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1. Introduction

In this chapter we write about derived categories associated to algebraic stacks.
This mean in particular derived categories of quasi-coherent sheaves, i.e., we prove
analogues of the results in the chapters entitled “Derived Categories of Schemes”
and “Derived Categories of Spaces”. The results in this chapter are different from
those in [LMBO0] mainly because we consistently use the “big sites”. Before read-
ing this chapter please take a quick look at the chapters “Sheaves on Algebraic
Stacks” and “Cohomology of Algebraic Stacks” where the terminology we use here
is introduced.

2. Conventions, notation, and abuse of language

We continue to use the conventions and the abuse of language introduced in Prop-
erties of Stacks, Section [2| We use notation as explained in Cohomology of Stacks,
Section [3l

3. The lisse-étale and the flat-fppf sites

The section is the analogue of Cohomology of Stacks, Section [11| for derived cate-
gories.

Lemma 3.1. Let X be an algebraic stack. Notation as in Cohomology of Stacks,
Lemmas[11.3 and 113

(1) The functor g : Ab(Xiisse,étale) — Ab(Xstale) has a left derived functor
Lg! . D(Xlisse7étale) — D(Xétale)
which is left adjoint to g~ and such that g~ Lg = id.
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(2) The f’lLTLCtOT g MOd(-)(lisse,étalea O.Xlisse’étale) — MOd(Xétalea OX) has a leﬁ
derived functor

Lg : D(OXlisse,étalE) — D(Xétale’ OX)
which is left adjoint to g* and such that g*Lgy = id.
(3) The functor g1 : Ab(Xfiat, ipps) = Ab(Xfppr) has a left derived functor
Lgy : D(Xfiat, fpps) — D(Xpppy)

which is left adjoint to g~ and such that g~ 'Lg) = id.
(4) The functor g1 : Mod(Xfiat,fppfs OXfrar.ppps) — Mod(Xppps, Ox) has a left
derived functor
ng : D(O‘Xflat,fppf) — D(OX)

which is left adjoint to g* and such that g*Lgy = id.

Warning: It is not clear (a priori) that Lgi on modules agrees with Lg) on abelian
sheaves, see Cohomology on Sites, Remark[27.3.

Proof. The existence of the functor Lg and adjointness to ¢g* is Cohomology on
Sites, Lemma (For the case of abelian sheaves use the constant sheaf Z as the
structure sheaves.) Moreover, it is computed on a complex H*® by taking a suitable
left resolution K®* — H* and applying the functor g to K°®. Since ¢~ 'g:/K® = K*® by
Cohomology of Stacks, Lemmas and we see that the final assertion holds
in each case. O

Lemma 3.2. With assumptions and notation as in Cohomology of Stacks, Lemma
11.0. We have

g 'oRf.=Rfio(g)" and L(g)io(f) =f"oLg
on unbounded derived categories (both for the case of modules and for the case of

abelian sheaves).

Proof. Let F be an abelian sheaf on Xsqre (resp. Xpppyp). We first show that the
canonical (base change) map

g 'Rf.F — Rf.(¢) ' F

is an isomorphism. To do this let y be an object of Visse ctate (T€SP. Vsiat, fops)-
Say y lies over the scheme V such that y : V' — ) is smooth (resp. flat). Since g—!
is the restriction we find that

(97 RP£F) (y) = HE(V <y X, pr™ ' F)
where 7 = étale (resp. 7 = fppf), see Sheaves on Stacks, Lemma By Coho-
mology of Stacks, Equation (11.6.1)) for any sheaf H on Xjjsse étaie (reSP. Xfiat, fpps)
FH@y) =T((V xy» X), (p')7'H)

An object of (V %,y X)" can be seen as a pair (z,¢) where z is an object of
Xiisseétate (resp. Xgiar rppy) and ¢ @ f(z) — y is a morphism in ). We can also
think of ¢ as a section of (f’)~1h, over z. Thus (V x3 X)’ is the localization of the
site Xjisse,étaie (resp. Xfiat, fpps) at the sheaf of sets (f’)_lhy, see Sites, Lemma
The morphism

pI'/ : (V Xyﬁy X)/ — Xlisse,étale (resp. pI‘/ : (V vay X)/ — Xflat,fppf)
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is the localization morphism. In particular, the pullback (pr’)~! preserves injective
abelian sheaves, see Cohomology on Sites, Lemma At this point exactly the
same argument as in Sheaves on Stacks, Lemma shows that

(3.2.1) RYfiH(y) = HE((V xyp X)', (pr')'H)
where 7 = étale (resp. 7 = fppf). Since (¢’)~! is given by restriction we conclude
that
(RP£L(9')"F) (y) = HE((V <y X)', pr7 Flvx, yay)
Finally, we can apply Sheaves on Stacks, Lemma to see that

H‘l]')((v Xy, Y X)/a pr—l]:|(V><y,yX)’) = Hf(v Xy, Y Xv pr—lj:)

are equal as desired; although we omit the verification of the assumptions of the
lemma we note that the fact that V' — Y is smooth (resp. flat) is used to verify the
second condition.

The rest of the proof is formal. Since cohomology of abelian groups and sheaves of
modules agree we also conclude that g ' Rf.F = Rf.(g')"'F when F is a sheaf of
modules on Xetqre (resp. Xeppys)-

Next we show that for G (either sheaf of modules or abelian groups) on Vjisse,étale
(resp. yﬂanfppf) the canonical map

L(gn(f)7'G = [ LaG

is an isomorphism. To see this it is enough to prove for any injective sheaf Z on
Xeétate (resp. Xpppr) that the induced map

Hom(L(¢')i(f)~'G, Z[n]) < Hom(f ' Lg:G, Z[n])

is an isomorphism for all n € Z. (Hom’s taken in suitable derived categories.) By
the adjointness of f~' and Rf,, the adjointness of Lg; and ¢g~!, and their “primed”
versions this follows from the isomorphism g~ !Rf,Z — Rf.(g')~'Z proved above.

In the case of a bounded complex G® (of modules or abelian groups) on YVisse. étale
(resp. Vpps) the canonical map

(3.2.2) L(gn(f)7'G* — f'LgG*

is an isomorphism as follows from the case of a sheaf by the usual arguments
involving truncations and the fact that the functors L(g’)(f')~! and f~!Lg are
exact functors of triangulated categories.

Suppose that G*® is a bounded above complex (of modules or abelian groups) on
Viisse,étate (resp. Vipps)- The canonical map (3.2.2) is an isomorphism because we
can use the stupid truncations o>_,, (see Homology, Section to write G® as a
colimit G® = colim G;, of bounded complexes. This gives a distinguished triangle

®n>lg;l_>@n>lg;—>g.—>”.

and each of the functors L(g'), (f/)~%, f~', Lg; commutes with direct sums (of
complexes).

If G* is an arbitrary complex (of modules or abelian groups) on Yisse,ctate (resp.
YVipps) then we use the canonical truncations 7<, (see Homology, Section [13]) to
write G*® as a colimit of bounded above complexes and we repeat the argument of
the paragraph above.
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Finally, by the adjointness of f~! and Rf,, the adjointness of Lg and g~!, and
their “primed” versions we conclude that the first identity of the lemma follows
from the second in full generality. O

Lemma 3.3. Let X be an algebraic stack. Notation as in Cohomology of Stacks,
Lemma 112
(1) Let H be a quasi-coherent Ox,,,.. ,,.,..-module on the lisse-étale site of X.
For all p € Z the sheaf HP(Lg'H) is a locally quasi-coherent module with
the flat base change property on X.
(2) Let H be a quasi-coherent Ox,,,, ;,.;-module on the flat-fppf site of X. For
all p € Z the sheaf HP(Lg'H) is a locally quasi-coherent module with the
flat base change property on X.

Proof. Pick a scheme U and a surjective smooth morphism = : U — X. By
Modules on Sites, Definition there exists an étale (resp. fppf) covering {U; —
U}ier such that each pullback f[l?’-l has a global presentation (see Modules on
Sites, Definition . Here f; : U; — X is the composition U; - U — X which
is a morphism of algebraic stacks. (Recall that the pullback “is” the restriction to
X/ fi, see Sheaves on Stacks, Definition and the discussion following.) After
refining the covering we may assume each U; is an affine scheme. Since each f;
is smooth (resp. flat) by Lemma we see that f; 'LgH = Lg; (f/)~'H. Using
Cohomology of Stacks, Lemma we reduce the statement of the lemma to the
case where H has a global presentation and where X = (Sch/X) ¢pp s for some affine
scheme X = Spec(A4).

Say our presentation looks like

O_>®¢610_>H_>0

jeJ
where O = Ox,,... care (tesp. O = Oxyy,, ;,.;)- Note that the site Xjisse,state (resp.
Xfiat, fppsr) has a final object, namely X /X which is quasi-compact (see Cohomology
on Sites, Section [16]). Hence we have

F(Gaiel 0) = @iel A

by Sites, Lemma [11.2] Hence the map in the presentation corresponds to a similar
presentation

jeJA—>@Z_€IA—>M—>O

of an A-module M. Moreover, H is equal to the restriction to the lisse-étale (resp.
flat-fppf) site of the quasi-coherent sheaf M® associated to M. Choose a resolution
.o Fy > —Fy—>M—0
by free A-modules. The complex
D ORUFy > 0R4F 04 Fg—H —0

is a resolution of H by free O-modules because for each object U/X of Xjisse, étale
(resp. Xfiat,fpps) the structure morphism U — X is flat. Hence by construction
the value of Lg/H is

o= O0x R@4F 5> O0x U F1 > Oy @4 Fyg —0— ...

Since this is a complex of quasi-coherent modules on Xeqre (resp. Xpppy) it follows
from Cohomology of Stacks, Proposition that HP(LgiH) is quasi-coherent. [J
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4. Derived categories of quasi-coherent modules

Let X be an algebraic stack. As the inclusion functor QCoh(Ox) — Mod(Oy) isn’t
exact, we cannot define D gcon(Ox) as the full subcategory of D(Oy) consisting of
complexes with quasi-coherent cohomology sheaves. In stead we define the category
as follows.

Definition 4.1. Let X be an algebraic stack. Let My C Mod(Ox) denote the
category of locally quasi-coherent O y-modules with the flat base change property.
Let Pxr C Mx be the full subcategory consisting of parasitic objects. We define
the derived category of Ox-modules with quasi-coherent cohomology sheaves as the
Verdier quotientﬂ

Dgeoon(Ox) = Dama(Ox)/Dp, (Ox)

This definition makes sense: By Cohomology of Stacks, Proposition [7.4] we see that
My is a weak Serre subcategory of Mod(Ox) hence Dy, (Ox) is a strictly full,
saturated triangulated subcategory of D(Oy), see Derived Categories, Lemma
Since parasitic modules form a Serre subcategory of Mod(Ox) (by Cohomology of
Stacks, Lemma we see that Py = ParasiticNM y is a weak Serre subcategory of
Mod(Ox) and hence Dp,, (Oy) is a strictly full, saturated triangulated subcategory
of D(Ox). Since clearly
Dp,(Ox) C D, (Ox)

we conclude that the first is a strictly full, saturated triangulated subcategory of the
second. Hence the Verdier quotient exists. A morphism a : E — E’ of Dy, (Ox)
becomes an isomorphism in Dgcon(Ox) if and only if the cone C'(a) has parasitic
cohomology sheaves, see Derived Categories, Section [6] and especially Lemma [6.10

Consider the functors
Dty (0x) 5 My 25 QCoh(O)

Note that @ annihilates the subcategory Py, see Cohomology of Stacks, Lemma
By Derived Categories, Lemma [6.8] we obtain a cohomological functor

(4.1.1) H': Dgcon(Ox) — QCoh(Ox)
Moreover, note that E € Dgcon(Ox) is zero if and only if H'(E) = 0 for all i € Z.

Note that the categories Py and My are also weak Serre subcategories of the
abelian category Mod(Xstaie, Ox) of modules in the étale topology, see Cohomology
of Stacks, Proposition and Lemma [8.2] Hence the statement of the following
lemma makes sense.

Lemma 4.2. Let X be an algebraic stack. The comparison morphism € : Xgppr —
Xeétale tnduces a commutative diagram

Dp,(Ox) Do (Ox) D(Ox)

Dp. (Xetate; Ox) — Dty (Xeétate, Ox) — D(Xetate, Ox)

IThis definition is different from the one in the literature, see [OIs07, 6.3], but it agrees with
that definition by Lemma
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Moreover, the left two vertical arrows are equivalences of triangulated categories,
hence we also obtain an equivalence

D (Xeétare, Ox) [ Dpy (Xeétare, Ox) — Dgcon(Ox)

Proof. Since €* is exact it is clear that we obtain a diagram as in the statement of
the lemma. We will show the middle vertical arrow is an equivalence by applying
Cohomology on Sites, Lemma to the following situation: C = X, 7 = fppf,
7' = étale, O = Oy, A = My, and B is the set of objects of X lying over affine
schemes. To see the lemma applies we have to check conditions (1), (2), (3), (4).
Conditions (1) and (2) are clear from the discussion above (explicitly this follows
from Cohomology of Stacks, Proposition [7.4). Condition (3) holds because every
scheme has a Zariski open covering by affines. Condition (4) follows from Descent,
Lemma [8.4]

We omit the verification that the equivalence of categories € : D, (Xetate, Ox) —
D, (Ox) induces an equivalence of the subcategories of complexes with parasitic
cohomology sheaves. (I

It turns out that Dgcon(Ox) is the same as the derived category of complexes of
modules with quasi-coherent cohomology sheaves on the lisse-étale or flat-fppf site.

Lemma 4.3. Let X be an algebraic stack. Let F* be an object of D, (Ox).
(1) With g as in Cohomology of Stacks, Lemmafm" the lisse-étale site we
have
(a) g7'F* is in Docon(Oxise crare )
(b) g~ F* =0 if and only if F* is in Dp, (Ox),
(c) LgH® is in Daqy (Xeétare, Ox) for H® in Dgoon(Oxyise crare), and
(d) the functors g~ and Lg, define mutually inverse functors

-1

g
DQCOh(OX) - DQCOh(OXlisse,étalﬁ)
Lg:
(2) With g as in Cohomology of Stacks, Lemmafor the flat-fppf site we
have
(a) 9_1'7:. is in DQCOh(OXlisse,éta,le)’
(b) g=1F* =0 if and only if F* is in Dp,(Ox),
(c) LgH® is in Dagy (Ox) for H® in DQooon(Ox;iar. rppys), and
)

(d) the functors g=! and Lgy define mutually inverse functors
g1
Dqoon(Ox) ——— DQ@con(Oxjiar, suns)
Lg

Proof. The functor g~! is exact, hence (a) and (b) follow from Cohomology of

Stacks, Lemmas and

The construction of Lg in Lemma (via Cohomology on Sites, Lemma which
in turn uses Derived Categories, Proposition [28.2)) shows that Lg; on any object
H® of D(Oux,,... cru.) is computed as

LgH® = colim g/K, = ¢ colim K},

(termwise colimits) where the quasi-isomorphism colim K — H*® induces quasi-
isomorphisms K, — 7<, H*®. Since My C Mod(X¢taie, Ox) (resp. My C Mod(Ox))
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is preserved under colimits we see that it suffices to prove (¢) on bounded above
complexes H*® in Dgoon(Oxiy,ee crare) (16D DQcon(Oxy1y sppp))- In this case to
show that H™(LgiH®) is in My we can argue by induction on the integer m such
that H' = 0 for i > m. If m < n, then H"(LgH®) = 0 and the result holds. In
general consider the distinguished triangle

T<mo1H® = H* — H"(H®*)[-m] — ...

(Derived Categories, Remark [12.4)) and apply the functor Lgy. Since My is a weak
Serre subcategory of the module category it suffices to prove (¢) for two out of

three. We have the result for Lgit<,,—1H*® by induction and we have the result for
LgH™(H®)[—m] by Lemma[3.3] Whence (c) holds.

Let us prove (2)(d). By (a) and (b) the functor g~ = g* induces a functor
¢: Dooon(Ox) — DQcon(Oxpia, spps)

see Derived Categories, Lemma Thus we have the following diagram of trian-
gulated categories

Dy (Ox) Dqcon(Ox)

971 /
c
Lg,

DQCoh(OXflat,fppf)

where ¢ is the quotient functor, the inner triangle is commutative, and g~ 'Lgy = id.
For any object of E of Dy, (Ox) the map a : Lgig~'E — E maps to a quasi-
isomorphism in D(Ox;,,, ;,,;). Hence the cone on a maps to zero under g~* and
by (b) we see that ¢(a) is an isomorphism. Thus g o Lg is a quasi-inverse to c.

In the case of the lisse-étale site exactly the same argument as above proves that
D ai (Xetate; Ox)/ Dpy (Xetate, Ox)

is equivalent to Dgcon(Oux,... s1u.)- Applying the last equivalence of Lemma
finishes the proof. [

The following lemma tells us that the quotient functor D, (Ox) = Dgcon(Ox)
is a Bousfield colocalization (insert future reference here).

Lemma 4.4. Let X be an algebraic stack. Let E be an object of Daq, (Ox). There
exists a canonical distinguished triangle

E'— E— P— E'[1]
in Da, (Ox) such that P is in Dp, (Ox) and

}IOI’HD(@/\,)(EC/7 P/) =0
for all P' in Dp, (Ox).
Proof. Consider the morphism of ringed topoi g : SMXfiar, fppr) —> SH( Xfppr).
Set E' = Lgig~'E and let P be the cone on the adjunction map E’ — E. Since
g 'E’ — g~ !Fis an isomorphism we see that P is an object of Dp,, (Ox) by Lemma
(2)(b). Finally, Hom(E', P") = Hom(Lgig~'E, P') = Hom(¢g 'E,g7'P’) = 0
as g 1P =0.
Uniqueness. Suppose that E” — E — P’ is a second distinguished triangle as in
the statement of the lemma. Since Hom(E’, P') = 0 the morphism E’ — E factors
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as B — E"” — FE, see Derived Categories, Lemma Similarly, the morphism
E"” — FE factors as E” — E’ — E. Consider the composition ¢ : E/ — E’ of the
maps F' — E"” and E” — E’. Note that ¢ —1: B/ — F’ fits into the commutative
diagram

EF ——=F

T

E——F
hence factors through P[—1] — E. Since Hom(E’, P[—1]) = 0 we see that ¢ = 1.
Whence the maps £ — E” and E” — E’ are inverse to each other. O

5. Derived pushforward of quasi-coherent modules

As a first application of the material above we construct the derived pushforward.
In Examples, Section the reader can find an example of a quasi-compact and
quasi-separated morphism f : X — ) of algebraic stacks such that the direct image
functor R f, does not induce a functor Dgcon(Ox) — Dgcon(Oy). Thus restricting
to bounded below complexes is necessary.

Proposition|5.1. Let f : X — Y be a quasi-compact and quasi-separated morphism
of algebraic stacks. The functor Rf, induces a commutative diagram

D;X (Ox) —— DLX((’)X) —— D(Oy)

lRf* in* lRf*

D}, (Oy) — D (Oy) —= D(Oy)

and hence induces a functor

RfQcohyx : Dbeon(Ox) — DG eon(Oy)
on quotient categories. Moreover, the functor R'fgcen of Cohomology of Stacks,
Proposition are equal to H' o Rfqcon,s with H' as in .

Proof. We have to show that Rf.E is an object of D}, (Oy) for E in DLX (Ox).
This follows from Cohomology of Stacks, Proposition and the spectral sequence
R'f.HI(E) = R f,E. The case of parasitic modules works the same way using
Cohomology of Stacks, Lemma [8.3] The final statement is clear from the definition

of H® in (4.1.1)). O
6. Derived pullback of quasi-coherent modules

Derived pullback of complexes with quasi-coherent cohomology sheaves exists in
general.

Proposition| 6.1. Let f : X — Y be a morphism of algebraic stacks. The exact
functor f* induces a commutative diagram

Dy (Ox) — D(Ox)

o

Dy (Oy) —— D(Oy)
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The composition

Dty (0y) 15 Di (On) 25 Docon(Ox)

is left deriveable with respect to the localization Dy, (Oy) — Dqcon(Oy) and we
may define Lf{)q,y, as its left derived functor

Lfocon s Dooon(Oy) — Dgoon(Ox)
(see Derived Categories, Definitions and . If f is quasi-compact and
quasi-separated, then Lf¢ o, and Rfqcon,s satisfy the following adjointness:
HomDQCOh,(OX) (LfZQCohAv B) = HomDanh(Oy)(A7 RfQCOh,*B)
for A€ Dgcon(Oy) and B € DJéCOh(OX).
Proof. To prove the first statement, we have to show that f*E is an object of

Dy (Ox) for E in Dpy,(Oy). Since f* = f~1 is exact this follows immediately

from the fact that f* maps My into My.

Set D = Daq,,(Oy). Let S be the collection of morphisms in D whose cone is an

object of Dp,,(Oy). Set D' = Dgcon(Ox). Set F = qx o f* : D — D'. Then

D, S, D', F are as in Derived Categories, Situation and Definition Let us

prove that LF(FE) is defined for any object FE of D. Namely, consider the triangle
E' - FE— P — E'[l]

constructed in Lemma 44l Note that s : E/ — FE is an element of S. We claim
that E’ computes LF. Namely, suppose that s’ : E” — E is another element of S,
i.e., fits into a triangle E” — E — P’ — E"[1] with P’ in Dp,,(Oy). By Lemma
(and its proof) we see that E' — F factors through E” — E. Thus we see that
E’' — E is cofinal in the system S/FE. Hence it is clear that E' computes LF'.

To see the final statement, write B = qx(H) and A = qy(F). Choose E' — E as
above. We will use on the one hand that Rfgcon«(B) = qy(Rf«H) and on the
other that Lf5q,,(A4) = qx(f*E').
HomDQCUh(OX) (LfaCohAv B) = HomDchh(Ox) (QX (f*E/)a qx (H))

= colimp _, g Homp o\ (f*E', H')

= ColimH*)H/ HomD(oy)(E’, Rf*H/)

= HOHID(Oy) (El, Rf*H)

= Homp,,,(0y)(A, Rf gcon+B)
Here the colimit is over morphisms s : H — H' in wax (Ox) whose cone P(s) is an
object of D?;X (Ox). The first equality we’ve seen above. The second equality holds
by construction of the Verdier quotient. The third equality holds by Cohomology
on Sites, Lemma Since Rf.P(s) is an object of D;;y (Oy) by Proposition
we see that Hompe,,)(E’, Rf+P(s)) = 0. Thus the fourth equality holds. The final
equality holds by construction of E’. O

7. Other chapters
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