-compact as the composition of the quasi-compact morphisms X — Y
and Y — Y; (which is affine). Hence by Morphisms, Lemma the morphism
X — Y’ is dominant. Thus the generic points of Y’ are all contained in the
set {h(n1),...,h(nm)}, see Morphisms, Lemma Since none of the h(n;) is the
specialization of another we see that the points h(n1), ..., h(n,) are pairwise distinct
and are each a generic point of Y.

Denote h : X — Y; the composition.

We apply Cohomology of Schemes, Lemma above to the morphism Y’ — S;.
This gives a diagram

Y ~—Y* —— 143

N

i
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such that 7 is proper and surjective and an isomorphism over a dense open sub-
scheme V C Y’. By our choice of i above we know that h(n),...,h(n,) € V.
Consider the commutative diagram

XI:X Xy Y*HY*HPQ

A

Note that X’ — X is an isomorphism over the open subscheme U = h~1(V) which
contains each of the 7; and hence is dense in X. We conclude X + X’ — P is a
solution to the problem posed in the lemma. O

12. Applications of Chow’s lemma

We can use Chow’s lemma to investigate the notions of proper and separated mor-
phisms. As a first application we have the following.

Lemmal 12.1. Let S be a scheme. Let f : X — S be a separated morphism of
finite type. The following are equivalent:
(1) The morphism f is proper.
(2) For any morphism S’ — S which is locally of finite type the base change
Xg — 8" is closed.
(3) For every n >0 the morphism A™ x X — A™ x S is closed.

Proof. Clearly (1) implies (2), and (2) implies (3), so we just need to show (3)
implies (1). First we reduce to the case when S is affine. Assume that (3) implies
(1) when the base is affine. Now let f : X — S be a separated morphism of
finite type. Being proper is local on the base (see Morphisms, Lemma , so if
S = U, Sa is an open affine cover, and if we denote X, := f71(S,), then it is
enough to show that f|x, : X, — S, is proper for all a. Since S, is affine, if the
map f|x, satisfies (3), then it will satisfy (1) by assumption, and will be proper.
To finish the reduction to the case S is affine, we must show that if f: X — S is
separated of finite type satisfying (3), then f|x_, : Xo — Su is separated of finite
type satisfying (3). Separatedness and finite type are clear. To see (3), notice that
A" x X, is the open preimage of A™ x S, under the map 1 x f. Fix a closed set
Z C A™ x X,. Let Z denote the closure of Z in A™ x X. Then for topological
reasons,

Ix f(Z)NA™ xS, =1x f(Z).

Hence 1 x f(Z) is closed, and we have reduced the proof of (3) = (1) to the affine
case.

Assume S affine, and f : X — S separated of finite type. We can apply Chow’s
Lemmato get m: X’ — X proper surjective and X’ — P% an immersion. If X
is proper over S, then X’ — S is proper (Morphisms, Lemma. Since P% — S
is separated, we conclude that X’ — P% is proper (Morphisms, Lemma and
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hence a closed immersion (Schemes, Lemma [10.4). Conversely, assume X' — P%
is a closed immersion. Consider the diagram:

(12.1.1) X —>Pn

1,

X——S

All maps are a priori proper except for X — S. Hence we conclude that X — S
is proper by Morphisms, Lemma Therefore, we have shown that X — S is
proper if and only if X’ — P% is a closed immersion.

Assume S is affine and (3) holds, and let n, X',  be as above. Since being a closed
morphism is local on the base, the map X x P™ — S x P" is closed since by (3)
X X A" — § x A" is closed and since projective space is covered by copies of
affine n-space, see Constructions, Lemma By Morphisms, Lemma the
morphism
X' xsP%— X xgPt=XxP"
is proper. Since P" is separated, the projection
X' xg Pt =Py — X'

will be separated as it is just a base change of a separated morphism. Therefore,
the map X’ — X’ xg P% is proper, since it is a section to a separated map (see
Schemes, Lemma [21.12f). Composing all these proper morphisms

X' 5 X' xs P> X xgPé=XxP" = S xP"=P%
we see that the map X’ — P% is proper, and hence a closed immersion. O

If the base is Noetherian we can show that the valuative criterion holds using only
discrete valuation rings. First we state the result concerning separation. We will
often use solid commutative diagrams of morphisms of schemes having the following
shape

(12.1.2) Spec(K) ——= X

| ]

Spec(A) —— S
with A a valuation ring and K its field of fractions.

Lemma 12.2. Let S be a locally Noetherian scheme. Let f : X — S be a morphism
of schemes. Assume [ is locally of finite type. The following are equivalent:

(1) The morphism f is separated.

(2) For any diagram there is at most one dotted arrow.

(3) For all diagrams with A a discrete valuation ring there is at most
one dotted arrow.

(4) For any irreducible component Xo of X with generic point n € Xq, for
any discrete valuation ring A C K = k(n) with fraction field K and any
diagram such that the morphism Spec(K) — X is the canonical
one (see Schemes, Section|[15) there is at most one dotted arrow.
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Proof. Clearly (1) implies (2), (2) implies (3), and (3) implies (4). It remains
to show (4) implies (1). Assume (4). We begin by reducing to S affine. Being
separated is a local on the base (see Schemes, Lemma. Hence, as in the proof
of Lemma if we can show that whenever X — S has (4) that the restriction
X4 — S, has (4) where S, C S is an (affine) open subset and X,, := f~1(S,), then
we will be done. The generic points of the irreducible components of X, will be the
generic points of irreducible components of X, since X, is open in X. Therefore,
any two distinct dotted arrows in the diagram

(12.2.1) Spec(K) — X,

|

Spec(4) ——= S,

would then give two distinct arrows in diagram via the maps X, — X and
So — S, which is a contradiction. Thus we have reduced to the case S is affine.
We remark that in the course of this reduction, we prove that if X — S has (4)
then the restriction U — V has (4) for opens U C X and V C S with f(U) C V.

We next wish to reduce to the case X — S is finite type. Assume that we know
(4) implies (1) when X is finite type. Since S is Noetherian and X is locally of
finite type over S we see X is locally Noetherian as well (see Morphisms, Lemma
16.6)). Thus, X — S is quasi-separated (see Properties, Lemma, and therefore
we may apply the valuative criterion to check whether X is separated (see Schemes,
Lemma[22.2)). Let X = |J, X, be an affine open cover of X. Given any two dotted
arrows, in a diagram , the image of the closed points of Spec A will fall in
two sets X, and Xg. Since X, UXg is open, for topological reasons it must contain
the image of Spec(A) under both maps. Therefore, the two dotted arrows factor
through X, UXg — X, which is a scheme of finite type over S. Since X,UXpg is an
open subset of X, by our previous remark, X, U X3 satisfies (4), so by assumption,
is separated. This implies the two given dotted arrows are the same. Therefore, we
have reduced to X — S is finite type.

Assume X — S of finite type and assume (4). Since X — S is finite type, and
S is an affine Noetherian scheme, X is also Noetherian (see Morphisms, Lemma
[16.6). Therefore, X — X xg X will be a quasi-compact immersion of Noetherian
schemes. We proceed by contradiction. Assume that X — X x¢ X is not closed.
Then, there is some y € X xg X in the closure of the image that is not in the
image. As X is Noetherian it has finitely many irreducible components. Therefore,
y is in the closure of the image of one of the irreducible components Xy C X. Give
X the reduced induced structure. The composition X —» X — X xg X factors
through the closed subscheme Xy xg Xo C X xg X. Denote the closure of A(Xj)
in Xg x5 Xo by Xo (again as a reduced closed subscheme). Thus y € X,. Since
Xo — Xo Xg X is an immersion, the image of X, will be open in Xo. Hence X,
and X, are birational. Since X is a closed subscheme of a Noetherian scheme,
it is Noetherian. Thus, the local ring Ox, , is a local Noetherian domain with
fraction field K equal to the function field of Xy. By the Krull-Akizuki theorem
(see Algebra, Lemma , there exists a discrete valuation ring A dominating
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Ox,,, with fraction field K. This allows to to construct a diagram:

(12.2.2) Spec K ——— X,

7
-
~

A/;>Xo ><5X0

which sends Spec K to the generic point of A(X() and the closed point of A to
y € Xo xg Xo (use the material in Schemes, Section to construct the arrows).
There cannot even exist a set theoretic dotted arrow, since y is not in the image
of A by our choice of y. By categorical means, the existence of the dotted arrow
in the above diagram is equivalent to the uniqueness of the dotted arrow in the
following diagram:

(12.2.3) Spec K —— X
|
A~ S

Therefore, we have non-uniqueness in this latter diagram by the nonexistence in
the first. Therefore, X does not satisfy uniqueness for discrete valuation rings, and
since Xy is an irreducible component of X, we have that X — S does not satisfy
(4). Therefore, we have shown (4) implies (1). O

Lemma 12.3. Let S be a locally Noetherian scheme. Let f : X — S be a morphism
of finite type. The following are equivalent:

(1) The morphism f is proper.

(2) For any diagram (12.1.2) there exists exactly one dotted arrow.

(3) For all diagrams (12.1.2) with A a discrete valuation ring there exists ex-
actly one dotted arrow.

(4) For any irreducible component Xo of X with generic point n € Xo, for
any discrete valuation ring A C K = k(n) with fraction field K and any
diagram such that the morphism Spec(K) — X is the canonical
one (see Schemes, Section[15) there exists exactly one dotted arrow.

Proof. (1) implies (2) implies (3) implies (4). We will now show (4) implies (1). As
in the proof of Lemma [12.2] we can reduce to the case S is affine, since properness
is local on the base, and if X — S satisfies (4), then X, — S, does as well for open
So C S and X, = f71(S.).

Now S is a Noetherian scheme, and so X is as well, since X — S is of finite type.
Now we may use Chow’s lemma (Cohomology of Schemes, Lemma to get a
surjective, proper, birational X’ — X and an immersion X’ — P%. We wish to
show X — S is universally closed. As in the proof of Lemma [12.1] it is enough to
check that X’ — P% is a closed immersion. For the sake of contradiction, assume
that X’ — P% is not a closed immersion. Then there is some y € P’ that is in the
closure of the image of X’, but is not in the image. So y is in the closure of the
image of an irreducible component X{ of X’, but not in the image. Let X} C P2
be the closure of the image of X{. As X' — P% is an immersion of Noetherian
schemes, the morphism X} — X{ is open and dense. By Algebra, Lemma
or Properties, Lemma we can find a discrete valuation ring A dominating O X4


http://localhost:8080/tag/0208

30 LIMITS OF SCHEMES

and with identical field of fractions K. It is clear that K is the residue field at the
generic point of X(). Thus the solid commutative diagram

(12.3.1) Spec K —— X' —— P¥

| A

Spec A— —>X ——> 8

Note that the closed point of A maps to y € P%. By construction, there does not
exist a set theoretic lift to X’. As X’ — X is birational, the image of X in X is
an irreducible component Xy of X and K is also identified with the function field
of Xo. Hence, as X — S is assumed to satisfy (4), the dotted arrow Spec(A4) —
X exists. Since X’ — X is proper, the dotted arrow lifts to the dotted arrow
Spec(A) — X' (use Schemes, Proposition . We can compose this with the
immersion X’ — P% to obtain another morphism (not depicted in the diagram)
from Spec(A) — P%. Since P% is proper over S, it satisfies (2), and so these two
morphisms agree. This is a contradiction, for we have constructed the forbidden
lift of our original map Spec(4) — P% to X'. O

Here is an application of Chow’s lemma which goes in a slightly different direction.

Lemma 12.4. Assumptions and notation as in Situation[7.1] If
(1) f is proper, and
(2) fo is locally of finite type,

then there exists an i such that f; is proper.

Proof. By Lemma we see that f; is separated for some ¢ > 0. Replacing 0
by i we may assume that fy is separated. Observe that fy is quasi-compact, see
Schemes, Lemma [21.15] By Lemma [11.1| we can choose a diagram

/ n
Xo <TX0 *>PYO

NS

Yo

where X — Py, is an immersion, and 7 : X§ — Xj is proper and surjective.
Introduce X’ = X} xy, Y and X] = X xy, ¥;. By Morphisms, Lemmas [42.4]
and we see that X’ — Y is proper. Hence X' — P% is a closed immersion
(Morphisms, Lemma [42.7). By Morphisms, Lemma it suffices to prove that
X! — Y; is proper for some i. By Lemma we find that X] — PY. is a closed
immersion for ¢ large enough. Then X; — Y; is proper and we win. t

Lemmal 12.5. Let f : X — S be a proper morphism with S quasi-compact and
quasi-separated. Then X = lim X; with X; — S proper and of finite presentation.

Proof. By Proposition[8.6we can find a closed immersion X — Y with Y separated
and of finite presentation over S. By Lemma we can find a diagram

Y<TY’*>P7§

N
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where Y/ — P% is an immersion, and 7 : Y’ — Y is proper and surjective. By
Lemma [8.4) we can write X = lim X; with X; — Y a closed immersion of finite
presentation. Denote X! C Y’, resp. X’ C Y’ the scheme theoretic inverse image
of X; CY,resp. X CY. Then lim X/ = X’. Since X’ — S is proper (Morphisms,
Lemmas , we see that X’ — P% is a closed immersion (Morphisms, Lemma
42.7)). Hence for i large enough we find that X — P% is a closed immersion by
Lemma Thus X/ is proper over S. For such ¢ the morphism X; — S is proper
by Morphisms, Lemma [42.8 (]

Lemma 12.6. Let f : X — S be a proper morphism with S quasi-compact and
quasi-separated. Then (X — S) = lim(X; — S;) with S; of finite type over Z and
X; — S; proper and of finite presentation.

Proof. By Lemma we can write X = limgecx Xy with X — S proper and
of finite presentation. Next, by absolute Noetherian approximation (Proposition
we can write S = lim;c; S; with S of finite type over Z. For each k there
exists a j and a morphism Xj, ; — S; of finite presentation with X = 5 xg. Xy ;
as schemes over S, see Lemma After increasing j we may assume Xy ; — S
is proper, see Lemma The set I will be consist of these pairs (k,j) and the
corresponding morphism is Xy ; — S;. For every k' > k we can find a j/ > j and a
morphism X/ i» — X 1 over S;7 — §; whose base change to S gives the morphism
X — X (follows again from Lemma . These morphisms form the transition
morphisms of the system. Some details omitted. O

Recall the scheme theoretic support of a finite type quasi-coherent module, see
Morphisms, Definition [5.5]

Lemma 12.7. Assumptions and notation as in Situation[71l Let Fo be a quasi-
coherent Ox,-module. Denote F and F; the pullbacks of Fy to X and X;. Assume

(1) fo is locally of finite type,
(2) Fo is of finite type,
(3) the scheme theoretic support of F is proper over Y.

Then the scheme theoretic support of F; is proper over Y; for some i.

Proof. We may replace X by the scheme theoretic support of Fy. By Morphisms,
Lemma[5.3| this guarantees that X; is the support of F; and X is the support of F.
Then, if Z C X denotes the scheme theoretic support of F, we see that Z — X is
a universal homeomorphism. We conclude that X — Y is proper as this is true for
Z — 'Y by assumption, see Morphisms, Lemma By Lemma we see that
X; — Y is proper for some i. Then it follows that the scheme theoretic support Z;
of F; is proper over Y by Morphisms, Lemmas and O

13. Universally closed morphisms

In this section we discuss when a quasi-compact but not necessarily separated
morphism is universally closed. We first prove a lemma which will allow us to check
universal closedness after a base change which is locally of finite presentation.

Lemma 13.1. Let f : X — S be a quasi-compact morphism of schemes. Let
g:T — S be a morphism of schemes. Lett € T be a point and Z C Xp be a closed
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subscheme such that Z N Xy = 0. Then there exists an open neighbourhood V.C T
of t, a commutative diagram

V—sT

T

lb
S
and a closed subscheme Z' C X+ such that

(1) the morphism b:T" — S is locally of finite presentation,
(2) with t' = a(t) we have Z' N Xy = 0, and
(3) ZN Xy maps into Z' via the morphism Xy — Xpr.

<

a
g
E—

Proof. Let s = g(t). During the proof we may always replace T by an open
neighbourhood of ¢t. Hence we may also replace S by an open neighbourhood of
s. Thus we may and do assume that T and S are affine. Say S = Spec(A4),
T = Spec(B), g is given by the ring map A — B, and ¢ correspond to the prime
ideal q C B.

As X — S is quasi-compact and S is affine we may write X = Ui:h“’n U;
as a finite union of affine opens. Write U; = Spec(C;). In particular we have
Xt = Ui:l,...,n Uir = Ui:17...n Spec(C; ®a4 B). Let I; C C; @4 B be the ideal
corresponding to the closed subscheme Z NU; r. The condition that Z N X, = 0
signifies that I; generates the unit ideal in the ring

Ci @4 £(q) = (B\a)"" (C; ®a B/qC; @4 B)

Since I;(B\ q)"1(C; ®4 B) = (B\ q) " *I; this means that 1 = z;/g; for some z; € I,
and g; € B, g; ¢ q. Thus, clearing denominators we can find a relation of the form

i + Zj fijCij = gi

with x; € I;, fi; € q, ¢ij € C; ®a B, and g; € B, g; ¢ q. After replacing B
by By, .. g., i.€., after replacing T' by a smaller affine neighbourhood of ¢, we may
assume the equations read

T + Zj fijcij =1

with z; € I;, fi,j €4q,¢ € C; ®4 B.
To finish the argument write B as a colimit of finitely presented A-algebras B
over a directed partially ordered set A. For each \ set qx = (Bx — B)~!(q). For
sufficiently large A € A we can find

(1) an element z; » € C; ®4 By which maps to ;,

(2) elements f; jx € q; x mapping to f; ;, and

(3) elements ¢; ; » € C; ®4 By mapping to ¢; ;.
After increasing A a bit more the equation

T+ E jfi,j,ACm,A =1

will hold. Fix such a A and set 77 = Spec(By). Then ¢’ € T' is the point corre-
sponding to the prime qy. Finally, let Z’ C X7+ be the scheme theoretic closure of
Z — Xt — X7. As X7 — X7 is affine, we can compute Z’ on the affine open
pieces U; v as the closed subscheme associated to Ker(C; ®4 By — C; ® 4 B/1L;),
see Morphisms, Example Hence x; 5 is in the ideal defining Z’. Thus the last
displayed equation shows that Z’ N Xy is empty. (]
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Lemma 13.2. Let f : X — S be a quasi-compact morphism of schemes. The
following are equivalent

(1) f is universally closed,

(2) for every morphism S" — S which is locally of finite presentation the base
change Xgr — S’ is closed, and

(3) for every m the morphism A™ x X — A™ x S is closed.

Proof. It is clear that (1) implies (2). Let us prove that (2) implies (1). Suppose
that the base change X1 — T is not closed for some scheme T over S. By Schemes,
Lemma this means that there exists some specialization ¢; ~ ¢t in T and a
point £ € X mapping to ¢; such that £ does not specialize to a point in the fibre
over t. Set Z = @ C Xr. Then ZNX; = 0. Apply Lemma We find an open
neighbourhood V' C T of ¢, a commutative diagram

V?T’

L, b

T—g>57

and a closed subscheme Z’ C X7+ such that

(1) the morphism b: T — S is locally of finite presentation,

(2) with ¢’ = a(t) we have Z' N Xy = (), and

(3) ZN Xy maps into Z’ via the morphism Xy — Xr.
Clearly this means that X7 — T’ maps the closed subset Z’ to a subset of T’
which contains a(t;) but not ¢ = a(t). Since a(t;) ~~ a(t) = ¢’ we conclude that
X7, — T" is not closed. Hence we have shown that X — S not universally closed
implies that X7 — T’ is not closed for some 7" — S which is locally of finite
presentation. In order words (2) implies (1).

Assume that A™ x X — A" x S is closed for every integer n. We want to prove
that X7 — T is closed for every scheme T which is locally of finite presentation
over S. We may of course assume that T is affine and maps into an affine open V'
of S (since X7 — T being a closed is local on T). In this case there exists a closed
immersion ' — A™ x V because Or(T) is a finitely presented Og(V')-algebra, see
Morphisms, Lemma Then T — A™ x S is a locally closed immersion. Hence
we get a cartesian diagram

Xr—A"x X

o

T——A"xS

of schemes where the horizontal arrows are locally closed immersions. Hence any
closed subset Z C Xt can be written as X7NZ’ for some closed subset Z’ C A" x X.
Then fr(Z) = TN f,(Z') and we see that if f, is closed, then also fr is closed. O

Lemmal 13.3. Let f: X — S be a finite type morphism of schemes. Assume S is
locally Noetherian. Then the following are equivalent

(1) f is universally closed,
(2) for every n the morphism A™ x X — A™ x S is closed,
(3) for any diagram there exists some dotted arrow,
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(4) for all diagrams with A a discrete valuation ring there exists some
dotted arrow.

Proof. The equivalence of (1) and (2) is a special case of Lemma[13.2} The equiv-
alence of (1) and (3) is a special case of Schemes, Proposition Trivially (3)
implies (4). Thus all we have to do is prove that (4) implies (2). We will prove that
A" x X — A™ x S is closed by the criterion of Schemes, Lemma [19.8] Pick n and
a specialization z ~» 2’ of points in A™ x S and a point y € A™ x X lying over z.
Note that x(y) is a finitely generated field extension of k(z) as A" x X — A" x §
is of finite type. Hence by Properties, Lemma [5.9) or Algebra, Lemma im-
plies that there exists a discrete valuation ring A C x(y) with fraction field x(z)
dominating the image of Oanxg . in k(z). This gives a commutative diagram

Spec(k(y)) —= A" x X —= X

L

Spec(A) ——= A" x S ——= S

Now property (4) implies that there exists a morphism Spec(A) — X which fits
into this diagram. Since we already have the morphism Spec(A) — A™ from the
left lower horizontal arrow we also get a morphism Spec(A4) — A™ x X fitting into
the left square. Thus the image 3’ € A™ x X of the closed point is a specialization
of y lying over z’. This proves that specializations lift along A™ x X — A" x S
and we win. (]

14. Limits and dimensions of fibres

The following lemma is most often used in the situation of Lemma [0.1] to assure
that if the fibres of the limit have dimension < d, then the fibres at some finite
stage have dimension < d.

Lemma 14.1. Let I be a directed partially ordered set. Let (f; : X; — S;) be an
inverse system of morphisms of schemes over I. Assume

(1) all the morphisms Sy — S; are affine,

(2) all the schemes S; are quasi-compact and quasi-separated,

(3) the morphisms f; are of finite type, and

(4) the morphisms Xy — X; xg, Si are closed immersions.

Let f: X =1lim; X; — S = 1lim; S; be the limit. Let d > 0. If every fibre of f has
dimension < d, then for some i every fibre of f; has dimension < d.

Proof. For each i let U; = {z € X; | dim,((X;)f, () < d}. This is an open subset
of X;, see Morphisms, Lemma Set Z; = X;\U; (with reduced induced scheme
structure). We have to show that Z; = () for some ¢. If not, then Z = lim Z; # 0,
see Lemma [3.4] Say z € Z is a point. Note that Z C X is a closed subscheme. Set
s = f(z). For each i let s; € S; be the image of s. We remark that Z is the limit
of the schemes (Z;)s, and Z; is also the limit of the schemes (Z;)s, base changed
to k(s). Moreover, all the morphisms

Zs — (Zi’)si/ XSpec(rz(si/)) Spec("i(s)) — (Zz)sl XSpec(n(si)) Spec(ﬁ(s)) — Xs

are closed immersions by assumption (4). Hence Z, is the scheme theoretic inter-
section of the closed subschemes (Z;)s, Xspec(r(s;)) SPec(k(s)) in X,. Since all the
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irreducible components of the schemes (Z;)s, Xgpec(r(s;)) SPec(k(s)) have dimen-
sion > d and contain z we conclude that Zs contains an irreducible component of
dimension > d passing through z which contradicts the fact that Z;, C X and
dim(X) < d. O

Lemma 14.2. Notation and assumptions as in Situation [7.1. If
(1) f is a quasi-finite morphism, and
(2) fo is locally of finite type,

then there exists an i > 0 such that f; is quasi-finite.

Proof. Follows immediately from Lemma [14.1 (Il

Lemma 14.3. Let S be a quasi-compact and quasi-separated scheme. Let f: X —
S be a morphism of finite presentation. Let d > 0 be an integer. If Z C X be a
closed subscheme such that dim(Zs) < d for all s € S, then there exists a closed
subscheme Z' C X such that

(1) ZzcZz,

(2) Z' = X is of finite presentation, and

(3) dim(Z;) < d for all s € S.

Proof. By Proposition|4.4|we can write S = lim S; as the limit of a directed inverse
system of Noetherian schemes with affine transition maps. By Lemma we may
assume that there exist a system of morphisms f; : X; — S; of finite presentation
such that X; = X; xg, Sy for all ¢/ > 4 and such that X = X; xg, S. Let Z; C X;
be the scheme theoretic image of Z — X — X;. Then for ¢/ > ¢ the morphism
Xy — X; maps Zy into Z; and the induced morphism Z;; — Z; xg, Sy is a closed
immersion. By Lemma [14.1| we see that the dimension of the fibres of Z; — S; all
have dimension < d for a suitable ¢ € I. Fix such an ¢ and set Z' = Z; xg, S C X.
Since S; is Noetherian, we see that X; is Noetherian, and hence the morphism
Z; — X, is of finite presentation. Therefore also the base change Z’ — X is of
finite presentation. Moreover, the fibres of Z' — S are base changes of the fibres of
Z; — S; and hence have dimension < d. O
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