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1. Introduction

In this chapter we start studying varieties and more generally schemes over a field.
A fundamental reference is [DG67].

This is a chapter of the Stacks Project, version 714994, compiled on Oct 28, 2014.
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2 VARIETIES

2. Notation

Throughout this chapter we use the letter k& to denote the ground field.

3. Varieties

In the stacks project we will use the following as our definition of a variety.

Definition 3.1. Let k£ be a field. A wvariety is a scheme X over k such that X is
integral and the structure morphism X — Spec(k) is separated and of finite type.

This definition has the following drawback. Suppose that & C k' is an exten-
sion of fields. Suppose that X is a variety over k. Then the base change Xy =
X Xgpec(k) Spec(k’) is not necessarily a variety over &’. This phenomenon (in greater
generality) will be discussed in detail in the following sections. The product of two
varieties need not be a variety (this is really the same phenomenon). Here is an
example.

Example 3.2. Let £k = Q. Let X = Spec(Q(i)) and Y = Spec(Q(4)). Then the
product X Xgpec(x) Y of the varieties X and Y is not a variety, since it is reducible.
(It is isomorphic to the disjoint union of two copies of X.)

If the ground field is algebraically closed however, then the product of varieties is
a variety. This follows from the results in the algebra chapter, but there we treat
much more general situations. There is also a simple direct proof of it which we
present here.

Lemma 3.3. Let k be an algebraically closed field. Let X, Y be varieties over k.
Then X Xgpec(k) Y 18 a variety over k.

Proof. The morphism X Xgpecr)y Y — Spec(k) is of finite type and separated
because it is the composition of the morphisms X xgpecry ¥ — Y — Spec(k)
which are separated and of finite type, see Morphisms, Lemmas and and
Schemes, Lemma To finish the proof it suffices to show that X Xgpecr) Y is
integral. Let X = i:l,...,n ; =Ujz1,..m V) be finite affine open coverings. If
we can show that each U; Xgpec(ry Vj is integral, then we are done by Properties,
Lemmas and This reduces us to the affine case.

The affine case translates into the following algebra statement: Suppose that A, B
are integral domains and finitely generated k-algebras. Then A ®; B is an integral
domain. To get a contradiction suppose that

(Zi:L...,n i ® bi)(zj:L.“,m cj ® d']) =0

in A ®; B with both factors nonzero in A ®; B. We may assume that bq,...,b,
are k-linearly independent in B, and that di,...,d,, are k-linearly independent
in B. Of course we may also assume that a; and ¢; are nonzero in A. Hence
D(aic1) C Spec(A) is nonempty. By the Hilbert Nullstellensatz (Algebra, Theorem
we can find a maximal ideal m C A contained in D(ajci) and A/m =k as k
is algebraically closed. Denote @;,¢; the residue classes of a;,¢; in A/m = k. Then
equation above becomes

(Zi:17...,n Eibi)(zjzl,..‘,m ¢;jd;) =0

which is a contradiction with m € D(aj¢1), the linear independence of by, ..., b,
and dy,...,dy,, and the fact that B is a domain. (I
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4. Geometrically reduced schemes

If X is a reduced scheme over a field, then it can happen that X becomes nonreduced
after extending the ground field. This does not happen for geometrically reduced
schemes.

Definition 4.1. Let k be a field. Let X be a scheme over k. Let 2 € X be a point.

(1) Let z € X be a point. We say X is geometrically reduced at x if for any
field extension k C k' and any point 2’ € X} lying over x the local ring
Ox,, o is reduced.

(2) We say X is geometrically reduced over k if X is geometrically reduced at
every point of X.

This may seem a little mysterious at first, but it is really the same thing as the
notion discussed in the algebra chapter. Here are some basic results explaining the
connection.

Lemma 4.2. Let k be a field. Let X be a scheme over k. Let x € X. The following
are equivalent

(1) X is geometrically reduced at x, and
(2) the ring Ox 4 is geometrically reduced over k (see Algebra, Definition .

Proof. Assume (1). This in particular implies that Ox , is reduced. Let k C £’
be a finite purely inseparable field extension. Consider the ring Ox , ®; k. By
Algebra, Lemma its spectrum is the same as the spectrum of Ox . Hence
it is a local ring also (Algebra, Lemma . Therefore there is a unique point
x' € Xy lying over x and Ox,, o+ = Ox , @ k'. By assumption this is a reduced
ring. Hence we deduce (2) by Algebra, Lemma [43.3]

Assume (2). Let k C k&’ be a field extension. Since Spec(k’) — Spec(k) is surjective,
also Xy — X is surjective (Morphisms, Lemma . Let 2’ € X} be any point
lying over x. The local ring OXk/,z’ is a localization of the ring Ox , ®j k'. Hence
it is reduced by assumption and (1) is proved. O

The notion isn’t interesting in characteristic zero.

Lemma 4.3. Let X be a scheme over a perfect field k (e.g. k has characteristic
zero). Let x € X. If Ox , is reduced, then X is geometrically reduced at x. If X is
reduced, then X is geometrically reduced over k.

Proof. The first statement follows from Lemma [£.2] and Algebra, Lemma and
the definition of a perfect field (Algebra, Definition [44.1)). The second statement
follows from the first. O

Lemmal 4.4. Let k be a field of characteristic p > 0. Let X be a scheme over k.
The following are equivalent

) X is geometrically reduced,

) Xk is reduced for every field extension k C K/,

) Xk is reduced for every finite purely msepamble field extension k C K/,

) Xp/p is reduced,

) Xppers is reduced,

) X is reduced,

) for every affine open U C X the ring Ox (U) is geometrically reduced (see

Algebra, Definition .

(1

(2
(3
(4
(5
(6
(7
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Proof. Assume (1). Then for every field extension k C &k’ and every point 2’ € X}/
the local ring of X/ at 2’ is reduced. In other words Xy, is reduced. Hence (2).

Assume (2). Let U C X be an affine open. Then for every field extension k C k' the
scheme X} is reduced, hence Uy = Spec(O(U)®x k') is reduced, hence O(U) @k’ is
reduced (see Properties, Section . In other words O(U) is geometrically reduced,
so (7) holds.

Assume (7). For any field extension k C k' the base change X}, is gotten by gluing
the spectra of the rings Ox (U) ®g k' where U is affine open in X (see Schemes,
Section [17). Hence X} is reduced. So (1) holds.

This proves that (1), (2), and (7) are equivalent. These are equivalent to (3), (4),
(5), and (6) because we can apply Algebra, Lemma to Ox (U) for U C X affine
open. [

Lemmal 4.5. Let k be a field of characteristic p > 0. Let X be a scheme over k.
Let x € X. The following are equivalent

(1) X is geometrically reduced at x,

(2) Ox,, .o is reduced for every finite purely inseparable field extension k' of k
and ' € Xy the unique point lying over x,

(3) OXkl/p,w’ is reduced for ¥’ € Xy the unique point lying over z, and

(4) OX,;peTf,z’ is reduced for ¥’ € Xypers the unique point lying over x.

Proof. Note that if k¥ C k' is purely inseparable, then X, — X induces a home-
omorphism on underlying topological spaces, see Algebra, Lemma Whence
the uniqueness of 2’ lying over x mentioned in the statement. Moreover, in this
case OXkur’ = Ox . @ k'. Hence the lemma follows from Lemma above and
Algebra, Lemma 43.3

Lemma 4.6. Let k be a field. Let X be a scheme over k. Let k'/k be a field
extension. Let x € X be a point, and let ' € Xy be a point lying over x. The
following are equivalent

(1) X is geometrically reduced at x,

(2) Xy is geometrically reduced at z'.
In particular, X is geometrically reduced over k if and only if Xy is geometrically
reduced over k'.

Proof. It is clear that (1) implies (2). Assume (2). Let k C k” be a finite purely
inseparable field extension and let 2" € Xy be a point lying over x (actually it is
unique). We can find a common field extension k& C k" (i.e. with both k' C k"
and k" C k') and a point "’ € Xy lying over both 2’ and z”. Consider the map
of local rings
Oan,z” — Oka,z””«

This is a flat local ring homomorphism and hence faithfully flat. By (2) we see that
the local ring on the right is reduced. Thus by Algebra, Lemma we conclude
that Ox,,, o~ is reduced. Thus by Lemmawe conclude that X is geometrically
reduced at x. (]

Lemma 4.7. Let k be a field. Let X, Y be schemes over k.

(1) If X is geometrically reduced at x, and Y reduced, then X X Y is reduced
at every point lying over x.
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(2) If X geometrically reduced over k and Y reduced. Then X XY is reduced.
Proof. Combine, Lemmas and [£.4) and Algebra, Lemma [42.5 O
Lemma 4.8. Let k be a field. Let X be a scheme over k.

(1) If 2’ ~ z is a specialization and X is geometrically reduced at x, then X is
geometrically reduced at x'.

(2) If x € X such that (a) Ox , is reduced, and (b) for each specialization
'~ x where ' is a generic point of an irreducible component of X the
scheme X is geometrically reduced at x', then X is geometrically reduced
at .

(3) If X is reduced and geometrically reduced at all generic points of irreducible
components of X, then X is geometrically reduced.

Proof. Part (1) follows from Lemma and the fact that if A is a geometri-
cally reduced k-algebra, then S~'A is a geometrically reduced k-algebra for any
multiplicative subset S of A, see Algebra, Lemma [42.3

Let A = Ox ;. The assumptions (a) and (b) of (2) imply that A is reduced, and
that A4 is geometrically reduced over k for every minimal prime q of A. Hence A
is geometrically reduced over k, see Algebra, Lemma[d2.7] Thus X is geometrically
reduced at x, see Lemma [4.2

Part (3) follows trivially from part (2). O

Lemmal 4.9. Let k be a field. Let X be a scheme over k. Let x € X. Assume
X locally Noetherian and geometrically reduced at x. Then there exists an open
neighbourhood U C X of x which is geometrically reduced over k.

Proof. Let R be a Noetherian k-algebra. Let p C R be a prime. Let I = Ker(R —
R,. Since IR, = 0 and [ is finitely generated there exists an f € R, f ¢ p such
that fI = 0. Hence Ry C R,.

Assume X locally Noetherian and geometrically reduced at x. If we apply the above
to R = Ox(U) for some affine open neighbourhood of x, and p C R the prime
corresponding to x, then we see that after shrinking U we may assume R C R,.
By Lemma @ the assumption means that R, is geometrically reduced over k. By
Algebra, Lemma this implies that R is geometrically reduced over k, which in
turn implies that U is geometrically reduced. O

Example 4.10. Let k = F,(s,t), i.e., a purely transcendental extension of the
prime field. Consider the variety X = Spec(k[z,y]/(1 + saP + tyP)). Let k C k' be
any extension such that both s and ¢ have a pth root in k’. Then the base change
X is not reduced. Namely, the ring k'[z, y]/(1 + saP + tyP) contains the element
1 + s'/Px + t'/Py whose pth power is zero but which is not zero (since the ideal
(1 + szP + tyP) certainly does not contain any nonzero element of degree < p).

Lemma 4.11. Let k be a field. Let X — Spec(k) be locally of finite type. As-
sume X has finitely many irreducible components. Then there exists a finite purely
inseparable extension k C k' such that (Xy )rea 18 geometrically reduced over k'.

Proof. To prove this lemma we may replace X by its reduction X,.4. Hence we
may assume that X is reduced and locally of finite type over k. Let x1,...,2, € X
be the generic points of the irreducible components of X. Note that for every
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purely inseparable algebraic extension k& C k' the morphism (Xy)req — X is a
homeomorphism, see Algebra, Lemma Hence the points z7, ...,z lying over
Z1,...,Z, are the generic points of the irreducible components of (Xg/)req. As X
is reduced the local rings K; = Ox , are fields, see Algebra, Lemma As X
is locally of finite type over k the field extensions k C K; are finitely generated
field extensions. Finally, the local rings O(x,,),.,.«; are the fields (K; @k k')red-
By Algebra, Lemma we can find a finite purely inseparable extension k C &k’
such that (K; ® k')req are separable field extensions of k’. In particular each
(K; @k k')req is geometrically reduced over k' by Algebra, Lemma At this

point Lemma [4.8| part (3) implies that (Xj/)req is geometrically reduced. O

5. Geometrically connected schemes

If X is a connected scheme over a field, then it can happen that X becomes dis-
connected after extending the ground field. This does not happen for geometrically
connected schemes.

Definition 5.1. Let X be a scheme over the field k. We say X is geometrically
connected over k if the scheme X}, is connected for every field extension k' of k.

By convention a connected topological space is nonempty; hence a fortiori geomet-
rically connected schemes are nonempty. Here is an example of a variety which is
not geometrically connected.

Example 5.2. Let k = Q. The scheme X = Spec(Q(%)) is a variety over Spec(Q).
But the base change X is the spectrum of C®q Q(i) = C x C which is the disjoint
union of two copies of Spec(C). So in fact, this is an example of a non-geometrically
connected variety.

Lemma 5.3. Let X be a scheme over the field k. Let k C k' be a field exten-
sion. Then X is geometrically connected over k if and only if Xy is geometrically
connected over k'.

Proof. If X is geometrically connected over k, then it is clear that Xy is geo-
metrically connected over k’. For the converse, note that for any field extension
k C k" there exists a common field extension k' C k¥ and k" C k. As the mor-
phism Xy — Xy is surjective (as a base change of a surjective morphism between
spectra of fields) we see that the connectedness of Xy implies the connectedness
of Xyp». Thus if X}, is geometrically connected over k' then X is geometrically
connected over k. O

Lemma) 5.4. Let k be a field. Let X, Y be schemes over k. Assume X is geomet-
rically connected over k. Then the projection morphism

p: X XY —Y
induces a bijection between connected components.

Proof. The scheme theoretic fibres of p are connected, since they are base changes
of the geometrically connected scheme X by field extensions. Moreover the scheme
theoretic fibres are homeomorphic to the set theoretic fibres, see Schemes, Lemma
18.5] By Morphisms, Lemma[24.4] the map p is open. Thus we may apply Topology,
Lemma [6.5] to conclude. O
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Lemma 5.5. Let k be a field. Let A be a k-algebra. Then X = Spec(A) is
geometrically connected over k if and only if A is geometrically connected over k

(see Algebra, Definition ,

Proof. Immediate from the definitions. O

Lemma 5.6. Let k C k' be an extension of fields. Let X be a scheme over k.
Assume k separably algebraically closed. Then the morphism X — X induces a
bijection of connected components. In particular, X is geometrically connected over
k if and only if X is connected.

Proof. Since k is separably algebraically closed we see that k' is geometrically
connected over k, see Algebra, Lemma [46.4 Hence Z = Spec(k’) is geometrically
connected over k by Lemma [5.5] above. Since X}, = Z xj, X the result is a special
case of Lemma 5.4 O

Lemmal 5.7. Let k be a field. Let X be a scheme over k. Let k be a separable
algebraic closure of k. Then X is geometrically connected if and only if the base
change X5 is connected.

Proof. Assume X7 is connected. Let k C k" be a field extension. There exists a

field extension & C & such that &’ embeds into & as an extension of k. By Lemma
m we see that X7/ is connected. Since X7 — Xy is surjective we conclude that
X} is connected as desired. O

Lemma 5.8. Let k be a field. Let X be a scheme over k. Let A be a k-algebra.
Let V. C X4 be a quasi-compact open. Then there exists a finitely generated k-
subalgebra A" C A and a quasi-compact open V' C X 4 such that V =V}.

Proof. We remark that if X is also quasi-separated this follows from Limits,
Lemma Let Uy,...,U, be finitely many affine opens of X such that V C
(UUi,a. Say U; = Spec(R;). Since V is quasi-compact we can find finitely many
fij € R;®r A, j=1,...,n;such that V = Ui Uj:L...,ni D(f”) where D(f”) C Ui,A
is the corresponding standard open. (We do not claim that V N U; 4 is the union
of the D(fij), 7 = 1,...,n;.) It is clear that we can find a finitely generated
k-subalgebra A" C A such that f;; is the image of some f/; € R; ®; A’. Set
V' = D( {J) which is a quasi-compact open of X 4. Denote m : X4 — X4/ the
canonical morphism. We have w(V) C V' as 7(D(fi;)) C D(f};). If z € X4 with
m(z) € V', then m(x) € D(f};) for some 4, j and we see that = € D(f;;) as f;; maps
to fi;. Thus we see that V = 7=1(V’) as desired. O

Let k be a field. Let k C k be a (possibly infinite) Galois extension. For example
k could be the separable algebraic closure of k. For any o € Gal(k/k) we get a
corresponding automorphism Spec(c) : Spec(k) — Spec(k). Note that Spec(c) o
Spec(7) = Spec(7 o o). Hence we get an action

Gal(k/k)°PP x Spec(k) — Spec(k)
of the opposite group on the scheme Spec(k). Let X be a scheme over k. Since

X7 = Spec(k) Xgpec(k) X by definition we see that the action above induces a
canonical action

(581) Gal(%/k)"”’ X XE — XE
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Lemma 5.9. Let k be a field. Let X be a scheme over k. Let k be a (possibly
infinite) Galois extension of k. Let V' C X3 be a quasi-compact open. Then
(1) there ewists a finite subextension k C k' C k and a quasi-compact open
V' C Xy such that V = (V'),
(2) there exists an open subgroup H C Gal(k/k) such that (V) =V for all
o€ H.

Proof. By Lemma there exists a finite subextension k C &’ QE and an open
V' C X which pulls back to V. This proves (1). Since Gal(k/k') is open in
Gal(k/k) part (2) is clear as well. O

Lemma 5.10. Let k be a field. Let k C k be a (possibly infinite) Galois extension.
Let X be a scheme over k. Let T' C Xz have the following properties

(1) T is a closed subset of Xz,

(2) for every o € Gal(k/k) we have o(T) =T.
Then there exists a closed subset T C X whose inverse image in X is T.

Proof. This lemma immediately reduces to the case where X = Spec(A) is affine.
In this case, let I C A ® k be the radical ideal corresponding to T. Assumption
(2) implies that o(I) = I for all ¢ € Gal(k/k). Pick z € I. There exists a finite
Galois extension k C k' contained in k such that x € A ® k’. Set G = Gal(k'/k).
Set
/
P(1) = [ (T~ o(@)) € (Aey K)[T]

It is clear that P(T) is monic and is actually an element of (A ®y, k¥')%[T] = A[T
(by basic Galois theory). Moreover, if we write P(T) = T4+ a1 T% 1 + ...+ ap the
we see that a; € I := ANI. By Algebra, Lemma we see that x is contained in
the radical of I(A ®y, k). Hence I is the radical of I(A ®y, k) and setting T' = V ([)
is a solution. g

Lemmal 5.11. Let k be a field. Let X be a scheme over k. The following are
equivalent

(1) X is geometrically connected,

(2) for every finite separable field extension k C k' the scheme X} is connected.

Proof. It follows immediately from the definition that (1) implies (2). Assume
that X is not geometrically connected. Let k C k be a separable algebraic closure
of k. By Lemma it follows that X is disconnected. Say Xz = U 'V with U

and V open, closed, and nonempty.

Suppose that W C X is any quasi-compact open. Then Wy N U and Wen V are
open and closed in W7. In particular Wi N U and Wen V are quasi-compact, and
by Lemma both WEOU and Wz N V are defined over a finite subextension and
invariant under an open subgroup of Gal(k/k). We will use this without further
mention in the following.

Pick Wy C X quasi-compact open such that both Wor N U and Wor N V are
nonempty. Choose a finite subextension k C k¥’ C k and a decomposition Wy =
Ug L Vg into open and closed subsets such that Wz N U = (U))z and WozN V=
(V{)z- Let H = Gal(k/k') C Gal(k/k). In particular cWyz NnU) = Wozr NU and

similarly for V.


http://localhost:8080/tag/04KU
http://localhost:8080/tag/038B
http://localhost:8080/tag/0389

VARIETIES 9

Having chosen Wy, k' as above, for every quasi-compact open W C X we set
Uy = ﬂaeH o(WzNT), Vi = UUGH o(W=NV).

Now, since Wz N U and W NV are fixed by an open subgroup of Gal(k/k) we see
that the union and intersection above are finite. Hence Uy, and Vyy are both open
and closed. Also, by construction W = Uw LI Viy.

We claim that if W € W’ C X are quasi-compact open, then Wi N Uy = Uy
and Wz N Vi = V. Verification omitted. Hence we see that upon defining
U=Uwcx Uw and V = Jy, - x Viv we obtain Xz = UV is a disjoint union of
open and closed subsets. It is clear that V' is nonempty as it is constructed by taking
unions (locally). On the other hand, U is nonempty since it contains Wy N U by
construction. Finally, U,V C Xj are closed and H-invariant by construction. Hence
by Lemma [5.10] we have U = (U'), and V = (V');, for some closed U’, V' C Xj.
Clearly X = U’ I1 V' and we see that Xy is disconnected as desired. |

Lemma 5.12. Let k be a field. Let k C k be a (possibly infinite) Galois extension.
Let f : T — X be a morphism of schemes over k. Assume Ty connected and X
disconnected. Then X is disconnected.

Proof. Write X7 = U]V with U and V open and closed. Denote f : Tz — X3
the base change of f. Since 7% is connected we see that T3 is contained in either

——1 = ——1 = —1 ,—
f W)or f (V). SayTc f (U).
Fix a quasi-compact open W C X. There exists a finite Galois subextension k C

k' C k such that UN Wy and V MWy come from quasi-compact opens U’, V' C Wj.
Then also Wy, = U’ [[V’. Consider

" __ / " o__ /
U= ﬂaeGal(k’/k) o(U7), V= UaeGal(k’/k) a(V").

These are Galois invariant, open and closed, and Wy, = U” [[V"”. By Lemma
we get open and closed subsets Uy, Viy C W such that U” = (Uw )i, V' = (Vi )i
and W = UW H Vw.

We claim that if W € W’ C X are quasi-compact open, then W N Uy = Uy
and W N Vi = Vyy. Verification omitted. Hence we see that upon defining
U=Uwecx Uw and V = Uy, x Viw we obtain X = UJ[V. It is clear that V' is
nonempty as it is constructed by taking unions (locally). On the other hand, U is
nonempty since it contains f(7') by construction. O

Lemma 5.13. Let k be a field. Let T — X be a morphism of schemes over k.
Assume T is geometrically connected and X connected. Then X is geometrically
connected.

Proof. This is a reformulation of Lemma [5.12 O

Lemma 5.14. Let k be a field. Let X be a scheme over k. Assume X is connected
and has a point x such that k is algebraically closed in k(x). Then X is geometrically
connected. In particular, if X has a k-rational point and X is connected, then X
is geometrically connected.
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Proof. Set T' = Spec(x(z)). Let k C k be a separable algebraic closure of k. The
assumption on k C x(z) implies that 7% is irreducible, see Algebra, Lemma
Hence by Lemma we see that Xy is connected. By Lemma we conclude
that X is geometrically connected. [

Lemmal 5.15. Let k C K be an extension of fields. Let X be a scheme over k.
For every connected component T' of X the inverse image T C Xk is a union of
connected components of Xg.

Proof. This is a purely topological statement. Denote p : X — X the projection
morphism. Let 7' C X be a connected component of X. Let t € T, = p~(T). Let
C' C Xk be a connected component containing ¢. Then p(C) is a connected subset
of X which meets T, hence p(C) C T. Hence C C Tk. O

Lemmal 5.16. Let k C K be a finite extension of fields and let X be a scheme
over k. Denote by p : Xg — X the projection morphism. For every connected
component T of X the image p(T) is a connected component of X.

Proof. The image p(T) is contained in some connected component X’ of X. Con-
sider X’ as a closed subscheme of X in any way. Then T is also a connected
component of X} = p~1(X’) and we may therefore assume that X is connected.
The morphism p is open (Morphisms, Lemma , closed (Morphisms, Lemma
and the fibers of p are finite sets (Morphisms, Lemma . Thus we may
apply Topology, Lemma to conclude. (Il

Remarkl 5.17. Let k C K be an extension of fields. Let X be a scheme over
k. Denote p : Xig — X the projection morphism. Let T" C Xx be a connected

component. Is it true that p(T') is a connected component of X? When k C K
is finite Lemma tells us the answer is “yes”. In general we do not know the
answer. If you do, or if you have a reference, please email |stacks.project@gmail.com.

Let X be a scheme. We denote mo(X) the set of connected components of X.

Lemmal 5.18. Let k be a field, with separable algebraic closure k. Let X be a
scheme over k. There is an action

Gal(k/k)°PP x 7o(X3) — mo(X%)
with the following properties:

(1) An element T € mo(X7) is fized by the action if and only if there exists a
connected component T C X, which is geometrically connected over k, such

that T, =T.
(2) For any field extension k C k' with separable algebraic closure % the dia-
gram

Gal(K /K') x wo(X7r) — 70(Xy)
Gal(k/k) x mwo(X7) — 70(X%)

is commutative (where the right vertical arrow is a bijection according to

Lemma @)
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Proof. The action of Gal(k/k) on X induces an action on its connected
components. Connected components are always closed (Topology, Lemma .
Hence if T is as in (1), then by Lemma there exists a closed subset T' C X
such that T = T Note that T' is geometrically connected over k, see Lemma
To see that T is a connected component of X, suppose that T C 7', T # T’ where
T" is a connected component of X. In this case T}, strictly contains T and hence is
disconnected. By Lemma this means that 7" is disconnected! Contradiction.

We omit the proof of the functoriality in (2). O

Lemma 5.19. Let k be a field, with separable algebraic closure k. Let X be a
scheme over k. Assume
(1) X is quasi-compact, and
(2) the connected components of X3 are open.
Then
(a) mo(X%) is finite, and
(b) the action of Gal(k/k) on mo(X3) is continuous.
Moreover, assumptions (1) and (2) are satisfied when X is of finite type over k.

Proof. Since the connected components are open, cover X (Topology, Lemma
and X7 is quasi-compact, we conclude that there are only finitely many of them.
Thus (a) holds. By Lemma these connected components are each defined over
a finite subextension of k C k and we get (b). If X is of finite type over k, then
X7 is of finite type over k (Morphisms, Lemma . Hence X7 is a Noetherian
scheme (Morphisms, Lemma @ and has an underlying Noetherian topological
space (Properties, Lemma . Thus X7 has finitely many irreducible components
(Topology, Lemma and a fortiori finitely many connected components (which
are therefore open). O

6. Geometrically irreducible schemes

If X is an irreducible scheme over a field, then it can happen that X becomes
reducible after extending the ground field. This does not happen for geometrically
irreducible schemes.

Definition 6.1. Let X be a scheme over the field k. We say X is geometrically
irreducible over k if the scheme X is irreducibld] for any field extension & of k.

Lemma 6.2. Let X be a scheme over the field k. Let k C k' be a field exten-
sion. Then X is geometrically irreducible over k if and only if Xy is geometrically
irreducible over k.

Proof. If X is geometrically irreducible over k, then it is clear that X/ is geomet-
rically irreducible over k’. For the converse, note that for any field extension k C k”
there exists a common field extension k' C k" and k" C k. As the morphism
Xy — Xpr is surjective (as a base change of a surjective morphism between spec-
tra of fields) we see that the irreducibility of Xy implies the irreducibility of X .
Thus if X} is geometrically irreducible over k' then X is geometrically irreducible
over k. a

LAn irreducible space is nonempty.
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Lemma 6.3. Let X be a scheme over a separably closed field k. If X is irreducible,
then Xy is irreducible for any field extension k C K. ILe., X is geometrically
irreducible over k.

Proof. Use Properties, Lemma [3.3| and Algebra, Lemma [45.4 (]

Lemmal 6.4. Let k be a field. Let X, Y be schemes over k. Assume X is geomet-
rically irreducible over k. Then the projection morphism

p: X XY —Y
induces a bijection between irreducible components.

Proof. First, note that the scheme theoretic fibres of p are irreducible, since they
are base changes of the geometrically irreducible scheme X by field extensions.
Moreover the scheme theoretic fibres are homeomorphic to the set theoretic fibres,
see Schemes, Lemma [18.5] By Morphisms, Lemma the map p is open. Thus
we may apply Topology, Lemma to conclude. Il

Lemma 6.5. Let k be a field. Let X be a scheme over k. The following are
equivalent

(1) X is geometrically irreducible over k,

(2) for every nonempty affine open U the k-algebra Ox(U) is geometrically
irreducible over k (see Algebra, Definition ,

(3) X is irreducible and there exists an affine open covering X = |JU; such
that each k-algebra Ox (U;) is geometrically irreducible, and

(4) there exists an open covering X = J;c; X; with I # 0 such that X; is
geometrically irreducible for each i and such that X;NX; # 0 for alli,j € I.

Moreover, if X is geometrically irreducible so is every nonempty open subscheme
of X.

Proof. An affine scheme Spec(A) over k is geometrically irreducible if and only if
A is geometrically irreducible over k; this is immediate from the definitions. Recall
that if a scheme is irreducible so is every nonempty open subscheme of X, any two
nonempty open subsets have a nonempty intersection. Also, if every affine open is
irreducible then the scheme is irreducible, see Properties, Lemma [3.3] Hence the
final statement of the lemma is clear, as well as the implications (1) = (2), (2) =
(3), and (3) = (4). If (4) holds, then for any field extension k’/k the scheme X} has
a covering by irreducible opens which pairwise intersect. Hence Xy is irreducible.
Hence (4) implies (1). O

Lemmal 6.6. Let X be a geometrically irreducible scheme over the field k. Let
¢ € X be its generic point. Then k(§) is a geometrically irreducible over k.

Proof. Combining Lemma and Algebra, Lemma we see that Ox ¢ is ge-
ometrically irreducible over k. Since Ox, — k(§) is a surjection with locally
nilpotent kernel (see Algebra, Lemma it follows that x(£) is geometrically
irreducible, see Algebra, Lemma [45.2] O

Lemma 6.7. Let k C k' be an extension of fields. Let X be a scheme over k. Set
X' = Xy. Assume k separably algebraically closed. Then the morphism X' — X
induces a bijection of irreducible components.
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Proof. Since k is separably algebraically closed we see that k' is geometrically
irreducible over k, see Algebra, Lemma Hence Z = Spec(k’) is geometrically
irreducible over k. by Lemma [6.5| above. Since X’ = Z x;, X the result is a special
case of Lemma [6.4] O

Lemma 6.8. Let k be a field. Let X be a scheme over k. The following are
equivalent:

(1) X is geometrically irreducible over k,

(2) for every finite separable field extension k C k' the scheme Xy is irre-
ducible, and

(3) Xy, is irreducible, where k C k is a separable algebraic closure of k.

Proof. Assume X7 is irreducible, i.e., assume (3). Let & C £’ be a field extension.

There exists a field extension & C k such that &’ embeds into & as an extension of
k. By Lemma we see that X+ is irreducible. Since X3» — X is surjective we
conclude that Xy is irreducible. Hence (1) holds.

Let k C k be a separable algebraic closure of k. Assume not (3), i.e., assume Xz is
reducible. Our goal is to show that also X} is reducible for some finite subextension
ECk Ck. Let X = Uicr Us be an affine open covering with U; not empty. If for
some ¢ the scheme Uj is reducible, or if for some pair ¢ # j the intersection U;NU; is
empty, then X is reducible (Properties, Lemma and we are done. In particular
we may assume that Ui,E nU ik for all 4,5 € I is nonempty and we conclude that
U, 1 has to be reducible for some i. According to Algebra, Lemma this means
that U; j is reducible for some finite separable field extension £ C &’. Hence also
X is reducible. Thus we see that (2) implies (3).

The implication (1) = (2) is immediate. This proves the lemma. O

Lemma 6.9. Let k C K be an extension of fields. Let X be a scheme over k.
For every irreducible component T of X the inverse image Ty C Xk is a union of
irreducible components of X .

Proof. Let T C X be an irreducible component of X. The morphism Ty — T is
flat, so generalizations lift along Tx — T. Hence every £ € Tk which is a generic
point of an irreducible component of Tk maps to the generic point n of T. If £’ ~~ &
is a specialization in Xy then £ maps to n since there are no points specializing
to 7 in X. Hence &' € Tk and we conclude that £ = &’. In other words £ is the
generic point of an irreducible component of Xy . This means that the irreducible
components of Tk are all irreducible components of X . ([

For a scheme X we denote IrredComp(X) the set of irreducible components of X.

Lemma 6.10. Let k C K be an extension of fields. Let X be a scheme over k.
For every irreducible component T C X the image of T in X is an irreducible
component in X. This defines a canonical map

IrredComp(X k) — IrredComp(X)

which is surjective.
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Proof. Consider the diagram

XK%XF

L

X ~—— X

where K is the separable algebraic closure of K, and where k is the separable
algebraic closure of k. By Lemma the morphism Xz — X3 induces a bijec-
tion between irreducible components. Hence it suffices to show the lemma for the
morphisms X3 — X and X3 — Xf. In other words we may assume that K = k.

The morphism p : Xy — X is integral, flat and surjective. Flatness implies that
generalizations lift along p, see Morphisms, Lemma Hence generic points of
irreducible components of X7 map to generic points of irreducible components of
X. Integrality implies that p is universally closed, see Morphisms, Lemma [44.7]
Hence we conclude that the image p(T) of an irreducible component is a closed
irreducible subset which contains a generic point of an irreducible component of
X, hence p(T) is an irreducible component of X. This proves the first assertion.
If T C X is an irreducible component, then p~!(T) = Tk is a nonempty union of
irreducible components, see Lemma Each of these necessarily maps onto 1" by

the first part. Hence the map is surjective. [

Lemma 6.11. Let k be a field, with separable algebraic closure k. Let X be a
scheme over k. There is an action

Gal(k/k)°P? x IrredComp(Xz) — IrredComp(X7)

with the following properties:

(1) An element T € IrredComp(X%) is fized by the action if and only if there
exists an irreducible component T' C X, which is geometrically irreducible
over k, such that Ty = T.

(2) For any field extension k C k' with separable algebraic closure % the dia-
gram

Gal(%l/k’) x IrredComp(Xyr) —= IrredComp( Xy )

| |

Gal(k/k) x IrredComp(Xz) — IrredComp(X7)

is commutative (where the right vertical arrow is a bijection according to

Lemma .

Proof. The action of Gal(k/k) on X7 induces an action on its irreducible
components. Irreducible components are always closed (Topology, Lemma [6.3)).
Hence if T is as in (1), then by Lemma there exists a closed subset ' C X
such that T = T%. Note that T is geometrically irreducible over k, see Lemma
To see that T is an irreducible component of X, suppose that T C T, T # T’
where T” is an irreducible component of X. Let 77 be the generic point of T. It
maps to the generic point 1 of T. Then the generic point £ € T’ specializes to 7.
As X7 — X is flat there exists a point e X7 which maps to § and specializes to
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7. It follows that the closure of the singleton {€} is an irreducible closed subset of
Xz which strictly contains T'. This is the desired contradiction.

We omit the proof of the functoriality in (2). O

Lemma 6.12. Let k be a field, with separable algebraic closure k. Let X be a
scheme over k. The fibres of the map

IrredComp(X3;) — IrredComp(X)
of Lemma are exactly the orbits of Gal(k/k) under the action of Lemma|6.11}

Proof. Let T' C X be an irreducible component of X. Let n € T be its generic
point. By Lemmas [6.9] and the generic points of irreducible components of
T which map into 7" map to 1. By Algebra, Lemma the Galois group acts
transitively on all of the points of X7 mapping to 1. Hence the lemma follows. [

Lemma 6.13. Let k be a field. Assume X — Spec(k) locally of finite type. In this
case

(1) the action
Gal(k/k)°PP x IrredComp(Xz) — IrredComp(X7;)

is continuous if we give IrredComp(Xy,) the discrete topology,

(2) every irreducible component of Xy can be defined over a finite extension of
k, and

(3) given any irreducible component T C X the scheme T% is a finite union of
irreducible components of Xy which are all in the same Gal(k/k)-orbit.

Proof. Let T be an irreducible component of Xz. We may choose an affine open
U C X such that 7' N U is not empty. Write U = Spec(A), so A is a finite type
k-algebra, see Morphisms, Lemma Hence Az is a finite type k-algebra, and
in particular Noetherian. Let p = (f1,..., fn) be the prime ideal corresponding to
TN Ur. Since Ay = A®y, k we see that there exists a finite subextension k C k' C k
such that each f; € Ay It is clear that Gal(k/k’) fixes T, which proves (1).

Part (2) follows by applying Lemma (1) to the situation over k' which implies
the irreducible component 71" is of the form Té for some irreducible T C X .

To prove (3), let T C X be an irreducible component. Choose an irreducible
component T C Xz which maps to T, see Lemma @ By the above the orbit of
T is finite, say it is T1,...,T,. Then T; U...UT, is a Gal(k/k)-invariant closed
subset of X7 hence of the form W for some W C X closed by Lemmal[5.10] Clearly
W =T and we win. O

Lemma 6.14. Let k be a field. Let X — Spec(k) be locally of finite type. Assume
X has finitely many irreducible components. Then there exists a finite separable
extension k C k' such that every irreducible component of Xy is geometrically
irreducible over k'.

Proof. Let k be a separable algebraic closure of k. The assumption that X has
finitely many irreducible components combined with Lemma (3) shows that
X7 has finitely many irreducible components Ti,...,T,. By Lemma (2) there
exists a finite extension k C k&’ C k and irreducible components T; C X} such that
T, = Tz‘,E and we win. O
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Lemmal 6.15. Let X be a scheme over the field k. Assume X has finitely many
irreducible components which are all geometrically irreducible. Then X has finitely
many connected components each of which is geometrically connected.

Proof. This is clear because a connected component is a union of irreducible com-
ponents. Details omitted. ([

7. Geometrically integral schemes

If X is an irreducible scheme over a field, then it can happen that X becomes
reducible after extending the ground field. This does not happen for geometrically
irreducible schemes.

Definition 7.1. Let X be a scheme over the field k.

(1) Let x € X. We say X is geometrically pointwise integral at x if for every
field extension k C k" and every 2’ € Xy lying over x the local ring Ox,, o/
is integral.

(2) We say X is geometrically pointwise integral if X is geometrically pointwise
integral at every point.

(3) We say X is geometrically integral over k if the scheme Xy is integral for
every field extension k' of k.

The distinction between notions (2) and (3) is necessary. For example if £ = R and
X = Spec(Clz]), then X is geometrically pointwise integral over R but of course
not geometrically integral.

Lemma 7.2. Let k be a field. Let X be a scheme over k. Then X is geometrically
integral over k if and only if X is both geometrically reduced and geometrically
irreducible over k.

Proof. See Properties, Lemma (3.4 (]

8. Geometrically normal schemes

In Properties, Definition [7.1] we have defined the notion of a normal scheme. This
notion is defined even for non-Noetherian schemes. Hence, contrary to our dis-
cussion of “geometrically regular” schemes we consider all field extensions of the
ground field.

Definition 8.1. Let X be a scheme over the field k.

(1) Let z € X. Wesay X is geometrically normal at x if for every field extension
k C k" and every ' € Xy lying over z the local ring Ox,, ,+ is normal.

(2) We say X is geometrically normal over k if X is geometrically normal at
every x € X.

Lemma 8.2. Let k be a field. Let X be a scheme over k. Let x € X. The following
are equivalent

(1) X is geometrically normal at x,

(2) for every finite purely inseparable field extension k' of k and ' € Xy lying
over over x the local ring Ox,, »» is normal, and

(3) the ring Ox 5 is geometrically normal over k (see Algebra, Definition|153.2).
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Proof. It is clear that (1) implies (2). Assume (2). Let k C k' be a finite purely
inseparable field extension (for example k = k’). Consider the ring Ox , ®; k’. By
Algebra, Lemma its spectrum is the same as the spectrum of Ox ,. Hence it is
a local ring also (Algebra, Lemma. Therefore there is a unique point 2’ € Xy,
lying over x and Ox,, .+ = Ox , ® k. By assumption this is a normal ring. Hence

we deduce (3) by Algebra, Lemma

Assume (3). Let k C k' be a field extension. Since Spec(k’) — Spec(k) is surjective,
also Xy — X is surjective (Morphisms, Lemma . Let 2’ € X} be any point
lying over 2. The local ring Ox,, .+ is a localization of the ring Ox , ®j k’. Hence
it is normal by assumption and (1) is proved. O

Lemma 8.3. Let k be a field. Let X be a scheme over k. The following are
equivalent

(1) X is geometrically normal,

(2) Xy is a normal scheme for every field extension k C K/,

(3) Xy is a normal scheme for every finitely generated field extension k C K/,

(4) Xy is a normal scheme for every finite purely inseparable field extension
kCk, and

(5) for every affine open U C X the ring Ox(U) is geometrically normal (see

Algebra, Definition .

Proof. Assume (1). Then for every field extension k C &k’ and every point 2’ € X}/
the local ring of X/ at x’ is normal. By definition this means that X} is normal.
Hence (2).

It is clear that (2) implies (3) implies (4).

Assume (4) and let U C X be an affine open subscheme. Then Uy is a normal
scheme for any finite purely inseparable extension k C k' (including k = k’). This
means that k' ®; O(U) is a normal ring for all finite purely inseparable extensions
k C k. Hence O(U) is a geometrically normal k-algebra by definition.

Assume (5). For any field extension k C k' the base change X}, is gotten by gluing
the spectra of the rings Ox (U) ®; k' where U is affine open in X (see Schemes,
Section [17). Hence X is normal. So (1) holds. O

Lemma 8.4. Let k be a field. Let X be a scheme over k. Let k'/k be a field
extension. Let v € X be a point, and let x' € Xy be a point lying over x. The
following are equivalent

(1) X is geometrically normal at x,
(2) Xy is geometrically normal at x’.

In particular, X is geometrically normal over k if and only if Xy is geometrically
normal over k.

Proof. It is clear that (1) implies (2). Assume (2). Let k C k" be a finite purely
inseparable field extension and let 2" € X be a point lying over x (actually it is
unique). We can find a common field extension k& C k" (i.e. with both &' C k"’
and k" C k') and a point 2’ € Xy lying over both z’ and z”. Consider the map
of local rings

Oan,z” ? OXk///,:E””'
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This is a flat local ring homomorphism and hence faithfully flat. By (2) we see that
the local ring on the right is normal. Thus by Algebra, Lemma [152.3] we conclude
that O X,z 18 normal. By Lemma we see that X is geometrically normal at
x. (]

Lemma 8.5. Let k be a field. Let X be a geometrically normal scheme over k and
let' Y be a normal scheme over k. Then X XY is a normal scheme.

Proof. This reduces to Algebra, Lemma [153.4] by Lemma 8.3 (]

9. Change of fields and locally Noetherian schemes

Let X a locally Noetherian scheme over a field k. It is not always that case that
X is locally Noetherian too. For example if X = Spec(Q) and k = Q, then
Xgq is the spectrum of Q ®q Q which is not Noetherian. (Hint: It has too many
idempotents). But if we only base change using finitely generated field extensions
then the Noetherian property is preserved. (Or if X is locally of finite type over k,

since this property is preserved under base change.)

Lemmal 9.1. Let k be a field. Let X be a scheme over k. Let k C k' be a finitely
generated field extension. Then X is locally Noetherian if and only if Xy is locally
Noetherian.

Proof. Using Properties, Lemma [5.2] we reduce to the case where X is affine, say
X = Spec(A). In this case we have to prove that A is Noetherian if and only if
Ay is Noetherian. Since A — Aps = k' ®; A is faithfully flat, we see that if Ay is
Noetherian, then so is A, by Algebra, Lemma[152.1] Conversely, if A is Noetherian
then Ay is Noetherian by Algebra, Lemma [30.7] (]

10. Geometrically regular schemes

A geometrically regular scheme over a field & is a locally Noetherian scheme over k
which remains regular upon suitable changes of base field. A finite type scheme over
k is geometrically regular if and only if it is smooth over k (see Lemma . The
notion of geometric regularity is most interesting in situations where smoothness
cannot be used such as formal fibres (insert future reference here).

In the following definition we restrict ourselves to locally Noetherian schemes, since
the property of being a regular local ring is only defined for Noetherian local rings.
By Lemma [8.3| above, if we restrict ourselves to finitely generated field extensions
then this property is preserved under change of base field. This comment will be
used without further reference in this section. In particular the following definition
makes sense.

Definition 10.1. Let k be a field. Let X be a locally Noetherian scheme over k.

(1) Let x € X. We say X is geometrically reqular at x over k if for every finitely
generated field extension k¥ C k' and any 2’ € Xy lying over x the local
ring Ox,, » is regular.

(2) We say X is geometrically regular over k if X is geometrically regular at
all of its points.

A similar definition works to define geometrically Cohen-Macaulay, (Ry), and (S)
schemes over a field. We will add a section for these separately as needed.
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Lemma 10.2. Let k be a field. Let X be a locally Noetherian scheme over k. Let
x € X. The following are equivalent

(1) X is geometrically regular at x,

(2) for every finite purely inseparable field extension k' of k and ' € Xy lying
over over x the local ring OXkuw’ 1s regular, and

(3) the ring Ox 4 is geometrically reqular over k (see Algebra, Definition|154.2).

Proof. It is clear that (1) implies (2). Assume (2). This in particular implies that
Ox ; is aregular local ring. Let k& C k" be a finite purely inseparable field extension.
Consider the ring Ox , @ k’. By Algebra, Lemma its spectrum is the same
as the spectrum of Ox .. Hence it is a local ring also (Algebra, Lemma [17.2).
Therefore there is a unique point 2’ € Xj lying over 2 and Ox,, o+ = Ox . @4 k.
By assumption this is a regular ring. Hence we deduce (3) from the definition of a
geometrically regular ring.

Assume (3). Let k C £’ be a field extension. Since Spec(k’) — Spec(k) is surjective,
also Xy — X is surjective (Morphisms, Lemma [11.4). Let 2/ € X}, be any point
lying over 2. The local ring Ox,, ,+ is a localization of the ring Ox , ®j k’. Hence
it is regular by assumption and (1) is proved. O

Lemma) 10.3. Let k be a field. Let X be a locally Noetherian scheme over k. The
following are equivalent

(1) X is geometrically regular,

(2) Xy is a regular scheme for every finitely generated field extension k C K/,

(3) Xy is a regular scheme for every finite purely inseparable field extension
kCk,

(4) for every affine open U C X the ring Ox(U) is geometrically reqular (see
Algebra, Definition , and

(5) there exists an affine open covering X = |JU; such that each Ox (U;) is
geometrically reqular over k.

Proof. Assume (1). Then for every finitely generated field extension k& C k' and
every point ' € X}, the local ring of Xy, at z’ is regular. By Properties, Lemma
this means that X} is regular. Hence (2).

It is clear that (2) implies (3).

Assume (3) and let U C X be an affine open subscheme. Then Uy is a regular
scheme for any finite purely inseparable extension k C k' (including k& = k’). This
means that k' ®; O(U) is a regular ring for all finite purely inseparable extensions
k C K'. Hence O(U) is a geometrically regular k-algebra and we see that (4) holds.

It is clear that (4) implies (5). Let X = |JU; be an affine open covering as in (5).
For any field extension k C k' the base change X is gotten by gluing the spectra
of the rings Ox (U;) @ k' (see Schemes, Section [17). Hence X is regular. So (1)
holds. O

Lemma 10.4. Let k be a field. Let X be a scheme over k. Let k' [k be a finitely
generated field extension. Let v € X be a point, and let ' € Xy be a point lying
over . The following are equivalent

(1) X is geometrically regular at x,

(2) Xy is geometrically regular at x’.
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In particular, X is geometrically reqular over k if and only if Xy is geometrically
reqular over k'.

Proof. It is clear that (1) implies (2). Assume (2). Let k¥ C k” be a finite purely
inseparable field extension and let 2" € X~ be a point lying over z (actually it
is unique). We can find a common, finitely generated, field extension k C k"’ (i.e.
with both & C k" and k" C k”’) and a point 2" € Xy lying over both 2’ and

z”. Consider the map of local rings

OXk//,Z” ? OXk///,:E””'

This is a flat local ring homomorphism of Noetherian local rings and hence faithfully
flat. By (2) we see that the local ring on the right is regular. Thus by Algebra,
Lemma [T06.9] we conclude that Ox,,, . is regular. By Lemma @ we see that X
is geometrically regular at x. ([l

The following lemma is a geometric variant of Algebra, Lemma [154.3

Lemma 10.5. Let k be a field. Let f : X — Y be a morphism of locally Noetherian
schemes over k. Let x € X be a point and sety = f(x). If X is geometrically reqular
at x and f is flat at x then Y is geometrically reqular at y. In particular, if X is
geometrically reqular over k and f is flat and surjective, then Y is geometrically
regqular over k.

Proof. Let k' be finite purely inseparable extension of k. Let f’ : X — Y3 be
the base change of f. Let 2’ € Xy be the unique point lying over z. If we show
that Yy is regular at y' = f/(z'), then Y is geometrically regular over k at y’, see
Lemma [10.3] By Morphisms, Lemma the morphism X — Y is flat at /.
Hence the ring map
Oyk,,y/ — OX;CM-T/

is a flat local homomorphism of local Noetherian rings with right hand side regular
by assumption. Hence the left hand side is a regular local ring by Algebra, Lemma
[106.9 O

Lemma 10.6. Let k be a field. Let X be a scheme of finite type over k. Let x € X.
Then X is geometrically regular at x if and only if X — Spec(k) is smooth at x

(Morphisms, Definition .

Proof. The question is local around x, hence we may assume that X = Spec(A)
for some finite type k-algebra. Let x correspond to the prime p.

If A is smooth over k at p, then we may localize A and assume that A is smooth
over k. In this case k' ®j A is smooth over &’ for all extension fields k' /k, and each
of these Noetherian rings is regular by Algebra, Lemma |[135.3

Assume X is geometrically regular at 2. Consider the residue field K := x(x) = x(p)
of z. It is a finitely generated extension of k. By Algebra, Lemma [44.3] there exists
a finite purely inseparable extension k& C k’ such that the compositum k'K is a
separable field extension of k¥'. Let p’ C A’ = k' ®; A be a prime ideal lying over
p. It is the unique prime lying over p, see Algebra, Lemma[45.2] Hence the residue
field K’ := k(p’) is the compositum k'K. By assumption the local ring (A’), is
regular. Hence by Algebra, Lemma[135.5| we see that &’ — A’ is smooth at p’. This
in turn implies that ¥ — A is smooth at p by Algebra, Lemma The lemma,
is proved. (Il
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Example 10.7. Let k = F,(t). It is quite easy to give an example of a regular
variety V over k which is not geometrically reduced. For example we can take
Spec(k[z]/(zP —t)). In fact, there exists an example of a regular variety V which is
geometrically reduced, but not even geometrically normal. Namely, take for p > 2
the scheme V = Spec(k[z,y]/(y? — 2P +t)). This is a variety as the polynomial
y? — 2P +t € k[z,y] is irreducible. The morphism V — Spec(k) is smooth at all
points except at the point vy € V' corresponding to the maximal ideal (y,aP — t)
(because 2y is invertible). In particular we see that V is (geometrically) regular at
all points, except possibly vg. The local ring

Ov,ue = (k[z,y]/(y> — 2 + t))(y,azp—t)

is a domain of dimension 1. Its maximal ideal is generated by 1 element, namely
y. Hence it is a discrete valuation ring and regular. Let k¥’ = k[t'/?]. Denote
t' =tYP c k', V' = Vi, vy € V' the unique point lying over vg. Over k' we can
write zP —t = (z — /)P, but the polynomial y? — (z — /)P is still irreducible and V"’
is still a variety. But the element
Y
Y € f.f(Ovr )
is integral over Oy ,; (just compute its square) and not contained in it, so V' is
not normal at v{). This concludes the example.

11. Change of fields and the Cohen-Macaulay property

The following lemma says that it does not make sense to define geometrically Cohen-
Macaulay schemes, since these would be the same as Cohen-Macaulay schemes.

Lemmal 11.1. Let X be a locally Noetherian scheme over the field k. Let k C k'
be a finitely generated field extension. Let x € X be a point, and let ' € Xy be a
point lying over x. Then we have

Ox . is Cohen-Macaulay < Ox,, o is Cohen-Macaulay
If X is locally of finite type over k, the same holds for any field extension k C k'.

Proof. The first case of the lemma follows from Algebra, Lemmal[l55.2] The second
case of the lemma is equivalent to Algebra, Lemma [126.6 (]

12. Change of fields and the Jacobson property

A scheme locally of finite type over a field has plenty of closed points, namely it is
Jacobson. Moreover, the residue fields are finite extensions of the ground field.

Lemmal 12.1. Let X be a scheme which is locally of finite type over k. Then

(1) for any closed point x € X the extension k C r(x) is algebraic, and
(2) X is a Jacobson scheme (Properties, Definition[6.1]).

Proof. A scheme is Jacobson if and only if it has an affine open covering by Jacob-
son schemes, see Properties, Lemma [6.3] The property on residue fields at closed
points is also local on X. Hence we may assume that X is affine. In this case the
result is a consequence of the Hilbert Nullstellensatz, see Algebra, Theorem 33.1] It
also follows from a combination of Morphisms, Lemmas [17.8] [17.9] and [I[7.10] O

It turns out that if X is not locally of finite type, then we can achieve the same
result after making a suitably large base field extension.
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Lemma 12.2. Let X be a scheme over a field k. For any field extension k C K
whose cardinality is large enough we have

(1) for any closed point x € Xy the extension K C k(x) is algebraic, and
(2) Xk is a Jacobson scheme (Properties, Definition[6.1).

Proof. Choose an affine open covering X = |JU;. By Algebra, Lemma
and Properties, Lemma there exist cardinals x; such that U; i has the desired
properties over K if #(K) > k;. Set k = max{k;}. Then if the cardinality of
K is larger than k we see that each U, i satisfies the conclusions of the lemma.
Hence Xk is Jacobson by Properties, Lemma [6.3] The statement on residue fields
at closed points of Xk follows from the corresponding statements for residue fields
of closed points of the U; . O

13. Algebraic schemes
The following definition is taken from [DGG67, I Definition 6.4.1].

Definition 13.1. Let k£ be a field. An algebraic k-scheme is a scheme X over k
such that the structure morphism X — Spec(k) is of finite type. A locally algebraic
k-scheme is a scheme X over k such that the structure morphism X — Spec(k) is
locally of finite type.

Note that every (locally) algebraic k-scheme is (locally) Noetherian, see Morphisms,
Lemma The category of algebraic k-schemes has all products and fibre prod-
ucts (unlike the category of varieties over k). Similarly for the category of locally
algebraic k-schemes.

Lemma) 13.2. Let k be a field. Let X be a locally algebraic k-scheme of dimen-
sion 0. Then X is a disjoint union of spectra of local Artinian k-algebras A with
dimg(A) < oco. If X is an algebraic k-scheme of dimension 0, then in addition X
is affine and the morphism X — Spec(k) is finite.

Proof. Let X be a locally algebraic k-scheme of dimension 0. Let U = Spec(A) C
X be an affine open subscheme. Since dim(X) = 0 we see that dim(A) = 0. By
Noether normalization, see Algebra, Lemma [111.4] we see that there exists a finite
injection k — A, i.e., dimg(A) < co. Hence A is Artinian, see Algebra, Lemma
This implies that A = Ay X ... x A, is a product of finitely many Artinian
local rings, see Algebra, Lemma Of course dimg(A;) < oo for each i as the
sum of these dimensions equals dimy(A).

The arguments above show that X has an open covering whose members are finite
discrete topological spaces. Hence X is a discrete topological space. It follows that
X is isomorphic to the disjoint union of its connected components each of which is
a singleton. Since a singleton scheme is affine we conclude (by the results of the
paragraph above) that each of these singletons is the spectrum of a local Artinian
k-algebra A with dimy(A) < oco.

Finally, if X is an algebraic k-scheme of dimension 0, then X is quasi-compact
hence is a finite disjoint union X = Spec(A;) I ... II Spec(A,) hence affine (see
Schemes, Lemma and we have seen the finiteness of X — Spec(k) in the first
paragraph of the proof. O

Lemmal 13.3. Let k be a field. Let X be a locally algebraic k-scheme.
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(1) The dimension of k is the supremum of the numbers trdeg,(rk(n) where n
runs over the generic points of the irreducible components of X.

(2) If X is irreducible, then all maximal chains of irreducible closed subsets
have length equal to the dimension of X.

Proof. It is clear that the dimension of X is the supremum of the dimensions of
all affine opens. Simiarly, any maximal chain in X gives rise to a maximal chain
in an affine open. Hence it suffices to prove the lemma for an affine open. Part
(2) follows from Algebra, Lemma Part (1) follows from Algebra, Lemma
11231 O

14. Closures of products
Some results on the relation between closure and products.

Lemma 14.1. Let k be a field. Let X, Y be schemes over k, and let A C X,
B CY be subsets. Set

AB={ze€ X X3 Y |prx(7) € A, pry(y) € B} C X x3 Y
Then set theoretically we have
Ax,B=AB

Proof. The inclusion AB C A x;, B is immediate. We may replace X and Y by
the reduced closed subschemes A and B. Let W C X x; Y be a nonempty open
subset. By Morphisms, Lemma the subset U = pry (W) is nonempty open
in X. Hence ANU is nonempty. Pick @ € ANU. Denote Y, = {a} x3 YV
the fibre of pry : X X3 Y — X over a. By Morphisms, Lemma again the
morphism Y, — Y is open as Spec(x(a)) — Spec(k) is universally open. Hence the
nonempty open subset W, = W X x,y Y, maps to a nonempty open subset of Y.
We conclude there exists a b € B in the image. Hence ABNW # ) as desired. O

Lemma 14.2. Let k be a field. Let f : A — X, g : B — Y be morphisms of
schemes over k. Then set theoretically we have
f(A) x1 g(B) = (f x 9)(A xx B)

Proof. This follows from Lemma as the image of f x g is f(A)g(B) in the
notation of that lemma. O

Lemmal 14.3. Let k be a field. Let f : A — X, g : B = Y be quasi-compact
morphisms of schemes over k. Let Z C X be the scheme theoretic image of f, see
Morphisms, Definition[6.3. Similarly, let Z' C'Y be the scheme theoretic image of
g. Then Z xy, Z' is the scheme theoretic image of f X g.

Proof. Recall that Z is the smallest closed subscheme of X through which f fac-
tors. Similarly for Z’. Let W C X X Y be the scheme theoretic image of f x g.
As f x g factors through Z x; Z’' we see that W C Z x;, Z'.

To prove the other inclusion let U C X and V' C Y be affine opens. By Morphisms,
Lemma the scheme ZNU is the scheme theoretic image of f|s—1 (v : L) —
U, and similarly for Z' NV and W NU x; V. Hence we may assume X and YV
affine. As f and g are quasi-compact this implies that A = |J U, is a finite union of
affines and B = [V} is a finite union of affines. Then we may replace A by [[U;
and B by [[V}, i.e., we may assume that A and B are affine as well. In this case Z
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is cut out by Ker(I'(X,Ox) — I'(4,04)) and similarly for Z’ and W. Hence the
result follows from the equality

(A %y B,Oax,p) =T'(A,04) ®, I'(B,0p)
which holds as A and B are affine. Details omitted. O

15. Schemes smooth over fields
Here are two lemmas characterizing smooth schemes over fields.

Lemma) 15.1. Let k be a field. Let X be a scheme over k. Assume

(1) X is locally of finite type over k,
(2) Qxy is locally free, and
(3) k has characteristic zero.
Then the structure morphism X — Spec(k) is smooth.

Proof. This follows from Algebra, Lemma [135.7 (]

In positive characteristic there exist nonreduced schemes of finite type whose sheaf
of differentials is free, for example Spec(F,[t]/(t?)) over Spec(F,). If the ground
field k is nonperfect of characteristic p, there exist reduced schemes X/k with free
Qx /i which are nonsmooth, for example Spec(k[t]/(t? —a) where a € k is not a pth
power.

Lemma 15.2. Let k be a field. Let X be a scheme over k. Assume

(1) X is locally of finite type over k,
(2) Qxy is locally free,
(3) X is reduced, and
(4) k is perfect.
Then the structure morphism X — Spec(k) is smooth.

Proof. Let z € X be a point. As X is locally Noetherian (see Morphisms, Lemma
there are finitely many irreducible components X1, ..., X, passing through z
(see Properties, Lemma and Topology, Lemma. Let n; € X; be the generic
point. As X is reduced we have Ox ,,, = k(n;), see Algebra, Lemma Moreover,
k(n;) is a finitely generated field extension of the perfect field k& hence separably
generated over k (see Algebra, Section . It follows that Qx /i, = Qe /k 18
free of rank the transcendence degree of k(7;) over k. By Morphisms, Lemma
we conclude that dim,, (X;) = rank,, (Q2x/). Since x € X1 N...N X,, we see that

rank, (Qx/;) = rank,, (Qx/,) = dim(X;).
Therefore dim,(X) = rank,(Qx/x), see Algebra, Lemma [110.5} It follows that
X — Spec(k) is smooth at x for example by Algebra, Lemma [135.3 O

Lemma 15.3. Let X — Spec(k) be a smooth morphism where k is a field. Then
X is a regular scheme.

Proof. (See also Lemma |10.6|) By Algebra, Lemma [135.3| every local ring Ox
is regular. And because X is locally of finite type over k it is locally Noetherian.
Hence X is regular by Properties, Lemma [9.2 (]

Lemma 15.4. Let X — Spec(k) be a smooth morphism where k is a field. Then
X is geometrically regular, geometrically normal, and geometrically reduced over k.
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Proof. (See also Lemma [10.6]) Let &’ be a finite purely inseparable extension of
k. It suffices to prove that X} is regular, normal, reduced, see Lemmas
and By Morphisms, Lemma the morphism X, — Spec(k’) is smooth too.
Hence it suffices to show that a scheme X smooth over a field is regular, normal,
and reduced. We see that X is regular by Lemma Hence Properties, Lemma
9.4] guarantees that X is normal. |

Lemma 15.5. Let k be a field. Let d > 0. Let W C Az be nonempty open. Then
there exists a closed point w € W such that k C k(w) is finite separable.

Proof. After possible shrinking W we may assume that W = A¢ \ V(f) for some
f € klxy,...,zy]. If the lemma is wrong then f(aq,...,a,) = 0forall (a1,...,a,) €
(k®eP)™. This is absurd as k°¢P is an infinite field. O

Lemma 15.6. Let k be a field. If X is smooth over Spec(k) then the set
{z € X closed such that k C k(z) is finite separable}
is dense in X.

Proof. It suffices to show that given a nonempty smooth X over k there exists
at least one closed point whose residue field is finite separable over k. To see this,
choose a diagram

X<—U—7T>Az

with 7 étale, see Morphisms, Lemma The morphism 7 : U — Ag is open, see
Morphisms, Lemma [37.13] By Lemma we may choose a closed point w € m(V)
whose residue field is finite separable over k. Pick any « € V with n(z) = w. By
Morphisms, Lemma [37.7 the field extension x(w) C () is finite separable. Hence
k C k(zx) is finite separable. The point z is a closed point of X by Morphisms,
Lemma O

Lemma 15.7. Let X be a scheme over a field k. If X is locally of finite type and
geometrically reduced over k then X contains a dense open which is smooth over k.

Proof. The problem is local on X, hence we may assume X is quasi-compact. Let
X = X, U...UX, be the irreducible components of X. Then Z = Ui# X;NX;is
nowhere dense in X. Hence we may replace X by X\ Z. As X\ Z is a disjoint union
of irreducible schemes, this reduces us to the case where X is irreducible. As X is
irreducible and reduced, it is integral, see Properties, Lemma[3.4 Let n € X be its
generic point. Then the function field K = k(X) = k(n) is geometrically reduced
over k, hence separable over k, see Algebra, Lemma Let U = Spec(A4) C X
be any nonempty affine open so that K = f.f.(A) = A(y. Apply Algebra, Lemma
to conclude that A is smooth at (0) over k. By definition this means that
some principal localization of A is smooth over k£ and we win. O

Lemma 15.8. Let k be a field. Let f: X — Y be a morphism of schemes locally
of finite type over k. Let x € X be a point and set y = f(x). If X — Spec(k) is
smooth at x and f is flat at x then Y — Spec(k) is smooth at y. In particular, if
X is smooth over k and f is flat and surjective, then Y is smooth over k.

Proof. It suffices to show that Y is geometrically regular at y, see Lemma [10.6
This follows from Lemma (and Lemma applied to (X, z)). O
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16. Types of varieties

Short section discussion some elementary global properties of varieties.

Definition 16.1. Let k be a field. Let X be a variety over k.

(1) We say X is an affine variety if X is an affine scheme. This is equivalent
to requiring X it be isomorphic to a closed subscheme of A} for some n.

(2) We say X is a projective variety if the structure morphism X — Spec(k)
is projective. By Morphisms, Lemma this is true if and only if X is
isomorphic to a closed subscheme of P} for some n.

(3) We say X is a quasi-projective variety if the structure morphism X —
Spec(k) is quasi-projective. By Morphisms, Lemma this is true if and
only if X is isomorphic to a locally closed subscheme of P} for some n.

(4) A proper variety is a variety such that the morphism X — Spec(k) is proper.

Note that a projective variety is a proper variety, see Morphisms, Lemma Also,
an affine variety is quasi-projective as Aj is isomorphic to an open subscheme of
P}, see Constructions, Lemma [13.3]

Lemma 16.2. Let X be a proper variety over k. Then I'(X,Ox) is a field which
is a finite extension of the field k.

Proof. By Cohomology of Schemes, Proposition we see that I'(X,0x) is a
finite dimensional k-vector space. It is also a k-algebra without zero-divisors. Hence
it is a field, see Algebra, Lemma [35.17] (]

17. Groups of invertible functions

It is often (but not always) the case that O*(X)/k* is a finitely generated abelian
group if X is a variety over k. We show this by a series of lemmas. Everything
rests on the following special case.

Lemma 17.1. Let k be an algebraically closed field. Let X be a proper variety over
k. Let X C X be an open subscheme. Assume X is normal. Then O*(X)/k* is a
finitely generated abelian group.

Proof. We will use without further mention that for any affine open U of X the
ring O(U) is a finitely generated k-algebra, which is Noetherian, a domain and
normal, see Algebra, Lemma Properties, Definition Properties, Lemmas

and Morphisms, Lemma [16.2]

Let &1,...,& be the generic points of the complement of X in X. There are
finitely many since X has a Noetherian underlying topological space (see Mor-
phisms, Lemma [16.6, Properties, Lemma [5.5, and Topology, Lemma [3.2)). For each
i the local ring O; = Ox ¢, is a normal Noetherian local domain (as a localization
of a Noetherian normal domain). Let J C {1,...,7} be the set of indices ¢ such
that dim(O;) = 1. For j € J the local ring O; is a discrete valuation ring, see
Algebra, Lemma [115.6] Hence we obtain a valuation

v k(X)" —Z
with the property that v;(f) > 0« f € O,.
Think of O(X) as a sub k-algebra of k(X) = k(X). We claim that the kernel of
the map

O(X)* —» HjeJ z, f— v
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is k*. It is clear that this claim proves the lemma. Namely, suppose that f €
O(X) is an element of the kernel. Let U = Spec(B) C X be any affine open.
Then B is a Noetherian normal domain. For every height one prime q C B with
corresponding point § € X we see that either { = §; for some j € J or that £ € X.
The reason is that codim({¢},X) = 1 by Properties, Lemma and hence if
¢ € X\ X it must be a generic point of X \ X, hence equal to some ¢;, j € J.
We conclude that f € Ox ¢ = By in either case as f is in the kernel of the map.
Thus f € ﬂht(q):l B, = B, sce Algebra, Lemma In other words, we see

that f € I'(X, Ox). But since k is algebraically closed we conclude that f € k by
Lemma [16.2) U

Next, we generalize the case above by some elementary arguments, still keeping the
field algebraically closed.

Lemmal 17.2. Let k be an algebraically closed field. Let X be an integral scheme
locally of finite type over k. Then O*(X)/k* is a finitely generated abelian group.

Proof. As X is integral the restriction mapping O(X) — O(U) is injective for any
nonempty open subscheme U C X. Hence we may assume that X is affine. Choose
a closed immersion X — A? and denote X the closure of X in P} via the usual
immersion A}l — P7. Thus we may assume that X is an affine open of a projective
variety X.

Let v: X~ — X be the normalization morphism, see Morphisms, Definition
We know that v is finite, dominant, and that X is a normal irreducible scheme, see
Morphisms, Lemmas |48.15], |48.17L and |19.2l It follows that X is a proper variety,
because X — Spec(k) is proper as a composition of a finite and a proper morphism
(see results in Morphisms, Sections [42{ and . It also follows that v is a surjective
morphism, because the image of v is closed and contains the generic point of X.
Hence setting X = v~ 1(X) we see that it suffices to prove the result for X”. In

other words, we may assume that X is a nonempty open of a normal proper variety
X. This case is handled by Lemma m O

The preceding lemma implies the following slight generalization.

Lemmal 17.3. Let k be an algebraically closed field. Let X be a connected re-
duced scheme which is locally of finite type over k with finitely many irreducible
components. Then O*(X)/k* is a finitely generated abelian group.

Proof. Let X = |J X; be the irreducible components. By Lemma we see that
O(X;)*/k* is a finitely generated abelian group. Let f € O(X)* be in the kernel
of the map

oxX) — [Joxi) /k".
Then for each i there exists an element A; € k such that f|x, = A;. By restricting

to X; N X; we conclude that A\; = A; if X;NX; # (). Since X is connected we
conclude that all A; agree and hence that f € k*. This proves that

ox) /k* c [Jox)" /k*

and the lemma follows as on the right we have a product of finitely many finitely
generated abelian groups. (I
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Lemma 17.4. Let k be a field. Let X be a scheme over k which is connected and
reduced. Then the integral closure of k in I'(X,Ox) is a field.

Proof. Let k' C I'(X,0x) be the integral closure of k. Then X — Spec(k)
factors through Spec(k’), see Schemes, Lemma As X is reduced we see that
k' has no nonzero nilpotent elements. As k — k’ is integral we see that every
prime ideal of k" is both a maximal ideal and a minimal prime, and Spec(k’) is
totally disconnected, see Algebra, Lemmas and As X is connected the
morphism X — Spec(k’) is constant, say with image the point corresponding to
p C k'. Then any f € k', f € p maps to an invertible element of Ox. By definition
of k' this then forces f to be a unit of k’. Hence we see that &’ is local with maximal
ideal p, see Algebra, Lemma [17.2} Since we've already seen that &’ is reduced this
implies that &’ is a field, see Algebra, Lemma [24.1] O

Proposition| 17.5. Let k be a field. Let X be a scheme over k. Assume that X
18 locally of finite type over k, connected, reduced, and has finitely many irreducible
components. Then O(X)*/k* is a finitely generated abelian group if in addition to
the conditions above at least one of the following conditions is satisfied:

(1) the integral closure of k in T'(X,Ox) is k,
(2) X has a k-rational point, or
(3) X is geometrically integral.

Proof. Let k be an algebraic closure of k. Let Y be a connected component of
(X%)rea- Note that the canonical morphism p : Y — X is open (by Morphisms,
Lemma and closed (by Morphisms, Lemma. Hence p(Y) = X as X was
assumed connected. In particular, as X is reduced this implies O(X) C O(Y). By
Lemma [6.13] we see that Y has finitely many irreducible components. Thus Lemma
applies to Y. This implies that if O(X)*/k* is not a finitely generated abelian
group, then there exist elements f € O(X), f & k which map to an element of k
via the map O(X) — O(Y). In this case f is algebraic over k, hence integral over
k. Thus, if condition (1) holds, then this cannot happen. To finish the proof we
show that conditions (2) and (3) imply (1).

Let k¥ C k¥ C I'(X,0Ox) be the integral closure of k in I'(X,Ox). By Lemma
we see that k' is a field. If e : Spec(k) — X is a k-rational point, then
et : T(X,0x) — k is a section to the inclusion map k — I'(X, Ox). In particular
the restriction of e* to k' is a field map k' — k over k, which clearly shows that (2)
implies (1).

If the integral closure k' of k in I'(X, Ox) is not trivial, then we see that X is either
not geometrically connected (if ¥ C &’ is not purely inseparable) or that X is not
geometrically reduced (if k¥ C k' is nontrivial purely inseparable). Details omitted.
Hence (3) implies (1). O

Lemma 17.6. Let k be a field. Let X be a variety over k. The group O(X)*/k* is
a finitely generated abelian group provided at least one of the following conditions
holds:

(1) k is integrally closed in T'(X,0x),
(2) k is algebraically closed in k(X),
(3) X is geometrically integral over k, or
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(4) k is the “intersection” of the field extensions k C k(x) where x runs over
the closed points of x.

Proof. We see that (1) is enough by Proposition We omit the verification
that each of (2), (3), (4) implies (1). O

18. Uniqueness of base field

The phrase “let X be a scheme over k” means that X is a scheme which comes
equipped with a morphism X — Spec(k). Now we can ask whether the field k is
uniquely determined by the scheme X. Of course this is not the case, since for
example Ag which we ordinarily consider as a scheme over the field C of complex
numbers, could also be considered as a scheme over Q. But what if we ask that
the morphism X — Spec(k) does not factor as X — Spec(k’) — Spec(k) for any
nontrivial field extension & C k’? In other words we ask that & is somehow maximal
such that X lives over k.

An example to show that this still does not guarantee uniqueness of & is the scheme

1
X = Spec Q)] | 5P € QBlP 20 )
At first sight this seems to be a scheme over Q(z), but on a second look it is clear
that it is also a scheme over Q(y). Moreover, the fields Q(z) and Q(y) are subfields
of R = I'(X,Ox) which are maximal among the subfields of R (details omitted).
In particular, both Q(z) and Q(y) are maximal in the sense above. Note that
both morphisms X — Spec(Q(z)) and X — Spec(Q(y)) are “essentially of finite
type” (i.e., the corresponding ring map is essentially of finite type). Hence X is a
Noetherian scheme of finite dimension, i.e., it is not completely pathological.

Another issue that can prevent uniqueness is that the scheme X may be nonreduced.
In that case there can be many different morphisms from X to the spectrum of a
given field. As an explicit example consider the dual numbers D = Cl[y]/(y?) =
C @ €C. Given any derivation 6 : C — C over Q we get a ring map

C—D, cr—c+ebe).

The subfield of C on which all of these maps are the same is the algebraic closure
of Q. This means that taking the intersection of all the fields that X can live over
may end up being a very small field if X is nonreduced.

One observation in this regard is the following: given a field k¥ and two subfields
k1, ko of k such that k is finite over k; and over ko, then in general it is not the
case that k is finite over k1 Nkz. An example is the field k¥ = Q(¢) and its subfields
k1 = Q(?) and Q((t + 1)?). Namely we have k; Nka = Q in this case. So in the
following we have to be careful when taking intersections of fields.

Having said all of this we now show that if X is locally of finite type over a field,
then some uniqueness holds. Here is the precise result.

Proposition| 18.1. Let X be a scheme. Let a : X — Spec(ky) and b : X —
Spec(kz2) be morphisms from X to spectra of fields. Assume a,b are locally of finite
type, and X is reduced, and connected. Then we have k| = kb, where k} C I'(X, Ox)
is the integral closure of k; in T'(X,Ox).
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Proof. First, assume the lemma holds in case X is quasi-compact (we will do the
quasi-compact case below). As X is locally of finite type over a field, it is locally
Noetherian, see Morphisms, Lemma In particular this means that it is lo-
cally connected, connected components of open subsets are open, and intersections
of quasi-compact opens are quasi-compact, see Properties, Lemma Topology,
Lemma Topology, Section [, and Topology, Lemma Pick an open cov-
ering X = (J;c; Ui such that each U; is quasi-compact and connected. For each i
let K; C Ox(U;) be the integral closure of k1 and of ko. For each pair i, € I we
decompose

UinU; = [ Ui

into its finitely many connected components. Write K; j; C O(U; ;) for the integral
closure of k; and of ko. By Lemma the rings K; and K ;, are fields. Now we
claim that k] and k% both equal the kernel of the map

HKi - HKi,j,ly (I’L)l — xi|U¢,J‘,L - 'Ij|U7;,jyl

which proves what we want. Namely, it is clear that k| is contained in this kernel.
On the other hand, suppose that (x;); is in the kernel. By the sheaf condition (x;);
corresponds to f € O(X). Pick some iy € I and let P(T) € k1[T] be a monic
polynomial with P(z;,) = 0. Then we claim that P(f) = 0 which proves that
f € k1. To prove this we have to show that P(z;) =0 for all . Pick i € I. As X
is connected there exists a sequence ig, i1, . ..,i, =14 € I such that U;, NU;,,, # 0.
Now this means that for each ¢ there exists an l; such that z;, and w;,,, map to
the same element of the field K; ;. Hence if P(z;,) = 0, then P(x;,,,) = 0. By

induction, starting with P(z;,) = 0 we deduce that P(x;) = 0 as desired.

To finish the proof of the lemma we prove the lemma under the additional hypothesis
that X is quasi-compact. By Lemma after replacing k; by k} we may assume
that k; is integrally closed in I'(X, Ox). This implies that O(X)*/k} is a finitely
generated abelian group, see Proposition Let k12 = k1 N ko as a subring of
O(X). Note that ki2 is a field. Since

ki/kis — O(X)"/k;

we see that kj/k}, is a finitely generated abelian group as well. Hence there exist
Q1,...,0ap € kY such that every element A € k; has the form

€n

— €1
A=coi' ... a

for some e; € Z and ¢ € k1. In particular, the ring map

1
kialxy, .o xp, ————] — k1, xi—
T1...Tp
is surjective. By the Hilbert Nullstellensatz, Algebra, Theorem we conclude
that k; is a finite extension of k15. In the same way we conclude that ks is a finite
extension of k1. In particular both &, and ko are contained in the integral closure
kio of k12 in T'(X, Ox). But since ki, is a field by Lemma and since we chose k;
to be integrally closed in I'(X, Ox) we conclude that k1 = k12 = ks as desired. O
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19. Coherent sheaves on projective space

In this section we prove some results on the cohomology of coherent sheaves on
P" over a field which can be found in [Mum66]. These will be useful later when
discussing Quot and Hilbert schemes.

19.1. Preliminaries. Let &k be a field, n > 1, d > 1, and let s € I'(P}, O(d)) be a
nonzero section. In this section we will write O(d) for the dth twist of the structure
sheaf on projective space (Constructions, Definitions and [13.2)). Since P} is a
variety this section is regular, hence s is a regular section of O(d) and defines an
effective Cartier divisor H = Z(s) C P}, see Divisors, Section [9] Such a divisor H
is called a hypersurface and if d =1 it is called a hyperplane.

Lemma 19.2. Let k be a field. Letn > 1. Leti: H — P} be a hyperplane. Then
there exists an isomorphism

p: PZ_l — H
such that i*O(1) pulls back to O(1).

Proof. We have P} = Proj(k[Ty,...,T,]). The section s corresponds to a homoge-
neous form in Ty, . .., T}, of degree 1, see Cohomology of Schemes, Section[8] Say s =
>~ a;T;. Constructions, Lemma [13.6] gives that H = Proj(k[Ty, ..., T,]/I) for the
graded ideal I defined by setting Iy equal to the kernel of the map I'(P},O(d)) —
I'(H,i*O(d)). By our construction of Z(s) in Divisors, Definition we see
that on D (T}) the ideal of H is generated by > a;T;/T; in the polynomial ring
k[To/Tj,...,Tn/T;]. Thus it is clear that I is the ideal generated by )" a;T;. Note
that
k[To,.... Tol/T = k[To,...., T/ (O aiT;) 2 k[So, ..., Snoi]

as graded rings. For example, if a,, # 0, then mapping S; equal to the class of T;
works. We obtain the desired isomorphism by functoriality of Proj. Equality of
twists of structure sheaves follows for example from Constructions, Lemma[I1.5, O

Lemmal 19.3. Let k be an infinite field. Letn > 1. Let F be a coherent module on
P}. Then there exist a nonzero section s € I'(P}, O(1)) and a short exact sequence

0—F(-1)=F—=iG—0
where 1 : H — P} is the hyperplane H associated to s and G = i*F.

Proof. The map F(—1) — F comes from Constructions, Equation with
n =1, m = —1 and the section s of O(1). Let’s work out what this map looks
like if we restrict it to D4 (Tp). Write D4 (Ty) = Spec(klxy,...,z,]) with z; =
T;/Ty. Identify O(1)|p, (1) With O using the section Ty. Hence if s =} a;T; then
s|p, (1) = ao + ) a;x; with the identification chosen above. Furthermore, suppose
F|p, (1) corresponds to the finite k[z1,...,2y,]-module M. Via the identification
F(-1) = F® O(—1) and our chosen trivialization of O(1) we see that F(—1)
corresponds to M as well. Thus restricting F(—1) — F to D4 (Tp) gives the map

a0+ a;x;
—_—

M M

To see that the arrow is injective, it suffices to pick ag + Y a;x; outside any of
the associated primes of M, see Algebra, Lemma [62.9] By Algebra, Lemma [62.5
the set Ass(M) of associated primes of M is finite. Note that for p € Ass(M) the
intersection p N {ap + > a;x;} is a proper k-subvector space. We conclude that
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there is a finite family of proper sub vector spaces Vi,...,V,, C I'(P},O(1)) such
that if we take s outside of | J V;, then multiplication by s is injective over D (Tp).
Similarly for the restriction to Dy (Tj) for j =1,...,n. Since k is infinite, a finite
union of proper sub vector spaces is never equal to the whole space, hence we may
choose s such that the map is injective. The cokernel of F(—1) — F is annihilated
by Im(s : O(—1) — O) which is the ideal sheaf of H by Divisors, Definition
Hence we obtain G on H using Cohomology of Schemes, Lemma O

Remark| 19.4. Let k& be an infinite field. Let n > 1. Given a finite number of
coherent modules F; on P} we can choose a single s € I'(P7, O(1)) such that the
statement of Lemma works for each of them. To prove this, just apply the
lemma to € F;.

19.5. Regularity.

Definition 19.6. Let k be a field. Let n > 0. Let F be a coherent sheaf on P}.
We say F is m-reqular if
H' (P}, F(m—i)) =0
fori=1,...,n.
Note that F = O(d) is m-regular if and only if d > m. This follows from the

computation of cohomology groups in Cohomology of Schemes, Equation (8.1.1)).
Namely, we see that H" (P}, O(d)) = 0 if and only if d > —n.

Lemma 19.7. Let k C k' be an extension of fields. Let n > 0. Let F be a coherent
sheaf on P}. Let F' be the pullback of F to P},. Then F is m-regular if and only
if F' is m-regular.

Proof. This is true because
HY(PL,F)=H' (P! F) @k K
by flat base change, see Cohomology of Schemes, Lemma O

Lemma 19.8. In the situation of Lemma [19.3, if F is m-regular, then G is m-
regular on H = PZ_l.

Proof. Recall that H*(P},i.G) = H'(H,G) by Cohomology of Schemes, Lemma
Hence we see that for i > 1 we get

HY (PP, F(m — 1)) — H'(H,G(m —i)) = HTHP?, Fim —1— 1))

as part of the long exact sequence associated to the short exact sequence 0 —
F(im—1—1i) = F(m—1i) = i,.G(m — i) — 0 we obtain from the exact sequence of
Lemma by tensoring with the invertible sheaf O(m—i). The lemma follows. O

Lemma 19.9. Let k be a field. Let n > 0. Let F be a coherent sheaf on P}. If F
is m-regular, then F is (m + 1)-regular.

Proof. We prove this by induction on n. If n = 0 every sheaf is m-regular for all
m and there is nothing to prove. By Lemma [19.7] we may replace k by an infinite
overfield and assume £ is infinite. Thus we may apply Lemma[19.3] By Lemmal[T9.§]
we know that G is m-regular. By induction on n we see that G is (m + 1)-regular.
Considering the long exact cohomology sequence associated to the sequence

0—-Fm—i)—>Fm+1—i)—>i.Gm+1—-14)—0
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the reader easily deduces for ¢ > 1 the vanishing of H*(P?, F(m + 1 —i)) from the
(known) vanishing of H* (P, F(m —i)) and H'(P?,G(m + 1 —1)). O

Lemma 19.10. Let k be a field. Let n > 0. Let F be a coherent sheaf on P}. If
F is m-regular, then the multiplication map

H(Py, F(m)) @ HO(P},0(1)) — H°(P}, F(m + 1))
18 surjective.

Proof. Let k C k' be an extension of fields. Let F’ be as in Lemma [19.7] By
Cohomology of Schemes, Lemma the base change of the linear map of the
lemma to k' is the same linear map for the sheaf F'. Since k — k' is faithfully flat
it suffices to prove the lemma over £/, i.e., we may assume k is infinite.

Assume k is infinite. We prove the lemma by induction on n. The case n = 0 is
trivial as O(1) = O is generated by Ty. For n > 0 apply Lemma and tensor
the sequence by O(m + 1) to get

0— F(m) > Fim+1) = i,Gm+1) =0
Let t € HO(P?, F(m+1)). By induction the image t € H°(H,G(m+1)) is the image
of Y9, ®3; with 5; € '(H,O(1)) and g; € H°(H,G(m)). Since F is m-regular we
have H'(P?%, F(m — 1)) = 0, hence long exact cohomology sequence associated to
the short exact sequence

0— F(m—1) 3 F(m) = i.G(m) — 0
shows we can lift g; to f; € HY(P}, F(m)). We can also lift 5; to s; € HY(P}, O(1))
(see proof of Lemma for example). After substracting the image of > f; ® s;

from ¢ we see that we may assume ¢ = 0. But this exactly means that ¢ is the image
of f® s for some f € H(P}, F(m)) as desired. O

Lemma 19.11. Let k be a field. Let n > 0. Let F be a coherent sheaf on P}. If
F is m-regular, then F(m) is globally generated.

Proof. For all d > 0 the sheaf F(d) is globally generated. This follows for example
from the first part of Cohomology of Schemes, Lemma Pick d > m such that
F(d) is globally generated. Choose a basis fi,..., f, € H°(P?,F). By Lemma
every element f € HO(P?, F(d)) can be written as f = Y P, f; for some
P, € k[Ty,...,T,] homogeneous of degree d — m. Since the sections f generate
F(d) it follows that the sections f; generate F(m). O

19.12. Hilbert polynomials. Let k£ be a field. Let X be a proper scheme over
k. Let F be a coherent Ox-module. In this situation the Fuler characteristic of F
is the integer
X(X, F) = (~1)" dimg H' (X, F).

Note that only a finite number of the vector spaces H'(X,F) are nonzero (Coho-
mology of Schemes, Lemma and that each of these spaces is finite dimensional
(Cohomology of Schemes, Lemma[17.4). Thus x(X, F) € Z is well defined. Observe
that this definition depends on the field k£ and not just on the pair (X, F).

Lemma 19.13. Let k be a field. Let X be a proper scheme over k. Let 0 — F; —
Fo — F3 — 0 be a short exact sequence of coherent modules on X. Then

X(X’]:Q) = X(X’]:l) +X(X7]:3)


http://localhost:8080/tag/08A7
http://localhost:8080/tag/08A8
http://localhost:8080/tag/08AA

34 VARIETIES

Proof. Consider the long exact sequence of cohomology
0— HYX,F) = HY X, F) = H' (X, F3) = H (X, F1) — ...

associated to the short exact sequence of the lemma. The rank-nullity theorem in
linear algebra shows that

0 = dim H°(X, Fy) — dim H(X, F) + dim H(X, F3) — dim H (X, Fy) + ...
This immediately implies the lemma. [
Lemma 19.14. Let k C k' be an extension of fields. Let X be a proper scheme

over k. Let F be a coherent sheaf on X. Let F' be the pullback of F to Xy. Then
X(X, F) = x (X', F').

Proof. This is true because
H' (X, F')=H"(X,F) @ K
by flat base change, see Cohomology of Schemes, Lemma (]

Lemma 19.15. Let k be a field. Let n > 0. Let F be a coherent sheaf on P}.. The
function

d— x(Py, F(d))
is a polynomial.
Proof. We prove this by induction on n. If n = 0, then P} = Spec(k) and
F(d) = F. Hence in this case the function is constant, i.e., a polynomial of degree
0. Assume n > 0. By Lemma [19.14] we may assume k is infinite. Apply Lemma

Applying Lemma [19.13] to the twisted sequences 0 — F(d — 1) — F(d) —
1+G(d) — 0 we obtain

x(Pg, F(d)) — x(Py, F(d — 1)) = x(H,6(d))

(this also uses the identification of the cohomology of .G with the cohomology of
G, see Cohomology of Schemes, Lemma . Since H =2 PZ*I (Lemma by
induction the right hand side is a polynomial. The lemma is finished by noting that
any function f : Z — Z with the property that the map d — f(d) — f(d—1) is a
polynomial, is itself a polynomial. We omit the proof of this fact (hint: compare
with Algebra, Lemma . |

Definition 19.16. Let k be a field. Let n > 0. Let F be a coherent sheaf on P}.
The function d — x (P}, F(d)) is called the Hilbert polynomial of F.

The Hilbert polynomial has coefficients in Q and not in general in Z. For example
the Hilbert polynomial of Opr is

<d + n) dn
d— =—+
n n!
This follows from the following lemma and the fact that

HY(P},0pn) = k[To, ..., Tola

(degree d part) whose dimension over k is (d:”).


http://localhost:8080/tag/08AB
http://localhost:8080/tag/08AC
http://localhost:8080/tag/08AD

VARIETIES 35

Lemma 19.17. Let k be a field. Let n > 0. Let F be a coherent sheaf on P} with
Hilbert polynomial P € Qlt]. Then

P(d) = dimy H° (P}, F(d))
for all d > 0.

Proof. This follows from the vanishing of cohomology of high enough twists of F.
See Cohomology of Schemes, Lemma [15.1 a

19.18. Boundedness of quotients. In this subsection we bound the regularity
of quotients of a given coherent sheaf on P in terms of the Hilbert polynomial.

Lemma 19.19. Let k be a field. Let n > 0. Let r > 1. Let P € QJt]. There exists
an integer m depending on n, r, and P with the following property: if

0K—-0% F—=0

is a short exact sequence of coherent sheaves on P} and F has Hilbert polynomial
P, then K is m-regular.

Proof. We prove this by induction on n. If n = 0, then P} = Spec(k) and any
coherent module is O-regular and any surjective map is surjective on global sections.
Assume n > 0. Consider an exact sequence as in the lemma. Let P’ € Q[t] be the
polynomial P’(t) = P(t) — P(t —1). Let m’ be the integer which works for n—1, r,
and P’. By Lemmasand We may replace k by a field extension, hence we
may assume k is infinite. Apply Lemma to the coherent sheaf F. The Hilbert
polynomial of 7' = i*F is P’ (see proof of Lemma|19.15|). Since i* is right exact we
see that F' is a quotient of 0% = i*O®". Thus the induction hypothesis applies
to 7/ on H = P}~ ' (Lemma [19.2). Note that the map K(—1) — K is injective as
K C O%" and has cokernel i,H where H = i*C. By the snake lemma (Homology,
Lemma we obtain a commutative diagram with exact columns and rows

0 K oor F 0
0 i H .05 val 0
0 0 0

Thus the induction hypothesis applies to the exact sequence 0 — H — O%T —
F'—0on H=Py ' (Lemma|19.2) and H is m’-regular. Recall that this implies
that H is d-regular for all d > m' (Lemma [19.9)).

Let ¢ > 2 and d > m/. It follows from the long exact cohomology sequence associ-
ated to the left column of the diagram above and the vanishing of H*~1(H,H(d))
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that the map _ 4
H' Py, K(d - 1)) — H'(Py, K(d))
is injective. As these groups are zero for d > 0 (Cohomology of Schemes, Lemma
15.1)) we conclude H!(P?,K(d)) are zero for all d > m/ and i > 2.
We still have to control H'. First we observe that all the maps
HY (P} K(m' — 1)) —» HY(P},K(m')) = H' (P, K(m' +1)) — ...

are surjective by the vanishing of H'(H, H(d)) for d > m’. Suppose d > m/ is such
that

H'(P},K(d— 1)) — H'(P},K(d))
is injective. Then H°(P},K(d)) — HY(H,H(d)) is surjective. Consider the com-

mutative diagram

HO(P}, K(d)) @ HO(P}, O(1)) —— HO(P}, K(d + 1))

| |

HO(H,1(d)) @ H(H,On(1)) — H°(H,H(d + 1))
By Lemma |19.10| we see that the bottom horizontal arrow is surjective. Hence the
right vertical arrow is surjective. We conclude that
HY(P},K(d)) — H'(P},K(d+1))

is injective. By induction we see that

HY(P}, K(d—1)) - H' (P, K(d) - H' (PR K(d+1)) — ...
are all injective and we conclude that H* (P}, K(d—1)) = 0 because of the eventual
vanishing of these groups. Thus the dimensions of the groups H' (P}, K(d)) for
d > m/ are strictly decreasing until they become zero. It follows that the regularity
of K is bounded by m/ +dimy H'(P?, K(m')). On the other hand, by the vanishing
of the higher cohomology groups we have

dimy H (P}, K(m')) = —x (P}, K(m')) + dimy, HO (P}, K(m'))
Note that the H° has dimension bounded by the dimension of H°(P}, O%"(m/))
which is at most r("tlm/) if m" > 0 and zero if not. Finally, the term x (P}, (m'))

is equal to r("tlm/) — P(m’). This gives a bound of the desired type finishing the

proof of the lemma. O

20. Glueing dimension one rings

This section contains some algebraic preliminaries to proving that a finite set of
codimension 1 points of a separated scheme is contained in an affine open.

Situation/ 20.1. Here we are given a commutative diagram of rings

A——sK

]

R——B

where K is a field and A, B are subrings of K with fraction field K. Finally,
R=Axg B=ANB.
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Lemma 20.2. In Situation[20.1] assume that B is a valuation ring. Then for every
unit u of A either u € R oru™! € R.

Proof. Namely, if the image ¢ of v in K is in B, then v € R. Otherwise, ¢! € B
(Algebra, Lemma [48.3) and u~! € R. O

The following lemma explains the meaning of the condition “A ® B — K is surjec-
tive” which comes up quite a bit in the following.

Lemma 20.3. In Situation [20.1] assume A is a Noetherian ring of dimension 1.
The following are equivalent

(1) A® B — K is not surjective,
(2) there exists a discrete valuation ring O C K containing both A and B.

Proof. It is clear that (2) implies (1). On the other hand, if A® B — K is not
surjective, then the image C' C K is not a field hence C' has a nonzero maximal
ideal m. Choose a valuation ring © C K dominating Cy,. By Algebra, Lemma
applied to A C O the ring O is Noetherian. Hence O is a valuation ring by
Algebra, Lemma [48.18 U

Lemma 20.4. In Situation 20 1 assume

(1) A is a Noetherian semi-local domain of dimension 1,
(2) B is a discrete valuation ring,
Then we have the following two possibilities
(a) If A* is not contained in R, then Spec(A) — Spec(R) and Spec(B) —
Spec(R) are open immersions and K = A®p B.
(b) If A* is contained in R, then B dominates one of the local rings of A at a
mazximal ideal and A @ B — K is not surjective.

Proof. Assumption (a) implies there is a unit of A whose image in K lies in the
maximal ideal of B. Then u is a nonzerodivisor of R and for every a € A there
exists an n such that u"a € R. It follows that A = R,,.

Let my be the radical of A. Let # € my be a nonzero element. Since dim(A4) =1
we see that K = A,. After replacing x by z"u™ for some n > 1 and m € Z we
may assume x maps to a unit of B. We see that for every b € B we have that z"b
in the image of R for some n. Thus B = R,.

Let z € R. If 2 ¢ my, and z does not map to an element of mp, then z is invertible.
Thus x + u is invertible in R. Hence Spec(R) = D(z) U D(u). We have seen above
that D(u) = Spec(A) and D(z) = Spec(B).

Case (b). If x € my, then 14 x is a unit and hence 1 + 2 € R, i.e, v € R. Thus
we see that my C R C A. In fact, in this case A is integral over R. Namely, write
A/mg = K1 X ... X Ky, as a product of fields. Say = (¢1,...,¢,0,...,0) is an
element with ¢; # 0. Then

w? —x(er,...,c1,...,1) =0

Since R contains all units we see that A/my is integral over the image of R in
it, and hence A is integral over R. It follows that R C A C B as B is integrally
closed. Moreover, if € m4 is nonzero, then K = A, = Jz~ ™A = |Jz~™R. Hence
7' ¢ B, ie., x € mg. We conclude my C mp. Thus ANmp is a maximal ideal of
A thereby finishing the proof. O
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Lemmal 20.5. Let B be a semi-local Noetherian domain of dimension 1. Let B’
be the integral closure of B in its fraction field. Then B’ is a semi-local Dedekind
domain. Let x be a nonzero element of the radical of B'. Then for everyy € B’
there exists an n such that "y € B.

Proof. Let mp be the radical of B. The structure of B’ results from Algebra,
Lemma Given z,y € B’ as in the statement of the lemma consider the
subring B C A C B’ generated by = and y. Then A is finite over B (Algebra,
Lemma . Since the fraction fields of B and A are the same we see that the
finite module A/B is supported on the set of closed points of B. Thus m3A C B
for a suitable n. Moreover, Spec(B’) — Spec(A) is surjective (Algebra, Lemma
, hence A is semi-local as well. It also follows that x is in the radical m4 of
A. Note that myq = vmpgA. Thus 2™y € mgA for some m. Then 2"y € B. O

Lemmal 20.6. In Situation [20.1] assume

(1) A is a Noetherian semi-local domain of dimension 1,

(2) B is a Noetherian semi-local domain of dimension 1,

(3) A® B — K is surjective.
Then Spec(A) — Spec(R) and Spec(B) — Spec(R) are open immersions and K =
A ®r B.

Proof. Special case: B is integrally closed in K. This means that B is a Dedekind
domain (Algebra, Lemma [116.13)) whence all of its localizations at maximal ideals
are discrete valuation rings. Let my,...,m, be the maximal ideals of B. We set

R1:A><[{Bm1

Observing that A ®g, Bw, — K is surjective we conclude from Lemma [20.4] that
A and By, define open subschemes covering Spec(R;) and that K = A ®p, Bn,.
In particular R; is a semi-local Noetherian ring of dimension 1. By induction we
define
Rit1 = Ry Xk By,

fori=1,...,7—1. Observe that R = R,, because B = By, N...NBy,, (see Algebra,
Lemma. It follows from the inductive procedure that R — A defines an open
immersion Spec(A) — Spec(R). On the other hand, the maximal ideals n; of R not
in this open correspond to the maximal ideals m; of B and in fact the ring map
R — B defines an isomorphisms Ry, — By, (details omitted; hint: in each step we
added exactly one maximal ideal to Spec(R;)). It follows that Spec(B) — Spec(R)
is an open immersion as desired.

General case. Let B’ C K be the integral closure of B. See Lemma m Then
the special case applies to R’ = A xx B’. Pick x € R’ which is not contained in
the maximal ideals of A and is contained in the maximal ideals of B’ (see Algebra,
Lemma[14.3). By Lemma[20.5|there exists an integer n such that z" € R = Ax g B.
Replace x by 2™ so z € R. For every y € R’ there exists an integer n such that
2™y € R. On the other hand, it is clear that R/, = A. Thus R, = A. Exchanging
the roles of A and B we also find an y € R such that B = R,. Note that inverting
both z and y leaves no primes except (0). Thus K = R,, = R, ®r Ry. This
finishes the proof. O

Lemmal 20.7. Let K be a field. Let A1, ..., A, C K be Noetherian semi-local rings
of dimension 1 with fraction field K. If A; ® A; — K is surjective for all i # j,
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then there exists a Noetherian semi-local domain A C K of dimension 1 containing
Aq,..., A, such that

(1) A — A; induces an open immersion j; : Spec(A;) — Spec(A),
(2) Spec(A) is the union of the opens j;(Spec(4;)),
(3) each closed point of Spec(A) lies in exactly one of these opens.

Proof. Namely, we can take A = A;N...NA,. First we note that (3), once (1) and
(2) have been proven, follows from the assumption that A; ® A; — K is surjective
since if m € j;(Spec(4;)) N j;(Spec(A4;)), then A; ® A; — K ends up in Ay,. To
prove (1) and (2) we argue by induction on r. If > 1 by induction we have the
results (1) and (2) for B = A3 N ...N A,. Then we apply Lemma to see they
hold for A = A1 N B. O

Lemmal 20.8. Let A be a domain with fraction field K. Let By,...,B, C K be
Noetherian 1-dimensional semi-local rings whose fraction fields are K. If AQ B; —
K are surjective fori=1,...,r, then there exists an x € A such that ! is in the
radical of B; fori=1,...,r.

Proof. Let B be the integral closure of B; in K. Suppose we find a nonzero x € A
such that 7! is in the radical of B} for i = 1,...,7. Then by Lemma after
replacing = by a power we get =1 € B;. Since Spec(B!) — Spec(B;) is surjective
we see that 7! is then also in the radical of B;. Thus we may assume that each
B; is a semi-local Dedekind domain.

If B; is not local, then remove B; from the list and add back the finite collection
of local rings (B;)m. Thus we may assume that B; is a discrete valuation ring for
i=1,...,7r.

Let v; : K — Z,i=1,...,r be the corresponding discrete valuations (see Algebra,
Lemma(116.13)). We are looking for a nonzero z € A with v;(x) <0fori=1,...,r.
We will prove this by induction on r.

If » = 1 and the result is wrong, then A C B and the map A ® B — K is not
surjective, contradiction.

If » > 1, then by induction we can find a nonzero x € A such that v;(z) < 0 for
i=1,...,7r — 1. If v,(z) <0 then we are done, so we may assume v,(z) > 0. By
the base case we can find y € A nonzero such that v,.(y) < 0. After replacing x by
a power we may assume that v;(z) < v;(y) for i =1,...,r — 1. Then z + y is the
element we are looking for. ]

Lemma 20.9. Let A be a Noetherian local ring of dimension 1. Let L = [[ A,
where the product is over the minimal primes of A. Let a1,as € my map to the
same element of L. Then at = ay for some n > 0.

Proof. Write a; = as + . Then x maps to zero in L. Hence z is a nilpotent
element of A because () p is the radical of (0) and the annihilator I of  contains a
power of the maximal ideal because p ¢ V(I) for all minimal primes. Say 2% = 0
and m"™ C I. Then

k k k
ak+n — a§+n+<n—; >a3+k1x+ (n;— >a5+k2m2+. . '+(Z+ 1)ag+1xk—1 =tk

because as € my4. [l
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Lemma 20.10. Let A be a Noetherian local ring of dimension 1. Let L = [ A,
and I = (p where the product and intersection are over the minimal primes of A.
Let f € L be an element of the form f =i+ a where a € my and i € IL. Then
some power of f is in the image of A — L.

Proof. Since A is Noetherian we have I' = 0 for some t > 0. Suppose that we
know that f = a 4 i with ¢ € I*L. Then f" = a” 4+ na™ 'i mod I**'L. Hence it
suffices to show that na™ i is in the image of I¥ — I*L for some n > 0. To see
this, pick a g € A such that my = \/@ (Algebra, Lemma . Then L = A, for
example by Algebra, Proposition On the other hand, there is an n such that
a™ € (g). Hence we can clear denominators for elements of L by multiplying by a
high power of a. O

Lemma 20.11. Let A be a Noetherian local ring of dimension 1. Let L = [[ A,
where the product is over the minimal primes of A. Let K — L be an integral ring
map. Then there exist a € my and x € K which map to the same element of L
such that mg = +/(a).

Proof. By Lemma we may replace A by A/([p) and assume that A is
a reduced ring (some details omitted). We may also replace K by the image of
K — L. Then K is a reduced ring. The map Spec(L) — Spec(K) is surjective and
closed (details omitted). Hence Spec(K) is a finite discrete space. It follows that
K is a finite product of fields.

Let p;, j = 1,...,m be the minimal primes of A. Set L; = f.f.(4;) so that
L =1l;-; . Lj- Let A;j be the normalization of A/p;. Then A; is a semi-local
Dedekind domain with at least one maximal ideal, see Algebra, Lemma Let
n be the sum of the numbers of maximal ideals in A4, ..., A,,. For such a maximal
ideal m C A; we consider the function

Um : L — Lj = Z U {oo}

where the second arrow is the discrete valuation corresponding to the discrete val-
uation ring (A;)m extended by mapping 0 to co. In this way we obtain n functions
Viy...,0n : L = ZU{oo}. We will find an element x € K such that v;(z) < 0 for
alli=1,...,n.

First we claim that for each ¢ there exists an element z € K with v;(z) < 0.
Namely, suppose that v; corresponds to m C A;. If v;(z) > 0 for all z € K, then
K maps into (A;)w inside of L; = f.f.(A;). The image of K in L; is a field over
L; is algebraic by Algebra, Lemma Combined we get a contradiction with
Algebra, Lemma,

Suppose we have found an element « € K such that v1(z) < 0,...,v.(x) < 0 for
some 7 < n. If v.41(z) < 0, then x works for r + 1. If not, then choose some y € K
with v,.11(y) < 0 as is possible by the result of the previous paragraph. After
replacing x by z™ for some n > 0, we may assume v;(z) < v;(y) for i = 1,...,r.
Then v;(z+y) = vj(xz) < 0for j = 1,...,r by properties of valuations and similarly
Up1(x +y) = vr41(y) < 0. Arguing by induction, we find x € K with v;(z) < 0
fori=1,...,n.

In particular, the element x € K has nonzero projection in each factor of K (recall

that K is a finite product of fields and if some component of x was zero, then one
of the values v;(z) would be co). Hence z is invertible and 7! € K is an element
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with oo > v;(z71) > 0 for all i. It follows from Lemma that for some e < 0
the element z° € K maps to an element of my/p; C A/p; for all j = 1,...,m.
Observe that the cokernel of the map ms — [[ma/p; is annihilated by a power
of my. Hence after replacing e by a more negative e, we find an element a € my4y
whose image in m4/p; is equal to the image of x°. The pair (a,z°) satisfies the
conclusions of the lemma. O

Lemma 20.12. Let A be a ring. Let py,...,p, be a finite set of a primes of A.
Let S = A\ Upi. Then S is a multiplicative system and S~ A is a semi-local ring
whose mazimal ideals correspond to the mazimal elements of the set {p;}.

Proof. If a,b € A and a,b € S, then a,b & p; hence ab & p;, hence ab € S. Also
1 € S. Thus S is a multiplicative subset of A. By the description of Spec(S~1A4) in
Algebra, Lemma and by Algebra, Lemmawe see that the primes of S~1A
correspond to the primes of A contained in one of the p;. Hence the maximal ideals
of S~ A correspond one-to-one with the maximal (w.r.t. inclusion) elements of the

set {p1,...,pr}- O

21. One dimensional Noetherian schemes
Some material leading up to a discussion of algebraic curves.

Lemma) 21.1. Let X be a scheme all of whose local rings are Noetherian of di-
mension < 1. Let U C X be a retrocompact open. Denote j : U — X the inclusion
morphism. Then RPj.JF =0, p > 0 for every quasi-coherent Oy -module F.

Proof. We may check the vanishing of RPj,F at stalks. Formation of R?j, com-
mutes with flat base change, see Cohomology of Schemes, Lemma [5.2] Thus we
may assume that X is the spectrum of a Noetherian local ring of dimension < 1. In
this case X has a closed points z and finitely many other points 1, ..., x, which
specialize to & but not each other (see Algebra, Lemma . If x € U, then
U = X and the result is clear. If not, then U = {z1,...,2,.} for some r after
possibly renumbering the points. Then U is affine (Schemes, Lemma . Thus
the result by Cohomology of Schemes, Lemma [2.3 (]

Lemma 21.2. Let X be an affine scheme all of whose local rings are Noetherian
of dimension < 1. Then any quasi-compact open U C X is affine.

Proof. Denote j : U — X the inclusion morphism. Let F be a quasi-coherent
Op-module. By Lemma the higher direct images RPj,.F are zero. The Ox-
module j.F is quasi-coherent (Schemes, Lemma . Hence it has vanishing
higher cohomology groups by Cohomology of Schemes, Lemma By the Leray
spectral sequence Cohomology, Lemma we have HP(U,F) = 0 for all p > 0.
Thus U is affine, for example by Cohomology of Schemes, Lemma [3.1 O

Lemma 21.3. Let X be a scheme. Let U C X be an open. Assume
(1) U is a retrocompact open of X,
(2) X\ U is discrete, and
(3) forx e X\ U the local ring Ox , is Noetherian of dimension < 1.

Then (1) there exists an invertible Ox -module L and a section s such that U = X,
and (2) the map Pic(X) — Pic(U) is surjective.
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Proof. Let X \ U = {z;;i € I}. Choose affine opens U; C X with z; € X and
x; ¢ U; for j # 4. This is possible by condition (2). Say U; = Spec(4;). Let
m; C A; be the maximal ideal corresponding to z;. By our assumption on the
local rings there are only a finite number of prime ideals ¢ C m;, g # m; (see
Algebra, Lemma . Thus by prime avoidance (Algebra, Lemma we can
find f; € m; not contained in any of those primes. Then V(f;) = {m;}I1Z; for some
closed subset Z; C U; because Z; is a retrocompact open subset of V(f;) closed
under specialization, see Algebra, Lemma[40.7] After shrinking U; we may assume
V(f:) = {x;}. Then

Uu:x=vulJu;

is an open covering of X. Consider the 2-cocycle with values in O% given by f; on
UNU; and by fi/fj on U; NUj. This defines a line bundle £ such that the section
s defined by 1 on U and f; on U; is as in the statement of the lemma.

Let AV be an invertible Oy-module. Let N; be the invertible (A;) r, module such that
Nluau, is equal to N;. Observe that (Am,) s, is an Artinian ring (as a dimension
zero Noetherian ring, see Algebra, Lemma. Thus it is a product of local rings
(Algebra, Lemma and hence has trivial Picard group. Thus, after shrinking
U; (i.e., after replacing A; by (A;), for some g € A;, g € m;) we can assume that
N; = (Ai)y,, i.e., that N|yny, is trivial. In this case it is clear how to extend N to
an invertible sheaf over X (by extending it by a trivial invertible module over each
U,). O

Lemmal 21.4. Let X be an integral separated scheme. Let U C X be a nonempty
affine open such that X \U is a finite set of points x1, . ..,x, with Ox ,, Noetherian
of dimension 1. Then there exists a globally generated invertible Ox-module L and
a section s such that U = X.

Proof. Say U = Spec(A) and let K be the fraction field of X. Write B, = Ox s,
and m; = m,,. Since z; € U we see that the open U x x Spec(B;) of Spec(B;) has
only one point, i.e., U x x Spec(B;) = Spec(K). Since X is separated, we find that
Spec(K) is a closed subscheme of U x Spec(B;), i.e., the map A ® B; — K is a
surjection. By Lemma we can find a nonzero f € A such that f~! € m; for
i=1,...,r. Pick opens x; € U; C X such that f~* € O(U;). Then

Uu:x=vulJu
is an open covering of X. Consider the 2-cocycle with values in O% given by f on

UNU; and by 1 on U; NUj. This defines a line bundle £ with two sections:

(1) a section s defined by 1 on U and f~! on Uj; is as in the statement of the
lemma, and
(2) a section ¢t defined by f on U and 1 on U;.

Note that X; D Uy U...UU,. Hence s,t generate £ and the lemma is proved. [
Lemmal 21.5. Let X be a quasi-compact scheme. If for every x € X there exists a

pair (L, s) consisting of a globally generated invertible sheaf L and a global section
s such that © € X; and X is affine, then X has an ample invertible sheaf.

Proof. Since X is quasi-compact we can find a finite collection (£;,s;),i=1,...,n
of pairs such that X, is affine and X = | X,,. Again because X is quasi-compact
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we can find, for each ¢, a finite collection of sections ¢; ;, 7 = 1,...,m; such that
X = UXtm.. Set t; 0 = s;. Consider the invertible sheaf

£=£1®@X ... Qox L,
and the global sections
T =t1,5 ®~-®tn,jn

By Properties, Lemma the open X, is affine as soon as j; = 0 for some 4. It is
a simple matter to see that these opens cover X. Hence L is ample by definition. [J

Lemma 21.6. Let X be a Noetherian integral separated scheme of dimension 1.
Then X has an ample invertible sheaf.

Proof. Choose an affine open covering X = Uy U...UU,. Since X is Noetherian,
each of the sets X \ U; is finite. Thus by Lemma we can find a pair (£;, ;)
consisting of a globally generated invertible sheaf £; and a global section s; such
that U; = X,,. We conclude that X has an ample invertible sheaf by Lemma
O

Lemma 21.7. Let X be a scheme. Let Zy,...,7, C X be closed subschemes. Let
L; be an invertible sheaf on Z;. Assume that

(1) X is reduced,

(2) X = Z; set theoretically, and

(3) ZiN Z; is a discrete topological space for i # j.
Then there exists an invertible sheaf L on X whose restriction to Z; is L;. Moreover,
if we are given sections s; € I'(Z;,L;) which are nonvanishing at the points of
Z; N Zj, then we can choose L such that there exists a s € T'(X, L) with s|z, = s;
for all 1.

Proof. Set T'=J,,; ZiNZ;. As X is reduced we have

X\T:U(Zi\T)

as schemes. Assumption (3) implies T is a discrete subset of X. Thus for each
t € T we can find an open U; C X witht € Uy but ¢ € Uy for t/ € T, ¢ # t.
By shrinking U, if necessary, we may assume that there exist isomorphisms ¢y ; :
Lilu,nz;, = Ouvu,nz,. Furthermore, for each ¢ choose an open covering

Z\T = Uj Uy
such that there exist isomorphisms ; ; : L'i|Uij = Op,,- Observe that

M:X:UUtUUUij

is an open covering of X. We claim that we can use the isomorphisms ¢ ; and ¢; ;
to define a 2-cocycle with values in O% for this covering that defines £ as in the
statement of the lemma.

i#j

Namely, if ¢ # 4/, then U; ;NUy j» = 0 and there is nothing to do. For U, ;NU; j» we
have Ox(U; ;NU; /) = Oz, (U; ; NU; j+) by the first remark of the proof. Thus the
transition function for £; (more precisely ¢; ; ogp;jl,) defines the value of our cocycle
on this intersection. For U; N U; ; we can do the same thing as before. Finally, for
t # t' we have

Ut N Ut/ = H(Ut n Ut/) N Zz
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and moreover the intersections Uy N Uy N Z; is contained in Z;i \ T. Hence by the
same reasoning as before we see that

Ox(UNUy) =[] Oz (U:n Uy 0 Z;)

and we can use the transition functions fpr £; (more precisely ¢ ; o 901:_/11) to define
the value of our cocycle on Uy N Uy . This finishes the proof of existence of L.

Given sections s; as in the last assertion of the lemma, in the argument above,
we choose U such that s;|y,nz, is nonvanishing and we choose ¢;; such that
¢t,i(8ilu,nz;) = 1. Then using 1 over U; and ¢; ;(s;|u, ;) over U;; will define a
section of £ which restricts to s; over Z;. O

Remark 21.8. Let A be a reduced ring. Let I, J be ideals of A such that V(I)U
V(J) = Spec(A). Set B = A/J. Then I — IB is an isomorphism of A-modules.
Namely, we have IB =1+ J/J =1/(INJ)and INJ is zero because A is reduced
and Spec(4) = V(I)UV(J) = V(I NJ). Thus for any projective A-module P we
also have IP = I(P/JP).

Lemma 21.9. Let X be a Noetherian reduced separated scheme of dimension 1.
Then X has an ample invertible sheaf.

Proof. Let Z;, ¢ = 1,...,n be the irreducible components of X. We view these
as reduced closed subschemes of X. By Lemma there exist ample invertible
sheaves £; on Z;. Set T = Ui# Z;N Z;. As X is Noetherian of dimension 1, the
set T is finite and consists of closed points of X. For each i we may, possibly after
replacing £; by a power, choose s; € I'(Z;, £;) such that (Z;)s, is affine and contains
T N Z;, see Properties, Lemma [27.6

By Lemma 21.7] we can find an invertible sheaf £ on X and s € I'(X, £) such that
(L, 8)|z, = (L4, 8:). Observe that X, contains T and is set theoretically equal to the
affine closed subschemes (Z;);,. Thus it is affine by Limits, Lemma To finish
the proof, it suffices to find for every x € X, x ¢ T an integer m > 0 and a section
t € T'(X, £L®%™) such that X; is affine and z € X;. Since xz ¢ T' we see that z € Z;
for some unique i, say i = 1. Let Z C X be the reduced closed subscheme whose
underlying topological space is Zo U ... U Z,,. Let Z C Ox be the ideal sheaf of
Z. Denote that Z; C Oz, the inverse image of this ideal sheaf under the inclusion
morphism Z; — X. Observe that

D(X,ZL%™) =T(Z,, T, LY™)

see Remark Thus it suffices to find m > 0 and t € T'(Z;,Z:£L™) with
x € (Z1)¢ affine. Since £; is ample and since z is not in Z;NT = V(Z;) we can find
a section t; € I'(Zy, LLY™) with « € (Z;)4,, see Properties, Proposition
Since £ is ample we can find a section to € T'(Zy, £Y™?) with = € (Z;);, and
(Z1):, affine, see Properties, Deﬁnition Set m = mq +m9 and t = t1t2. Then
t € T(Z1, L LY™) with 2 € (Z1)¢ by construction and (Z;); is affine by Properties,
Lemma 24,4 O

Lemmal 21.10. Let i : Z — X be a closed immersion of schemes inducing a
homeomorphism on underlying topological spaces. If the underlying topological space
of X is Noetherian and dim(X) < 1, then Pic(X) — Pic(Z) is surjective.
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Proof. Consider the short exact sequence
0—-(1+I) - 0% -0 —0

of sheaves of abelian groups on X. Since dim(X) < 1 we see that H%(X,F) =
0 for any abelian sheaf F, see Cohomology, Proposition Hence the map
HY(X,0%) — H'(Z,0%) is surjective. This proves the lemma by Cohomology,
Lemma, [6.T] O

Proposition| 21.11. Let X be a Noetherian separated scheme of dimension 1.
Then X has an ample invertible sheaf.

Proof. Let Z C X be the reduction of X. By Lemma the scheme Z has
an ample invertible sheaf. Thus by Lemma there exists an invertible Ox-
module £ on X whose restriction to Z is ample. Then L is ample by an application
of Cohomology of Schemes, Lemma [14.5 O

Remark|21.12. In fact, if X is a scheme whose reduction is a Noetherian separated
scheme of dimension 1, then X has an ample invertible sheaf. The argument to
prove this is the same as the proof of Proposition [21.11] except one uses Limits,
Lemma instead of Cohomology of Schemes, Lemma [14.5

22. Finding affine opens

We continue the discussion started in Properties, Section It turns out that we
can find affines containing a finite given set of codimension 1 points on a separated
scheme. See Proposition [22.

We will improve on the following lemma in Descent, Lemma [21.4

Lemma 22.1. Let f : X — Y be a morphism of schemes. Let X° denote the set
of generic points of irreducible components of X. If

(1) f is separated,
(2) there is an open covering X = \JU; such that f|y, : U; — X is an open
immersion, and

(3) if &€ € XO, £ #¢, then f(§) # f(£),

then f is an open immersion.

Proof. Suppose that y = f(x) = f(2). Pick a specialization yo ~ y where yq is a
generic point of an irreducible component of Y. Since f is locally on the source an
isomorphism we can pick specializations zg ~» 2 and z}, ~ ' mapping to yo ~ y.
Note that xg,z), € X°. Hence x¢p = x, by assumption (3). As f is separated we
conclude that x = z/. Thus f is an open immersion. a

Lemma 22.2. Let X — S be a morphism of schemes. Let x € X be a point with
image s € S. If
(1) OX,:L’ = OS,S;
(2) X is reduced,
(3) X — S is of finite type, and
(4) S has finitely many irreducible components,

then there exists an open neighbourhood U of x such that f|y is an open immersion.
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Proof. We may remove the (finitely many) irreducible components of S which
do not contain s. We may replace S by an affine open neighbourhood of s. We
may replace X by an affine open neighbourhood of z. Say S = Spec(A) and
X = Spec(B). Let q C B, resp. p C A be the prime ideal corresponding to z,
resp. s. As A is a reduced and all of the minimal primes of A are contained in
p we see that A C A,. As X — S is of finite type, B is of finite type over A.
Let b1,...,b, € B be elements which generate B over A Since A, = By we can
find f € A, f € p and a; € A such that b; and a;/f have the same image in B,.
Thus we can find g € B, g € q such that g(fb; —a;) = 0 in B. It follows that the
image of Ay — By, contains the images of by,...,b,, in particular also the image
of g. Choose n > 0 and f’ € A such that f’/f" maps to the image of g in By,.
Since A, = Bq we see that f’ & p. We conclude that Ayy — By, is surjective.
Finally, as Ayp C A, = By (see above) the map A;p — By, is injective, hence an
isomorphism. O

Lemma 22.3. Let f: T — X be a morphism of schemes. Let X°, resp. T® denote
the sets of generic points of irreducible components. Let t1,...,t,, € T be a finite
set of points with images x; = f(t;). If

(1) T is affine,

(2) X is quasi-separated,

(3) X° is finite

(4) f(T°) c X° and f:T° — X is injective, and

(5) Ox,z; = Ory;,

then there exists an affine open of X containing x1,...,T,.

Proof. Using Limits, Proposition there is an immediate reduction to the case
where X and T are reduced. Details omitted.

Assume X and T are reduced. We may write T' = lim;c; T; as a directed limit of
schemes of finite presentation over X with affine transition morphisms, see Limits,
Lemma [6.1} Pick ¢ € I such that T; is affine, see Limits, Lemma Say T; =
Spec(R;) and T = Spec(R). Let R' C R be the image of R; - R. Then T' =
Spec(R') is affine, reduced, of finite type over X, and T" — T’ dominant. For
j=1,...,7let t; € T" be the image of ¢;. Consider the local ring maps

OX,xj — OT’,t’]. — OT,tj

Denote (T7)° the set of generic points of irreducible components of T’. Let & ~
t be a specialization with { € (T")°. As T — T’ is dominant we can choose
n € T° mapping to ¢ (warning: a priori we do not know that 7 specializes to
t;). Assumption (3) applied to 7 tells us that the image 6 of £ in X corresponds
to a minimal prime of Ox .. Lifting £ via the isomorphism of (5) we obtain a
specialization 7' ~~ t; with n’ € X° mapping to § ~ x;. The injectivity of (4)
shows that 7 = 7. Thus every minimal prime of Op- s lies below a minimal prime
of Or;. We conclude that OT’,t; — O, is injective, hence both maps above are
isomorphisms.

By Lemma there exists an open U C 1" containing all the points ¢} such that
U — X is a local isomorphism as in Lemma 22.I] By that lemma we see that
U — X is an open immersion. Finally, by Properties, Lemma we can find an
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open W C U C T containing all the ¢}. The image of W in X is the desired affine

open. ([
Lemma 22.4. Let X be an integral separated scheme. Let x1,...,2, € X be a
finite set of points such that Ox 5, is Noetherian of dimension < 1. Then there
exists an affine open subscheme of X containing all of x4, ..., ..

Proof. Let K be the field of rational functions of X. Set A; = Ox,,. Then
A; C K and K is the fraction field of A;. Since X is separated, and z; # x; there
cannot be a valuation ring O C K dominating both A; and A;. Namely, considering
the diagram

Spec(O) — Spec(A4;)

| l

Spec(As) X
and applying the valuative criterion of separatedness (Schemes, Lemma we
would get z; = x;. Thus we see by Lemma[20.3] that A; ® A; — K is surjective for
all i # j. By Lemma[20.7] we see that A = A; N...N A, is a Noetherian semi-local
rings with exactly » maximal ideals my, ..., m, such that A, = An,. Moreover,
Spec(A) = Spec(A;) U...U Spec(A4,)

is an open covering and the intersection of any two pieces of this covering is Spec(K).
Thus the given morphisms Spec(A;) — X glue to a morphism of schemes
Spec(4) — X

mapping m; to x; and inducing isomorphisms of local rings. Thus the result follows
from Lemma P23 0

Lemma 22.5. Let A be a ring, I C A an ideal, p1,...,p, primes of A, and f € A/I
an element. If I ¢ p; for all i, then there exists an f € A, f & p; which maps to f
in A/I.

Proof. We may assume there are no inclusion relations among the p; (by removing
the smaller primes). First pick any f € A lifting f. Let S be the set s € {1,...,7}
such that f € p,. If S'is empty we are done. If not, consider the ideal J = T Hz‘es P
Note that J is not contained in ps for s € S because there are no inclusions among
the p; and because I is not contained in any p;. Hence we can choose g € J, g & ps
for s € S by Algebra, Lemma Then f + g is a solution to the problem posed
by the lemma. O

Lemmal 22.6. Let X be a scheme. Let T C X be finite set of points. Assume

(1) X has finitely many irreducible components Z1, ..., Z;, and
(2) Z; NT is contained in an affine open of the reduced induced subscheme
corresponding to Z;.

Then there exists an affine open subscheme of X containing T .
Proof. Using Limits, Proposition there is an immediate reduction to the case

where X is reduced. Details omitted. In the rest of the proof we endow every closed
subset of X with the induced reduced closed subscheme structure.

We argue by induction that we can find an affine open U C Z; U...U Z,. containing
TN(ZyU...UZ.). For r = 1 this holds by assumption. Say r > 1 and let


http://localhost:8080/tag/09NJ
http://localhost:8080/tag/09NK
http://localhost:8080/tag/09NM

48 VARIETIES

UC ZyU...UZ,._1 be an affine open containing TN(Z; U...UZ,._1). Let V C X,
be an affine open containing T'N Z,. (exists by assumption). Then U NV contains
TN(Z1U...UZ,._1)N Z,. Hence

A=UNZ)\(UNV)

does not contain any element of 7. Note that A is a closed subset of U. By prime
avoidance (Algebra, Lemma , we can find a standard open U’ of U containing
T NU and avoiding A, i.e., U NZ,. C UNV. After replacing U by U’ we may
assume that U NV is closed in U.

Using that by the same arguments as above also the set A’ = (UN(Z; U...U
Z,—1))\ (UNYV) does not contain any element of 7' we find a h € O(V) such that
D(h) C V contains TNV and such that U N D(h) C UNV. Using that U NV is
closed in U we can use Lemma to find an element g € O(U) whose restriction
to U NV equals the restriction of h to U NV and such that T NU C D(g). Then
we can replace U by D(g) and V' by D(h) to reach the situation where U NV is
closed in both U and V. In this case the scheme U UV is affine by Limits, Lemma
This proves the induction step and thereby the lemma. O

Here is a conclusion we can draw from the material above.

Proposition 22.7. Let X be a separated scheme such that every quasi-compact

open has a finite number of irreducible components. Let x1,...,z,. € X be points

such that Ox 5, is Noetherian of dimension < 1. Then there exists an affine open

subscheme of X containing all of x1,...,x,.

Proof. We can replace X by a quasi-compact open containing 1, ..., x, hence we

may assume that X has finitely many irreducible components. By Lemma [22.6] we

reduce to the case where X is integral. This case is Lemma [22.4] (I
23. Curves

In the stacks project we will use the following as our definition of a curve.
Definition 23.1. Let k be a field. A curve is a variety of dimension 1 over k.

Two standard examples of curves over k are the affine line A} and the projective
line P;. The scheme X = Spec(k[z,y]/(f)) is a curve if and only if f € k[z,y] is
irreducible.

Our definition of a curve has the same problems as our definition of a variety, see
the discussion following Definition Moreover, it means that every curve comes
with a specified field of definition. For example X = Spec(C[z]) is a curve over C
but we can also view it as a curve over R. The scheme Spec(Z) isn’t a curve, even
though the schemes Spec(Z) and Ai;p behave similarly in many respects.

Lemmal 23.2. Let X be an irreducible scheme of dimension > 0 over a field k.
Let x € X be a closed point. The open subscheme X \ {z} is not proper over k.

Proof. Namely, choose a specialization 2’ ~» x with 2’ # z (for example take 2’ to
be the generic point). By Schemes, Lemmathere exists a morphism Spec(A) —
X where A is a valuation ring such that the generic point of A maps to =’ and the
closed point of Spec(A) maps to z. Clearly the morphism Spec(f.f.(4)) — X\ {z}
does not extend to a morphism Spec(A) — X \ {z}. Hence the valuative criterion
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(Schemes, Proposition [20.6) shows that X — Spec(k) is not universally closed,
hence not proper. ([

Lemma 23.3. Let X be a separated finite type scheme over a field k. If dim(X) <1
then X is H-quasi-projective over k.

Proof. By Proposition the scheme X has an ample invertible sheaf £. By
Morphisms, Lemma [40.3| we see that X is isomorphic to a locally closed subscheme
of P} over Spec(k). This is the definiton of being H-quasi-projective over k, see
Morphisms, Definition O

Lemma 23.4. Let X be a proper scheme over a field k. If dim(X) <1 then X is
H-projective over k.

Proof. By Lemma we see that X is a locally closed subscheme of P} for some
field k. Since X is proper over k it follows that X is a closed subscheme of P}
(Morphisms, Lemma [42.7]). O

Observe that if an affine scheme X over k is proper over k then X is finite over
k (Morphisms, Lemma and hence has dimension 0 (Algebra, Lemma
and Proposition . Hence a scheme of dimension > 0 over k cannot be both
affine and proper over k. Thus the possibilities in the following lemma are mutually
exclusive.

Lemma) 23.5. Let X be a curve over k. Then either X is an affine scheme or X
is H-projective over k.

Proof. By Lemma we may assume X is a locally closed subscheme of P} for
some n. Let X C P7 be the scheme theoretic image of X — P}, see Morphisms,
Definition[6.2)and the description in Morphisms, Lemmal[7.7} Since X is irreducible,
we see that X is irreducible. Then dim(X) = 1 = dim(X) = 1 for example by
looking at the generic point, see Lemma As X is Noetherian, it then follows
that X \ X = {z1,...,7,} is a finite set of closed points. By Lemma we can
find a globally generated invertible sheaf £ on X and a section s € I'(X, £) such
that X = X .

Choose a basis s = g, 51, ..., Sy of the finite dimensional k-vector space I'(X, £)
(Cohomology of Schemes, Lemma [17.4]). We obtain a corresponding morphism
f: X — Py

such that the inverse image of D (Tp) is X, see Constructions, Lemma In
particular, f is non-constant, i.e., Im(f) has more than one point. A topological
argument shows that f maps the generic point 7 of X to a nonclosed point of P3.
Hence if y € P? is a closed point, then f~!({y}) is a closed set of X not containing
7, hence finite. By Cohomology of Schemes, Lemma we conclude that f is
finite. Hence X = f~1(D(Tp)) is affine. O

20ne can avoid using this lemma which relies on the theorem of formal functions. Namely, X
is projective hence it suffices to show a proper morphism f : X — Y with finite fibres between
quasi-projective schemes over k is finite. To do this, one chooses an affine open of X containing
the fibre of f over a point y using that any finite set of points of a quasi-projective scheme over k
is contained in an affine. Shrinking Y to a small affine neighbourhood of y one reduces to the case
of a proper morphism between affines. Such a morphism is finite by Morphisms, Lemmam
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The following lemma combined with Lemma [23.2] tells us that given a separated
scheme of finite type over k, then X \ Z is affine, whenever the closed subset Z
meets every irreducible component of X.

Lemma 23.6. Let X be a separated scheme of finite type over k. If dim(X) <1
and no irreducible component of X is proper of dimension 1, then X is affine.

Proof. Let X =J X, be the decomposition of X into irreducible components. We
think of X; as an integral scheme (using the reduced induced scheme structure, see
Schemes, Definition . In particular X; is a singleton (hence affine) or a curve
hence affine by Lemma[23.5] Then [ X; — X is finite surjective and [ [ X; is affine.
Thus we see that X is affine by Cohomology of Schemes, Lemma [13.3] O

24. Generically finite morphisms

In this section we revisit the notion of a generically finite morphism of schemes as
studied in Morphisms, Section

Lemmal 24.1. Let f: X — Y be locally of finite type. Let y € Y be a point such
that Oy is Noetherian of dimension < 1. Assume in addition one of the following
conditions is satisfied

(1) for every generic point n of an irreducible component of X the field exten-
sion k(n) D k(f(n)) is finite (or algebraic),

(2) for every generic point n of an irreducible component of X such that f(n) ~
y the field extension k(n) D k(f(n)) is finite (or algebraic),

(3) f is quasi-finite at every generic point of an irreducible component of X,

(4) Y is locally Noetherian and f is quasi-finite at a dense set of points of X,

(5) add more here.

Then f is quasi-finite at every point of X lying over y.

Proof. Condition (4) implies X is locally Noetherian (Morphisms, Lemma [16.6]).
The set of points at which morphism is quasi-finite is open (Morphisms, Lemma
49.2). A dense open of a locally Noetherian scheme contains all generic point of
irreducible components, hence (4) implies (3). Condition (3) implies condition (1)
by Morphisms, Lemma [21.5] Condition (1) implies condition (2). Thus it suffices
to prove the lemma in case (2) holds.

Assume (2) holds. Recall that Spec(Qy,,) is the set of points of Y specializing to
y, see Schemes, Lemma [I3.2] Combined with Morphisms, Lemma [21.13] this shows
we may replace Y by Spec(Oy,). Thus we may assume Y = Spec(B) where B is
a Noetherian local ring of dimension < 1 and y is the closed point.

Let X = |JX; be the irreducible components of X viewed as reduced closed sub-
schemes. If we can show each fibre X; , is a discrete space, then X, = |J X, is
discrete as well and we conclude that X — Y is quasi-finite at all points of X, by
Morphisms, Lemma Thus we may assume X is an integral scheme.

If X — Y maps the generic point  of X to y, then X is the spectrum of a finite
extension of k(y) and the result is true. Assume that X maps 1 to a point corre-
sponding to a minimal prime p of B different from mp. We obtain a factorization
X — Spec(B/q) — Spec(B). Let € X be a point lying over y. By the dimension
formula (Morphisms, Lemma we have

dim(Ox,;) < dim(B/q) + trdeg,q) (R(X)) — trdeg,,x(x)
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We know that dim(B/q) = 1, that the generic point of X is not equal to z and
specializes to x and that R(X) is algebraic over x(q). Thus we get

1 <1 — trdeg,,)r(z)

Hence every point = of X, is closed in X, by Morphisms, Lemma [21.2| and hence
X — Y is quasi-finite at every point « of X, by Morphisms, Lemma (which

also implies that X, is a discrete topological space). ([

Lemma 24.2. Let f : X — Y be a proper morphism. Let y € Y be a point such
that Oy is Noetherian of dimension < 1. Assume in addition one of the following
conditions is satisfied
(1) for every generic point n of an irreducible component of X the field exten-
sion k(n) D k(f(n)) is finite (or algebraic),
(2) for every generic point n of an irreducible component of X such that f(n) ~
y the field extension k(n) D k(f(n)) is finite (or algebraic),
(3) f is quasi-finite at every generic point of X,
(4) Y is locally Noetherian and f is quasi-finite at a dense set of points of X,
(5) add more here.

Then there exists an open neighbourhood V. C Y of y such that f~Y(V) — V is
finite.

Proof. By Lemma the morphism f is quasi-finite at every point of the fibre
X,. Hence X, is a discrete topological space (Morphisms, Lemma [21.6). As f is
proper the fibre X, is quasi-compact, i.e., finite. Thus we can apply Cohomology
of Schemes, Lemma to conclude. O
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