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2 MORE ON MORPHISMS OF SPACES

1. Introduction

In this chapter we continue our study of properties of morphisms of algebraic spaces.
A fundamental reference is [Knu71].

2. Conventions

The standing assumption is that all schemes are contained in a big fppf site Schyppf.
And all rings A considered have the property that Spec(A) is (isomorphic) to an
object of this big site.

Let S be a scheme and let X be an algebraic space over S. In this chapter and the
following we will write X x g X for the product of X with itself (in the category of
algebraic spaces over S), instead of X x X.

3. Radicial morphisms

It turns out that a radicial morphism is not the same thing as a universally injective
morphism, contrary to what happens with morphisms of schemes. In fact it is a bit
stronger.

Definition 3.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. We say f is radicial if for any morphism Spec(K) — Y where K
is a field the reduction (Spec(K) Xy X)req is either empty or representable by the
spectrum of a purely inseparable field extension of K.

Lemmal 3.2. A radicial morphism of algebraic spaces is universally injective.

Proof. Let S be a scheme. Let f: X — Y be a radicial morphism of algebraic
spaces over S. It is clear from the definition that given a morphism Spec(K) — Y
there is at most one lift of this morphism to a morphism into X. Hence we conclude
that f is universally injective by Morphisms of Spaces, Lemma [19.2 (]

Example 3.3. It is no longer true that universally injective is equivalent to radicial.
For example the morphism

X = [Spec(Q)/Gal(Q/Q)] — S = Spec(Q)

of Spaces, Example is universally injective, but is not radicial in the sense
above.

Nonetheless it is often the case that the reverse implication holds.

Lemmal 3.4. Let S be a scheme. Let f: X — Y be a universally injective mor-
phism of algebraic spaces over S.

(1) If f is decent then f is radicial.
(2) If f is quasi-separated then f is radicial.
(3) If f is locally separated then f is radicial.
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Proof. Let P be a property of morphisms of algebraic spaces which is stable under
base change and composition and holds for closed immersions. Assume f: X — Y
has P and is universally injective. Then, in the situation of Definition the
morphism (Spec(K) Xy X)peq — Spec(K) is universally injective and has P. This
reduces the problem of proving

‘P + universally injective = radicial

to the problem of proving that any nonempty reduced algebraic space X over field
whose structure morphism X — Spec(K) is universally injective and P is repre-
sentable by the spectrum of a field. Namely, then X — Spec(K) will be a morphism
of schemes and we conclude by the equivalence of radicial and universally injective
for morphisms of schemes, see Morphisms, Lemma [12.2

Let us prove (1). Assume f is decent and universally injective. By Decent Spaces,
Lemmas [15.4] [15.6] and [15.2 (to see that an immersion is decent) we see that the
discussion in the first paragraph applies. Let X be a nonempty decent reduced
algebraic space universally injective over a field K. In particular we see that | X|
is a singleton. By Decent Spaces, Lemma we conclude that X = Spec(L) for
some extension K C L as desired.

A quasi-separated morphism is decent, see Decent Spaces, Lemmam Hence (1)
implies (2).

Let us prove (3). Recall that the separation axioms are stable under base change and
composition and that closed immersions are separated, see Morphisms of Spaces,
Lemmas and Thus the discussion in the first paragraph of the proof
applies. Let X be a reduced algebraic space universally injective and locally sepa-
rated over a field K. In particular | X| is a singleton hence X is quasi-compact, see
Properties of Spaces, Lemma 5.2l We can find a surjective étale morphism U — X
with U affine, see Properties of Spaces, Lemma Consider the morphism of
schemes
j:UXXU—>UXSpec(K)U

As X — Spec(K) is universally injective j is surjective, and as X — Spec(K) is
locally separated j is an immersion. A surjective immersion is a closed immersion,
see Schemes, Lemma Hence R = U xx U is affine as a closed subscheme of
an affine scheme. In particular R is quasi-compact. It follows that X = U/R is
quasi-separated, and the result follows from (2). |

Remark| 3.5. Let X — Y be a morphism of algebraic spaces. For some applica-
tions (of radicial morphisms) it is enough to require that for every Spec(K) — Y
where K is a field

(1) the space |Spec(K) xy X| is a singleton,

(2) there exists a monomorphism Spec(L) — Spec(K) xy X, and

(3) K C L is purely inseparable.
If needed later we will may call such a morphism weakly radicial. For example if
X — Y is a surjective weakly radicial morphism then X (k) — Y (k) is surjective
for every algebraically closed field k. Note that the base change Xgq — Spec(Q) of
the morphism in Example is weakly radicial, but not radicial. The analogue of
Lemma is that if X — Y has property (£) and is universally injective, then it
is weakly radicial (proof omitted).
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Lemma 3.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic spaces
over S. Assume

(1) f is locally of finite type,
(2) for every étale morphism V- —'Y the map |X xy V| — |V| is injective.

Then f is universally injective.

Proof. The question is étale local on Y by Morphisms of Spaces, Lemma [19.6
Hence we may assume that Y is a scheme. Then Y is in particular decent and by
Decent Spaces, Lemma we see that f is locally quasi-finite. Let y € Y be a
point and let X, be the scheme theoretic fibre. Assume X, is not empty. By Spaces
over Fields, Lemmawe see that X, is a scheme which is locally quasi-finite over
k(y). Since |X,| C |X] is the fibre of | X| — |Y| over y we see that X, has a
unique point 2. The same is true for X, Xgpec(x(y)) Spec(k) for any finite separable
extension k(y) C k because we can realize k as the residue field at a point lying
over y in an étale scheme over Y, see see More on Morphisms, Lemma Thus
Xy is geometrically connected, see Varieties, Lemma This implies that the
finite extension k(y) C k(x) is purely inseparable.

We conclude (in the case that Y is a scheme) that for every y € Y either the fibre
X, is empty, or (X;)rea = Spec(k(z)) with x(y) C k(x) purely inseparable. Hence
f is radicial (some details omitted), whence universally injective by Lemma O

4. Conormal sheaf of an immersion

Let S be a scheme. Let i : Z — X be a closed immersion of algebraic spaces over
S. Let Z C Ox be the corresponding quasi-coherent sheaf of ideals, see Morphisms
of Spaces, Lemma Consider the short exact sequence

07> =T —I/I* =0

of quasi-coherent sheaves on X. Since the sheaf Z/Z? is annihilated by Z it corre-
sponds to a sheaf on Z by Morphisms of Spaces, Lemma [14.1] This quasi-coherent
Oz-module is the conormal sheaf of Z in X and is often denoted Z/Z? by the abuse
of notation mentioned in Morphisms of Spaces, Section

In case i : Z — X is a (locally closed) immersion we define the conormal sheaf of
i as the conormal sheaf of the closed immersion i : Z — X \ 9Z, see Morphisms
of Spaces, Remark It is often denoted Z/Z? where Z is the ideal sheaf of the
closed immersion i : Z — X \ 0Z.

Definition 4.1. Let i : Z — X be an immersion. The conormal sheaf Cz,x of Z
in X or the conormal sheaf of i is the quasi-coherent Oz-module Z/Z? described
above.

In [DGE7, IV Definition 16.1.2] this sheaf is denoted Nz, x. We will not follow this
convention since we would like to reserve the notation N/, z/x for the normal sheaf
of the immersion. It is defined as

NZ/X = HomoZ(CZ/X,Oz) = 'HOTrL@Z(I/Iz,Oz)

provided the conormal sheaf is of finite presentation (otherwise the normal sheaf
may not even be quasi-coherent). We will come back to the normal sheaf later
(insert future reference here).
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Lemma 4.2. Let S be a scheme. Leti: Z — X be an immersion. Let ¢ : U — X
be an étale morphism where U is a scheme. Set Zy = U X x Z which is a locally
closed subscheme of U. Then

Cz/x|z0 =Czy v
canonically and functorially in U.
Proof. Let T C X be a closed subspace such that i defines a closed immersion
into X \ T. Let Z be the quasi-coherent sheaf of ideals on X \ T' defining Z.

Then the lemma just states that Z|;\,-1(y is the sheaf of ideals of the immersion

Zy — U\ @~ Y(T). This is clear from the construction of Z in Morphisms of Spaces,
Lemma [13.11 ]

Lemma 4.3. Let S be a scheme. Let
Z——X

o
7 e X

be a commutative diagram of algebraic spaces over S. Assume i, i’ immersions.
There is a canonical map of Oz-modules

f*CZ’/X’ — CZ/X
Proof. First find open subspaces U’ C X’ and U C X such that g(U) C U’ and
such that i(Z) C U and i(Z") C U’ are closed (proof existence omitted). Replacing
X by U and X’ by U’ we may assume that ¢ and i’ are closed immersions. Let

7' C Ox: and T C Ox be the quasi-coherent sheaves of ideals associated to i and
i, see Morphisms of Spaces, Lemma Consider the composition

t#t
g T = g 0x L5 Ox = Ox /T =i,04

Since ¢(i(Z)) C Z' we conclude this composition is zero (see statement on factor-
izations in Morphisms of Spaces, Lemma [13.1). Thus we obtain a commutative
diagram

0 A Ox 1Oz 0
0 g T g 10x ——= g7t Oz ——=0

The lower row is exact since ¢! is an exact functor. By exactness we also see that

(g7'7")? = g=1((Z')?). Hence the diagram induces a map g~ *(Z'/(Z')?) — I/Z>.
Pulling back (using i~' for example) to Z we obtain i~'g~(Z'/(Z")?) — Cz/x-
Since i~1g™t = f71(i')~! this gives a map f~'Cz,x» — Cz/x, which induces the
desired map. O

Lemmal 4.4. Let S be a scheme. The conormal sheaf of Definition and its
functoriality of Lemma[].3 satisfy the following properties:
(1) If Z — X is an immersion of schemes over S, then the conormal sheaf
agrees with the one from Morphisms, Definition|33.1].
(2) Ifin Lemma all the spaces are schemes, then the map [*Cz)xr — Cz/x
is the same as the one constructed in Morphisms, Lemma|33.5,
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(3) Given a commutative diagram

Z——X

fl ig
g X
f'J/ ig/
VA i X
then the map (f" o f)*Czi/x» — Cz/x 1is the same as the composition of
f*CZ’/X’ — Cz/X with the pullback by f Of (fl>*CZ///X// — CZ’/X’
Proof. Omitted. Note that Part (1) is a special case of Lemma [4.2} O

Lemmal 4.5. Let S be a scheme. Let
Z — X
fl J{g
7 X
be a fibre product diagram of algebraic spaces over S. Assume i, i’ immersions.

Then the canonical map f*Cz x — Cz/x of Lemma is surjective. If g is flat,
then it is an isomorphism.

Proof. Choose a commutative diagram

U——X

|

U/ - S X/
where U, U’ are schemes and the horizontal arrows are surjective and étale, see
Spaces, Lemma [I1.4] Then using Lemmas and we see that the question

reduces to the case of a morphism of schemes. In the schemes case this is Morphisms,
Lemma, [33.41 O

Lemma 4.6. Let S be a scheme. Let Z — Y — X be immersions of algebraic
spaces. Then there is a canonical exact sequence

l*Cy/X — CZ/X — Cz/y —0
where the maps come from Lemmal[].3 andi: Z —'Y is the first morphism.
Proof. Let U be a scheme and let U — X be a surjective étale morphism. Via
Lemmas [£.2] and [£.4] the exactness of the sequence translates immediately into the

exactness of the corresponding sequence for the immersions of schemes Z x x U —
Y xx U — U. Hence the lemma follows from Morphisms, Lemma |33.5 ([l

5. The normal cone of an immersion

Let S be a scheme. Let i : Z — X be a closed immersion of algebraic spaces
over S. Let Z C Ox be the corresponding quasi-coherent sheaf of ideals, see
Morphisms of Spaces, Lemma [13.1} Consider the quasi-coherent sheaf of graded
Ox-algebras @, Z"/Z"**. Since the sheaves 7" /Z""! are each annihilated by
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7 this graded algebra corresponds to a quasi-coherent sheaf of graded Oz-algebras
by Morphisms of Spaces, Lemma [14.1] This quasi-coherent graded Oz-algebra is
called the conormal algebra of Z in X and is often simply denoted €p,, -, In /7t
by the abuse of notation mentioned in Morphisms of Spaces, Section

In case i : Z — X is a (locally closed) immersion we define the conormal algebra of
i as the conormal algebra of the closed immersion i : Z — X \ Z, see Morphisms
of Spaces, Remark It is often denoted €, ~,Z"/Z""! where T is the ideal
sheaf of the closed immersion i : Z — X \ 9Z.

Definition 5.1. Let i : Z — X be an immersion. The conormal algebra Cz/x . of Z
in X or the conormal algebra of i is the quasi-coherent sheaf of graded O -algebras
@D,.50Z" /I described above.

Thus Cz/x,1 = Cz/x is the conormal sheaf of the immersion. Also Cz/x,0 = Oz
and Cz/x,, is a quasi-coherent Oz-module characterized by the property

(5.1.1) i«Cz/xn =1"/T"

where i : Z — X \ 0Z and T is the ideal sheaf of i as above. Finally, note that
there is a canonical surjective map

(5.1.2) Sym*(CZ/X) — CZ/X,*
of quasi-coherent graded Oz-algebras which is an isomorphism in degrees 0 and 1.

Lemma 5.2. Let S be a scheme. Let i : Z — X be an immersion of algebraic
spaces over S. Let ¢ : U — X be an étale morphism where U is a scheme. Set
Zy =U Xx Z which is a locally closed subscheme of U. Then

Cz/x,xlzv = Czy U

canonically and functorially in U.

Proof. Let T C X be a closed subspace such that ¢ defines a closed immersion into
X \T. Let Z be the quasi-coherent sheaf of ideals on X \ T' defining Z. Then the
lemma follows from the fact that Z|y\,-1(7y is the sheaf of ideals of the immersion

Zy — U\ @~ Y(T). This is clear from the construction of Z in Morphisms of Spaces,
Lemma [13.11 O

Lemmal 5.3. Let S be a scheme. Let
Z — X
17
7 X

be a commutative diagram of algebraic spaces over S. Assume i, i’ immersions.
There is a canonical map of graded Oz-algebras

f*CZ’/X’,* — CZ/X,*

Proof. First find open subspaces U’ C X’ and U C X such that g(U) C U’ and
such that ¢(Z) C U and i(Z’) C U’ are closed (proof existence omitted). Replacing
X by U and X’ by U’ we may assume that ¢ and i’ are closed immersions. Let
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7' C Ox: and T C Ox be the quasi-coherent sheaves of ideals associated to ' and
i, see Morphisms of Spaces, Lemma Consider the composition

ft
¢TI = g '0x L5 Ox = Ox /T =i,04

Since ¢(i(Z)) C Z' we conclude this composition is zero (see statement on factor-
izations in Morphisms of Spaces, Lemma [13.1). Thus we obtain a commutative
diagram

0 7z Ox 1+Oz 0
0 9711/ gilox/ —_— gili;OZ/ —0

The lower row is exact since g~—! is an exact functor. By exactness we also see

that (¢71Z')" = g~ '((Z')") for all n > 1. Hence the diagram induces a map
g (T /(")) — /T L. Pulling back (using i~! for example) to Z we
obtain i~ 1g~((Z')"/(Z')"*') = Cz/xn- Since i~ 1g~' = f~1(i')~* this gives maps
f7'Cz/x'.n = Cz/x n, which induce the desired map. O

Lemma 5.4. Let S be a scheme. Let
Z——X

1
g
be a cartesion square of algebraic spaces over S with i, i’ immersions. Then the

canonical map f*Czi/xr« — Cz/x + of Lemma is surjective. If g is flat, then it
is an tsomorphism.

Proof. We may check the statement after étale localizing X’. In this case we may
assume X’ — X is a morphism of schemes, hence Z and Z’ are schemes and the
result follows from the case of schemes, see Divisors, Lemma [11.4 (|

We use the same conventions for cones and vector bundles over algebraic spaces
as we do for schemes (where we use the conventions of EGA), see Constructions,
Sections [7| and @ In particular, a vector bundle is a very general gadget (and not
locally isomorphic to an affine space bundle).

Definition 5.5. Let S be a scheme. Let i : Z — X be an immersion of algebraic
spaces over S. The normal cone CzX of Z in X is

CZX = SpecZ(CZ/X,*)

see Morphisms of Spaces, Definition [20.8] The normal bundle of Z in X is the
vector bundle

Nz X = SpecZ(Sym(CZ/X))

Thus CzX — Z is a cone over Z and Ny X — Z is a vector bundle over Z.
Moreover, the canonical surjection (5.1.2)) of graded algebras defines a canonical
closed immersion

of cones over Z.
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6. Sheaf of differentials of a morphism

We suggest the reader take a look at the corresponding section in the chapter on
commutative algebra (Algebra, Section , the corresponding section in the chap-
ter on morphism of schemes (Morphisms, Section as well as Modules on Sites,
Section We first show that the notion of sheaf of differentials for a morphism
of schemes agrees with the corresponding morphism of small étale (ringed) sites.

To clearly state the following lemma we temporarily go back to denoting F¢
the sheaf of Ox,, ,.-modules associated to a quasi-coherent Ox-module F on the
scheme X, see Descent, Definition

Lemma 6.1. Let f : X — Y be a morphism of schemes. Let foman : Xetale —
Yetare be the associated morphism of small étale sites, see Descent, Remark [7.4)
Then there is a canonical isomorphism

(QX/Y)a = QXétaLe/Yémze

compatible with universal derivations. Here the first module is the sheaf on Xegiqle
associated to the quasi-coherent Ox -module Qx vy, see Morphisms, Definition
and the second module is the one from Modules on Sites, Definition [32.5,

Proof. Let h : U — X be an étale morphism. In this case the natural map
h*Qx/y — Quy is an isomorphism, see More on Morphisms, Lemma This
means that there is a natural Oy,,,, -derivation

d*: OX — (Qx/y)a

étale

since we have just seen that the value of (QX/Y)“ on any object U of X¢;q1e is canon-
ically identified with I'(U,Qp/y ). By the universal property of dx,y : Ox,,.,.. —
QX110 Yerar. there is a unique Ox,,, . -linear map ¢ : Qx,,.,. /virn. — (2x/y)® such
that d* = codx,y.

étale

Conversely, suppose that F is an Ox,,,,.-module and D : Ox
derivation. Then we can simply restrict D to the small Zariski site Xz, of X.
Since sheaves on Xz, agree with sheaves on X, see Descent, Remark we see
that D|x,.. : Ox — Flx,., is just a “usual” Y-derivation. Hence we obtain a
map ¢ : Qx/y — F|x,,, such that D|x,, = od. In particular, if we apply this
with F = Qx we obtain a map

— Fis a Oy,

étale Stale

¢tate/ Yetale

/.
c: QX/Y Qxétale/Yétale|XZar

Consider the morphism of ringed sites idsmair,étaie, zar : Xétate = X zar discussed in
Descent, Remark and Lemma Since the restriction functor F — F|x,,, is
equal to ldsmall,étale,Zar,*a smce ldsmall,étale,Zar is left adjoint to ldsmall,étale,Zar,*

and since (Qx,y)* = 1,01 ¢tate, zar2x/y We see that ¢’ is adjoint to a map

CN : (Qx/y)a — QX

étate/ Yetate®

We claim that ¢’ and ¢’ are mutually inverse. This claim finishes the proof of the
lemma. To see this it is enough to show that ¢ (d(f)) = dx/y (f) and c(dx,v (f)) =
d(f) if f is a local section of Ox over an open of X. We omit the verification. O

This clears the way for the following definition. For an alternative, see Remark
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Definition 6.2. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S. The sheaf of differentials Qx,y of X over Y is sheaf of differentials
(Modules on Sites, Definition [32.10)) for the morphism of ringed topoi

(fsmallv fﬁ) : (Xéta167 OX) — (}/étalea OY)
of Properties of Spaces, Lemma The wuniversal Y -derivation will be denoted
dX/y :0x — Qx/y.

By Lemma this does not conflict with the already existing notion in case X
and Y are representable. From now on, if X and Y are representable, we no longer
distinguish between the sheaf of differentials defined above and the one defined
in Morphisms, Definition We want to relate this to the usual modules of
differentials for morphisms of schemes. Here is the key lemma.

Lemma 6.3. Let S be a scheme. Let f: X — Y be a morphism of algebraic spaces
over S. Consider any commutative diagram

U——=V
P
X*f>Y

where the vertical arrows are étale morphisms of algebraic spaces. Then

Qx/v|Uerare = Quyv
In particular, if U, V are schemes, then this is equal to the usual sheaf of differen-

tials of the morphism of schemes U — V.

Proof. By Properties of Spaces, Lemma [15.10| and Equation (15.10.1) we may
think of the restriction of a sheaf on Xgiqie to Ugtare as the pullback by agmair-

Similarly for b. By Modules on Sites, Lemma we have

Q : - -1 —1
X/Y|Ue““e OUgtate/ CemanfemaOYetate
. —1 1 -1 -1 -1
Since A ymall sma”OYétale - Sma”bsma”OYétale - sma”OVétale we see that the
lemma holds. O

Lemma 6.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic spaces
over S. Then Qx/y is a quasi-coherent O x-module.

Proof. Choose a diagram as in Lemma [6.3] with a and b surjective and U and V
schemes. Then we see that Qx/y |y = Qy/y which is quasi-coherent (for example
by Morphisms, Lemma . Hence we conclude that Qx/y is quasi-coherent by
Properties of Spaces, Lemma [27.6 (]

Remark 6.5. Now that we know that {2x,y is quasi-coherent we can attempt to
construct it in another manner. For example we can use the result of Properties of
Spaces, Section [30] to construct the sheaf of differentials by glueing. For example if
Y is a scheme and if U — X is a surjective étale morphism from a scheme towards
X, then we see that 7y is a quasi-coherent Oy-module, and since s,t : R — U
are étale we get an isomorphism

(o7 S*QU/Y — QR/Y — t*QU/Y

by using Morphisms, Lemma [35.16] You check that this satisfies the cocycle condi-
tion and you're done. If Y is not a scheme, then you define {2r;/y as the cokernel of
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the map (U — Y)*Qy g — Qug, and proceed as before. This two step process is a
little bit ugly. Another possibility is to glue the sheaves Qv for any diagram as in
Lemmal6.3] but this is not very elegant either. Both approaches will work however,
and will give a slightly more elementary construction of the sheaf of differentials.

Lemma 6.6. Let S be a scheme. Let
X —=X
|
Y ——=Y

be a commutative diagram of algebraic spaces. The map f*: Ox — f.Ox: composed
with the map fodx: )y @ fxOxr — fufdx/ /vy is a Y -derivation. Hence we obtain a
canonical map of Ox-modules Qx/y — f.8dx/ /vy, and by adjointness of f. and f*
a canonical Ox:-module homomorphism

Ccr: f*Qx/y — QX’/Y’-

It is uniquely characterized by the property that f*dx,y (t) mapsto dx,y:(f*t) for
any local section t of Ox.

Proof. This is a special case of Modules on Sites, Lemma [32.11 O

Lemmal 6.7. Let S be a scheme. Let
X" — X' T> X
L
Y'——Y ——=Y
be a commutative diagram of algebraic spaces over S. Then we have
Cfog =Cg0 g Cy
as maps (f o g)*Qx;y — Qxrjyn.

Proof. Omitted. Hint: Use the characterization of cy, ¢4, cfoq in terms of the effect
these maps have on local sections. ([l

Lemma 6.8. Let S be a scheme. Let f : X — Y, g:Y — B be morphisms of
algebraic spaces over S. Then there is a canonical exact sequence

f*Qy/B — QX/B — Qx/y —0
where the maps come from applications of Lemma [6.6,

Proof. Follows from the schemes version, see Morphisms, Lemma |34.9) of this
result via étale localization, see Lemma |6.3 O

Lemmal 6.9. Let S be a scheme. If X — Y is an immersion of algebraic spaces
over S then 1x /g is zero.

Proof. Follows from the schemes version, see Morphisms, Lemma of this
result via étale localization, see Lemma |6.3 (]
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Lemma 6.10. Let S be a scheme. Let B be an algebraic space over S. Leti: Z —
X be an immersion of algebraic spaces over B. There is a canonical exact sequence

CZ/X — i*QX/B — QZ/B —0

where the first arrow is induced by dx,p and the second arrow comes from Lemma
10.0.

Proof. This is the algebraic spaces version of Morphisms, Lemma [34.15| and will
be a consequence of that lemma by étale localization, see Lemmas [6.3] and [£.2]
However, we should make sure we can define the first arrow globally. Hence we
explain the meaning of “induced by dx,p” here. Namely, we may assume that i
is a closed immersion after replacing X by an open subspace. Let Z C Ox be the
quasi-coherent sheaf of ideals corresponding to Z C X. Then dx/s : Z — Qx/g
maps the subsheaf 7? C T to ZQy,g. Hence it induces a map /7% — Qx,5/IQx/s
which is Ox /Z-linear. By Morphisms of Spaces, Lemma [14.1] this corresponds to a
map Cz/x — i"Qx/s as desired. [l

Lemma 6.11. Let S be a scheme. Let B be an algebraic space over S. Let i :
Z — X be an immersion of schemes over B, and assume i (étale locally) has a left
inverse. Then the canonical sequence

0— CZ/X — Z*QX/B — QZ/B —0
of Lemma[6.10 is (étale locally) split ezact.

Proof. Clarification: we claim that if g : X — Z is a left inverse of 7, then i*c,
is a right inverse of the map 1*Qx,p — {1z,p. Having said this, the result follows
from the corresponding result for morphisms of schemes by étale localization, see
Lemmas [6.3] and [£.21 O

Lemmal 6.12. Let S be a scheme. Let X — Y be a morphism of algebraic spaces
over S. Let g : Y' =Y be a morphism of algebraic spaces over S. Let X' = Xy
be the base change of X. Denote ¢’ : X' — X the projection. Then the map

(g/)*Qx/y — QX’/Y/
of Lemma is an isomorphism.

Proof. Follows from the schemes version, see Morphisms, Lemma [34.10] and étale
localization, see Lemma (6.3 ([

Lemma 6.13. Let S be a scheme. Let f: X — B and g : Y — B be morphisms
of algebraic spaces over S with the same target. Let p : X xpY — X and q :
X xgY =Y be the projection morphisms. The maps from Lemma[6.0]

P Qx/s © ¢ Qyys — Qxxsyys
give an isomorphism.

Proof. Follows from the schemes version, see Morphisms, Lemma [34.11] and étale
localization, see Lemma (6.3 O

Lemma 6.14. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. If f is locally of finite type, then Qx /vy is a finite type Ox-module.

Proof. Follows from the schemes version, see Morphisms, Lemma and étale
localization, see Lemma (6.3 (I
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Lemma 6.15. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. If f is locally of finite type, then Qx,y is an Ox-module of finite
presentation.

Proof. Follows from the schemes version, see Morphisms, Lemma [34.13| and étale
localization, see Lemma (6.3 O

7. Topological invariance of the étale site

We show that the site Xgpaces,stale is @ “topological invariant”. It then follows that
Xétate, which consists of the representable objects in Xpaces,étate; is @ topological
invariant too, see Lemma [7.2]

Theorem| 7.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume f is integral, universally injective and surjective. The
functor

Vi— V=X xy V

defines an equivalence of categories Yspaces étale — Xspaces,étale-

Proof. The morphism f is representable and a universal homeomorphism, see Mor-
phisms of Spaces, Section

We first prove that the functor is faithful. Suppose that V’,V are objects of
Yipaces,étale and that a,b : V' — V are distinct morphisms over Y. Since V',V
are étale over Y the equalizer

/
E=V X(a,b),VxyV,Ay,y 14

of a,b is étale over Y also. Hence E — V'’ is an étale monomorphism (i.e., an open
immersion) which is an isomorphism if and only if it is surjective. Since X — Y is
a universal homeomorphism we see that this is the case if and only if Ex = V¥,
i.e., if and only if ax = bx.

Next, we prove that the functor is fully faithful. Suppose that V',V are objects of
Yipaces,étale and that c : V{ — Vx is a morphism over X. We want to construct a
morphism a : V' — V over Y such that ax = c. Let @’ : VY — V' be a surjective
étale morphism such that V” is a separated algebraic space. If we can construct a
morphism a” : V" — V such that o’y = co dy, then the two compositions
V” Xy V“ El—) V” a.”)

will be equal by the faithfulness of the functor proved in the first paragraph. Hence
a’ will factor through a unique morphism a : V' — V as V' is (as a sheaf) the
quotient of V' by the equivalence relation V"' xy~ V”. Hence we may assume that
V' is separated. In this case the graph

I'. C (V/ XyV)X

is open and closed (details omitted). Since X — Y is a universal homeomorphism,
there exists an open and closed subspace I' C V' xy V such that 'y = I'.. The
projection I' — V"’ is an étale morphism whose base change to X is an isomorphism.
Hence I' — V"’ is étale, universally injective, and surjective, so an isomorphism by
Morphisms of Spaces, Lemma Thus T is the graph of a morphism a : V! — V
as desired.
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Finally, we prove that the functor is essentially surjective. Suppose that U is
an object of Xypaces,étate- We have to find an object V' of Yypqces,étate sSuch that
Vx 2 U. Let U — U be a surjective étale morphism such that U’ = Vi and
U’ xy U =2 V{ for some objects V', V' of Yspaces,étale- Then by fully faithfulness
of the functor we obtain morphisms s,¢ : V'’ — V’ with tx = pry and sx = pry
as morphisms U’ xy U’ — U’. Using that (prg,pry) : U xg U — U’ xg U’ is an
étale equivalence relation, and that U’ — V' and U’ xy U’ — V" are universally
injective and surjective we deduce that (¢, s) : V" — V' xgV' is an étale equivalence
relation. Then the quotient V = V’/V" (see Spaces, Theorem [10.5)) is an algebraic
space V over Y. There is a morphism V’ — V such that V" = V' xy, V. Thus we
obtain a morphism V — Y (see Descent on Spaces, Lemma . On base change
to X we see that we have a morphism U’ — Vx and a compatible isomorphism
U’ Xy, U =U’ xy U’, which implies that Vx = U (by the lemma just cited once
more).

Pick a scheme W and a surjective étale morphism W — Y. Pick a scheme U’
and a surjective étale morphism U’ — U x x Wx. Note that U’ and U’ xy U’ are
schemes étale over X whose structure morphism to X factors through the scheme
Wx. Hence by Etale Cohomology, Theorem there exist schemes V', V" étale
over W whose base change to Wy is isomorphic to respectively U’ and U’ xy U’.
This finishes the proof. U

Lemma 7.2. With assumption and notation as in Theorem the equivalence
of categories Yspaces,étale — Xspaces,étale TeStricts to an equivalence of categories
Yétale — Xétale~

Proof. This is just the statement that given an object V € Y, paces,étate We have
V is a scheme if and only if V' xy X is a scheme. Since V xy X — V is integral,
universally injective, and surjective (as a base change of X — Y') this follows from
Limits of Spaces, Lemma [15.4 O

Remark| 7.3. A universal homeomorphism of algebraic spaces need not be rep-
resentable, see Morphisms of Spaces, Example The argument in the proof
of Theorem [Z1] above cannot be used in this case. In fact we do not know
whether given a universal homeomorphism of algebraic spaces f : X — Y the
categories Xgpaces,étale AN Ygpaces,étale are equivalent. If you do, please email
stacks.project@gmail.coml

8. Thickenings
The following terminology may not be completely standard, but it is convenient.

Definition 8.1. Thickenings. Let S be a scheme.

(1) We say an algebraic space X' is a thickening of an algebraic space X if X
is a closed subspace of X’ and the associated topological spaces are equal.

(2) We say X' is a first order thickening of X if X is a closed subspace of X’
and the quasi-coherent sheaf of ideals Z C Ox/ defining X has square zero.

(3) Given two thickenings X C X' and Y C Y’ a morphism of thickenings
is a morphism f’ : X’ — Y’ such that f(X) C Y, i.e., such that f'|x
factors through the closed subspace Y. In this situation we set f = f'|x :
X — Y and we say that (f, f'): (X € X’') — (Y C Y’) is a morphism of
thickenings.
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(4) Let B be an algebraic space. We similarly define thickenings over B, and
morphisms of thickenings over B. This means that the spaces X, X', Y)Y’
above are algebraic spaces endowed with a structure morphism to B, and
that the morphisms X — X', Y — Y’ and f’ : X’ — Y’ are morphisms
over B.

The fundamental equivalence. Note that if X C X’ is a thickening, then X — X’
is integral and universally bijective. This implies that

(811) Xspaces,étale =X,

spaces,étale

via the pullback functor, see Theorem Hence we may think of Ox/ as a sheaf
on Xspaces,étale- 1hus a canonical equivalence of locally ringed topoi

(812) (Sh’( gpaces,étale)? OX’) = (Sh(Xspaces,étale), OX’)

Below we will frequently combine this with the fully faithfulness result of Prop-

erties of Spaces, Theorem For example the closed immersion ix : X — X'
#

corresponds to the surjective map i : Ox — Ox.

Let S be a scheme, and let B be an algebraic space over S. Let (f, f') : (X C
X') = (Y C Y’) be a morphism of thickenings over B. Note that the diagram of
continuous functors

Xspaces,étale < spaces,étale

| T

!/ !
spaces,étale }/spaces,étale

is commutative and the vertical arrows are equivalences. Hence fopaces,étate, fsmall,

and f!_ .. all define the same morphism of topoi. Thus we may think

!
fspaces,étale’ smal

of
(f/)ﬁ . Oy — Ox

spaces,étale
as a map of sheaves of Op-algebras fitting into the commutative diagram

-1
spaces,étaleOY fﬁ OX

i T Ti”
Y X
(£*

-1 OY’ HOX’

spaces,étale
Here ix : X — X’ and iy : Y — Y’ are the names of the given closed immersions.

Lemma 8.2. Let S be a scheme. Let B be an algebraic space over S. Let X C X'
and Y C Y’ be thickenings of algebraic spaces over B. Let f : X — Y be a
morphism of algebraic spaces over B. Given any map of Op-algebras

-1
spaces,étale

[0 Oy — Ox:
such that
—1
spaces,étale

i

—1
spaces,étale

OY —>OX
fﬁ

it
TlX

OY’ $ OX’
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commutes, there exists a unique morphism of (f, f') of thickenings over B such that
a=(f').

Proof. To find f’, by Properties of Spaces, Theorem all we have to do is show
that the morphism of ringed topoi

(fspaces,étalea Ol) : (Sh(Xspaces,étale)v OX/) — (Sh(yvspaces,étale)v OY’)
is a morphism of locally ringed topoi. This follows directly from the definition of
morphisms of locally ringed topoi (Modules on Sites, Deﬁnition, the fact that
(f, f*) is a morphism of locally ringed topoi (Properties of Spaces, Lemma ,
that « fits into the given commutative diagram, and the fact that the kernels of
zﬂX and zﬂy are locally nilpotent. Finally, the fact that f' oix = iy o f follows from
the commutativity of the diagram and another application of Properties of Spaces,

Theorem We omit the verification that f’ is a morphism over B. O

Lemmal 8.3. Let S be a scheme. Let X C X' be a thickening of algebraic spaces
over S. For any open subspace U C X there exists a unique open subspace U' C X'

such that U = X xx: U'.
Proof. Let U’ — X’ be the object of X’ corresponding to the object

spaces,étale

U — X of Xspaces,étale via (8.1.1). The morphism U’ — X' is étale and universally
injective, hence an open immersion, see Morphisms of Spaces, Lemma [45.2) g

Finite order thickenings. Let ix : X — X’ be a thickening of algebraic spaces. Any
local section of the kernel Z = Ker(iﬁx) C Ox is locally nilpotent. Let us say that
X C X' is a finite order thickening if the ideal sheaf 7 is “globally” nilpotent, i.e.,
if there exists an n > 0 such that Z"*! = 0. Technically the class of finite order
thickenings X C X’ is much easier to handle than the general case. Namely, in this
case we have a filtration

OcItcItlc...cITcOx
and we see that X’ is filtered by closed subspaces
X=XoCcXiC...C X, CXnJr]:X/

such that each pair X; C X,y is a first order thickening over B. Using simple in-
duction arguments many results proved for first order thickenings can be rephrased
as results on finite order thickenings.

Lemmal 8.4. Let S be a scheme. Let X C X' be a thickening of algebraic spaces
over S. Let U be an affine object of Xgpaces,étate- Then

F(U, OX/> — F(Uv7 OX>
is surjective where we think of Ox: as a sheaf on Xgpaces,étaie Via .

Proof. Let U’ — X’ be the étale morphism of algebraic spaces such that U =
X xx/ U, see Theorem By Limits of Spaces, Lemmawe see that U’ is an
affine scheme. Hence I'(U, Ox+) = T'(U’, Oy+) — I'(U, Oy ) is surjective as U — U’
is a closed immersion of affine schemes. Below we give a direct proof for finite order
thickenings which is the case most used in practice. O

Proof for finite order thickenings. We may assume that X C X’ is a first order
thickening by the principle explained above. Denote Z the kernel of the surjection
Ox» — Ox. As T is a quasi-coherent O x/-module and since Z? = 0 by the definition
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of a first order thickening we may apply Morphisms of Spaces, Lemma to see
that Z is a quasi-coherent Ox-module. Hence the lemma follows from the long
exact cohomology sequence associated to the short exact sequence

0—-Z—0x —0Ox—0

and the fact that H jf ae(U,Z) = 0 as T is quasi-coherent, see Descent, Proposition

and Cohomology of Schemes, Lemma [2.2 O

Lemmal 8.5. Let S be a scheme. Let X C X' be a thickening of algebraic spaces
over S. If X is (representable by) a scheme, then so is X'.

Proof. Note that X;ed = Xycq. Hence if X is a scheme, then X/, is a scheme.
Thus the result follows from Limits of Spaces, Lemma Below we give a direct
proof for finite order thickenings which is the case most often used in practice. [

Proof for finite order thickenings. It suffices to prove this when X’ is a first
order thickening of X. By Properties of Spaces, Lemma there is a largest
open subspace of X’ which is a scheme. Thus we have to show that every point
x of |X'| = |X] is contained in an open subspace of X’ which is a scheme. Using
Lemma [8.3| we may replace X C X' by U C U’ with x € U and U an affine scheme.
Hence we may assume that X is affine. Thus we reduce to the case discussed in
the next paragraph.

Assume X C X' is a first order thickening where X is an affine scheme. Set
A=T(X,0x)and A’ =T(X’,Ox). By Lemma[8.4] the map A — A’ is surjective.
The kernel I is an ideal of square zero. By Properties of Spaces, Lemma [31.1
we obtain a canonical morphism f : X’ — Spec(A’) which fits into the following
commutative diagram

X/

|
Spec(A) —— Spec(A’)
Because the horizontal arrows are thickenings it is clear that f is universally injec-

tive and surjective. Hence it suffices to show that f is étale, since then Morphisms
of Spaces, Lemma will imply that f is an isomorphism.

X

To prove that f is étale choose an affine scheme U’ and an étale morphism U’ —
X'. Tt suffices to show that U" — X’ — Spec(4’) is étale, see Properties of
Spaces, Definition Write U’ = Spec(B’). Set U = X xx, U’'. Since U
is a closed subspace of U’, it is a closed subscheme, hence U = Spec(B) with
B’ — B surjective. Denote J = Ker(B’ — B) and note that J = T'(U,Z) where
T =Ker(Ox: — Ox) on Xgpaces,étale @8 in the proof of Lemma The morphism
U’ — X’ — Spec(A’) induces a commutative diagram

0 J B’ B 0
0 1 A A 0

Now, since Z is a quasi-coherent O x-module we have Z = (I)?, see Descent, Defini-
tion for notation and Descent, Proposition for why this is true. Hence we
see that J = I ® 4 B. Finally, note that A — B is étale as U — X is étale as the
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base change of the étale morphism U’ — X’. We conclude that A’ — B’ is étale

by Algebra, Lemma [138.12 (]

Lemma 8.6. Let S be a scheme. Let X C X' be a thickening of algebraic spaces
over S. The functor

Vi—V=XxxV
y — Xétale'

defines an equivalence of categories X., ;.

Proof. The functor V' = V' defines an equivalence of categories X{ . .. state —
Xspaces,étale, see Theorem n Thus it suffices to show that V is a scheme if and
only if V' is a scheme. This is the content of Lemma [8.5 (]

First order thickening are described as follows.

Lemmal 8.7. Let S be a scheme. Let f : X — B be a morphism of algebraic spaces
over S. Consider a short exact sequence

0-ZT—-A—-0x—0

of sheaves on Xgiq1e where A is a sheaf of f~1Og-algebras, A — Ox is a surjection
of sheaves of f~'Op-algebras, and T is its kernel. If

(1) Z is an ideal of square zero in A, and

(2) T is quasi-coherent as an Ox-module
then there exists a first order thickening X C X' over B and an isomorphism
Ox: — A of f~1Op-algebras compatible with the surjections to Ox.

Proof. In this proof we redo some of the arguments used in the proofs of Lemmas
and We first handle the case B = S = Spec(Z). Let U be an affine scheme,
and let U — X be étale. Then
0—->Z(U) = AU) - Ox(U) =0

is exact as Hl(Uétale,I) = 0 as 7 is quasi-coherent, see Descent, Proposition
and Cohomology of Schemes, Lemma[2.2] If V' — U is a morphism of affine objects
of Xspaces,étale then

(V) =Z(U) ®@oxw) Ox (V)
since Z is a quasi-coherent Ox-module, see Descent, Proposition Hence
A(U) — A(V) is an étale ring map, see Algebra, Lemma Hence we see
that

U — U’ = Spec(A(U))

is a functor from X fine étate to the category of affine schemes and étale morphisms.
In fact, we claim that this functor can be extended to a functor U — U’ on all of
Xeétale- To see this, if U is an object of Xgtqe, note that

0= Zlv,,, = Alvg., = Oxlug,, — 0

and Z|y,,, is a quasi-coherent sheaf on U, see Descent, Proposition Hence
by More on Morphisms, Lemma we obtain a first order thickening U C U’ of
schemes such that Oy is isomorphic to Aly,,,. It is clear that this construction is
compatible with the construction for affines above.

Choose a presentation X = U/R, see Spaces, Definition so that s,t: R > U
define an étale equivalence relation. Applying the functor above we obtain an
étale equivalence relation s’,¢' : R' — U’ in schemes. Consider the algebraic space
X' =U'/R’ (see Spaces, Theorem[10.5]). The morphism X = U/R — U’/R' = X"is
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a first order thickening. Consider Ox viewed as a sheaf on Xg4q;.. By construction
we have an isomorphism

v Ox/|vgm. — Alu

étale

such that s~'vy agrees with t 'y on Rgiqi.. Hence by Properties of Spaces, Lemma
15.13] this implies that v comes from a unique isomorphism Ox: — A as desired.

To handle the case of a general base algebraic space B, we first construct X’ as
an algebraic space over Z as above. Then we use the isomorphism Ox: — A to
define f~10Op — Oxs. According to Lemma this defines a morphism X’ — B
compatible with the given morphism X — B and we are done. (I

Lemma 8.8. Let S be a scheme. LetY C Y’ be a thickening of algebraic spaces over
S. Let X' = Y’ be a morphism and set X =Y Xy X', Then (X C X') > (Y CY')
is a morphism of thickenings. If Y C Y’ is a first (resp. finite order) thickening,
then X C X' is a first (resp. finite order) thickening.

Proof. Omitted. O

Lemma 8.9. Let S be a scheme. Let (f, f'): (X C X’) = (Y C Y') be a morphism
of thickenings of algebraic spaces over S. Then
(1) f is an affine morphism if and only if f' is an affine morphism,
) [ is a surjective morphism if and only if f' is a surjective morphism,
) [ is quasi-compact if and only if f’ quasi-compact,
) f is universally closed if and only if [’ is universally closed,
) f is integral if and only if [’ is integral,
) f is (quasi-)separated if and only if ' is (quasi-)separated,
) [ is universally injective if and only if f' is universally injective,
) [ is universally open if and only if f' is universally open, and

Proof. Observe that Y — Y’ and X — X’ are integral and universal homeomor-
phisms. This immediately implies parts (2), (3), (4), (7), and (8). Part (1) follows
from Limits of Spaces, Proposition which tells us that there is a 1-to-1 corre-
spondence between affine schemes étale over X and X’ and between affine schemes
étale over Y and Y’. Part (5) follows from (1) and (4) by Morphisms of Spaces,
Lemma [41.7] Finally, note that

XXyX:XXy/X—)XXy/X/—)X/XY/X/

is a thickening (the two arrows are thickenings by Lemma. Hence applying (3)
and (4) to the morphism (X C X’) = (X xy X — X' xys X') we obtain (6). O

Lemma 8.10. Let (f, ) : (X € X') = (S C 5’) be a morphism of thickenings
such that X =S xg X'. If S C S’ is a finite order thickening, then

(1) f is a closed immersion if and only if f' is a closed immersion,

(2) f is locally of finite type if and only if f' is locally of finite type,

(3) f is locally quasi-finite if and only if [’ is locally quasi-finite,

(4) f is locally of finite type of relative dimension d if and only if [ is locally
of finite type of relative dimension d,

(5) f is unramified if and only if f' is unramified,

(6) f is proper if and only if [’ is proper,

(7) [ is a finite morphism if and only if f' is an finite morphism, and
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(8) add more here.

Proof. Choose a scheme V' and a surjective étale morphism V' — Y’. Choose a
scheme U’ and a surjective étale morphism U’ — X’ xy: V', Set V =Y xy, V'
and U = X X xs U'. Then for étale local properties of morphisms we can reduce to
the morphism of thickenings of schemes (U C U’) — (V C V') and apply More on
Morphisms, Lemma [2.5] This proves (2), (3), (4), and (5).

The properties of morphisms in (1), (6), (7) are stable under base change, hence
if f’ has property P, then so does f. See Spaces, Lemma and Morphisms of

Spaces, Lemmas

The interesting direction in (1), (6), (7) to assume that f has the property and de-
duce that f’ has it too. By induction on the order of the thickening we may assume
that S C S’ is a first order thickening, see discussion on finite order thickenings
above.

Proof of (1). Choose a scheme V' and a surjective étale morphism V' — Y’. Set
V=YxyV,U =X"xy V' and U = X xy V. Then U — V is a closed
immersion, which implies that U is a scheme, which in turn implies that U’ is a
scheme (Lemma . Thus we can apply the lemma in the case of schemes to
(UcU)— (VCV’') to conclude.

Proof of (6). Follows by combining (2) with results of Lemma [8.9] and the fact
that proper equals quasi-compact + separated + locally of finite type 4+ universally
closed.

Proof of (7). Follows by combining (2) with results of Lemma[8.9]and using the fact
that finite equals integral + locally of finite type (Morphisms, Lemma [44.4)). O

9. First order infinitesimal neighbourhood

A natural construction of first order thickenings is the following. Suppose that
i :Z — X be an immersion of algebraic spaces. Choose an open subspace U C X
such that ¢ identifies Z with a closed subspace Z C U (see Morphisms of Spaces,
Remark . Let Z C Oy be the quasi-coherent sheaf of ideals defining Z in U,
see Morphisms of Spaces, Lemma Then we can consider the closed subspace
Z' C U defined by the quasi-coherent sheaf of ideals Z2.

Definition 9.1. Let ¢ : Z — X be an immersion of algebraic spaces. The first
order infinitesimal neighbourhood of Z in X is the first order thickening Z C Z’
over X described above.

This thickening has the following universal property (which will assuage any fears
that the construction above depends on the choice of the open U).

Lemma 9.2. Let i : Z — X be an immersion of algebraic spaces. The first
order infinitesimal neighbourhood Z' of Z in X has the following universal property:
Given any commutative diagram

Z T

1,

¥ <t

T

-
a

<
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where T C T’ is a first order thickening over X, there exists a unique morphism
(@'ya) : (T CT")— (Z C Z') of thickenings over X .

Proof. Let U C X be the open subspace used in the construction of Z’, i.e., an
open such that Z is identified with a closed subspace of U cut out by the quasi-
coherent sheaf of ideals Z. Since |T'| = |T”| we see that |b|(|T’|) C |U|. Hence we
can think of b as a morphism into U, see Properties of Spaces, Lemma Let
J C Op be the square zero quasi-coherent sheaf of ideals cutting out 7. By the
commutativity of the diagram we have blr = i o a where i : Z — U is the closed
immersion. We conclude that b*(b='Z) C J by Morphisms of Spaces, Lemma
As T is a first order thickening of T' we see that J2 = 0 hence b¥(b~1(Z?)) = 0. By
Morphisms of Spaces, Lemma this implies that b factors through Z’. Letting
a' : T" — Z' be this factorization we win. O

Lemma 9.3. Let i : Z — X be an immersion of algebraic spaces. Let Z C Z' be
the first order infinitesimal neighbourhood of Z in X. Then the diagram

Z —— 7

L

7 ——X

induces a map of conormal sheaves Cz;x — Cz;z: by Lemma . This map is an
isomorphism.

Proof. This is clear from the construction of Z’ above. [l

10. Formally smooth, étale, unramified transformations

Recall that a ring map R — A is called formally smooth, resp. formally étale, resp.

formally unramified (see Algebra, Definition [133.1} resp. Definition [143.1} resp.
Definition [141.1)) if for every commutative solid diagram

A——BJI

AN
N
AN
N
R B

where I C B is an ideal of square zero, there exists a, resp. exists a unique, resp.
exists at most one dotted arrow which makes the diagram commute. This moti-
vates the following analogue for morphisms of algebraic spaces, and more generally
functors.

Definition 10.1. Let S be a scheme. Let a : F — G be a transformation of
functors F,G : (Sch/S)7y ; — Sets. Consider commutative solid diagrams of the
form

F<—T
k
N .
al N \Lz
AN
G<—-T

where T and T" are affine schemes and 7 is a closed immersion defined by an ideal
of square zero.
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(1) We say a is formally smooth if given any solid diagram as above there exists
a dotted arrow making the diagram commut

(2) We say a is formally étale if given any solid diagram as above there exists
exactly one dotted arrow making the diagram commute.

(3) We say a is formally unramified if given any solid diagram as above there
exists at most one dotted arrow making the diagram commute.

Lemma 10.2. Let S be a scheme. Let a: FF — G be a transformation of functors
F,G : (Sch/S)7 : — Sets. Then a is formally étale if and only if a is both formally
smooth and formally unramified.

Proof. Formal from the definition. O

Lemmal 10.3. Composition.

(1) A composition of formally smooth transformations of functors is formally
smooth.

(2) A composition of formally étale transformations of functors is formally
étale.

(3) A composition of formally unramified transformations of functors is for-
mally unramified.

Proof. This is formal. O

Lemma 10.4. Let S be a scheme contained in Schypyy. Let F, G, H : (Sch/S){0 o —
Sets. Leta: F — G, b: H — G be transformations of functors. Consider the fibre

product diagram
H Xb,G,a F T> F

H—" @G
(1) If a is formally smooth, then the base change a' is formally smooth.

(2) If a is formally étale, then the base change a' is formally étale.
(3) If a is formally unramified, then the base change a' is formally unramified.

Proof. This is formal. O

Lemma 10.5. Let S be a scheme. Let F,G : (Sch/S)}r . — Sets. Leta: F — G
be a representable transformation of functors.

(1) If a is smooth then a is formally smooth.
(2) If a is étale, then a is formally étale.
(3) If a is unramified, then a is formally unramified.

Proof. Consider a solid commutative diagram
F<=——T

l ' ‘L
N .
a N 7

N
G<—T
L This is just one possible definition that one can make here. Another slightly weaker condition

would be to require that the dotted arrow exists fppf locally on T”’. This weaker notion has in
some sense better formal properties.
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as in Definition Then F xg T’ is a scheme smooth (resp. étale, resp. unram-
ified) over 7. Hence by More on Morphisms, Lemma (resp. Lemma resp.
Lemma we can fill in (resp. uniquely fill in, resp. fill in in at most one way) the
dotted arrow in the diagram

FxgT =—T
|
N .
N 3
N
N
T <—1T
an hence we also obtain the corresponding assertion in the first diagram. O

Lemma 10.6. Let S be a scheme contained in Schyppy. Let F, G, H : (Sch/S)Pr o —
Sets. Leta: F — G, b: G — H be transformations of functors. Assume that a is
representable, surjective, and étale.

(1) If b is formally smooth, then bo a is formally smooth.
(2) If b is formally étale, then bo a is formally étale.
(3) If b is formally unramified, then bo a is formally unramified.

Conwversely, consider a solid commutative diagram
G=—-T
S
N .
bi N lz
N
H~<—1T

with T' an affine scheme over S and i : T — T' a closed immersion defined by an
ideal of square zero.

(4) If boa is formally smooth, then for every t € T there exists an étale
morphism of affines U' — T’ and a morphism U’ — G such that

Ge—T~<~—Txp U

| |

H T U’

commutes and t is in the image of U' — T".

(5) If boa is formally unramified, then there exists at most one dotted arrow
i the diagram above, i.e., b is formally unramified.

(6) If boa is formally étale, then there exists exactly one dotted arrow in the
diagram above, i.e., b is formally étale.

Proof. Assume b is formally smooth (resp. formally étale, resp. formally unram-
ified). Since an étale morphism is both smooth and unramified we see that a is
representable and smooth (resp. étale, resp. unramified). Hence parts (1), (2) and
(3) follow from a combination of Lemma and Lemma

Assume that b o a is formally smooth. Consider a diagram as in the statement of
the lemma. Let W = F xg T. By assumption W is a scheme surjective étale over
T. By Etale Morphisms, Theorem m there exists a scheme W' étale over T” such
that W = T x7 W’. Choose an affine open subscheme U’ C W’ such that t is
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in the image of U’ — T’. Because b o a is formally smooth we see that the exist
morphisms U’ — F' such that
F<—W~<~—Txp U
boai \ \L
H T U’

commutes. Taking the composition U’ — F — G gives a map as in part (5) of the
lemma.

Assume that f,g : T/ — G are two dotted arrows fitting into the diagram of the
lemma. Let W = F x¢ T. By assumption W is a scheme surjective étale over T.
By Etale Morphisms, Theorem there exists a scheme W' étale over T’ such
that W =T x7 W’. Since a is formally étale the compositions

WoT LG and WoT %G
lift to morphisms f', ¢’ : W/ — F (lift on affine opens and glue by uniqueness).

Now if boa : F — H is formally unramified, then f/ = ¢’ and hence f = g as
W’ — T’ is an étale covering. This proves part (6) of the lemma.

Assume that b o a is formally étale. Then by part (4) we can étale locally on T”
find a dotted arrow fitting into the diagram and by part (5) this dotted arrow is
unique. Hence we may glue the local solutions to get assertion (6). Some details
omitted. O

Remark|10.7. It is tempting to think that in the situation of Lemma|[10.6| we have
“b formally smooth” < “boa formally smooth”. However, this is likely not true in
general.

Lemma 10.8. Let S be a scheme. Let F,G,H : (Sch/S){)? . — Sets. Leta: F —
G, b: G — H be transformations of functors. Assume b is formally unramified.

(1) If boa is formally unramified then a is formally unramified.
(2) Ifboa is formally étale then a is formally étale.
(3) Ifboa is formally smooth then a is formally smooth.

Proof. Let T C T" be a closed immersion of affine schemes defined by an ideal
of square zero. Let ¢’ : T/ — G and f : T — F be given such that ¢'|r = ao f.
Because b is formally unramified, there is a one to one correspondence between
{f"T"=F|f=flrandaocf =g}
and
{f'"T'=F|f=/f|rand boao f ' =bog'}.

From this the lemma follows formally. O

11. Formally unramified morphisms

In this section we work out what it means that a morphism of algebraic spaces is
formally unramified.

Definition 11.1. Let S be a scheme. A morphism f : X — Y of algebraic
spaces over S is said to be formally unramified if it is formally unramified as a
transformation of functors as in Definition [0.11
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We will not restate the results proved in the more general setting of formally unram-
ified transformations of functors in Section[I0l It turns out we can characterize this
property in terms of vanishing of the module of relative differentials, see Lemma
1.6l

Lemmal 11.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:
(1) f is formally unramified,
(2) for every diagram
U——=V
|
xtoy
where U and V' are schemes and the vertical arrows are étale the morphism
of schemes 1 is formally unramified (as in More on Morphisms, Definition
, and
(3) for one such diagram with surjective vertical arrows the morphism ¥ is
formally unramified.

Proof. Assume f is formally unramified. By Lemma the morphisms U — X
and V — Y are formally unramified. Thus by Lemma[10.3] the composition U — Y
is formally unramified. Then it follows from Lemma that U — V is formally
unramified. Thus (1) implies (2). And (2) implies (3) trivially

Assume given a diagram as in (3). By Lemma the morphism V' — Y is formally
unramified. Thus by Lemma the composition U — Y is formally unramified.
Then it follows from Lemma that X — Y is formally unramified, i.e., (1)
holds. d

Lemmal11.3. Let S be a scheme. If f : X — Y is a formally unramified morphism
of algebraic spaces over S, then given any solid commutative diagram
X~—T
RS
fl N J/z
N
S<~—1T

where T C T' is a first order thickening of algebraic spaces over S there exists at
most one dotted arrow making the diagram commute. In other words, in Definition
[71:7] the condition that T be an affine scheme may be dropped.

Proof. This is true because there exists a surjective étale morphism U’ — T” where
U’ is a disjoint union of affine schemes (see Properties of Spaces, Lemma [6.1)) and
a morphism 77 — X is determined by its restriction to U’. O

Lemmal 11.4. A composition of formally unramified morphisms is formally un-
ramified.

Proof. This is formal. O

Lemmal 11.5. A base change of a formally unramified morphism is formally un-
ramified.

Proof. This is formal. O
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Lemma 11.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) f is formally unramified, and

(2) Qx/y =0.
Proof. This is a combination of Lemma [I1.2] More on Morphisms, Lemma [£.7]
and Lemma [6.3] O

Lemma 11.7. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) The morphism f is unramified,

(2) the morphism f is locally of finite type and Qx/y =0, and

(3) the morphism f is locally of finite type and formally unramified.

U——V
i w i
!
X —Y
where U and V are schemes and the vertical arrows are étale and surjective. Then
we see

Proof. Choose a diagram

f unramified < v unramified
< 1 locally finite type and )y =0
< f locally finite type and Qx,y =0
< f locally finite type and formally unramified
Here we have used Morphisms, Lemma and Lemma [11.6] (Il

Lemmal 11.8. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) f is unramified and a monomorphism,

(2) f is unramified and universally injective,

(3) f is locally of finite type and a monomorphism,

(4) f is universally injective, locally of finite type, and formally unramified.

Moreover, in this case f is also representable, separated, and locally quasi-finite.

Proof. We have seen in Lemma that being formally unramified and locally
of finite type is the same thing as being unramified. Hence (4) is equivalent to
(2). A monomorphism is certainly formally unramified hence (3) implies (4). It is
clear that (1) implies (3). Finally, if (2) holds, then A : X — X Xy X is both an
open immersion (Morphisms of Spaces, Lemma and surjective (Morphisms of
Spaces, Lemma hence an isomorphism, i.e., f is a monomorphism. In this
way we see that (2) implies (1). Finally, we see that f is representable, separated,
and locally quasi-finite by Morphisms of Spaces, Lemmas and a

Lemma 11.9. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) f is a closed immersion,

(2) f is universally closed, unramified, and a monomorphism,

(3) f is universally closed, unramified, and universally injective,
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(4) f is universally closed, locally of finite type, and a monomorphism,
(5) f is universally closed, universally injective, locally of finite type, and for-
mally unramified.

Proof. The equivalence of (2) — (5) follows immediately from Lemma More-
over, if (2) — (5) are satisfied then f is representable. Similarly, if (1) is satisfied

then f is representable. Hence the result follows from the case of schemes, see Etale
Morphisms, Lemma O

12. Universal first order thickenings

Let S be a scheme. Let h : Z — X be a morphism of algebraic spaces over S. A
universal first order thickening of Z over X is a first order thickening Z C Z’ over X
such that given any first order thickening 7' C T’ over X and a solid commutative
diagram

ll

(12.0.1) A )

there exists a unique dotted arrow making the diagram commute. Note that in
this situation (a,a’) : (I' C T') — (Z C Z') is a morphism of thickenings over
X. Thus if a universal first order thickening exists, then it is unique up to unique
isomorphism. In general a universal first order thickening does not exist, but if A is
formally unramified then it does. Before we prove this, let us show that a universal

first order thickening in the category of schemes is a universal first order thickening
in the category of algebraic spaces.

/ b

Lemmal 12.1. Let S be a scheme. Let h : Z — X be a morphism of algebraic
spaces over S. Let Z C Z' be a first order thickening over X. The following are
equivalent

(1) Z C Z' is a universal first order thickening,

(2) for any diagram with T" a scheme a unique dotted arrow exists
making the diagram commute, and

(3) for any diagram with T' an affine scheme a unique dotted arrow
exists making the diagram commute.

Proof. The implications (1) = (2) = (3) are formal. Assume (3) a assume given
an arbitrary diagram . Choose a presentation 7" = U’/R’, see Spaces,
Definition We may assume that U’ = J[U/ is a disjoint union of affines,
so R = U xp U =11, ;U] x7 Uj. For each pair (i,j) choose an affine open
covering U] x7 Uj = |J, R};;. Denote U;, R;jy the fibre products with T over
T'. Then each U; C U} and Ry C R;jk is a first order thickening of affine
schemes. Denote a; : U; — Z, resp. ayji : Rijr — Z the composition of a : T' = Z
with the morphism U; — T, resp. R;ji, — T. By (3) applied to a; : Uy = Z
we obtain unique morphisms a] : U/ — Z’. By (3) applied to a;jr we see that

the two compositions R”k — R’ — Z' and ka — R — Z' are equal. Hence
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o =1]la; : U =]]U/ — Z' descends to the quotient sheaf 7" = U’/R’ and we
win. O

Lemmal 12.2. Let S be a scheme. Let Z — 'Y — X be morphisms of algebraic
spaces over S. If Z C Z' is a universal first order thickening of Z over Y and
Y — X is formally étale, then Z C Z' is a universal first order thickening of Z
over X.

Proof. This is formal. Namely, by Lemma [12.1]it suffices to consider solid commu-
tative diagrams with 77 an affine scheme. The composition T — Z — Y
lifts uniquely to 7" — Y as Y — X is assumed formally étale. Hence the fact that
7 C 7' is a universal first order thickening over Y produces the desired morphism
a T — 7. O

Lemma 12.3. Let S be a scheme. Let Z —'Y — X be morphisms of algebraic
spaces over S. Assume Z —'Y is étale.

(1) IfY C Y’ is a universal first order thickening of Y over X, then the unique
étale morphism Z' — Y’ such that Z =Y xy: Z' (see Theorem[7.1]) is a
universal first order thickening of Z over X.

(2) If Z =Y s surjective and (Z C Z') — (Y C Y’) is an étale morphism of
first order thickenings over X and Z' is a universal first order thickening
of Z over X, then Y’ is a universal first order thickening of Y over X.

Proof. Proof of (1). By Lemma it suffices to consider solid commutative
diagrams with T” an affine scheme. The composition T — Z — Y lifts
uniquely to 7/ — Y’ as Y’ is the universal first order thickening. Then the fact
that Z/ — Y’ is étale implies (see Lemma that 77 — Y’ lifts to the desired
morphism o' : T/ — Z'.

Proof of (2). Let T' C T” be a first order thickening over X and let a : T — Y be a
morphism. Set W =T Xy Z and denote ¢ : W — Z the projection Let W’/ — T’
be the unique étale morphism such that W = T xp W', see Theorem Note
that W/ — T’ is surjective as Z — Y is surjective. By assumption we obtain a
unique morphism ¢ : W — Z’ over X restricting to ¢ on W. By uniqueness the
two restrictions of ¢’ to W’ x 7+ W' are equal (as the two restrictions of ¢ to W x1+ W
are equal). Hence ¢’ descends to a unique morphism o’ : 77 — Y’ and we win. O

Lemma 12.4. Let S be a scheme. Let h : Z — X be a formally unramified
morphism of algebraic spaces over S. There exists a universal first order thickening
Z C 7" of Z over X.

Proof. Choose any commutative diagram

V—U

|

J ——X

where V' and U are schemes and the vertical arrows are étale. Note that V' — U is a
formally unramified morphism of schemes, see Lemma[l1.2] Combining Lemmal[I2.1
and More on Morphisms, Lemma [5.1| we see that a universal first order thickening
V C V' of V over U exists. By Lemma [12.2] part (1) V' is a universal first order
thickening of V' over X.
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Fix a scheme U and a surjective étale morphism U — X. The argument above
shows that for any V — Z étale with V' a scheme such that V' — Z — X factors
through U a universal first order thickening V' C V/ of V over X exists (but does
not depend on the chosen factorization of V' — X through U). Now we may choose
V such that V — Z is surjective étale (see Spaces, Lemma. Then R=VxzV
a scheme étale over Z such that R — X factors through U also. Hence we obtain
universal first order thickenings V' C V' and R C R over X. AsV C V' is a
universal first order thickening, the two projections s,¢: R — V lift to morphisms
st : R — V'. By Lemma [12.3|as R’ is the universal first order thickening of R
over X these morphisms are étale. Then (,s") : R’ — V' is an étale equivalence
relation and we can set Z' = V’'/R’. Since V' — Z’ is surjective étale and v’ is the
universal first order thickening of V over X we conclude from Lemma [12.2] part (2)
that Z’ is a universal first order thickening of Z over X. [

Definition 12.5. Let S be a scheme. Let h : Z — X be a formally unramified
morphism of algebraic spaces over S.

(1) The universal first order thickening of Z over X is the thickening Z C Z’
constructed in Lemma [2.4]

(2) The conormal sheaf of Z over X is the conormal sheaf of Z in its universal
first order thickening Z’ over X.

We often denote the conormal sheaf Cz,x in this situation.

Thus we see that there is a short exact sequence of sheaves
O%CZ/X*)OZ/*)Ozﬁo

on Zgale and Cz,x is a quasi-coherent Oz-module. The following lemma proves
that there is no conflict between this definition and the definition in case 7 — X
is an immersion.

Lemma 12.6. Let S be a scheme. Leti: Z — X be an immersion of algebraic
spaces over S. Then

(1) 4 is formally unramified,

(2) the universal first order thickening of Z over X is the first order infinites-
imal neighbourhood of Z in X of Definition

(3) the conormal sheaf of i in the sense of Deﬁmtion agrees with the conor-
mal sheaf of i in the sense of Definition [12.5,

Proof. An immersion of algebraic spaces is by definition a representable mor-
phism. Hence by Morphisms, Lemmas and an immersion is unramified
(via the abstract principle of Spaces, Lemma. Hence it is formally unramified
by Lemma[I1.7} The other assertions follow by combining Lemmas 0.2 and [9.3] and
the definitions. O

Lemma 12.7. Let S be a scheme. Let Z — X be a formally unramified morphism
of algebraic spaces over S. Then the universal first order thickening Z' is formally
unramified over X.
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Proof. Let T C T’ be a first order thickening of affine schemes over X. Let

7' <—T

N

X<~—T

be a commutative diagram. Set Ty = ¢~ 3(Z) € T and T, = a~(Z) (scheme
theoretically). Since Z’ is a first order thickening of Z, we see that T" is a first
order thickening of 7). Moreover, since ¢ = a|p we see that Top = T'N 7T, (scheme
theoretically). As T” is a first order thickening of T it follows that T, is a first order
thickening of Ty. Now a|r, and b|r, are morphisms of T}, into Z’ over X which agree
on Ty as morphisms into Z. Hence by the universal property of Z’ we conclude
that a7, = b|7,. Thus a and b are morphism from the first order thickening 7" of
T! whose restrictions to T, agree as morphisms into Z. Thus using the universal
property of Z' once more we conclude that a = b. In other words, the defining
property of a formally unramified morphism holds for Z’ — X as desired. O

Lemma 12.8. Let S be a scheme Consider a commutative diagram of algebraic
spaces over S

|k
WL>Y

with h and h' formally unramified. Let Z C Z' be the universal first order thickening
of Z over X. Let W C W’ be the universal first order thickening of W over Y.
There exists a canonical morphism (f, f') : (Z,Z") — (W, W') of thickenings over
Y which fits into the following commutative diagram

~

i

In particular the morphism (f, f') of thickenings induces a morphism of conormal
sheaves f*Cyy — Cz/x-

Proof. The first assertion is clear from the universal property of W’. The induced
map on conormal sheaves is the map of Lemma applied to (Z € Z') = (W C

w’). O
Lemma 12.9. Let S be a scheme. Let
J ——X
h
|k
w L> Y

be a fibre product diagram of algebraic spaces over S with h' formally unramified.
Then h is formally unramified and if W C W' is the universal first order thickening
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of W overY, then Z = X xy W C X xy W’ is the universal first order thickening
of Z over X. In particular the canonical map f*Cyw;y — Cz/x of Lemma 18
surjective.

Proof. The morphism A is formally unramified by Lemma It is clear that
X xy W' is a first order thickening. It is straightforward to check that it has the
universal property because W' has the universal property (by mapping properties
of fibre products). See Lemma for why this implies that the map of conormal
sheaves is surjective. (Il

Lemma 12.10. Let S be a scheme. Let

VA X
h

fi ig
h/

W——Y

-

be a fibre product diagram of algebraic spaces over S with h' formally unramified
and g flat. In this case the corresponding map Z' — W' of universal first order
thickenings is flat, and f*Cyw/y — Cz/x 1is an isomorphism.

Proof. Flatness is preserved under base change, see Morphisms of Spaces, Lemma
Hence the first statement follows from the description of W’ in Lemma [12.9
It is clear that X xy W’ is a first order thickening. It is straightforward to check that
it has the universal property because W’ has the universal property (by mapping
properties of fibre products). See Lemma for why this implies that the map of
conormal sheaves is an isomorphism. a

Lemmal 12.11. Toking the universal first order thickenings commutes with étale
localization. More precisely, let h : Z — X be a formally unramified morphism of
algebraic spaces over a base scheme S. Let

V—sU

|

J ——=X

be a commutative diagram with étale vertical arrows. Let Z' be the universal first
order thickening of Z over X. ThenV — U is formally unramified and the universal
first order thickening V' of V' over U is étale over Z'. In particular, Cz/x|v = Cyu-

Proof. The first statement is Lemma [11.2] The compatibility of universal first
order thickenings is a consequence of Lemmas and O

Lemmal 12.12. Let S be a scheme. Let B be an algebraic space over S. Let
h: Z — X be a formally unramified morphism of algebraic spaces over B. Let
7 C Z' be the universal first order thickening of Z over X with structure morphism
W :Z'"— X. The canonical map

dh/ : (h/)*QX/B — QZ’/B

induces an isomorphism h*Qx/p — Qz//p @ Oz.
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Proof. The map ¢y is the map defined in Lemma Ifi: Z — 7' is the given
closed immersion, then i*cp/ is a map h*Qy,g — Qz/,5@0z. Checking that it is an
isomorphism reduces to the case of schemes by étale localization, see Lemma [12.11
and Lemma [6.3] In this case the result is More on Morphisms, Lemma [5.9 0

Lemmal 12.13. Let S be a scheme. Let B be an algebraic space over S. Let
h:Z — X be a formally unramified morphism of algebraic spaces over B. There
s a canonical exact sequence

CZ/X — h*QX/B — QZ/B — 0.
The first arrow is induced by dz /g where Z' is the universal first order neighbour-
hood of Z over X.
Proof. We know that there is a canonical exact sequence
CZ/Z’ — QZ’/S R0z — QZ/S — 0.
see Lemma Hence the result follows on applying Lemma [12.12] O

Lemma 12.14. Let S be a scheme. Let

3
N
Y
be a commutative diagram of algebraic spaces over S where i and j are formally
unramified. Then there is a canonical exact sequence
Cz/y — CZ/X — i*Qx/y —0

where the first arrow comes from Lemma and the second from Lemma|12.15

Proof. Since the maps have been defined, checking the sequence is exact reduces
to the case of schemes by étale localization, see Lemma, [12.11] and Lemma In
this case the result is More on Morphisms, Lemma [5.11 O

Lemma 12.15. Let S be a scheme. Let Z — Y — X be formally unramified
morphisms of algebraic spaces over S.

(1) If Z C Z' is the universal first order thickening of Z over X andY C Y’ is
the universal first order thickening of Y over X, then there is a morphism
Z' =Y andY Xy Z' is the universal first order thickening of Z over Y .
(2) There is a canonical exact sequence
i*Cy/X — CZ/X — Cz/y —0
where the maps come from Lemma and i : Z — Y is the first mor-
phism.

Proof. The map h: Z' — Y’ in (1) comes from Lemma [12.8 The assertion that
Y xy+ Z' is the universal first order thickening of Z over Y is clear from the universal
properties of Z/ and Y’. By Lemma [4.6| we have an exact sequence

(") Cyxy 2120 = Crz0 = Cayyxyzr = 0

where ¢/ : Z — Y xy+ Z' is the given morphism. By Lemma there exists a
surjection h*Cy)yr — Cyx,,z//z"- Combined with the equalities Cy,y: = Cy/x,
Czyz» =Cz/x, and Cz/y ., z+ = Cz/y this proves the lemma.
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13. Formally étale morphisms

In this section we work out what it means that a morphism of algebraic spaces is
formally étale.

Definition 13.1. Let S be a scheme. A morphism f: X — Y of algebraic spaces
over S is said to be formally étale if it is formally étale as a transformation of
functors as in Definition [[0.11

We will not restate the results proved in the more general setting of formally étale
transformations of functors in Section

Lemma 13.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:
(1) f is formally étale,
(2) for every diagram
U——V
L
x Loy
where U and V' are schemes and the vertical arrows are étale the morphism
of schemes 1 is formally étale (as in More on Morphisms, Definition ,
and

(3) for one such diagram with surjective vertical arrows the morphism 1) is
formally étale.

Proof. Assume f is formally étale. By Lemma the morphisms U — X and
V — Y are formally étale. Thus by Lemma the composition U — Y is formally
étale. Then it follows from Lemma that U — V is formally étale. Thus (1)
implies (2). And (2) implies (3) trivially

Assume given a diagram as in (3). By Lemma the morphism V. — Y is

formally étale. Thus by Lemma the composition U — Y is formally étale.
Then it follows from Lemma that X — Y is formally étale, i.e., (1) holds. O

Lemmal 13.3. Let S be a scheme. Let f : X — Y be a formally étale morphism
of algebraic spaces over S. Then given any solid commutative diagram

X< T

NS

fl AN J{z
AN

Y~—T

where T C T is a first order thickening of algebraic spaces over Y there exists ex-
actly one dotted arrow making the diagram commute. In other words, in Definition
the condition that T be affine may be dropped.

Proof. Let U’ — T’ be a surjective étale morphism where U’ = [J U/ is a disjoint
union of affine schemes. Let U; =T X7/ U]. Then we get morphisms a} : U] — X
such that a!|y, equals the composition U; — T — X. By uniqueness (see Lemma
we see that a] and a); agree on the fibre product U] x7s U;. Hence []a; :
U’ — X descends to give a unique morphism o’ : 7" — X. O

Lemma 13.4. A composition of formally étale morphisms is formally étale.
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Proof. This is formal. O

Lemma) 13.5. A base change of a formally étale morphism is formally étale.

Proof. This is formal. O

Lemmal 13.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S The following are equivalent:
(1) f is formally étale,
(2) f is formally unramified and the universal first order thickening of X over
Y is equal to X,
(3) f is formally unramified and Cx,y =0, and
(4) Qx/y =0 and CX/Y =0.

Proof. Actually, the last assertion only make sense because Qx/y = 0 implies that
Cx/y is defined via Lemma and Definition m This also makes it clear that
(3) and (4) are equivalent.

Either of the assumptions (1), (2), and (3) imply that f is formally unramified.
Hence we may assume f is formally unramified. The equivalence of (1), (2), and
(3) follow from the universal property of the universal first order thickening X'
of X over S and the fact that X = X’ < Cx/y = 0 since after all by definition
CX/Y = CX/X’ is the ideal sheaf of X in X’. U

Lemma 13.7. An unramified flat morphism is formally étale.

Proof. Follows from the case of schemes, see More on Morphisms, Lemma [6.7] and
étale localization, see Lemmas and and Morphisms of Spaces, Lemma
28.5] O

Lemmal 13.8. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) The morphism f is étale, and

(2) the morphism f is locally of finite presentation and formally étale.

Proof. Follows from the case of schemes, see More on Morphisms, Lemma [6.9] and
étale localization, see Lemma and Morphisms of Spaces, Lemmas and
[36.21 O

14. Infinitesimal deformations of maps

In this section we explain how a derivation can be used to infinitesimally move a
map. Throughout this section we use that a sheaf on a thickening X’ of X can be

seen as a sheaf on X, see Equations (8.1.1]) and (8.1.2]).

Lemma) 14.1. Let S be a scheme. Let B be an algebraic space over S. Let X C
X' and Y C Y’ be two first order thickenings of algebraic spaces over B. Let
(a,a’), (b,0") : (X € X') = (Y C Y') be two morphisms of thickenings over B.
Assume that

(1) a=b, and

(2) the two maps a*Cyyyr — Cx/x- (Lemma are equal.
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Then the map (a’)t — (b')# factors as

D
Oy/ — OY — CL*CX/X/ — CL*OX/
where D is an Og-derivation.

Proof. Instead of working on Y we work on X. The advantage is that the pullback
functor a1 is exact. Using (1) and (2) we obtain a commutive diagram with exact
TOWS

0 Cx/x Ox Ox 0

el ]

0——s a_lcy/y/ ——a 'Oy ——= a0y —=0

Now it is a general fact that in such a situation the difference of the Opg-algebra
maps (a')? and (b')* is an Op-derivation from a=*Oy to Cx,xs. By adjointness of
the functors a~! and a, this is the same thing as an Opg-derivation from Oy into
a+Cx/x. Some details omitted. [l

Note that in the situation of the lemma above we may write D as
(14.1.1) D =dy/pof

where ¢ is an Oy-linear map 6 : Qy,/p — a.Cx,x/. Of course, then by adjunction
again we may view 6 as an Ox-linear map 0 : a*Qy,;p — Cx/x-

Lemma 14.2. Let S be a scheme. Let B be an algebraic space over S. Let (a,a’) :
(X C X') = (Y CY') be a morphism of first order thickenings over B. Let

0 : G*Qy/B — CX/X’
be an Ox-linear map. Then there exists a unique morphism of pairs (b,b') : (X C
X') = (Y CY') such that (1) and (2) of Lemma hold and the derivation D
and 0 are related by Equation (14.1.1]).

Proof. Consider the map
a= () +D:a"'0y — Ox

where D is as in Equation (14.1.1). As D is an Op-derivation it follows that « is

a map of sheaves of Og-algebras. By construction we have 2& oca=alo z%, where

ix : X - X" and iy : Y — Y’ are the given closed immersions. By Lemma [3.2
we obtain a unique morphism (a,b’) : (X C X’) — (Y C Y”) of thickenings over B
such that a = (§')%. Setting b = a we win. O

Lemma 14.3. Let S be a scheme. Let B be an algebraic space over S. Let X C X'
andY C Y’ be first order thickenings over B. Assume given a morphisma: X —Y
and a map A : a*Cy/y: — Cx/x+ of Ox-modules. For an object U" of (X')spaces,étate
with U = X x x» U’ consider morphisms o' : U' — Y’ such that

(1) o' is a morphism over B,

(2) d|u =aly, and

(3) the induced map a*Cyy+|v — Cx/x/|u is the restriction of A to U.
Then the rule

(14.3.1) U'—{d :U =Y’ such that (1), (2), (3) hold.}

defines a sheaf of sets on (X')spaces,étale-
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Proof. Denote F the rule of the lemma. The restriction mapping F(U") — F(V')
for V! C U' C X’ of F is really the restriction map a’ — a’|y,. With this definition
in place it is clear that F is a sheaf since morphisms of algebraic spaces satisfy étale
descent, see Descent on Spaces, Lemma [6.2 [l

Lemma 14.4. Same notation and assumptions as in Lemma [I.3 We identify
sheaves on X and X' via . There is an action of the sheaf

Homoy (a*Qy;5,Cx/x7)
on the sheaf (14.3.1). Moreover, the action is simply transitive for any object U’
of (X')spaces,étale over which the sheaf (14.3.1) has a section.
Proof. This is a combination of Lemmas [T4.1] [I4.2] and [T4.3] O

Remark 14.5. A special case of Lemmas|14.1}[14.2} [14.3] and|14.4]is where Y =Y.
In this case the map A is always zero. The sheaf of Lemma [14.3]is just given by
the rule

U'—{d :U" =Y over S with |y = a|y}
and we act on this by the sheaf Homo, (a*Qy,p,Cx/x+). The action of a local

section 6§ on a’ is sometimes indicated by 6 - a’. Note that this means nothing else
than the fact that (a’)* and (0 - a’)* differ by a derivation D which is related to 6

by Equation ((14.1.1)).

15. Infinitesimal deformations of algebraic spaces

The following simple lemma is often a convenient tool to check whether an infini-
tesimal deformation of a map is flat.

Lemma 15.1. Let S be a scheme. Let (f,f') : (X € X') - (Y CY’') bea
morphism of first order thickenings of algebraic spaces over S. Assume that f is
flat. Then the following are equivalent

(1) fis flat and X =Y xy+» X', and

(2) the canonical map f*Cy;y: — Cx/x is an isomorphism.

Proof. Choose a scheme V' and a surjective étale morphism V' — Y’. Choose a
scheme U’ and a surjective étale morphism U’ — X' xy/ V', Set U = X xx U’
and V =Y xys V'. According to our definition of a flat morphism of algebraic
spaces we see that the induced map g : U — V is a flat morphism of schemes and
that f is flat if and only if the corresponding morphism ¢’ : U’ — V' is flat. Also,
X =Y xy: X" if and only if U = V xy/ V'. Finally, the map f*Cy;y — Cx/x
is an isomorphism if and only if g*Cy/y» — Cy,y+ is an isomorphism. Hence the
lemma follows from its analogue for morphisms of schemes, see More on Morphisms,
Lemma O

16. Formally smooth morphisms

In this section we introduce the notion of a formally smooth morphism X — Y of
algebraic spaces. Such a morphism is characterized by the property that T-valued
points of X lift to infinitesimal thickenings of T' provided T is affine. The main
result is that a morphism which is formally smooth and locally of finite presentation
is smooth, see Lemma [16.6] It turns out that this criterion is often easier to use
than the Jacobian criterion.
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Definition 16.1. Let S be a scheme. A morphism f: X — Y of algebraic spaces
over S is said to be formally smooth if it is formally smooth as a transformation of
functors as in Definition [[0.1]

In the cases of formally unramified and formally étale morphisms the condition that
T’ be affine could be dropped, see Lemmas and This is no longer true in
the case of formally smooth morphisms. In fact, a slightly more natural condition
would be that we should be able to fill in the dotted arrow étale locally on 7”. In
fact, analyzing the proof of Lemma [16.6] shows that this would be equivalent to
the definition as it currently stands. It is also true that requiring the existence of
the dotted arrow fppf locally on 7" would be sufficient, but that is slightly more
difficult to prove.

We will not restate the results proved in the more general setting of formally smooth
transformations of functors in Section [I0l

Lemma 16.2. A composition of formally smooth morphisms is formally smooth.

Proof. Omitted. (|

Lemmal 16.3. A base change of a formally smooth morphism is formally smooth.

Proof. Omitted, but see Algebra, Lemma [133.2] for the algebraic version. (I

Lemma 16.4. Let f : X — S be a morphism of schemes. Then f is formally étale
if and only if f is formally smooth and formally unramified.

Proof. Omitted. O

Here is a helper lemma which will be superseded by Lemma [16.9]
Lemmal 16.5. Let S be a scheme. Let

U——V

|

x Loy

be a commutative diagram of morphisms of algebraic spaces over S. If the vertical
arrows are étale and f is formally smooth, then v is formally smooth.

Proof. By Lemma the morphisms U — X and V' — Y are formally étale. By
Lemma the composition U — Y is formally smooth. By Lemma [10.8] we see
1 : U — V is formally smooth. O

The following lemma is the main result of this section. It implies, combined with
Limits of Spaces, Proposition that we can recognize whether a morphism of
algebraic spaces f : X — Y is smooth in terms of “simple” properties of the
transformation of functors X — Y.

Lemma 16.6 (Infinitesimal lifting criterion). Let S be a scheme. Let f: X =Y
be a morphism of algebraic spaces over S. The following are equivalent:

(1) The morphism f is smooth.
(2) The morphism f is locally of finite presentation, and formally smooth.
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Proof. Assume f : X — S is locally of finite presentation and formally smooth.
Consider a commutative diagram

U——V

]

x—toy
where U and V are schemes and the vertical arrows are étale and surjective. By
Lemma [16.5| we see ¢ : U — V is formally smooth. By Morphisms of Spaces,
Lemma the morphism v is locally of finite presentation. Hence by the case of

schemes the morphism ¢ is smooth, see More on Morphisms, Lemma[9.7] Hence f
is smooth, see Morphisms of Spaces, Lemma [34.4

Conversely, assume that f : X — Y is smooth. Consider a solid commutative
diagram
X<~—T

™ a
f l h N \Lz
N
Y <—1T'
as in Definition We will show the dotted arrow exists thereby proving that f

is formally smooth. Let F be the sheaf of sets on (1”)spaces,étale 0f Lemma
see also Remark [4.5 Let

H= Hom@T (a*QX/chT/T’)

be the sheaf of Opr-modules on T4 introduced in Lemma The action H X
F — F turns F into a pseudo H-torsor, see Cohomology on Sites, Definition [5.1
Our goal is to show that F is a trivial H{-torsor. There are two steps: (I) To show
that F is a torsor we have to show that F has étale locally a section. (II) To
show that F is the trivial torsor it suffices to show that H(Tsare, H) = 0, see
Cohomology on Sites, Lemma 5.3

First we prove (I). To see this choose a commutative diagram

U——V

o

where U and V are schemes and the vertical arrows are étale and surjective. As f
is assumed smooth we see that ¢ is smooth and hence formally smooth by Lemma
10.5} By the same lemma the morphism V' — Y is formally étale. Thus by Lemma
10.3[ the composition U — Y is formally smooth. Then (I) follows from Lemma
10.6| part (4).

Finally we prove (IT). By Lemma we see that {1x/g is of finite presentation.
Hence a*Q2x s is of finite presentation (see Properties of Spaces, Section . Hence
the sheaf H = Homo, (a*Qx,y,Cr/7+) is quasi-coherent by Properties of Spaces,
Lemma Thus by Descent, Proposition and Cohomology of Schemes,
Lemma 2.2] we have

Hl (Tspaces,étalea H) - Hl (Tétal67 H) - Hl (T, H) =0

as desired. O




MORE ON MORPHISMS OF SPACES 39

We do a bit more work to show that being formally smooth is étale local on the
source. To begin we show that a formally smooth morphism has a nice sheaf of
differentials. The notion of a locally projective quasi-coherent module is defined in
Properties of Spaces, Section

Lemmal 16.7. Let S be a scheme. Let f: X =Y be a formally smooth morphism
of algebraic spaces over S. Then Qx,y is locally projective on X.

Proof. Choose a diagram

U——V
L]
x—toy
where U and V are affine(!) schemes and the vertical arrows are étale. By Lemma
we see ¢ : U — V is formally smooth. Hence I'(V,Oy) — T'(U,Oyp) is a
formally smooth ring map, see More on Morphisms, Lemmal[9.6] Hence by Algebra,
Lemma the I'(U, Oy )-module Qp,0,)/r(v,0y) is projective. Hence €y is
locally projective, see Properties, Section Since Qx/y|v = Qu/v we see that

Qx/y is locally projective too. (Because we can find an étale covering of X by the
affine U’s fitting into diagrams as above — details omitted.) O

Lemma 16.8. Let T be an affine scheme. Let F, G be quasi-coherent Or-modules
on Tetare. Consider the internal hom sheaf H = Homo, (F,G) on Tetare. If F is
locally projective, then H'(Tspq10,H) = 0.

Proof. By the definition of a locally projective sheaf on an algebraic space (see
Properties of Spaces, Definition [29.2)) we see that Fz,, = F|r,,, is a locally projec-
tive sheaf on the scheme T'. Thus Fz,, is a direct summand of a free O, -module.
Whereupon we conclude (as F = (Fzqr)?, see Descent, Proposition that F
is a direct summand of a free Op-module on T¢ 4. Hence we may assume that
F = @,c; Or is a free module. In this case H = [[,.; G is a product of quasi-
coherent modules. By Cohomology on Sites, Lemma we conclude that H! =0
because the cohomology of a quasi-coherent sheaf on an affine scheme is zero, see
Descent, Proposition and Cohomology of Schemes, Lemma O

Lemma 16.9. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:

(1) f is formally smooth,
(2) for every diagram

U——V
L
x—toy
where U and V' are schemes and the vertical arrows are étale the morphism
of schemes v is formally smooth (as in More on Morphisms, Definition

4.1)), and

(3) for one such diagram with surjective vertical arrows the morphism ¢ is
formally smooth.
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Proof. We have seen that (1) implies (2) and (3) in Lemma Assume (3).
The proof that f is formally smooth is entirely similar to the proof of (1) = (2) of
Lemma [16.6)

Consider a solid commutative diagram

X<~—T

a

k\
N
Y ~—1T

as in Definition We will show the dotted arrow exists thereby proving that f
is formally smooth. Let F be the sheaf of sets on (T”)spaces,ctale 0f Lemma m
see also Remark [[4.5 Let

H = Homo, (a"QUx /v, Cryrr)

be the sheaf of Op-modules on Tsiqe introduced in Lemma The action H x
F — F turns F into a pseudo H-torsor, see Cohomology on Sites, Definition [5.1
Our goal is to show that F is a trivial H-torsor. There are two steps: (I) To show
that F is a torsor we have to show that F has étale locally a section. (II) To
show that F is the trivial torsor it suffices to show that H(Tsqre, H) = 0, see
Cohomology on Sites, Lemma [5.3]

First we prove (I). To see this consider a diagram (which exists because we are
assuming (3))

U——=V
P

xtovy
where U and V are schemes, the vertical arrows are étale and surjective, and v is
formally smooth. By Lemma the morphism V — Y is formally étale. Thus
by Lemma the composition U — Y is formally smooth. Then (I) follows from
Lemma rt (4).

Finally we prove (II). By Lemma we see that {0y, locally projective. Hence
Qx/y is locally projective, see Descent on Spaces, Lemma Hence a*Qx/y is
locally projective, see Properties of Spaces, Lemma Hence

H' (Tsate, M) = H (Térate, Homo, (a*Qx )y, Cryrr) = 0
by Lemma as desired. ([l

Lemma 16.10. The property P(f) =“f is formally smooth” is fpgc local on the
base.

Proof. Let f: X — Y be a morphism of algebraic spaces over a scheme S. Choose
an index set I and diagrams
f
X——Y
with étale vertical arrows and U;, V; affine schemes. Moreover, assume that [[U; —

X and [[V; — Y are surjective, see Properties of Spaces, Lemma By Lemma
we see that f is formally smooth if and only if each of the morphisms ; are
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formally smooth. Hence we reduce to the case of a morphism of affine schemes. In
this case the result follows from Algebra, Lemma[133.15] Some details omitted. [

Lemma 16.11. Let S be a scheme. Let f: X — Y, g:Y — Z be morphisms of
algebraic spaces over S. Assume f is formally smooth. Then

0— f*Qy/Z — Qx/z — QX/Z —0
Lemmal6.8 is short ezact.

Proof. Follows from the case of schemes, see More on Morphisms, Lemma [9.9] by
étale localization, see Lemmas and O

Lemmal 16.12. Let S be a scheme. Let B be an algebraic space over S. Let
h:Z — X be a formally unramified morphism of algebraic spaces over B. Assume
that Z is formally smooth over B. Then the canonical exact sequence

0— CZ/X — z*QX/B — QZ/B —0
of Lemma is short exact.

Proof. Let Z — Z' be the universal first order thickening of Z over X. From the
proof of Lemma [12.13] we see that our sequence is identified with the sequence

CZ/Z’ — QZ//B R0z — QZ/B — 0.

Since Z — S is formally smooth we can étale locally on Z’ find a left inverse Z/ — Z
over B to the inclusion map Z — Z’. Thus the sequence is étale locally split, see

Lemma [6.11] O
Lemma 16.13. Let S be a scheme. Let
\ if
J
Y

be a commutative diagram of algebraic spaces over S where i and j are formally
unramified and f is formally smooth. Then the canonical exact sequence

0— Cz/y — CZ/X — Z*Qx/y —0
of Lemma s exact and locally split.

Proof. Denote Z — Z’ the universal first order thickening of Z over X. Denote
Z — Z" the universal first order thickening of Z over Y. By Lemma [12.13| here is
a canonical morphism Z’ — Z" so that we have a commutative diagram

Z—=2 —X
3
N
J
YA _b Y
The sequence above is identified with the sequence
Czyzn — Cgyzr — (1) Qzryz0 — 0

via our definitions concerning conormal sheaves of formally unramified morphisms.
Let U” — Z" be an étale morphism with U” affine. Denote U — Z and U’ — Z'
the corresponding affine schemes étale over Z and Z’. As f is formally smooth
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there exists a morphism h : U” — X which agrees with ¢ on U and such that foh
equals b|y~. Since Z' is the universal first order thickening we obtain a unique
morphism g : U” — Z' such that g = a o h. The universal property of Z” implies
that k o g is the inclusion map U” — Z”. Hence g is a left inverse to k. Picture

U——7

|
k

U// Z//

Thus g induces a map Cz/z |y — Cz/z+|y which is a left inverse to the map
CZ/Z” — CZ/Z’ over U. O

17. Smoothness over a Noetherian base
This section is the analogue of More on Morphisms, Section

Lemma 17.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let x € |X|. Assume that'Y is locally Noetherian and f locally of
finite type. The following are equivalent:

(1) f is smooth at x,

(2) for every solid commutative diagram

X <——Spec(B)

AS
N
o
AN

y<2 Spec(B’)

where B' — B is a surjection of local rings with Ker(B' — B) of square
zero, and o mapping the closed point of Spec(B) to x there exists a dotted
arrow making the diagram commute, and

(3) same as in (2) but with B' — B ranging over small extensions (see Algebra,

Definition |136.1)).

Proof. Condition (1) means there is an open subspace X’ C X such that X’ — Y
is smooth. Hence (1) implies conditions (2) and (3) by Lemma Condition (2)
implies condition (3) trivially. Assume (3). Choose a commutative diagram

X<—U

,

Y~—V

with U and V affine, horizontal arrows étale and such that there is a point w € U
mapping to x. Next, consider a diagram

X <—— U <—— Spec(B)

Lk

Y- v<2 Spec(B’)

as in (3) but for u € U — V. Let 7 : Spec(B’) — X be the arrow we get from our
assumption that (3) holds for X. Because U — X is étale and hence formally étale
(Lemma [13.8)) the morphism + has a unique lift to U compatible with «. Then
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because V' — Y is étale hence formally étale this lift is compatible with 5. Hence
(3) holds for w € U — V and we conclude that U — V is smooth at u by More
on Morphisms, Lemma [10.1} This proves that X — Y is smooth at z, thereby
finishing the proof. O

Sometimes it is useful to know that one only needs to check the lifting criterion
for small extensions “centered” at points of finite type (see Morphisms of Spaces,

Section .

Lemma 17.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume Y is locally Noetherian and f locally of finite type. The
following are equivalent:

(1) f is smooth,

(2) for every solid commutative diagram

X <—— Spec(B)

k\
17

B /
Y <—— Spec(B’)

where B’ — B is a small extension of Artinian local rings and B of finite
type (!) there exists a dotted arrow making the diagram commute.

Proof. If f is smooth, then the infinitesimal lifting criterion (Lemma [16.6)) says f
is formally smooth and (2) holds.

Assume f is not smooth. The set of points x € X where f is not smooth forms a
closed subset T of | X|. By Morphisms of Spaces, Lemma there exists a point
z €T C X with x € Xg_ps. Choose a commutative diagram

iy

with U and V affine, horizontal arrows étale and such that there is a point u € U
mapping to z. Then w is a finite type point of U. Since U — V is not smooth at
the point u, by More on Morphisms, Lemma there is a diagram

X <—— U <—— Spec(B)
~

RN

Y- v<2 Spec(B’)

with B’ — B a small extension of (Artinian) local rings such that the residue field
of B is equal to x(v) and such that the dotted arrow does not exist. Since U — V/
is of finite type, we see that v is a finite type point of V. By Morphisms, Lemma
the morphism f is of finite type, hence the composition Spec(B) — Y is of
finite type also. Arguing exactly as in the proof of Lemmam (using that U — X
and V — Y are étale hence formally étale) we see that there cannot be an arrow
Spec(B) — X fitting into the outer rectangle of the last displayed diagram. In
other words, (2) doesn’t hold and the proof is complete. [
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Here is a useful application.

Lemma 17.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume f is locally of finite type and Y locally Noetherian. Let
Z CY be a closed subspace with nth infinitesimal neighbourhood Z, C Y. Set
Xn =2, xy X.
(1) If X,, — Z, is smooth for all n, then f is smooth at every point of f~1(Z).
(2) If X,, — Z, is étale for all n, then f is étale at every point of f~1(Z).

Proof. Assume X,, — Z,, is smooth for all n. Let x € X be a point lying over
a point of Z. Given a small extension B’ — B and morphisms «, 8 as in Lemma
part (3) the maximal ideal of B’ is nilpotent (as B’ is Artinian) and hence the
morphism S factors through Z,, and « factors through X,, for a suitable n. Thus
the lifting property for X,, — Z, kicks in to get the desired dotted arrow in the
diagram. This proves (1). Part (2) follows from (1) and the fact that a morphism
is étale if and only if it is smooth of relative dimension 0. (]

18. Openness of the flat locus

This section is analogue of More on Morphisms, Section Note that we have
defined the notion of flatness for quasi-coherent modules on algebraic spaces in
Morphisms of Spaces, Section

Theorem| 18.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let F be a quasi-coherent sheaf on X. Assume f is locally of finite
presentation and that F is an Ox-module which is locally of finite presentation.
Then

{z € |X|: F is flat overY at x}
is open in | X|.

Proof. Choose a commutative diagram

U——=V

X—=-Y
with U, V schemes and p, g surjective and étale as in Spaces, Lemma [11.4l By
More on Morphisms, Theorem the set U’ = {u € |U| : p*F is flat over V at u}
is open in U. By Morphisms of Spaces, Definition the image of U’ in | X]| is
the set of the theorem. Hence we are done because the map |U| — | X| is open, see
Properties of Spaces, Lemma [4.6 O

Lemma) 18.2. Let S be a scheme. Let
X/ H[ X
g
f’l lf
yvi_ 9.y
be a cartesian diagram of algebraic spaces over S. Let F be a quasi-coherent Ox -

module. Assume g is flat, f is locally of finite presentation, and F is locally of
finite presentation. Then

{z' €| X' : (¢')*F is flat over Y’ at '}
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is the inverse image of the open subset of Theorem under the continuous map
']+ | X[ = |1 X].

Proof. This follows from Morphisms of Spaces, Lemma [29.3 ]

19. Critére de platitude par fibres

Let S be a scheme. Consider a commutative diagram of algebraic spaces over S
X— =Y
f
x /

Z
and a quasi-coherent O x-module F. Given a point z € |X| we consider the question
as to whether F is flat over Y at z. If F is flat over Z at z, then the theorem below
states this question is intimately related to the question of whether the restriction

of F to the fibre of X — Z over g(z) is flat over the fibre of Y — Z over g(z). To
make sense out of this we offer the following preliminary lemma.

Lemma 19.1. In the situation above the following are equivalent
(1) Pick a geometric point T of X lying over . Setj= foT andZ = goT.
Then the module Fz/mzFz is flat over Oy z/mz0y 3.
(2) Pick a morphism x : Spec(K) — X in the equivalence class of x. Set
z =goux, X, = Spec(K) X,z X, Y, = Spec(K) x, 2z Y, and F, the
pullback of F to X,. Then F, is flat at x over Y, (as defined in Morphisms
of Spaces, Definition .

(3) Pick a commutative diagram

W
X=——>Y w
f
x ///
VA
where U, V, W are schemes, and a,b, c are étale, and a point uw € U mapping

tox. Letw € W be the image of u. Let F,, be the pullback of F to the fibre
Uy of U —= W at w. Then F, is flat over V,, at u.

Proof. Note that in (2) the morphism z : Spec(K) — X defines a K-rational
point of X, hence the statement makes sense. Moreover, the condition in (2) is
independent of the choice of Spec(K) — X in the equivalence class of = (details
omitted; this will also follow from the arguments below because the other conditions
do not depend on this choice). Also note that we can always choose a diagram as
in (3) by: first choosing a scheme W and a surjective étale morphism W — Z, then
choosing a scheme V and a surjective étale morphism V' — W xz Y, and finally
choosing a scheme U and a surjective étale morphism U — V xy X. Having made
these choices we set U — W equal to the composition U — V' — W and we can
pick a point u € U mapping to x because the morphism U — X is surjective.

v

Suppose given both a diagram as in (3) and a geometric point T : Spec(k) — X
as in (1). By Properties of Spaces, Lemma we can choose a geometric point
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7 : Spec(k) — U lying over u such that T = a o u. Denote T : Spec(k) — V
and W : Spec(k) — W the induced geometric points of V' and W. In this setting
we know that Oxz = (’)(S]hu and similarly for Y and Z, see Properties of Spaces,
Lemma [19.3l In the same vein we have

Tz = (a*F)u @0y, Off,
see Properties of Spaces, Lemma Note that the stalk of F,, at u is given by
(Fw)u = (@ F)u/mw (@ F)y
and the local ring of V,, at v is given by
Oy, » = Ov.p/my,Oy,.
Since mz = m,,0zz = mwOf/{Zw we see that
Fz/mzFz = (" F)u @0y, Oxz/mz0xz
= (Fu)u ®0u,,.. Ofu/mwO,
= (Fuw)u R0y, OSUZ@
= (-Fw)ﬂ

the penultimate equality by Algebra, Lemma [145.30| and the last equality by Prop-
erties of Spaces, Lemma The same arguments applied to the structure sheaves
of V and Y show that

sh _ sh sh __
Oy, 5= Ov,v/ m, Oy, = Oyy/mzOy 5.

OK, and now we can use Morphisms of Spaces, Lemma to see that (1) is
equivalent to (3).

Finally we prove the equivalence of (2) and (3). To do this we pick a field extension
K of K and and a morphism Z : Spec(f() — U which lies over u (this is possible
because u X x , Spec(K) is a nonempty scheme). Set % : Spec(K) — U — W be
the composition. We obtain a commutative diagram

U'w sz > Vw sz

M
X, ==Y, Z
f
x /
z
where z = Spec(K) and w = Spec(k(w)). Now it is clear that F,, and F, pull back
to the same module on U, X, zZ. This leads to a commutative diagram
X, =——Uy X 2——=U,

Y, <~—Vy Xp 22—V,

both of whose squares are cartesian and whose bottom horizontal arrows are flat:
the lower left horizontal arrow is the composition of the morphism Y xz Z —
Y xzz =Y, (base change of a flat morphism), the étale morphism Vxz2Z — Y x5 2,
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and the étale morphism V xy zZ — V xz Z. Thus it follows from Morphisms of
Spaces, Lemma that

F, flat at x over Y, & Fly, x,z flat at & over V,, x,, 2 & F,, flat at u over V,,

and we win. 0O

Definition 19.2. Let S be a scheme. Let X — Y — Z be morphisms of algebraic
spaces over S. Let F be a quasi-coherent Ox-module. Let z € | X| be a point and
denote z € |Z] its image.
(1) We say the restriction of F to its fibre over z is flat at x over the fibre of
Y ower z if the equivalent conditions of Lemma [19.1] are satisfied.
(2) We say the fibre of X over z is flat at x over the fibre of Y over z if the
equivalent conditions of Lemma hold with F = Ox.
(3) We say the fibre of X over z is flat over the fibre of Y over z if for all
x € |X]| lying over z the fibre of X over z is flat at « over the fibre of YV’
over z

‘With this definition in hand we can state a version of the criterion as follows. The
Noetherian version can be found in Section 201

Theorem 19.3. Let S be a scheme. Let f : X =Y and Y — Z be a morphisms
of algebraic spaces over S. Let F be a quasi-coherent Ox-module. Assume

(1) X is locally of finite presentation over Z,
(2) F an Ox-module of finite presentation, and
(3) Y is locally of finite type over Z.

Let x € |X| and let y € |Y| and z € |Z| be the images of x. If Fz # 0, then the
following are equivalent:

(1) F is flat over Z at x and the restriction of F to its fibre over z is flat at x
over the fibre of Y over z, and
(2) Y is flat over Z aty and F is flat overY at x.

Moreover, the set of points x where (1) and (2) hold is open in Supp(F).

Proof. Choose a diagram as in Lemma part (3). It follows from the definitions
that this reduces to the corresponding theorem for the morphisms of schemes U —
V — W, the quasi-coherent sheaf a*F, and the point v € U. Thus the theorem

follows from the corresponding result for schemes which is More on Morphisms,
Theorem [13.2] O

Lemma 19.4. Let S be a scheme. Let f : X —Y andY — Z be a morphism of
algebraic spaces over S. Assume

(1) X is locally of finite presentation over Z,

(2) X is flat over Z,

(3) for every z € |Z| the fibre of X over z is flat over the fibre of Y over z, and
(4) Y s locally of finite type over Z.

Then f is flat. If f is also surjective, then' Y is flat over Z.
Proof. This is a special case of Theorem [19.3] O

Lemma 19.5. Let S be a scheme. Let f : X — Y and Y — Z be morphisms of
algebraic spaces over S. Let F be a quasi-coherent Ox-module. Assume

(1) X is locally of finite presentation over Z,
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(2) F an Ox-module of finite presentation,
(3) F is flat over Z, and
(4) Y s locally of finite type over Z.

t

A={z€|X|:F flat at x over Y}.

is open in | X| and its formation commutes with arbitrary base change: If Z' — Z
is a morphism of algebraic spaces, and A’ is the set of points of X' = X x5 7'
where F' = F Xz Z' is flat over Y' =Y xz Z', then A’ is the inverse image of A
under the continuous map | X'| — | X]|.

Proof. One way to prove this is to translate the proof as given in More on Mor-
phisms, Lemmal([I3.4]into the category of algebraic spaces. Instead we will prove this
by reducing to the case of schemes. Namely, choose a diagram as in Lemma [T9.]]
part (3) such that a, b, and c are surjective. It follows from the definitions that this
reduces to the corresponding theorem for the morphisms of schemes U — V — W,
the quasi-coherent sheaf a*F, and the point v € U. The only minor point to make
is that given a morphism of algebraic spaces Z' — Z we choose a scheme W’ and
a surjective étale morphism W/ — W xz Z’. Then we set U’ = W' xy U and
V' =W’ xw V. We write o/, 1/, ¢ for the morphisms from U, V', W' to X', Y’ Z'.
In this case A, resp. A’ are images of the open subsets of U, resp. U’ associated
to a*F, resp. (a’)*F'. This indeed does reduce the lemma to More on Morphisms,
Lemma, [13.41 O

Lemma 19.6. Let S be a scheme. Let f : X —Y andY — Z be a morphism of
algebraic spaces over S. Assume

(1) X is locally of finite presentation over Z,
(2) X is flat over Z, and
(3) Y is locally of finite type over Z.

Then the set
{r € |X|: X flat at © over Y'}.

is open in | X| and its formation commutes with arbitrary base change Z' — Z.

Proof. This is a special case of Lemma [19.5 O

20. Flatness over a Noetherian base
Here is the “Critere de platitude par fibres” in the Noetherian case.

Theorem 20.1. Let S be a scheme. Let f : X =Y and Y — Z be a morphisms
of algebraic spaces over S. Let F be a quasi-coherent Ox-module. Assume

(1) X, Y, Z locally Noetherian, and

(2) F a coherent Ox -module.
Let x € |X| and let y € |Y] and z € |Z| be the images of x. If Fz # 0, then the
following are equivalent:

(1) F is flat over Z at x and the restriction of F to its fibre over z is flat at x

over the fibre of Y over z, and
(2) Y is flat over Z at y and F is flat over Y at x.
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Proof. Choose a diagram as in Lemma part (3). It follows from the definitions
that this reduces to the corresponding theorem for the morphisms of schemes U —
V' — W, the quasi-coherent sheaf a*F, and the point v € U. Thus the theorem

follows from the corresponding result for schemes which is More on Morphisms,
Theorem [I3.1] O

Lemma 20.2. Let S be a scheme. Let f : X —Y and Y — Z be a morphism of
algebraic spaces over S. Assume

(1) X,Y, Z locally Noetherian,

(2) X is flat over Z,

(3) for every z € |Z| the fibre of X over z is flat over the fibre of Y over z.
Then f is flat. If f is also surjective, then' Y is flat over Z.

Proof. This is a special case of Theorem [20.1 (I

Just like for checking smoothness, if the base is Noetherian it suffices to check
flatness over Artinian rings. Here is a sample statement.

Lemmal 20.3. Let A be a Noetherian ring. Let I C A be an ideal. Let X be
an algebraic space locally of finite presentation over S = Spec(A). Forn > 1 set
Sp = Spec(A/I"™) and X, = S, xg X. Let F be coherent Ox-module. If for every
n > 1 the pullback F,, of F to X is flat over S, then the (open) locus where F is
flat over X contains the inverse image of V(I) under X — S.

Proof. The locus where F is flat over S is open in |X| by Theorem [18.1} The
statement is insensitive to replacing X by the members of an étale covering, hence
we may assume X is an affine scheme. In this case the result follows immediately

from Algebra, Lemma [95.10, Some details omitted. O

21. Normalization revisited
Normalization commutes with smooth base change.

Lemmal 21.1. Let S be a scheme. Let f :' Y — X be a smooth morphism of
algebraic spaces over S. Let A be a quasi-coherent sheaf of Ox-algebras. The
integral closure of Oy in f*A is equal to f* A" where A" C A is the integral closure
of Ox in A.

Proof. By our construction of the integral closure, see Morphisms of Spaces, Defi-
nition this reduces immediately to the case where X and Y are affine. In this
case the result is Algebra, Lemma [140.4 O

Lemma 21.2 (Normalization commutes with smooth base change). Let S be a
scheme. Let

Yo —N

L)

X24>X1

be a fibre square of algebraic spaces over S. Assume f is quasi-compact and quasi-
separated and @ is smooth. Let Y; — X! — X, be the normalization of X; in Y.
Then Xé = X2 XX, X{
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Proof. The base change of the factorization Y3 — X{ — X; to X5 is a factorization
Yy = Xo Xx, X — X5 and X5 xx, X{ — X; is integral (Morphisms of Spaces,
Lemma [41.5). Hence we get a morphism h : X} — X, xx, X{ by the universal
property of Morphisms of Spaces, Lemma Observe that X is the relative
spectrum of the integral closure of Ox, in f3.Oy,. If A" C f1 .0y, denotes the
integral closure of Oyx,, then X5 X x, X7 is the relative spectrum of ¢p*A" as the
construction of the relative spectrum commutes with arbitrary base change. By
Cohomology of Spaces, Lemmawe know that f2 Oy, = ¢* f1 +Oy,. Hence the
result follows from Lemma 211l O

22. Slicing Cohen-Macaulay morphisms

Let S be a scheme. Let X be an algebraic space over S. Let f1,..., fr € T(X,Ox).
In this case we denote V' (f1,..., f,) the closed subspace of X cut out by f1,..., fr.
More precisely, we can define V' (f1,..., f.) as the closed subspace of X correspond-
ing to the quasi-coherent sheaf of ideals generated by fi,..., f., see Morphisms of
Spaces, Lemma Alternatively, we can choose a presentation X = U/R and
consider the closed subscheme Z C U cut out by f1|U,..., fr|y. It is clear that Z
is an R-invariant (see Groupoids, Definition closed subscheme and we may
set V(fl, ey fr) = Z/RZ

Lemmal 22.1. Let S be a scheme. Consider a cartesian diagram

X<~—F—F

Y <—— Spec(k)
where X — Y is a morphism of algebraic spaces over S which is flat and locally of
finite presentation, and where k is a field over S. Let f1,...,fr € T'(X,0x) and

z € |F| such that f1,..., fr map to a reqular sequence in the local ring Opz. Then,
after replacing X by an open subspace containing p(z), the morphism

V(ifi,.. oy fr) —Y
is flat and locally of finite presentation.

Proof. Set Z =V (fy,...,f.). It is clear that Z — X is locally of finite presenta-
tion, hence the composition Z — Y is locally of finite presentation, see Morphisms
of Spaces, Lemma Hence it suffices to show that Z — Y is flat in a neigh-
bourhood of p(z). Let k C k" be an extension field. Then F' = F' Xgpec(k) Spec(k’)
is surjective and flat over F', hence we can find a point 2z’ € |F’| mapping to z
and the local ring map Ofz — Op 3 is flat, see Morphisms of Spaces, Lemma
Hence the image of fi,..., fr in Op 3 is a regular sequence too, see Algebra,
Lemma Thus, during the proof we may replace k by an extension field. In
particular, we may assume that z € |F| comes from a section z : Spec(k) — F of
the structure morphism F' — Spec(k).

Choose a scheme V' and a surjective étale morphism V — Y. Choose a scheme U
and a surjective étale morphism U — X xy V. After possibly enlarging k once
more we may assume that Spec(k) — F — X factors through U (as U — X is
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surjective). Let u : Spec(k) — U be such a factorization and denote v € V the
image of u. Note that the morphisms

Uy Xgpec(r(v)) SPec(k) = U xy Spec(k) — U xy Spec(k) — F

are étale (the first as the base change of V' — V xy V and the second as the base
change of U — X). Moreover, by construction the point u : Spec(k) — U gives
a point of the left most space which maps to z on the right. Hence the elements
f1,..., f- map to a regular sequence in the local ring on the right of the following
map
OUv,u — OUUXSpeC(K(U)Spec(k),E = OUXvSpec(k),ﬂ‘

But since the displayed arrow is flat (combine More on Flatness, Lemma
and Morphisms of Spaces, Lemma we see from Algebra, Lemma that
fi,-.., fr maps to a regular sequence in Oy, ,,. By More on Morphisms, Lemma,
we conclude that the morphism of schemes

V(f17...,fr> XXU:V(f1|U,-.-,fT‘U)—>V

is flat in an open neighbourhood U’ of u. Let X’ C X be the open subspace
corresponding to the image of |U’| — |X| (see Properties of Spaces, Lemmas
and. We conclude that V(fi,..., fr)NX’ — Y is flat (see Morphisms of Spaces,
Definition as we have the commutative diagram

V(fi,..., fr) xx U ——=V

al lb
V(fi,. .., f)NX —=Y

with a, b étale and a surjective. O

23. Etale localization of morphisms
The section is the analogue of More on Morphisms, Section

Lemmal 23.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let y € |Y|. Let x1,...,2, € |X| mapping to y. Assume that
(1) f is locally of finite type,
(2) f is separated,
(3) f is quasi-finite at x1,...,x,, and

(4) f is quasi-compact or'Y is decent.
Then there exists an étale morphism (U,u) — (Y,y) of pointed algebraic spaces and
a decomposition

Uxy X=WINIOV

into open and closed subspaces such that the morphism V' — U is finite, every point
of the fibre of |V| — |U| over u maps to an x;, and the fibre of |W| — |U| over u
contains no point mapping to an ;.

Proof. Let (U,u) — (Y,y) be an étale morphism of algebraic spaces and consider
the set of w € |U xy X| mapping to u € |U| and one of the z; € |X|. By Decent
Spaces, Lemma (if f is of finite type) or Decent Spaces, Lemma (if Y
is decent) this set is finite. It follows that we may replace f by the base change
Uxy X - U and z1,...,z, by the set of these w. In particular we may and do
assume that Y is an affine scheme, whence X is a separated algebraic space.
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Choose an affine scheme Z and an étale morphism Z — X such that zq,...,z,
are in the image of |Z| — | X|. The fibres of |Z| — |X| are finite, see Properties of
Spaces, Lemma m (or the more general discussion in Decent Spaces, Section @
Let {z1,...,2m} C |Z| be the preimage of {z1,...,2,}. By More on Morphisms,
Lemma there exists an étale morphism (U,u) — (Y,y) such that U xy Z =
Z1 11 Zy with Z; — U finite and (Z1), = {#1,..., 2m}. We may assume that U is
affine and hence Z; is affine too.

Since f is separated, the image V' of Z; — X is both open and closed (Morphisms
of Spaces, Lemma . Set W = X \ V to get a decomposition as in the lemma.
To finish the proof we have to show that V' — U is finite. As Z; — V is surjective
and étale, V is the quotient of Z; by the étale equivalence relation R = Z; xy Z7,
see Spaces, Lemma Since f is separated, V' — U is separated and R is closed
in Z1 Xy Z1. Since Z; — U is finite, the projections s,t : R — Z; are finite. Thus
V' is an affine scheme by Groupoids, Proposition By Morphisms, Lemma [42.8
we conclude that V' — U is proper and by Morphisms, Lemma we conclude
that V' — U is finite, thereby finishing the proof. O

Lemma 23.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let x € | X| with image y € |Y|. Assume that

(1) f is locally of finite type,

(2) f is separated, and

(3) f is quasi-finite at x.
Then there exists an étale morphism (U,u) — (Y, y) of pointed algebraic spaces and
a decomposition

Uxy X=WINIOV

into open and closed subspaces such that the morphism V. — U is finite and there
exists a point v € |V| which maps to x in |X| and u in |U|.

Proof. Pick a scheme U, a point u € U, and an étale morphism U — Y mapping
u to y. There exists a point &' € |U xy X| mapping to z in |X| and w in |U]|
(Properties of Spaces, Lemma. To finish, apply Lemma to the morphism
U xy X — U and the point z’. It applies because U is a scheme and hence u comes
from the monomorphism Spec(x(u)) — U. O

24. Zariski’s Main Theorem

In this section we apply the results of the previous section to prove Zariski’s main
theorem for morphisms of algebraic spaces. This section is the analogue of More
on Morphisms, Section

Lemma 24.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S which is of finite type and separated. Let Y’ be the normalization of

Y in X. Picture:

X — 2V
fl
A
Y

Then there exists an open subspace U’ CY' such that
(1) (f)"YU") = U’ is an isomorphism, and
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(2) (f)~Y(U") C X is the set of points at which f is quasi-finite.

Proof. By Morphisms of Spaces, Lemma there is an open subspace U C X
corresponding to the points of | X| where f is quasi-finite. We have to prove

(a) the image of |[U| — |Y”| is |U’| for some open subspace U’ of Y,

(b) U = f~1(U’), and

(¢) U — U’ is an isomorphism.
Since formation of U commutes with arbitrary base change (Morphisms of Spaces,
Lemma7 since formation of the normalization Y/ commutes with smooth base
change (Lcmma, since étale morphisms are open, and since “being an isomor-
phism” is fpqc local on the base (Descent on Spaces, Lemma , it suffices to
prove (a), (b), (c) étale locally on Y (some details omitted). Thus we may assume
Y is an affine scheme. This implies that Y” is an (affine) scheme as well.

Let € |U|. Claim: there exists an open neighbourhood f’(xz) € V C Y’ such
that (f')~'V — V is an isomorphism. We first prove the claim implies the lemma.
Namely, then (f)~'V = V is a scheme (as an open of Y”), locally of finite type
over Y (as an open subspace of X), and for v € V the residue field extension
k(v) D k(v(v)) is algebraic (as V C Y’ and Y’ is integral over Y). Hence the
fibres of V' — Y are discrete (Morphisms, Lemma[21.2)) and (f')~'V — Y is locally
quasi-finite (Morphisms, Lemma @ This implies (f)~'V Cc U and V C U'.
Since = was arbitrary we see that (a), (b), and (c) are true.

Let y = f(x) € |Y|. Let (T,t) — (Y,y) be an étale morphism of pointed schemes.
Denote by a subscript 7 the base change to T'. Let z € X be a point in the fibre
X lying over z. Note that Up C X7 is the set of points where fr is quasi-finite,
see Morphisms of Spaces, Lemma Note that

Xp 22y v

is the normalization of T in X7, see Lemma[21.2] Suppose that the claim holds for
z€Ur C Xp =Y, — T, ie., suppose that we can find an open neighbourhood
fr(z) € V! C Y} such that (f5)"'V’ — V' is an isomorphism. The morphism
Y] — Y’ is étale hence the image V C Y’ of V' is open. Observe that f'(z) € V
as f1.(z) € V. Observe that

(fp) V' ——(f)71(V)

i |

v’ |4

is a fibre square (as Y7 Xy X = X7). Since the left vertical arrow is an isomorphism
and {V’ — V'} is a étale covering, we conclude that the right vertical arrow is an
isomorphism by Descent on Spaces, Lemma In other words, the claim holds
forreUcCX Y =Y.

By the result of the previous paragraph to prove the claim for z € |U|, we may
replace Y by an étale neighbourhood T of y = f(x) and z by any point lying over
z in T Xy X. Thus we may assume there is a decomposition

X=viaw
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into open and closed subspaces where V' — Y is finite and = € V, see Lemma [23.1]
Since X is a disjoint union of V and W over Y and since V — Y is finite we see
that the normalization of Y in X is the morphism

X=VIW —VIW — 8

where W' is the normalization of Y in W, see Morphisms of Spaces, Lemmas
and The claim follows and we win. (]

The following lemma is a duplicate of Morphisms of Spaces, Lemma The
reason for having two copies of the same lemma is that the proofs are somewhat
different. The proof given below rests on Zariski’s Main Theorem for nonrepre-
sentable morphisms of algebraic spaces as presented above, whereas the proof of
Morphisms of Spaces, Lemma [£6.2] rests on Morphisms of Spaces, Proposition [44.2]
to reduce to the case of morphisms of schemes.

Lemma 24.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume [ is quasi-finite and separated. LetY' be the normalization

of Y in X. Picture:
f/
\ /
Y

Then ' is a quasi-compact open immersion and v is integral. In particular f is
quasi-affine.

X Y’

Proof. This follows from Lemma[24.1] Namely, by that lemma there exists an open
subspace U’ C Y such that (f/)~1(U’) = X (!) and X — U’ is an isomorphism! In
other words, f’ is an open immersion. Note that f’ is quasi-compact as f is quasi-
compact and v : Y/ — Y is separated (Morphisms of Spaces, Lemma . Hence
for every affine scheme Z and morphism Z — Y the fibre product Z xy X is a
quasi-compact open subscheme of the affine scheme Z xy Y. Hence f is quasi-affine
by definition. O

Lemma 24.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic spaces
over S. Assume f is quasi-finite and separated and assume that 'Y is quasi-compact
and quasi-separated. Then there exists a factorization

X———=T
J
Y

where j is a quasi-compact open immersion and T is finite.

Proof. Let X — Y’ — Y be as in the conclusion of Lemma [24.2] By Limits of
Spaces, Lemma/[9.7] we can write v,Oy+ = colim;c1 A; as a directed colimit of finite
quasi-coherent O x-algebras A; C v,Oy/. Then w; : T; = Spec,, (A;) = Y is a finite
morphism for each i. Note that the transition morphisms T;; — T; are affine and
that Y/ = lim 7.

By Limits of Spaces, Lemmal5.5|there exists an ¢ and a quasi-compact open U; C T;

whose inverse image in Y’ equals f'(X). For ¢’ > i let U;s be the inverse image of
U; in Ty. Then X = f/(X) = limy>; Uy, see Limits of Spaces, Lemma By
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Limits of Spaces, Lemma [5.10] we see that X — Uj is a closed immersion for some
i’ > 4. (In fact X = Uy for sufficiently large ¢ but we don’t need this.) Hence
X — Ty is an immersion. By Morphisms of Spaces, Lemma we can factor
this as X — T — T;» where the first arrow is an open immersion and the second a
closed immersion. Thus we win. |

Lemma 24.4. With notation and hypotheses as in Lemmal[2.3. Assume moreover
that f is locally of finite presentation. Then we can choose the factorization such
that T is finite and of finite presentation over Y .

Proof. By Limits of Spaces, Lemma we can write 7' = lim7; where all T;
are finite and of finite presentation over Y and the transition morphisms T; — T;
are closed immersions. By Limits of Spaces, Lemma there exists an ¢ and an
open subscheme U; C T; whose inverse image in T is X. By Limits of Spaces,
Lemma we see that X = U; for large enough i. Replacing T by T; finishes the
proof. O

Lemma 24.5. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent:
(1) f is finite,
(2) f is proper and locally quasi-finite,
(3) f is proper and | Xy| is a discrete space for every morphism Spec(k) =Y
where k is a field,
(4) f is universally closed, separated, locally of finite type and | Xy| is a discrete
space for every morphism Spec(k) — Y where k is a field.

Proof. We have (1) = (2) by Morphisms of Spaces, Lemmas We have
(2) = (3) by Morphisms of Spaces, Lemma By definition (3) implies (4).

Assume (4). Since f is universally closed it is quasi-compact (Morphisms of Spaces,
Lemma . Pick a point y of |Y|. We represent y by a morphism Spec(k) — Y.
Note that | X}| is finite discrete as a quasi-compact discrete space. The map |X| —
| X| surjects onto the fibre of | X| — |Y| over y (Properties of Spaces, Lemma [4.3)).
By Morphisms of Spaces, Lemma we see that X — Y is quasi-finite at all the
points of the fibre of | X| — |Y| over y. Choose an elementary étale neighbourhood
(U,u) — (Y,y) and decomposition Xy = V [[W as in Lemma adapted to all
the points of | X| lying over y. Note that W,, = () because we used all the points in
the fibre of | X| — |Y| over y. Since f is universally closed we see that the image
of |W| in |U] is a closed set not containing w. After shrinking U we may assume
that W = ). In other words we see that Xy = V is finite over U. Since y € |Y|
was arbitrary this means there exists a family {U; — Y} of étale morphisms whose
images cover Y such that the base changes Xy, — U; are finite. We conclude that
f is finite by Morphisms of Spaces, Lemma [41.3 O

As a consequence we have the following useful result.

Lemma 24.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let y € |Y|. Assume

(1) f is proper, and

(2) f is quasi-finite at all x € |X| lying over y (Decent Spaces, Lemma[16.10).
Then there exists an open neighbourhood V- C'Y of y such that f|s—1(v) : Y ) —
V' is finite.
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Proof. By Morphisms of Spaces, Lemma [32.7] the set of points at which f is quasi-
finite is an open U C X. Let Z = X\ U. Then y ¢ f(Z). Since f is proper the set
f(Z) CY is closed. Choose any open neighbourhood V C Y of y with ZNV = {.
Then f~1(V) — V is locally quasi-finite and proper. Hence f~1(V) — V is finite
by Lemma [24.5 O

Lemma 24.7. Let S be a scheme. Let
X—Y
h
\N /
B
be a commutative diagram of morphism of algebraic spaces over S. Let b € B and
let Spec(k) — B be a morphism in the equivalence class of b. Assume
(1) X — B is a proper morphism,
(2) Y — B is separated and locally of finite type,
(3) one of the following is true
(a) the image of | Xi| — |Yi| is finite,
(b) the image of |f|~1({b}) in |Y| is finite and B is decent.

Then there is an open subspace B’ C B containing b such that Xg — Yp/ factors
through a closed subspace Z C Ypg: finite over B'.

Proof. Let Z C Y be the scheme theoretic image of h, see Morphisms of Spaces,
Section By Morphisms of Spaces, Lemma the morphism X — Z is surjec-
tive and Z — B is proper. Thus

{z € |X]| lying over b} — {z € |Z] lying over b}
and |Xy| — |Zk| are surjective. We see that either (3)(a) or (3)(b) imply that

Z — B is quasi-finite all all points of |Z| lying over b by Decent Spaces, Lemma
16.10] Hence Z — B is finite in an open neighbourhood of b by Lemma 24.6, O

25. Stein factorization

Stein factorization is the statement that a proper morphism f : X — S with
f+Ox = Og has connected fibres.

Lemma) 25.1. Let S be a scheme. Let f: X — Y be a universally closed, quasi-
compact and quasi-separated morphism of algebraic spaces over S. There exists a
factorization

X—— Y
f

N A
Y

(1) the morphism f' is universally closed, quasi-compact, quasi-separated and
surjective,

(2) the morphism w:Y' =Y is integral,

(3) we have f.Ox = Oy,

(4) we have Y' = Spec, (f.Ox), and

(5) Y’ is the normalization of Y in X as defined in Morphisms of Spaces,
Definition[43.3

with the following properties:
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Proof. We just define Y’ as the normalization of Y in X, so (5) and (2) hold
automatically. By Morphisms of Spaces, Lemma we see that (4) holds. The
morphism f’ is universally closed by Morphisms of Spaces, Lemma[37.6 It is quasi-
compact by Morphisms of Spaces, Lemma and quasi-separated by Morphisms
of Spaces, Lemma [4.10

To show the remaining statements we may assume the base Y is affine (as taking
normalization commutes with étale localization). Say Y = Spec(R). Then Y’ =
Spec(A) with A = T'(X,Ox) an integral R-algebra. Thus it is clear that f.Ox is
Oy (because f.Ox is quasi-coherent, by Morphisms of Spaces, Lemma and
hence equal to A). This proves (3).

Let us show that f’ is surjective. As f’ is universally closed (see above) the image
of f"is a closed subset V(I) C S’ = Spec(A). Pick h € I. Then h|x = f#(h) is a
global section of the structure sheaf of X which vanishes at every point. As X is
quasi-compact this means that h|x is a nilpotent section, i.e., h"|X = 0 for some
n > 0. But A = I'(X,0Ox), hence h™ = 0. In other words [ is contained in the
radical ideal of A and we conclude that V(I) = S as desired. O

Let f : X — Y be a morphism of algebraic spaces and let 7 : Spec(k) — Y
be a geometric point. Then the fibre of f over 7 is the algebraic space Xz =
X Xyg Spec(k) over k. If YV is a scheme and y € Y is a point, then we denote
X, = X xy Spec(k(y)) the fibre as usual.

Lemma 25.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Lety be a geometric point of Y. Then Xy is connected, if and
only if for every étale neighbourhood (V,0) — (Y,y) where V is a scheme the base
change Xy — V' has connected fibre X,,.

Proof. Since the category of étale neighbourhoods of ¥ is cofiltered and contains a
cofinal collection of schemes (Properties of Spaces, Lemma [16.3) we may replace ¥
by one of these neighbourhoods and assume that Y is a scheme. Let y € Y be the
point corresponding to 7. Then X, is geometrically connected over x(y) if and only
if Xy is connected and if and only if (X, ) is connected for every finite separable
extension k' of k(y). See Spaces over Fields, Section (8| and especially Lemma
By More on Morphisms, Lemma there exists an affine étale neighbourhood
(V,v) — (Y,y) such that x(s) C k(u) is identified with x(s) C k' any given finite
separable extension. The lemma follows. ([l

Theorem 25.3 (Stein factorization; Noetherian case). Let S be a scheme. Let f :
X =Y be a proper morphism of algebraic spaces over S with'Y locally Noetherian.
There exists a factorization

X— .y
7

\N /
Y

1) the morphism ' is proper with connected geometric fibres,
2) the morphism 7 :Y' =Y is finite,

3) we have fLOx = Oy,

4) we have Y' = Spec,, (f.Ox), and

with the following properties:
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(5) Y is the normalization of Y in X, see Morphisms, Definition [48.3

Proof. Let f = 7o f’ be the factorization of Lemma Note that besides the
conclusions of Lemma[25.1] we also have that f’ is separated (Morphisms of Spaces,
Lemma and finite type (Morphisms of Spaces, Lemma . Hence [’ is
proper. By Cohomology of Spaces, Lemma [19.2] we see that f.,Ox is a coherent
Oy-module. Hence we see that = is finite, i.e., (2) holds.

This proves all but the most interesting assertion, namely that the geometric fibres
of f’ are connected. It is clear from the discussion above that we may replace Y by
Y’. Then Y is locally Noetherian, f : X — Y is proper, and f,Ox = Oy. Let 7 be
a geometric point of Y. At this point we apply the theorem on formal functions,
more precisely Cohomology of Spaces, Lemma It tells us that

Oy 5 = lim, H*(X,,,0x,)

where X, = Spec(Oyy/mz) xy X. Note that X; = Xy — X, is a (finite order)
thickening and hence the underlying topological space of X, is equal to that of Xz.
Thus, if X5 =T, [[T% is a disjoint union of nonempty open and closed subspaces,
then similarly X,, = 11, [[T%,, for all n. And this in turn means H°(X,,0Ox,)
contains a nontrivial idempotent e; ,, namely the function which is identically 1
on 11, and identically 0 on T5,. It is clear that e; 41 restricts to e, on X,.
Hence e; = lime; ,, is a nontrivial idempotent of the limit. This contradicts the
fact that (’)Q)y is a local ring. Thus the assumption was wrong, i.e., Xy is connected
as desired. O

Theorem 25.4 (Stein factorization; general case). Let S be a scheme. Let f : X —
Y be a proper morphism of algebraic spaces over S. There exists a factorization

X—=Y

N

1) the morphism f' is proper with connected geometric fibres,

2) the morphism w:Y' =Y is integral,

3) we have fLOx = Oy,

4) we have Y' = Spec, (f.Ox), and

(5) Y’ is the normalization of Y in X, see Morphisms, Definition ,

Proof. We may apply Lemma to get the morphism f’ : X — Y”’. Note that
besides the conclusions of Lemmawe also have that f’ is separated (Morphisms
of Spaces, Lemma and finite type (Morphisms of Spaces, Lemma. Hence
f' is proper. At this point we have proved all of the statements except for the
statement that f’ has connected geometric fibres.

with the following properties:

(
(
(
(

It is clear from the discussion that we may replace Y by Y’. Then f: X — Y is
proper and f,Ox = Oy. Note that these conditions are preserved under flat base
change (Morphisms of Spaces, Lemma and Cohomology of Spaces, Lemma
. Let 3 be a geometric point of Y. By Lemma and the remark just made
we reduce to the case where Y is a scheme, y € Y is a point, f : X — Y is a
proper algebraic space over Y with f.Ox = Oy, and we have to show the fibre X,
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is connected. Replacing Y by an affine neighbourhood of y we may assume that
Y = Spec(R) is affine. Then f,Ox = Oy signifies that the ring map R — I'(X, Ox)
is bijective.

By Limits of Spaces, Lemma we can write (X — Y) = lim(X; — Y;) with
X; — Y; proper and of finite presentation and Y; Noetherian. For i large enough Y;
is affine (Limits of Spaces, Lemma[5.8)). Say Y; = Spec(R;). Let R, = I'(X;,Ox,).
Observe that we have ring maps R; — R, — R. Namely, we have the first because

X; is an algebraic space over R; and the second because we have X — X; and
R =T(X,0Ox). Note that R = colim R} by Limits of Spaces, Lemma Then

|

YH}/;/HK

is commutative with Y/ = Spec(R}). Let y, € Y/ be the image of y. We have
Xy = lim X; ,» because X = lim X;, Y = limY;, and £(y) = colim r(y;). Now let
Xy, =UIV with U and V open and closed. Then U,V are the inverse images of
opens U;, V; in X; (Limits of Spaces, Lemma . By Theorem the fibres of

X; — Y/ are connected, hence either U or V is empty. This finishes the proof. O

26. Extending properties from an open

In this section we collect a number of results of the form: If f : X — Y is a flat
morphism of algebraic spaces and f satisfies some property over a dense open of
Y, then f satisfies the same property over all of Y.

Lemma 26.1. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let F be a quasi-coherent Ox-module. Let V. C Y be an open
subspace. Assume

(1) f is locally of finite presentation,

(2) F is of finite type and flat overY,

(3) V =Y is quasi-compact and scheme theoretically dense,
(4) Fly-1v is of finite presentation.

Then F is of finite presentation.

Proof. It suffices to prove the pullback of F to a scheme surjective and étale over
X is of finite presentation. Hence we may assume X is a scheme. Similarly, we
can replace Y by a scheme surjective and étale and over Y (the inverse image of
V' in this scheme is scheme theoretically dense, see Morphisms of Spaces, Section
. Thus we reduce to the case of schemes which is More on Flatness, Lemma
I0.11l O

Lemma 26.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let V. .CY be an open subspace. Assume

(1) f is locally of finite type and flat,
(2) V =Y is quasi-compact and scheme theoretically dense,
(3) flp-1v : [TV = V is locally of finite presentation.

Then f is of locally of finite presentation.
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Proof. The proof is identical to the proof of Lemma [26.1] except one uses More on

Flatness, Lemma [10.12 (]

Lemmal 26.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let V .C'Y be an open subspace. Let d > 0. Assume

(1) f is flat and locally of finite presentation,
(2) V CY is scheme theoretically dense, and
(3) flp-1v : [TV = V has relative dimension < d.

Then f: X — 'Y has relative dimension < d.

Proof. By definition the property of having relative dimension < d can be checked
on an étale covering, see Morphisms of Spaces, Sections Thus it suffices to prove
f has relative dimension < d after replacing X by a scheme surjective and étale
over X. Similarly, we can replace Y by a scheme surjective and étale and over Y.
The inverse image of V' in this scheme is scheme theoretically dense, see Morphisms
of Spaces, Section Since a scheme theoretically dense open of a scheme is in
particular dense, we reduce to the case of schemes which is More on Morphisms,

Lemma [I7.8 O

Lemma 26.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let V . CY be an open subspace. If

(1) f is separated, locally of finite type, and flat,

(2) f~Y(V) =V is an isomorphism, and

(3) V=Y is quasi-compact and scheme theoretically dense,

then f is an open immersion.

Proof. Applying Lemma [26.2] we see that f is locally of finite presentation. Ap-
plying Lemma we see that f has relative dimension < 0. By Morphisms of
Spaces, Lemma this implies that f is locally quasi-finite. By Morphisms of
Spaces, Lemma this implies that f is representable. By Descent on Spaces,
Lemma we can check whether f is an open immersion étale locally on Y.
Hence we may assume that Y is a scheme. Since f is representable, we reduce to
the case of schemes which is More on Morphisms, Lemma d

27. Blowing up and flatness

Instead of redoing the work in More on Flatness, Section [27] we prove an analogue of
More on Flatness, Lemma which tells us that the problem of finding a suitable
blowup is often étale local on the base.

Lemma 27.1. Let S be a scheme. Let X be a quasi-compact and quasi-separated
algebraic space over S. Let o : W — X be a quasi-compact separated étale mor-
phism. Let U C X be a quasi-compact open subspace. Let T C Oy be a finite type
quasi-coherent sheaf of ideals such that V(Z) N~ Y(U) = 0. Then there exists a
finite type quasi-coherent sheaf of ideals J C Ox such that

(1) V(I)NnU =0, and

(2) o~ H(T)Ow =TT for some finite type quasi-coherent ideal ' C Oyy.

Proof. Choose a factorization W — Y — X where j : W — Y is a quasi-compact
open immersion and 7 : Y — X is a finite morphism of finite presentation (Lemma
24.4). Let V = j(W)Ur ' (U) C Y. Note that Z on W = j(W) and O-1(p,
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glue to a finite type quasi-coherent sheaf of ideals Z; C Oy . By Limits of Spaces,
Lemma, there exists a finite type quasi-coherent sheaf of ideals Zo € Oy such
that Zs|y = Z;. In other words, Zo C Oy is a finite type quasi-coherent sheaf of
ideals such that V(Z,) is disjoint from 7=1(U) and j7'Zy = Z. Denote i : Z — Y
the corresponding closed immersion which is of finite presentation (Morphisms of
Spaces, Lemma [27.12). In particular the composition 7 = moi : Z — X is finite
and of finite presentation (Morphisms of Spaces, Lemmas and .

Let F = 7.0z which we think of as a quasi-coherent Ox-module. By Descent on
Spaces, Lemma [5.7] we see that F is a finitely presented Ox-module. Let J =
Fito(F). (Insert reference to fitting modules on ringed topoi here.) This is a finite
type quasi-coherent sheaf of ideals on X (as F is of finite presentation, see More
on Algebra, Lemma[5.4)). Part (1) of the lemma holds because |7|(|Z|)N|U| = @ by
our choice of 75 and because the Oth fitting ideal of the trivial module equals the
structure sheaf. To prove (2) note that =1 (J)Ow = Fitg(¢*F) because taking
fitting ideals commutes with base change. On the other hand, as ¢ : W — X
is separated and étale we see that (1,7) : W — W xx Y is an open and closed
immersion. Hence W xy Z = V(Z) 11 Z’ for some finite and finitely presented
morphism of algebraic spaces 7' : Z/ — W. Thus we see that

Fitg(¢*F) = Fitg(W xy Z = W).Owx, z)
= Fito(Ow /) - Fito(7,02z)
:I'Fito(TLOZ/)

the second equality by More on Algebra, Lemma/[5.4] translated in sheaves on ringed
topoi. Setting Z' = Fito(7,Oz/) finishes the proof of the lemma. O

Theorem| 27.2. Let S be a scheme. Let B be a quasi-compact and quasi-separated
algebraic space over S. Let X be an algebraic space over B. Let F be a quasi-
coherent module on X. Let U C B be a quasi-compact open subspace. Assume

(1) X is quasi-compact,

(2) X is locally of finite presentation over B,

(3) F is a module of finite type,

(4) Fu is of finite presentation, and

(5) Fu is flat over U.
Then there exists a U-admissible blowup B’ — B such that the strict transform F'
of F is an Ox x5 -module of finite presentation and flat over B’'.

Proof. Choose an affine scheme V' and a surjective étale morphism V' — X. Be-
cause strict transform commutes with étale localization (Divisors on Spaces, Lemma
7.2)) it suffices to prove the result with X replaced by V. Hence we may assume
that X — B is representable (in addition to the hypotheses of the lemma).

Assume that X — B is representable. Choose an affine scheme W and a surjective
étale morphism ¢ : W — B. Note that X x gW is a scheme. By the case of schemes
(More on Flatness, Theorem we can find a finite type quasi-coherent sheaf of
ideals Z C Oy such that (a) [V(Z)| N |~ 1(U)| = 0 and (b) the strict transform
of Flxx,w with respect to the blowing up W’ — W in Z becomes flat over W’
and is a module of finite presentation. Choose a finite type sheaf of ideals 7 C Op
as in Lemma Let B’ — B be the blowing up of J. We claim that this blow
up works. Namely, it is clear that B’ — B is U-admissible by our choice of ideal
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J. Moreover, the base change B’ xg W — W is the blowup of W in ¢~'J = 77’
(compatibility of blowup with flat base change, see Divisors on Spaces, Lemma.
Hence there is a factorization

WxgB —-W — W

where the first morphism is a blowup as well, see Divisors on Spaces, Lemma
. The restriction of F' (which lives on B’ xp X) to W xp B’ xp X is the
strict transform of F|xx,w (Divisors on Spaces, Lemma and hence is the
twice repeated strict transform of F|xx,w by the two blowups displayed above
(Divisors on Spaces, Lemma . After the first blow up our sheaf is already flat
over the base and of finite presentation (by construction). Whence this holds after
the second strict transform as well (since this is a pullback by Divisors on Spaces,
Lemma . Thus we see that the restriction of F’ to an étale cover of B’ xp X
has the desired properties and the theorem is proved. [

28. Applications
In this section we apply the result on flattening by blowing up.

Lemmal 28.1. Let S be a scheme. Let B be a quasi-compact and quasi-separated
algebraic space over S. Let X be an algebraic space over B. Let U C B be a
quasi-compact open subspace. Assume

(1) X — B is of finite type and quasi-separated, and
(2) Xy — U is flat and locally of finite presentation.

Then there exists a U-admissible blowup B' — B such that the strict transform of
X s flat and of finite presentation over B’.

Proof. Let B — B be a U-admissible blowup. Note that the strict transform of
X is quasi-compact and quasi-separated over B’ as X is quasi-compact and quasi-
separated over B. Hence we only need to worry about finding a U-admissible blowup
such that the strict transform becomes flat and locally of finite presentation. We
cannot directly apply Theorem 27.2] because X is not locally of finite presentation
over B.

Choose an affine scheme V' and a surjective étale morphism V' — X. (This is
possible as X is quasi-compact as a finite type space over the quasi-compact space
B.) Then it suffices to show the result for the morphism V' — B (as strict transform
commutes with étale localization, see Divisors on Spaces, Lemma . Hence we
may assume that X — B is separated as well as finite type. In this case we can find
a closed immersion ¢ : X — Y with Y — B separated and of finite presentation,
see Limits of Spaces, Proposition [11.

Apply Theoremto F =14,0x onY/B. We find a U-admissible blowup B’ — B
such that that strict transform of F is flat over B’ and of finite presentation. Let X’
be the strict transform of X under the blowup B’ — B. Let ' : X’ — Y xp B’ be
the induced morphism. Since taking strict transform commutes with pushforward
along affine morphisms (Divisors on Spaces, Lemma, we see that i, Ox is flat
over B’ and of finite presentation as a Oy« ; pr-module. Thus X’ — B’ is flat and
locally of finite presentation. This implies the lemma by our earlier remarks. [

Lemma 28.2. Let S be a scheme. Let p : X — B be a morphism of algebraic spaces
over S. Assume ¢ is of finite type with B quasi-compact and quasi-separated. Let
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U C B be a quasi-compact open subspace such that o~ U — U is an isomorphism.
Then there exists a U-admissible blowup B' — B such that U is scheme theoretically
dense in B’ and such that the strict transform X' of X is isomorphic to an open
subspace of B’.

Proof. As the composition of U-admissible blowups is U-admissible (Divisors on
Spaces, Lemma we can proceed in stages. Pick a finite type quasi-coherent
sheaf of ideals Z C Op with |B|\ |U| = |V(Z)|. Replace B by the blowup of B in
7 and X by the strict transform of X. After this replacement B\ U is the support
of an effective Cartier divisor D (Divisors on Spaces, Lemma. In particular U
is scheme theoretically dense in B (Divisors on Spaces, Lemma . Next, we do
another U-admissible blowup to get to the situation where X — B is flat and of
finite presentation, see Lemma[28.1] Note that U is still scheme theoretically dense
in B. Hence X — B is an open immersion by Lemma [26.4] U

The following lemma says that a modification can be dominated by a blowup.

Lemmal 28.3. Let S be a scheme. Let ¢ : X — B be a proper morphism of
algebraic spaces over S. Assume B quasi-compact and quasi-separated. Let U C B
be a quasi-compact open subspace such that 01U — U is an isomorphism. Then
there exists a U-admissible blowup B’ — B which dominates X, i.e., such that there
exists a factorization B' — X — B of the blowup morphism.

Proof. By Lemma we may find a U-admissible blowup B’ — B such that the
strict transform X’ is an open subspace of B’ and U is scheme theoretically dense
in B’. Since X' — B’ is proper we see that |X'| is closed in |B’|. As U C B’ is
dense X' = B'. O

29. Chow’s lemma

In this section we prove some variants of Chow’s lemma. Since we have yet to define
projective morphisms of algebraic spaces, the statements will involve representable
proper morphisms, rather than projective ones.

Lemma 29.1. Let S be a scheme. Let Y be a quasi-compact and quasi-separated
algebraic space over S. Let U — X1 and U — X3 be open immersions of algebraic
spaces over Y and assume U, X1, X5 of finite type and separated over Y. Then
there exists a commutative diagram

I\

X1<7UHX2

of algebraic spaces over Y where X! — X; is a U-admissible blowup, X! — X is
an open immersion, and X is separated and finite type overY .

Proof. Throughout the proof all the algebraic spaces will be separated of finite type
over Y. This in particular implies these algebraic spaces and the morphisms between
them will be quasi-compact and quasi-separated. We will use that if U — W is
an immersion of such spaces over Y, then the scheme theoretic image Z of U in
W is a closed subspace of W and U — Z is an open immersion, U C Z is scheme
theoretically dense, and |U| C |Z] is dense. See Morphisms of Spaces, Lemmam
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Let X752 € X3 Xy X5 be the scheme theoretic image of U — X; Xy X5. We
claim the projections p; : X12 — X; induce isomorphisms p; 1(U ) — U. Namely,
pi : X12 — X; is separated and U — X5 is a section of p;. Hence U — pi_l(U) is a
closed immersion (Morphisms of Spaces, Lemma as well as scheme theoretically
dense whence an isomorphism. Choose a U-admissible blowup X! — X; such that
the strict transform X1, of X5 is isomorphic to an open subspace of X}, see Lemma
Let Z; C Ox, be the corresponding finite type quasi-coherent sheaf of ideals.
Recall that X%, — X;5 is the blowup in pflIi(’)Xu. Let X/, be the blowup of X1
in p;'Z1p; ' 7,0x,,. We obtain a commutative diagram

/ 2
X12 > X12

L

1
Xipg — X2

where all the morphisms are U-admissible blowing ups. Choose a finite type quasi-
coherent sheaf of ideals 7; on X! extending the pull back of Z; _; to X1, (see Limits
of Spaces, Lemma . Let X! — X! be the blowing up in J;. By construction
X{y C X/ is an open subspace and the diagram

/ /
X12 Xi

L

% s %
X12 Xz

is commutative with vertical arrows blowing ups and horizontal arrows open immer-
sions. Note that X{, — X{ Xy X} is an immersion and proper (use that X{, — X2
is proper and X2 — X Xy Xs is closed and X{ Xy X} — X; Xy X is separated
and apply Morphisms of Spaces, Lemma [37.6)). Thus X{, — X{ xy X} is a closed
immersion. It follows that if we define X by glueing X| and X} along the common
open subspace X1, then X — Y is of finite type and separated (details omitted).
As compositions of U-admissible blowups are U-admissible blowups (Divisors on
Spaces, Lemma the lemma is proved. (I

Lemmal 29.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Let U C X be an open subscheme. Assume

(1) U is quasi-compact,

(2) Y is quasi-compact and quasi-separated,

(3) there exists an immersion U — P} over Y,

(4) f is of finite type and separated.

Then there exists a commutative diagram
X —=X
X——Y

where X' — X is a U-admissible blowup, X' — X s an open immersion, and
X SYisa proper and representable morphism of algebraic spaces.
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Proof. Let Z C P§ be the scheme theoretic image of the immersion U — P
Since U — P} is quasi-compact we see that U C Z is a (scheme theoretically)
dense open subspace (Morphisms of Spaces, Lemma . Apply Lemma to
find a diagram

X/HY/%Z/

N\

X~—U——Z7
with properties as listed in the statement of that lemma. Since Z/ — Z — Y is
proper we see that 7' C X' is closed (see Morphisms of Spaces, Lemma . After
replacing X' by a further U-admissible blowup we may assume that U is scheme
theoretically dense in X (details omitted; use Divisors on Spaces, Lemmas m and
. It follows that Z’ = X and the lemma is proved. O

Lemmal 29.3. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume [ separated, of finite type, and Y Noetherian. Then there
erists a commutative diagram

X — X

|

X——Y
where X' — X is a U-admissible blowup for some dense open U C X, the mor-
phism X' — X' s an open immersion, and X SYisa proper and representable
morphism of algebraic spaces.

Proof. By Limits of Spaces, Lemma there exists a dense open subspace U C X
and an immersion U — AY over Y. Composing with the open immersion Ay — Py
we obtain a situation as in Lemma 29.2] and the result follows. O

Remark| 29.4. In Lemma the morphism X S5Yisa composition

X 5Z-5PL Y
where b: X — Z is a U-admissible blowing up (in particular bl : U — b(U) is an
isomorphism onto an open subspace of Z) and where Z — PY. is a closed immersion.
This is immediate from the proof. It follows that the morphism X' =Y obtained
in the statement of Lemma has a factorization of this type as well.

The following result is [Knu71, IV Theorem 3.1]. Note that the immersion X’ —

Py is quasi-compact, hence can be factored as X' — X - P} where the first
morphism is an open immersion and the second morphism a closed immersion
(Morphisms of Spaces, Lemma [17.7)).

Lemma 29.5 (Chow’s lemma). Let S be a scheme. Let f : X — 'Y be a morphism
of algebraic spaces over S. Assume f separated of finite type, and 'Y separated and
Noetherian. Then there exists a commutative diagram

X' —P7

L

X ——Y
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where X' — X is a U-admissible blowup for some dense open U C X and the
morphism X' — PV is an immersion.

Proof. In this first paragraph of the proof we reduce the lemma to the case where
Y is of finite type over Spec(Z). We may and do replace the base scheme S by
Spec(Z). We can write Y = limY; as a directed limit of separated algebraic spaces
of finite type over Spec(Z), see Limits of Spaces, Proposition and Lemma
For all 7 sufficiently large we can find a separated finite type morphism X; — Y;
such that X =Y Xy, X;, see Limits of Spaces, Lemmas [7.1] and Let n1,...,7n
be the generic points of the irreducible components of |X| (X is Noetherian as a
finite type separated algebraic space over the Noetherian algebraic space Y and
therefore | X| is a Noetherian topological space). By Limits of Spaces, Lemma
we find that the images of n;,...,n, in |X;| are distinct for ¢ large enough. We
may replace X; by the scheme theoretic image of the (quasi-compact, in fact affine)
morphism X — X;. After this replacement we see that the images of 1,...,7, in
| X;| are the generic points of the irreducible components of | X;|, see Morphisms of
Spaces, Lemma Having said this, suppose we can find a diagram

/ n
X’i Pyi

,

X,——=Y

where X! — X is a U;-admissible blowup for some dense open U; C X; and the
morphism X/ — Py. is an immersion. Then the strict transform X —- Xof X
relative to X! — X is a U-admissible blowing up where U C X is the inverse image
of U; in X. Because of our carefuly chosen index ¢ it follows that ny,...,n, € |U|
and U C X is dense. Moreover, X’ — P} is an immersion as X’ is closed in
X| xx, X = X] xy, Y which comes with an immersion into P}. Thus we have
reduced to the situation of the following paragraph.

Assume that Y is separated of finite type over Spec(Z). Then X — Spec(Z) is
separated of finite type as well. We apply Lemma [29.3] to find a diagram

X ——X

|

X — Spec(Z)

where X’ — X is a U-admissible blowup for some dense open U C X and X' — X
. . . ~/ .

is an open immersion and X — Spec(Z) is representable and proper. In fact, by
Remark m we see that X — Spec(Z) can be factored as

X 57— P7, — Spec(Z).
where the first morphism is a U-admissible blowing up, the second morphism is
a closed immersion, and the third morphism is the structure morphism. Note

that Z has an ample invertible sheaf, namely Opn(1)|z. Hence X = ZisaH-

projective morphism by Morphisms, Lemma |43.13] It follows that X - Spec(Z)
is H-projective by Morphisms, Lemma [43.7] Thus there exists a closed immersion
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X = Pgecz) It follows that the diagonal map X’ — Y x ngec(z) = P} is an
immersion and we win. O

30. Variants of Chow’s Lemma

In this section we prove a number of variants of Chow’s lemma dealing with mor-
phisms between non-Noetherian algebraic spaces. The Noetherian versions are
Lemma 29.3 and Lemma 9.5

Lemma 30.1. Let S be a scheme. LetY be a quasi-compact and quasi-separated
algebraic space over S. Let f : X — Y be a separated morphism of finite type.
Then there exists a commutative diagram

X — X

|

X—Y

where X' — X is proper surjective, X' — X s an open immersion, and X 5y
is proper and representable morphism of algebraic spaces.

Proof. By Limits of Spaces, Proposition [I1.7] we can find a closed immersion X —
X, where X is separated and of finite presentation over Y. Clearly, if we prove
the assertion for X; — Y, then the result follows for X. Hence we may assume
that X is of finite presentation over Y.

We may and do replace the base scheme S by Spec(Z). Write Y = lim; Y; as a
directed limit of quasi-separated algebraic spaces of finite type over Spec(Z), see
Limits of Spaces, Proposition By Limits of Spaces, Lemma [7.1| we can find an
index ¢ € I and a scheme X; — Y; of finite presentation so that X =Y xy; X,. By
Limits of Spaces, Lemma, we may assume that X; — Y; is separated. Clearly,
if we prove the assertion for X; over Y;, then the assertion holds for X. The case
X; — Y, is treated by Lemma [29.3] [l

Lemma 30.2. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. Assume f separated of finite type, and Y separated and quasi-
compact. Then there exists a commutative diagram

X ——=Py

L

X ——Y

where X' — X is proper surjective morphism and the morphism X' — PY is an
mmersion.

Proof. By Limits of Spaces, Proposition [I1.7] we can find a closed immersion X —
X7 where X is separated and of finite presentation over Y. Clearly, if we prove
the assertion for X7 — Y, then the result follows for X. Hence we may assume
that X is of finite presentation over Y.

We may and do replace the base scheme S by Spec(Z). Write Y = lim; Y; as a
directed limit of quasi-separated algebraic spaces of finite type over Spec(Z), see
Limits of Spaces, Proposition By Limits of Spaces, Lemma [5.7] we may assume
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that Y; is separated for all . By Limits of Spaces, Lemma 7.1 we can find an index
1 € I and a scheme X; — Y, of finite presentation so that X = Y Xy, X;. By
Limits of Spaces, Lemma we may assume that X; — Y; is separated. Clearly,
if we prove the assertion for X; over Y;, then the assertion holds for X. The case
X; = Y; is treated by Lemma [29.5 O

31. Grothendieck’s existence theorem

In this section we discuss Grothendieck’s existence theorem for algebraic spaces.
Instead of developing a theory of “formal algebraic spaces” we temporarily develop
a bit of language that replaces the notion of a “coherent module on a Noetherian
adic formal space”.

Let S be a scheme. Let X be a Noetherian algebraic space over S. Let Z C Ox
be a quasi-coherent sheaf of ideals. Below we will consider inverse systems (F,,) of
coherent O x-modules such that

(1) F, is annihilated by Z™, and

(2) the transition maps induce isomorphisms Fy,1/Z"Fpi1 — Fn.
A morphism « : (F,) — (G,) of such inverse systems is simply a compatible system
of morphisms «a,, : F,, — G,. Let us denote the category of these inverse systems
with Coh(X,Z). We will develop some theory regarding these systems that will
parallel to the corresponding results in the case of schemes, see Cohomology of

Schemes, Sections and

Functoriality. Let f : X — Y be a morphism of Noetherian algebraic spaces over a
scheme S, and let J C Oy be a quasi-coherent sheaf of ideals. Set Z = f~'J70O0x.
In this situation there is a functor

f*: Col(Y,T) — Coh(X,T)

which sends (G,,) to (f*G,). Compare with Cohomology of Schemes, Lemma [22.1]
If f is étale, then we may think of this as simply the restriction of the system to
X, see Properties of Spaces, Equation [24.1.1

Etale descent. Let S be a scheme. Let Uy — X be a surjective étale morphism of
Noetherian algebraic spaces. Set Uy = Uy X x Uy and Us = Uy xx Uy xx Uy. Let
Z C Ox be a quasi-coherent sheaf of ideals. Set Z; = Z|y,. In this situation we
obtain a diagram of categories

CO}L(X,I) I COh(UQ,Io) — COh(Ul,Il) —_— COh(UQ,IQ)

an the first arrow presents Coh(X,Z) as the homotopy limit of the right part of
the diagram. More precisely, given a descent datum, i.e., a pair ((G,),p) where
(Gn) is an object of Coh(Uy,Zp) and ¢ : pr§(Gn) — pri(Gn) is an isomorphism
in Coh(Uy,Zy) satistying the cocycle condition in Coh(Us,Zs), then there exists
a unique object (F,) of Coh(X,T) whose associated canonical descent datum is
isomorphic to ((Gy), ¢). Compare with Descent on Spaces, Definition[3.3] The proof
of this statement follows immediately by applying Descent on Spaces, Proposition
to the descent data (G, p,) for varying n.

Lemmal 31.1. Let S be a scheme. Let X be a Noetherian algebraic space over S
and let T C Ox be a quasi-coherent sheaf of ideals.

(1) The category Coh(X,T) is abelian.
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(2) Ezactness in Coh(X,T) can be checked étale locally.
(3) For any flat morphism f : X' — X of Noetherian algebraic spaces the
functor f* : Coh(X,T) — Coh(X', f~1IOx/) is exact.

Proof. Proof of (1). Choose an affine scheme Uy and a surjective étale mor-
phism Uy — X. Set Uy = Uy xx Uy and Uy = Uy xx Uy xx Uy as in our
discussion of étale descent above. The categories Coh(U;,Z;) are abelian (Co-
homology of Schemes, Lemma and the pullback functors are exact func-
tors Coh(Uy,Zy) — Coh(Uy,Zy) and Coh(Uy,Z,) — Coh(Uz,Z;) (Cohomology of
Schemes, Lemma . The lemma then follows formally from the description of
Coh(X,T) as a category of descent data. Some details omitted; compare with the
proof of Groupoids, Lemma [12.6

Part (2) follows immediately from the discussion in the previous paragraph. In the
situation of (3) choose a commutative diagram

U ——=U

L

X ——X

where U’ and U are affine schemes and the vertical morphisms are surjective étale.
Then U’ — U is a flat morphism of Noetherian schemes (Morphisms of Spaces,
Lemma whence the pullback functor Coh(U,ZOy) — Coh(U',ZOy-) is ex-
act by Cohomology of Schemes, Lemma Since we can check exactness in
Coh(X,0Ox) on U and similarly for X', U’ the assertion follows. O

Lemmal 31.2. Let S be a scheme. Let X be a Noetherian algebraic space over
S and let T C Ox be a quasi-coherent sheaf of ideals. A map (F,) — (Gn) is
surjective in Coh(X,T) if and only if F1 — Gy is surjective.

Proof. We can check on an affine étale cover of X by Lemma[31.1] Thus we reduce
to the case of schemes which is Cohomology of Schemes, Lemma [21.3 (]
Let S be a scheme. Let X be a Noetherian algebraic space over S and let Z C Ox
be a quasi-coherent sheaf of ideals. There is a functor

(31.2.1) Coh(Ox) — Coh(X,T), Fv+— F"

which associates to the coherent Ox-module F the object F" = (F/I"F) of
Coh(X,T).

Lemma 31.3. The functor (81.2.1]) is exact.

Proof. It suffices to check this étale locally on X, see Lemma[31.1] Thus we reduce
to the case of schemes which is Cohomology of Schemes, Lemma [21.5 O

Lemma 31.4. Let S be a scheme. Let X be a Noetherian algebraic space over S and
let T C Ox be a quasi-coherent sheaf of ideals. Let F, G be coherent Ox-modules.
Set H = Homo (F,G). Then

lim HO(X, H/T"H) = Mor gon(x.1) (F",G").

Proof. Since H is a sheaf on X4 and since we have étale descent for objects
of Coh(X,T) it suffices to prove this étale locally. Thus we reduce to the case of
schemes which is Cohomology of Schemes, Lemma [21.6 g
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We introduce the setting that we will focus on throughout the rest of this section.

Situation| 31.5. Here A is a Noetherian ring complete with respect to an ideal I.
Also f: X — Spec(A) is a finite type separated morphism of algebraic spaces and
Z=10x%.

In this situation we denote

Cthsupport proper over A(OX)

be the full subcategory of Coh(Ox) consisting of those coherent Ox-modules whose
scheme theoretic support is proper over Spec(A). Similarly, we let

C’Ohsupport proper over A(X;I)

be the full subcategory of Coh(X,Z) consisting of those objects (F,) such that the
scheme theoretic support of Fj is proper over Spec(A4). Since the support of a
quotient module is contained in the support of the module, it follows that
induces a functor

(3151) Cbhsupport proper over A(OX) — OOhsupport proper over A(X7I)
Our first result is that this functor is fully faithful.

Lemma 31.6. In Situation . Let F, G be coherent Ox-modules. Assume that
the intersection of the scheme theoretic supports of F and G is proper over Spec(A).
Then the map

Morcoh(ox)(]‘-7 g) — MorCoh(X,I) (]:/\, QA)

coming from (31.2.1)) is a bijection. In particular, (31.5.1) is fully faithful.

Proof. Let H = Homo, (G, F). This is a coherent O x-module because its restric-
tion of schemes étale over X is coherent by Modules, Lemma[I9.4] By Lemma [31.4]
the map
lim, H*(X,H/I"H) — Mor conx,7)(G", F)

is bijective. Let ¢ : Z — X be the scheme theoretic support of H. It is clear that Z
is a closed subspace contained in the intersection of the scheme theoretic supports
of F and G. Hence Z — Spec(A) is proper by assumption. Write H = i, H’ for
some coherent Oz-module H'. We have i.(H'/I"H') = H/I™H. Hence we obtain

lim, H*(X,H/I"H) = lim,, H*(Z,H'/T"H’)
= H(Z,H)
= H(X,H)
= Mor con0 ) (F,G)
the second equality by the theorem on formal functions functions (Cohomology of

Spaces, Lemma [20.6)). This proves the lemma. O

Remark| 31.7. Let S be a scheme. Let X be a Noetherian algebraic space over
S and let Z, K C Ox be quasi-coherent sheaves of ideals. Let o : (F,,) — (Gp) be
a morphism of Coh(X,Z). Given an affine scheme U = Spec(A) and a surjective
étale morphism U — X denote I, K C A the ideals corresponding to the restrictions
T|y,K|u- Denote ay : M — N of finite A”-modules which corresponds to |y via
Cohomology of Schemes, Lemma We claim the following are equivalent

(1) there exists an integer ¢ > 1 such that Ker(a,,) and Coker(a,,) are annihi-

lated by K for all n > 1,
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(2) for any (or some) affine open Spec(4) = U C X as above the modules
Ker(ay) and Coker(ay) are annihilated by K* for some integer ¢ > 1.

If these equivalent conditions hold we will say that « is a map whose kernel and

cokernel are annihilated by a power of K. To see the equivalence we refer to Coho-
mology of Schemes, Remark

Lemmal 31.8. Let S be a scheme. Let X be a Noetherian algebraic space over
S and let T C Ox be a quasi-coherent sheaf of ideals. Let G be a coherent Ox -
module, (F,) an object of Coh(X,T), and o : (F,) — G" a map whose kernel and
cokernel are annihilated by a power of T. Then there exists a unique (up to unique
isomorphism) triple (F,a, ) where

(1) F is a coherent Ox-module,

(2) a:F — G is an Ox-module map whose kernel and cokernel are annihilated

by a power of T,
(3) B:(Fn) — F" is an isomorphism, and
(4) a=a"op.

Proof. The uniqueness and étale descent for objects of Coh(X,Z) and Coh(Ox)
implies it suffices to construct (F,a, ) étale locally on X. Thus we reduce to the
case of schemes which is Cohomology of Schemes, Lemma [22.3 O

Lemma 31.9. In Situation[31.5 Let K C Ox be a quasi-coherent sheaf of ideals.
Let X, C X be the closed subspace cut out by K¢. Let T, = ZOx,. Let (F,,) be an
object of Cohsupport proper over A(X,T). Assume
(1> the f’LL?’lCtO’f’ OOhsuppo’rt proper over A(OXE) — COhsupport proper over A(X€7Ie)
s an equivalence for all e > 1, and
(2) there exists an object H of Cohsupport proper over A(Ox) and a map « :
(Fn) — H" whose kernel and cokernel are annihilated by a power of K.

Then (F,) is in the essential image of (31.5.1).

Proof. During this proof we will use without further mention that for a closed
immersion ¢ : Z — X the functor i, gives an equivalence between the category of
coherent modules on Z and coherent modules on X annihilated by the ideal sheaf
of Z, see Cohomology of Spaces, Lemma In particular we think of

COhsupport proper over A(OXG) C C’Ohsupport proper over A(OX)

as the full subcategory of consisting of modules annihilated by ¢ and

COhsupport proper over A(XeaIe) C COhsupport proper over A(X; I)

as the full subcategory of of objects annihilated by K¢. Moreover (1) tells us these
two categories are equivalent under the completion functor (31.5.1)).

Applying this equivalence we get a coherent O x-module G, annihilated by K¢ cor-
responding to the system (F,,/K¢F,) of Cohsupport proper over 4(X,Z). The maps
Fn/KHLF, — F,/K¢F, correspond to canonical maps Gey1 — G. which in-
duce isomorphisms G.11/K¢G.11 — G.. We obtain an object (G.) of the category
Cohsupport proper over A(X,K). The map « induces a system of maps

Fn/KFn — H)(I" + K)H

whence maps G, — H/K®H (by the equivalence of categories again). Let ¢ > 1
be an integer, which exists by assumption (2), such that K¢ annihilates the kernel
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and cokernel of all the maps F,, — H/Z"H. Then K?' annihilates the kernel and
cokernel of the maps F,, /KC°F,, — H/(Z" 4+ K°)H (details omitted; see Cohomology
of Schemes, Remark . Whereupon we conclude that K% annihilates the kernel
and the cokernel of the maps

Ge — H/KH,

(details omitted; see Cohomology of Schemes, Remark . We apply Lemma
to obtain a coherent Ox-module F, a map a : F — A and an isomor-
phism g : (G.) — (F/K°F) in Coh(X,K). Working backwards, for a given n the
triple (F/Z™F,a mod Z™, 8 mod Z") is a triple as in the lemma for the morphism
an mod K¢ 1 (F,/K°F,) = (H/(Z™ 4+ K°)H) of Coh(X,K). Thus the uniqueness
in Lemma m gives a canonical isomorphism F/Z"F — F, compatible with all
the morphisms in sight.

To finish the proof of the lemma we still have to show that the scheme theoretic
support of F is proper over A. By construction the kernel of a : F — H is
annihilated by a power of K. Hence the support of this kernel is contained in the
support of Gi. Since Gy is an object of Cohsupport proper over A(Ox,) Wwe see this is
proper over A. Combined with the fact that the support of H is proper over A we
conclude that the support of F is proper over A (some details omitted). a

Lemma 31.10. Let S be a scheme. Let f : X — Y be a representable proper
morphism of Noetherian algebraic spaces over S. Let J,KC C Oy be quasi-coherent
sheaves of ideals. Assume f is an isomorphism over V.= Y \ V(K). Set T =
f1TOx. Let (G,) be an object of Coh(Y, T), let F be a coherent O x-module, and
let B: (f*Gn) — F" be an isomorphism in Coh(X,T). Then there exists a map

Q- (gn) — (f*]:)/\
in Coh(Y,J) whose kernel and cokernel are annihilated by a power of K.

Proof. Since f is a proper morphism we see that f.JF is a coherent Oy-module
(Cohomology of Spaces, Lemma [19.2). Thus the statement of the lemma makes
sense. Consider the compositions

Vot Gn = fuf*Gn — fu(F/I"F).

Here the first map is the adjunction map and the second is f.3,. We claim that
there exists a unique « as in the lemma such that the compositions

G = [ F|T" o F = fu(F/T"F)

equal 7, for all n. Because of the uniqueness and étale descent for Coh(Y,J) it
suffices to prove this étale locally on Y. Thus we may assume Y is the spectrum of
a Noetherian ring. As f is representable we see that X is a scheme as well. Thus
we reduce to the case of schemes, see proof of Cohomology of Schemes, Lemma
22.5] O

Theorem 31.11 (Grothendieck’s existence theorem). In Situation[31.5 the functor
151.5.1)) is an equivalence.

Proof. We will use the equivalence of categories of Cohomology of Spaces, Lemma
without further mention in the proof of the theorem. By Lemma [31.6] the
functor is fully faithful. Thus we need to prove the functor is essentially surjective.
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Consider the collection = of quasi-coherent sheaves of ideals X C Ox such that the
statement holds for every object (F,) of Cohsupport proper over 4(X,Z) annihilated
by K. We want to show (0) is in E. If not, then since X is Noetherian there
exists a maximal quasi-coherent sheaf of ideals K not in =, see Cohomology of
Spaces, Lemmal[I2.1] After replacing X by the closed subscheme of X corresponding
to K we may assume that every nonzero K is in E. Let (F,,) be an object of
Cohsupport proper over 4(X,Z). We will show that this object is in the essential image,
thereby completing the proof of the theorem.

Apply Chow’s lemma (Lemma to find a proper surjective morphism f :Y —
X which is an isomorphism over a dense open U C X such that Y is H-quasi-
projective over A. Note that Y is a scheme and f representable. Choose an open
immersion j : Y — Y’ with Y’ projective over A, see Morphisms, Lemma[43.11] Let
T,, be the scheme theoretic support of F,,. Note that |T,,| = |T1], hence T,, is proper
over A for all n (Morphisms of Spaces, Lemma[37.7)). Then f*F, is supported on the
closed subscheme f~1T;, which is proper over A (by Morphisms of Spaces, Lemma
37.4land properness of f). In particular, the composition f~17}, — Y — Y is closed
(Morphisms, Lemma. Let T) C Y’ be the corresponding closed subscheme; it
is contained in the open subscheme Y and equal to f~'T), as a closed subscheme
of Y. Let F| be the coherent Oy/-module corresponding to f*F, viewed as a
coherent module on Y’ via the closed immersion f~!7T,, = T/ C Y’. Then (F},)
is an object of Con(Y’,IOy). By the projective case of Grothendieck’s existence
theorem (Cohomology of Schemes, Lemma there exists a coherent Oy/-module
F' and an isomorphism (F')" = (F)) in Coh(Y',IOy/). Let Z' C Y’ be the
scheme theoretic support of F’. Since F'/IF' = F| we see that Z'NV(IOy/) =T}
set-theoretically. The structure morphism p’ : Y’ — Spec(A) is proper, hence
p'(Z'0(Y'\Y)) is closed in Spec(A). If nonempty, then it would contain a point
of V(I) as I is contained in the radical of A (Algebra, Lemma [93.11). But we’ve
seen above that Z’' N (p')"*V(I) = T{ C Y hence we conclude that Z’ C Y. Thus
F'|y is supported on a closed subscheme of Y proper over A.

Let IC be the quasi-coherent sheaf of ideals cutting out the reduced complement
X \ U. By Cohomology of Spaces, Lemma the Ox-module H = f.F' is
coherent and by Lemma there exists a morphism « : (F,) — H” in the
category Cohgupport proper over 4(X,Z) whose kernel and cokernel are annihilated by
a power of K. Let Zy C X be the scheme theoretic support of H. It is clear that
|Zo| € f(|Z']). Hence Zy — Spec(A) is proper (Morphisms of Spaces, Lemmal[37.7)).
Thus H is an object of Cohsypport proper over 4(Ox ). Since each of the sheaves of
ideals K¢ is an element of = we see that the assumptions of Lemma|31.9|are satisfied
and we conclude. O

Remark 31.12 (Unwinding Grothendieck’s existence theorem). Let A be a Noe-
therian ring complete with respect to an ideal I. Write S = Spec(A4) and S,, =
Spec(A/I™). Let X — S be a morphism of algebraic spaces that is separated and
of finite type. For n > 1 we set X,, = X xg S,. Picture:

T

Sl 52 53 S
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In this situation we consider systems (F,, ¢, ) where

(1) F, is a coherent Ox, -module,
(2) pn ik Fny1 — Fn is an isomorphism, and
(3) Supp(F1) is proper over Sj.

Theorem [31.11] says that the completion functor

coherent Ox-modules F systems (Fp,)
with support proper over A as above

is an equivalence of categories. In the special case that X is proper over A we can
omit the conditions on the supports.

32. Grothendieck’s algebraization theorem

This section is the analogue of Cohomology of Schemes, Section However, this
section is missing the result on algebraization of deformations of proper algebraic
spaces endowed with ample invertible sheaves, as a proper algebraic space which
comes with an ample invertible sheaf is a scheme. Our first result is a transla-
tion of Grothendieck’s existence theorem in terms of closed subschemes and finite
morphisms.

Lemmal 32.1. Let A be a Noetherian ring complete with respect to an ideal I.
Write S = Spec(A) and S, = Spec(A/I™). Let X — S be a morphism of algebraic
spaces that is separated and of finite type. Forn > 1 we set X,, = X XgS,. Suppose
giwen a commutative diagram

7 7 Zs
X1 i X5 2 X3

of algebraic spaces with cartesian squares. Assume that

(1) Z1 — Xy is a closed immersion, and

(2) Zy — S is proper.
Then there exists a closed immersion of algebraic spaces Z — X such that Z, =
Z Xg Sy for allm > 1. Moreover, Z is proper over S.

Proof. Let’s write j, : Z, — X, for the vertical morphisms. As the squares in the
statement are cartesian we see that the base change of j, to X7 is j;. Thus Limits
of Spaces, Lemma shows that j, is a closed immersion. Set F,, = j, Oz, ,
so that jg is a surjection Ox, — F,. Again using that the squares are cartesian
we see that the pullback of F,11 to X, is F,,. Hence Grothendieck’s existence
theorem, as reformulated in Remark tells us there exists a map Ox — F of
coherent Ox-modules whose restriction to X, recovers Ox, — F,. Moreover, the
support of F is proper over S. As the completion functor is exact (Lemma
we see that Ox — F is surjective. Thus F = Ox/J for some quasi-coherent sheaf
of ideals J. Setting Z = V(J) finishes the proof. O

Lemmal 32.2. Let A be a Noetherian ring complete with respect to an ideal I.
Write S = Spec(A) and S, = Spec(A/I™). Let X — S be a morphism of algebraic
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spaces that is separated and of finite type. Forn > 1 we set X,, = X xXg.S,. Suppose
given a commutative diagram

Y, Yy Y3
X1 i1 X2 i2 X3

of algebraic spaces with cartesian squares. Assume that

(1) Y1 — Xy is a finite morphism, and

(2) Y1 — Sy is proper.
Then there exists a finite morphism of algebraic spaces Y — X such that Y, =
Y xg Sy for alln > 1. Moreover, Y is proper over S.

Proof. Let’s write f, : Y, — X, for the vertical morphisms. As the squares in the
statement are cartesian we see that the base change of f,, to X; is f;. Thus Lemma
B.10]shows that f, is a finite morphism. Set F,, = f,, «Oy, . Using that the squares
are cartesian we see that the pullback of F, 41 to X, is F,,. Hence Grothendieck’s
existence theorem, as reformulated in Remark tells us there exists a coherent
Ox-module F whose restriction to X,, recovers F,,. Moreover, the support of F
is proper over S. As the completion functor is fuly faithful (Theorem we
see that the multiplication maps F,, ®o,, Fn — Fn fit together to give an algebra
structure on F. Setting Y = Spec, (F) finishes the proof. O

Lemmal 32.3. Let A be a Noetherian ring complete with respect to an ideal I.
Write S = Spec(A) and S,, = Spec(A/I™). Let X, Y be algebraic spaces over S.
Forn>1 we set X, =X xg S, and Y, =Y xXg S,. Suppose given a compatible
system of commutative diagrams

n+1 In+1 n+1

\ /

(1) X — S is proper, and

(2) Y — S is separated of finite type.
Then there exists a unique morphism of algebraic spaces g : X — Y over S such
that g, is the base change of g to Sy.

Assume that

Proof. The morphisms (1,¢,) : X, — X, Xg Y, are closed immersions because
Y, — S, is separated (Morphisms of Spaces, Lemma . Thus by Lemma
there exists a closed subspace Z C X xgY proper over S whose base change to S,
recovers X, C X,, Xg Y,. The first projection p : Z — X is a proper morphism
(as Z is proper over S, see Morphisms of Spaces, Lemma whose base change
to S, is an isomorphism for all n. In particular, p : Z — X is quasi-finite on
an open subspace of Z containing every point of Zy for example by Morphisms of
Spaces, Lemma As Z is proper over S this open neighbourhood is all of Z.
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We conclude that p : Z — X is finite by Zariski’s main theorem (for example apply
Lemma [24.3] and use properness of Z over X to see that the immersion is a closed
immersion). Applying the equivalence of Theorem we see that p,Oz = Ox
as this is true modulo I™ for all n. Hence p is an isomorphism and we obtain the
morphism g as the composition X =2 Z — Y. We omit the proof of uniqueness. [J

33. Regular immersions

This section is the analogue of Divisors, Section for morphisms of algebraic
spaces. The reader is encouraged to read up on regular immersions of schemes in
that section first.

In Divisors, Section [13] we defined four types of regular immersions for morphisms
of schemes. Of these only three are (as far as we know) local on the target for the
étale topology; as usual plain old regular immersions aren’t. This is why for mor-
phisms of algebraic spaces we cannot actually define regular immersions. (These
kinds of annoyances prompted Grothendieck and his school to replace original no-
tion of a regular immersion by a Koszul-regular immersions, see [BGI71, Exposee
VII, Definition 1.4].) But we can define Koszul-regular, H;-regular, and quasi-
regular immersions. Another remark is that since Koszul-regular immersions are
not preserved by arbitrary base change, we cannot use the strategy of Morphisms
of Spaces, Section [3| to define them. Similarly, as Koszul-regular immersions are
not étale local on the source, we cannot use Morphisms of Spaces, Lemma to
define them either. We replace this lemma instead by the following.

Lemma 33.1. Let P be a property of morphisms of schemes which is étale local
on the target. Let S be a scheme. Let f: X — Y be a representable morphism of
algebraic spaces over S. Consider commutative diagrams

XXyV4>V

L,

X ———Y

where V' is a scheme and V' — 'Y 1is étale. The following are equivalent

(1) for any diagram as above the projection X Xy V' — V has property P, and
(2) for some diagram as above with V- — 'Y surjective the projection X xy V —
V' has property P.
If X and Y are representable, then this is also equivalent to f (as a morphism of

schemes) having property P.

Proof. Let us prove the equivalence of (1) and (2). The implication (1) = (2) is
immediate. Assume

XxyV——V X xyV —V’
R
X ——Y X——Y

are two diagrams as in the lemma. Assume V — Y is surjective and X xy V — V
has property P. To show that (2) implies (1) we have to prove that X xy V/ — V'


http://localhost:8080/tag/06BM

MORE ON MORPHISMS OF SPACES s

has P. To do this consider the diagram
XXy V=—-(Xxy V) xx (X xy V') —= X xy V’

| | |

|4 V xy V/ |4

By our assumption that P is étale local on the source, we see that P is preserved
under étale base change, see Descent, Lemma Hence if the left vertical arrow
has P the so does the middle vertical arrow. Since U x x U’ — U’ is surjective and
étale (hence defines an étale covering of U’) this implies (as P is assumed local for
the étale topology on the target) that the left vertical arrow has P.

If X and Y are representable, then we can take idy : Y — Y as our étale covering
to see the final statement of the lemma is true. O

Note that “being a Koszul-regular (resp. Hp-regular, resp. quasi-regular) immer-
sion” is a property of morphisms of schemes which is fpqc local on the target, see
Descent, Lemma [19.30] Hence the following definition now makes sense.

Definition 33.2. Let S be a scheme. Let i : X — Y be a morphism of algebraic
spaces over S.

(1) We say i is a Koszul-reqular immersion if i is representable and the equiv-
alent conditions of Lemma hold with P(f) =“f is a Koszul-regular
immersion”.

(2) We say i is an Hy-regular immersion if i is representable and the equivalent
conditions of Lemma[33.1]hold with P(f) =*f is an H;-regular immersion”.

(3) We say i is a quasi-regular immersion if i is representable and the equivalent
conditions of Lemma hold with P(f) =“f is a quasi-regular immer-

sion”.

Lemma 33.3. Let S be a scheme. Leti: Z — X be an immersion of algebraic
spaces over S. We have the following implications: i is Koszul-regular = i is
Hi-regular = i is quasi-regular.

Proof. Via the definition this lemma immediately reduces to Divisors, Lemma

13.2 O

Lemma 33.4. Let S be a scheme. Leti: Z — X be an immersion of algebraic
spaces over S. Assume X is locally Noetherian. Then i is Koszul-reqular < i is
Hi -reqular < @ is quasi-regular.

Proof. Via Definition m (and the definition of a locally Noetherian algebraic
space in Properties of Spaces, Section |7)) this immediately translates to the case of
schemes which is Divisors, Lemma [13.3 O

Lemmal 33.5. Let S be a scheme. Leti: Z — X be a Koszul-regular, H1-reqular,
or quasi-reqular immersion of algebraic spaces over S. Let X' — X be a flat
morphism of algebraic spaces over S. Then the base change i : Z xx X' — X' is
a Koszul-reqular, Hy-reqular, or quasi-reqular immersion.

Proof. Via Definition[33.2](and the definition of a flat morphism of algebraic spaces
in Morphisms of Spaces, Section this lemma reduces to the case of schemes, see
Divisors, Lemma O
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Lemma 33.6. Let S be a scheme. Leti: Z — X be an immersion of algebraic
spaces over S. Then i is a quasi-reqular immersion if and only if the following
conditions are satisfied

(1) @ is locally of finite presentation,

(2) the conormal sheaf Cz/x is finite locally free, and

(3) the map is an isomorphism.

Proof. Follows from the case of schemes (Divisors, Lemma [13.5)) via étale local-
ization (use Definition and Lemma [5.2). O

Lemma 33.7. Let S be a scheme. Let Z — Y — X be immersions of algebraic
spaces over S. Assume that Z — 'Y is Hy-reqular. Then the canonical sequence of

Lemma [{-6]

0— i*Cy/X _>CZ/X — Cz/y —0

is exact and (étale) locally split.

Proof. Since Cz,y is finite locally free (see Lemmaand Lemma it suffices
to prove that the sequence is exact. It suffices to show that the first map is injective
as the sequence is already right exact in general. After étale localization on X this
reduces to the case of schemes, see Divisors, Lemma, [13.6 (I

A composition of quasi-regular immersions may not be quasi-regular, see Algebra,
Remark The other types of regular immersions are preserved under composi-
tion.

Lemma) 33.8. Let S be a scheme. Leti:Z — Y and j:Y — X be immersions
of algebraic spaces over S.

(1) Ifi and j are Koszul-regular immersions, so is j o .

(2) If i and j are Hy-reqular immersions, so is j o i.

(3) If i is an Hy-regular immersion and j is a quasi-regular immersion, then
j o1t is a quasi-reqular immersion.

Proof. Immediate from the case of schemes, see Divisors, Lemma [13. g

Lemma 33.9. Let S be a scheme. Leti: Z —Y and j: Y — X be immersions
of algebraic spaces over S. Assume that the sequence

0— Z*Cy/X — CZ/X — Cz/y —0

of Lemmal[].0 is exact and locally split.
(1) If joi is a quasi-regular immersion, o s 4.
(2) If joi is a Hy-regular immersion, so is i.
(3) If both j and j oi are Koszul-regular immersions, so is i.

Proof. Immediate from the case of schemes, see Divisors, Lemma [13.§ O

Lemma 33.10. Let S be a scheme. Leti:Z — Y and j:Y — X be immersions
of algebraic spaces over S. Assume X 1is locally Noetherian. The following are
equivalent

(1) @ and j are Koszul reqular immersions,
(2) i and j oi are Koszul reqular immersions,
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(3) joi is a Koszul regular immersion and the conormal sequence
0— Z*Cy/X — CZ/X — Cz/y —0
1s exact and locally split.

Proof. Immediate from the case of schemes, see Divisors, Lemma [13.9 ([

34. Pseudo-coherent morphisms

This section is the analogue of More on Morphisms, Section for morphisms of
schemes. The reader is encouraged to read up on pseudo-coherent morphisms of
schemes in that section first.

The property “pseudo-coherent” of morphisms of schemes is étale local on the
source-and-target. To see this use More on Morphisms, Lemmas and
and Descent, Lemma By Morphisms of Spaces, Lemma we may define
the notion of a pseudo-coherent morphism of algebraic spaces as follows and it
agrees with the already existing notion defined in More on Morphisms, Section
when the algebraic spaces in question are representable.

Definition 34.1. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S.

(1) We say f is pseudo-coherent if the equivalent conditions of Morphisms of
Spaces, Lemma hold with P =“pseudo-coherent”.

(2) Let = € |X|. We say f is pseudo-coherent at x if there exists an open
neighbourhood X’ C X of = such that f|x : X’ — Y is pseudo-coherent.

Beware that a base change of a pseudo-coherent morphism is not pseudo-coherent
in general.

Lemmal34.2. A flat base change of a pseudo-coherent morphism is pseudo-coherent.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma |40.3 [

Lemma 34.3. A composition of pseudo-coherent morphisms is pseudo-coherent.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma [40.4 g

Lemmal 34.4. A pseudo-coherent morphism is locally of finite presentation.
Proof. Immediate from the definitions. [

Lemma 34.5. A flat morphism which is locally of finite presentation is pseudo-
coherent.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma |40.6 [l

Lemma 34.6. Let f: X — Y be a morphism of algebraic spaces pseudo-coherent
over a base algebraic space B. Then f is pseudo-coherent.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma [40.7] (]
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Lemma 34.7. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. If Y is locally Noetherian, then f is pseudo-coherent if and only if
f is locally of finite type.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma 40.8 (]

35. Perfect morphisms

This section is the analogue of More on Morphisms, Section [41] for morphisms of
schemes. The reader is encouraged to read up on perfect morphisms of schemes in
that section first.

The property “perfect” of morphisms of schemes is étale local on the source-and-
target. To see this use More on Morphisms, Lemmas [41.10] and and Descent,
Lemma [28.6f By Morphisms of Spaces, Lemma we may define the notion of
a perfect morphism of algebraic spaces as follows and it agrees with the already
existing notion defined in More on Morphisms, Section[41]when the algebraic spaces
in question are representable.

Definition 35.1. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S.

(1) We say f is perfect if the equivalent conditions of Morphisms of Spaces,
Lemma, hold with P =“perfect”.

(2) Let z € | X|. We say f is perfect at x if there exists an open neighbourhood
X' C X of x such that f|x/ : X' = Y is perfect.

Note that a perfect morphism is pseudo-coherent, hence locally of finite presenta-
tion. Beware that a base change of a perfect morphism is not perfect in general.

Lemmal 35.2. A flat base change of a perfect morphism is perfect.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma, O

Lemmal 35.3. A composition of perfect morphisms is perfect.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma 41.4 (]

Lemma 35.4. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent

(1) f is flat and perfect, and

(2) f is flat and locally of finite presentation.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma, O
36. Local complete intersection morphisms

This section is the analogue of More on Morphisms, Section for morphisms
of schemes. The reader is encouraged to read up on local complete intersection
morphisms of schemes in that section first.
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The property “being a local complete intersection morphism” of morphisms of
schemes is étale local on the source-and-target. To see this use More on Mor-
phisms, Lemmas [42.12] and [42.13] and Descent, Lemma By Morphisms of
Spaces, Lemma we may define the notion of a local complete intersection mor-
phism of algebraic spaces as follows and it agrees with the already existing notion
defined in More on Morphisms, Section 42| when the algebraic spaces in question
are representable.

Definition 36.1. Let S be a scheme. Let f: X — Y be a morphism of algebraic
spaces over S.

(1) We say f is a Koszul morphism, or that f is a local complete intersection
morphism if the equivalent conditions of Morphisms of Spaces, Lemma [22.1
hold with P(f) =“f is a local complete intersection morphism”.

(2) Let x € | X|. We say f is Koszul at x if there exists an open neighbourhood
X" C X of z such that f|x : X’ — Y is a local complete intersection
morphism.

In some sense the defining property of a local complete intersection morphism is
the result of the following lemma.

Lemma 36.2. Let S be a scheme. Let f: X — Y be a local complete intersection
morphism of algebraic spaces over S. Let P be an algebraic space smooth over
Y. Let U — X be an étale morphism of algebraic spaces and let i : U — P an
immersion of algebraic spaces over Y. Picture:

X=—U——P

ANV

Y
Then i is a Koszul-regular immersion of algebraic spaces.

Proof. Choose a scheme V' and a surjective étale morphism V' — Y. Choose a
scheme W and a surjective étale morphism W — P xy V. Set U' = U xp W,
which is a scheme étale over U. We have to show that U’ — W is a Koszul-regular
immersion of schemes, see Definition By Definition above the morphism
of schemes U’ — V is a local complete intersection morphism. Hence the result
follows from More on Morphisms, Lemma [42.3 (I

It seems like a good idea to collect here some properties in common with all Koszul
morphisms.

Lemma) 36.3. Let S be a scheme. Let f: X — Y be a local complete intersection
morphism of algebraic spaces over S. Then

(1) f is locally of finite presentation,
(2) f is pseudo-coherent, and

(3) f is perfect.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma |42.4 ([

Beware that a base change of a Koszul morphism is not Koszul in general.


http://localhost:8080/tag/06C4
http://localhost:8080/tag/06C5
http://localhost:8080/tag/06C6

82 MORE ON MORPHISMS OF SPACES

Lemmal 36.4. A flat base change of a local complete intersection morphism is a
local complete intersection morphism.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma [42.6 U

Lemmal 36.5. A composition of local complete intersection morphisms is a local
complete intersection morphism.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma, O

Lemmal 36.6. Let S be a scheme. Let f : X — Y be a morphism of algebraic
spaces over S. The following are equivalent

(1) f is flat and a local complete intersection morphism, and
(2) f is syntomic.

Proof. Omitted. Hint: Use the schemes version of this lemma, see More on Mor-
phisms, Lemma, [42.8 O

Lemmal 36.7. Let S be a scheme. Consider a commutative diagram
X——Y
f
N4

Z
of algebraic spaces over S. Assume that both p and q are flat and locally of finite
presentation. Then there exists an open subspace U(f) C X such that |U(f)| C | X|
is the set of points where [ is Koszul. Moreover, for any morphism of algebraic

spaces Z' — Z, if f' : X' = Y is the base change of f by Z' — Z, then U(f’) is
the inverse image of U(f) under the projection X' — X.

Proof. This lemma is the analogue of More on Morphisms, Lemma |42.14] and in
fact we will deduce the lemma from it. By Definition the set {z € |X| :
f is Koszul at =} is open in |X| hence by Properties of Spaces, Lemma it cor-
responds to an open subspace U(f) of X. Hence we only need to prove the final
statement.

Choose a scheme W and a surjective étale morphism W — Z. Choose a scheme V'
and a surjective étale morphism V' — W x Y. Choose a scheme U and a surjective
étale morphism U — V xy X. Finally, choose a scheme W' and a surjective étale
morphism W/ — WxzZ'. Set V! = W/ xwV and U’ = W’ x U, so that we obtain
surjective étale morphisms V' — Y’ and U’ — X’. We will use without further
mention an étale morphism of algebraic spaces induces an open map of associated
topological spaces (see Properties of Spaces, Lemma. Note that by definition
U(f) is the image in | X| of the set T of points in U where the morphism of schemes
U — V is Koszul. Similarly, U(f’) is the image in |X’| of the set T” of points in
U’ where the morphism of schemes U’ — V' is Koszul. Now, by construction the
diagram
U——=U

L

Vi —=V
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is cartesian (in the category of schemes). Hence the aforementioned More on Mor-
phisms, Lemma [42.14] applies to show that 7’ is the inverse image of T. Since
|U’| — |X’| is surjective this implies the lemma. O

Lemmal 36.8. Let S be a scheme. Let f: X — Y be a local complete intersection
morphism of algebraic spaces over S. Then f is unramified if and only if [ is
formally unramified and in this case the conormal sheaf Cx/y is finite locally free
on X.

Proof. This follows from the corresponding result for morphisms of schemes, see
More on Morphisms, Lemma by étale localization, see Lemma (Note
that in the situation of this lemma the morphism V' — U is unramified and a local
complete intersection morphism by definition.) ([l

Lemma 36.9. Let S be a scheme. Let Z — Y — X be formally unramified
morphisms of algebraic spaces over S. Assume that Z — Y is a local complete
intersection morphism. The exact sequence

0— i*Cy/X — CZ/X — Cz/y — 0
of Lemmal[].0 is short exact.

Proof. Choose a scheme U and a surjective étale morphism U — X. Choose a
scheme V' and a surjective étale morphism V' — U X x Y. Choose a scheme W and a
surjective étale morphism W — V xy Z. By Lemma [I2.11] the morphisms W — V
and V' — U are formally unramified. Moreover the sequence i*Cy,;x — Cz/x —
Cz/y — 0 restricts to the corresponding sequence i*Cy,;y — Cwyuv — Cwyy — 0
for W — V — U. Hence the result follows from the result for schemes (More
on Morphisms, Lemma as by definition the morphism W — V is a local
complete intersection morphism. ([

37. When is a morphism an isomorphism?

More generally we can ask: “When does a morphism have property P?” A more
precise question is the following. Suppose given a commutative diagram

X—=Y
f
\N /
Z
of algebraic spaces. Does there exist a monomorphism of algebraic spaces W — Z
with the following two properties:
(1) the base change fw : Xy — Yy has property P, and
(2) any morphism Z’ — Z of algebraic spaces factors through W if and only if
the base change fz : Xz — Yz has property P.

In many cases, if W — Z exists, then it is an immersion, open immersion, or closed
immersion.

The answer to this question may depend on auxiliary properties of the morphisms
f, p, and q. An example is P(f) =“f is flat” which we have discussed for morphisms
of schemes in the case Y = S in great detail in the chapter “More on Flatness”,
starting with More on Flatness, Section
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Lemma 37.1. Consider a commutative diagram
X —f> Y
DN
4
of algebraic spaces. Assume that p is locally of finite type and closed. Then there

exists an open subspace W C Z such that a morphism Z' — Z factors through W
if and only if the base change fz : Xz — Yz is unramified.

Proof. By Morphisms of Spaces, Lemma there exists an open subspace
U(f) C X which is the set of points where f is unramified. Moreover, formation of
U(f) commutes with arbitrary base change. Let W C Z be the open subspace (see
Properties of Spaces, Lemma with underlying set of points

(WI= 12\ Ip[ (IXT\ U]

ie., z € |Z| is a point of W if and only if f is unramified at every point of X above
z. Note that this is open because we assumed that p is closed. Since the formation
of U(f) commutes with arbitrary base change we immediately see (using Properties
of Spaces, Lemma that W has the desired universal property. (I

Lemma 37.2. Consider a commutative diagram

N A

Z

of algebraic spaces. Assume that
(1) p is locally of finite type,
(2) p is closed, and
(3) p2: X xy X — Z is closed.

Then there exists an open subspace W C Z such that a morphism Z' — Z factors
through W if and only if the base change fz: : Xz — Yz is unramified and
universally injective.

Proof. After replacing Z by the open subspace found in Lemma [37.1] we may
assume that f is already unramified; note that this does not destroy assumption (2)
or (3). By Morphisms of Spaces, Lemmawe see that Ax/y : X — X xy X is
an open immersion. This remains true after any base change. Hence by Morphisms
of Spaces, Lemma [19.2] we see that fz/ is universally injective if and only if the base
change of the diagonal X, — (X Xy X)z/ is an isomorphism. Let W C Z be the
open subspace (see Properties of Spaces, Lemma with underlying set of points

(W= 1[Z]\ Ip2| (IX xy X[\ Im(|Ax/v]))

i.e., z € |Z| is a point of W if and only if the fibre of |X xy X| — |Z| over z is in
the image of | X| — |X Xy X|. Then it is clear from the discussion above that the
restriction p~t(W) — ¢~ 1(W) of f is unramified and universally injective.

Conversely, suppose that fz/ is unramified and universally injective. In order to
show that Z' — Z factors through W it suffices to show that |Z’| — |Z]| has
image contained in |W|, see Properties of Spaces, Lemma Hence it suffices to
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prove the result when Z’ is the spectrum of a field. Denote z € |Z| the image of
|Z'| = |Z]|. The discussion above shows that

|XZ’| — ‘(X Xy X)Z’|
is surjective. By Properties of Spaces, Lemma in the commutative diagram

|XZ’| —_— |(X Xy X)Z’|

| !

Pl ({2}) ——Ip2 ' ({z})
the vertical arrows are surjective. It follows that z € |[W| as desired. O

Lemma 37.3. Consider a commutative diagram

X—Y
!
N
Z
of algebraic spaces. Assume that
(1) p is locally of finite type,

(2) p is universally closed, and
(3) ¢:Y — Z is separated.

Then there exists an open subspace W C Z such that a morphism Z' — Z factors
through W if and only if the base change fz : Xz — Yz is a closed immersion.

Proof. We will use the characterization of closed immersions as universally closed,
unramified, and universally injective morphisms, see Lemma [I1.9] First, note that
since p is universally closed and ¢ is separated, we see that f is universally closed,
see Morphisms of Spaces, Lemma It follows that any base change of f is
universally closed, see Morphisms of Spaces, Lemma Thus to finish the proof
of the lemma it suffices to prove that the assumptions of Lemma [37.2] are satisfied.
The projection pry : X xy X — X is universally closed as a base change of f, see
Morphisms of Spaces, Lemma Hence X xy X — Z is universally closed as
a composition of universally closed morphisms (see Morphisms of Spaces, Lemma
. This finishes the proof of the lemma. U

Lemmal 37.4. Consider a commutative diagram

X— Y
f
Z

(1) p is locally of finite presentation,
(2) p is flat,

(3) p is closed, and

(4) q is locally of finite type.

of algebraic spaces. Assume that

Then there exists an open subspace W C Z such that a morphism Z' — Z factors
through W if and only if the base change fz : Xz — Yz is flat.
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Proof. By Lemma [19.6] the set
A={ze|X|: X flat at = over Y}.

is open in | X| and its formation commutes with arbitrary base change. Let W C Z
be the open subspace (see Properties of Spaces, Lemma [4.8) with underlying set of
points

W =1ZI\ |p| (IX]\ A)

ie., z € |Z| is a point of W if and only if the whole fibre of |X| — |Z| over z
is contained in A. This is open because p is closed. Since the formation of A
commutes with arbitrary base change it follows that W works. (I

Lemma 37.5. Consider a commutative diagram

X—Y
f

X\ /
A

(1) p is locally of finite presentation,
(2) p is flat,

(3) p is closed,

(4) q is locally of finite type, and
(5) q is closed.

of algebraic spaces. Assume that

Then there exists an open subspace W C Z such that a morphism Z' — Z factors
through W if and only if the base change fz: : Xz — Yz is surjective and flat.

Proof. By Lemma[37.4we may assume that f is flat. Note that f is locally of finite
presentation by Morphisms of Spaces, Lemma[27.9] Hence f is open, see Morphisms
of Spaces, Lemma Let W C Z be the open subspace (see Properties of Spaces,
Lemma with underlying set of points

(W[ =12\ al (Y T\ 1FI0XT]) -

in other words for z € |Z| we have z € |W]| if and only if the whole fibre of
Y| — |Z] over z is in the image of |X| — |Y|. Since ¢ is closed this set is open
in |Z]. The morphism Xy — Yy is surjective by construction. Finally, suppose
that Xz — Yy is surjective. In order to show that Z’ — Z factors through W
it suffices to show that |Z'| — |Z| has image contained in |W|, see Properties of
Spaces, Lemma Hence it suffices to prove the result when Z’ is the spectrum
of a field. Denote z € |Z| the image of |Z'| — |Z|. By Properties of Spaces, Lemma
[4.3]in the commutative diagram

[ Xz/| ——— Yz

| |

P~ ({z}) —lal 7 ({z})

the vertical arrows are surjective. It follows that z € |[W| as desired. O
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Lemma 37.6. Consider a commutative diagram

X—Y

N

(1) p is locally of finite presentation,

of algebraic spaces. Assume that

q 1s locally of finite type,
q is closed, and
(6) g is separated.

)
) p is universally closed,
)
)

Then there exists an open subspace W C Z such that a morphism Z' — Z factors
through W if and only if the base change fz : Xz — Yz is an isomorphism.

Proof. By Lemma there exists an open subspace Wi C Z such that fy: is
surjective and flat if and only if Z’ — Z factors through W;. By Lemma there
exists an open subspace Wy C Z such that fz/ is a closed immersion if and only if
7' — Z factors through Ws. We claim that W = Wy N Wy works. Certainly, if fz
is an isomorphism, then Z’ — Z factors through W. Hence it suffices to show that
fw is an isomorphism. By construction fyy is a surjective flat closed immersion. In
particular fyy is representable. Since a surjective flat closed immersion of schemes
is an isomorphism (see Morphisms, Lemma we win. (Note that actually fiy is
locally of finite presentation, whence open, so you can avoid the use of this lemma
if you like.) O

Lemma 37.7. Consider a commutative diagram

X—Y
f

x /
A

(1) p is flat and locally of finite presentation,
(2) p is closed, and
(3) q is flat and locally of finite presentation,

of algebraic spaces. Assume that

Then there exists an open subspace W C Z such that a morphism Z' — Z factors
through W if and only if the base change fz : Xz — Yz is a local complete
intersection morphism.

Proof. By Lemma there exists an open subspace U(f) C X which is the set
of points where f is Koszul. Moreover, formation of U(f) commutes with arbitrary
base change. Let W C Z be the open subspace (see Properties of Spaces, Lemma
4.8) with underlying set of points

(W[ =12\ Ip[ (IXT\ U]

ie., z € |Z] is a point of W if and only if f is Koszul at every point of X above z.
Note that this is open because we assumed that p is closed. Since the formation of
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U(f) commutes with arbitrary base change we immediately see (using Properties
of Spaces, Lemma that W has the desired universal property. ([

38. Exact sequences of differentials and conormal sheaves

In this section we collect some results on exact sequences of conormal sheaves and
sheaves of differentials. In some sense these are all realizations of the triangle of
cotangent complexes associated to composable morphisms of algebraic spaces.

In the sequences below each of the maps are as constructed in either Lemma [6.6 or
Lemma [I2:8] Let S be a scheme. Let g: Z — Y and f: Y — X be morphisms of
algebraic spaces over S.

(1) There is a canonical exact sequence
9 Qy/x = Qz/x = Qzy =0,
see Lemma If g: Z — Y is formally smooth, then this sequence is a
short exact sequence, see Lemma [16.11
(2) If g is formally unramified, then there is a canonical exact sequence
Czyy = 9" Qy/x = Qz/x — 0,

see Lemma[I2.13] If fog: Z — X is formally smooth, then this sequence
is a short exact sequence, see Lemma [16.12}

(3) if g and f o g are formally unramified, then there is a canonical exact
sequence

Cz/x = Cz)y = 9" Qy/x — 0,

see Lemma If f:Y — X is formally smooth, then this sequence is
a short exact sequence, see Lemma [16.13

(4) if g and f are formally unramified, then there is a canonical exact sequence

9 Cy/x = Cz/x = Cz/y — 0.
see Lemma [12.15] If g : Z — Y is a local complete intersection morphism,

then this sequence is a short exact sequence, see Lemma [36.9
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