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1. Introduction

The purpose of this chapter is to write about Quot and Hilbert functors and to prove
that these are algebraic spaces provided certain technical conditions are satisfied.
In this chapter we will discuss this in the setting of algebraic space. A reference is
Grothendieck’s lectures, see [Gro95al, [Gro95b], [Gro95€], [Gro951], [Gro95¢c], and
[Gro95d]. Another reference is the paper [OS03]; this paper discusses the more
general case of Quot and Hilbert spaces associated to a morphism of algebraic
stacks which we will discuss in another chapter, see (insert future reference here).

In the case of Hilbert spaces there is a more general notion of “Hilbert stacks”
which we will discuss in a separate chapter, see (insert future reference here).

We have intentionally placed this chapter, as well as the chapters “Examples
of Stacks”, “Sheaves on Algebraic Stacks”, “Criteria for Representability”, and
“Artin’s Axioms” before the general development of the theory of algebraic stacks.
The reason for this is that starting with the next chapter (see Properties of Stacks,
Section [2]) we will no longer distinguish between a scheme and the algebraic stack it
gives rise to. Thus our language will become more flexible and easier for a human
to parse, but also less precise. These first few chapters, including the initial chap-
ter “Algebraic Stacks”, lay the groundwork that later allow us to ignore some of
the very technical distinctions between different ways of thinking about algebraic
stacks. But especially in the chapters “Artin’s Axioms” and “Criteria of Repre-
sentability” we need to be very precise about what objects exactly we are working
with, as we are trying to show that certain constructions produce algebraic stacks
or algebraic spaces.

This is a chapter of the Stacks Project, version 714994, compiled on Oct 28, 2014.
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2 QUOT AND HILBERT SPACES

Unfortunately, this means that some of the notation, conventions and terminology
is awkward and may seem backwards to the more experienced reader. We hope the
reader will forgive us!

2. Conventions

The standing assumption is that all schemes are contained in a big fppf site Schypp -
And all rings A considered have the property that Spec(A) is (isomorphic) to an
object of this big site.

Let S be a scheme and let X be an algebraic space over S. In this chapter and the
following we will write X xg X for the product of X with itself (in the category of
algebraic spaces over ), instead of X x X.

3. The Hom functor
In this section we study the functor of homomorphisms defined below.

Situation 3.1. Let S be a scheme. Let f : X — B be a morphism of algebraic
spaces over S. Let F, G be quasi-coherent Ox-modules. For any scheme T' over
B we will denote Fr and G the base changes of F and G to T', in other words,
the pullbacks via the projection morphism X = X xg T — X. We consider the
functor

(3.1.1) Hom(F,G) : (Sch/B)*" — Sets, T — Homo,, (Fr,97)
In Situation we sometimes think of the functor Hom(F,G) as a functor
Hom(F,G) : (Sch/S)°PP — Sets

endowed with a morphism Hom(F,G) — B. Namely, if T is a scheme over S,
then an element of Hom(F,G)(T') consists of a pair (h,u), where h is a morphism
h:T — B and u: Fr — Gr is an Ox,-module map where X1 =T X} g X and
Fr and Gr are the pullbacks to Xr. In particular, when we say that Hom(F,G) is
an algebraic space, we mean that the corresponding functor (Sch/S)°PP — Sets is
an algebraic space.

Lemmal 3.2. In Situation the functor Hom(F,G) satisfies the sheaf property
for the fpgc topology.

Proof. Let {T; — T}ier be an fpqe covering of schemes over B. Set X; = Xp, =
X xgT; and F; = ug, and G; = Gr,. Note that {X; — Xr};c; is an fpqc covering
of X, see Topologies on Spaces, Lemma [3.2] Thus a family of maps u; : F; — G;
such that u; and w; restrict to the same map on Xr, 1, comes from a unique map
u : Fr — Gp by descent (Descent on Spaces, Proposition . O

Remark| 3.3. In Situation let B — B be a morphism of algebraic spaces over
S. Set X’ = X xp B’ and denote F', G’ the pullback of F, G to X’'. Then we
obtain a functor Hom(F',G’) : (Sch/B’)°PP — Sets associated to the base change
f': X' — B’. For a scheme T over B’ it is clear that we have

Hom(F',G")(T) = Hom(F,G)(T)
where on the right hand side we think of 7" as a scheme over B via the composition

T — B’ — B. This trivial remark will occasionally be useful to change the base
algebraic space.
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Lemmal 3.4. In Situation let {X; — X}icr be an fppf covering and for each
i, € I let {Xijx = Xi; xx X;} be an fppf covering. Denote F;, resp. Fiji the
pullback of F to X;, resp. Xyj,. Similarly define G; and G;j. For every scheme T
over B the diagram

*
PTo

Hom(F,G)(T) — [[; Hom(F;, G:)(T) ILi j 5 Hom(Fiju, Giji)(T)

- 5
*
pTry

presents the first arrow as the equalizer of the other two.

Proof. Let u; : ;7 — G; v be an element in the equalizer of prj; and prj. Since
the base change of an fppf covering is an fppf covering (Topologies on Spaces,
Lemma we see that {X; 1+ — Xr}ier and {X;jur = Xir Xxp X1} are fppf
coverings. Applying Descent on Spaces, Proposition we first conclude that wu;
and u; restrict to the same morphism over X; v X x, X; 7, whereupon a second
application shows that there is a unique morphism w : Fp — Gp restricting to w;
for each 4. This finishes the proof. O

Lemma 3.5. In Situation[5.1. If F is of finite presentation and f is quasi-compact
and quasi-separated, then Hom(F,G) is limit preserving.

Proof. Let T = lim;c; T; be a directed limit of affine B-schemes. We have to show
that

Hom(F,G)(T) = colim Hom(F,G)(T;)
Pick 0 € I. We may replace B by Ty, X by Xr,, F by Fr,, G by Gr,, and I by
{i€I|i>0}. See Remark[3.3] Thus we may assume B = Spec(R) is affine.

When B is affine, then X is quasi-compact and quasi-separated. Choose a surjective
étale morphism U — X where U is an affine scheme (Properties of Spaces, Lemma
. Since X is quasi-separated, the scheme U x x U is quasi-compact and we may
choose a surjective étale morphism V' — U xx U where V is an affine scheme.
Applying Lemma we see that Hom(F,G) is the equalizer of two maps between

Hom(Fly,Gly) and Hom(Flv,Glv)
This reduces us to the case that X is affine.

In the affine case the statement of the lemma reduces to the following problem:
Given a ring map R — A, two A-modules M, N and a directed system of R-
algebras C' = colim ;. When is it true that the map

colimHom g 0, (M ®r C;, N g C;) — Homag,,c(M ®@r C,N @ C)

is bijective? By Algebra, Lemma[123.3|this holds if M @z C' is of finite presentation
over A®p C, i.e., when M is of finite presentation over A. O

Lemma 3.6. Let S be a scheme. Let B be an algebraic space over S. Leti: X' —
X be a closed immersion of algebraic spaces over B. Let F be a quasi-coherent
Ox-module and let G’ be a quasi-coherent Ox:-module. Then

Hom(F,i.G") = Hom(i*F,G")
as functors on (Sch/B).
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Proof. Let g : T — B be a morphism where T is a scheme. Denote iy : X, — Xp
the base change of . Denote h : Xp — X and A’ : XJ. — X’ the projections.
Observe that (h')*i*F = i%.h*F. As a closed immersion is affine (Morphisms of
Spaces, Lemma we have h*i,.G = ir . (h')*G by Cohomology of Spaces, Lemma
[10.2l Thus we have

Hom(F,i,G')(T) = Homo,, (h*F,h*i,G')
= Homo, (B*F,ir.(h')*G)
= Homo,, (i7h"F, (I)*G)
= Homo,, ()" F, (h)*G)
= Hom(i*F,G")(T)
as desired. The middle equality follows from the adjointness of the functors it .

and 7. g

Lemma 3.7. Let S be a scheme. Let B be an algebraic space over S. Let K be a
pseudo-coherent object of D(Op).
(1) If for all g : T — B in (Sch/B) the cohomology sheaf H 1 (Lg*K) is zero,
then the functor

(Sch/B)°PP — Sets, (g:T — B) — H°(T, H'(Lg*K))

s an algebraic space affine and of finite presentation over B.

(2) If for all g : T — B in (Sch/B) the cohomology sheaves H'(Lg*K) are zero
fori <0, then K is perfect with tor amplitude in [0,b] for some b > 0 and
the functor

(Sch/B)°PP — Sets, (g:T — B) — H*(T, Lg*K)
is an algebraic space affine and of finite presentation over B.

Proof. Under the assumptions of (2) we have H(T, Lg*K) = H*(T, H°(Lg*K)).
Let us prove that the rule T+ HY(T, H°(Lg*K)) satisfies the sheaf property for
the fppf topology. To do this assume we have an fppf covering {h; : T; — T} of
a scheme g : T'— B over B. Set g; = g o h;. Note that since h; is flat, we have
Lh} = h} and h] commutes with taking cohomology. Hence

H(T;, H(Lg; K)) = H*(T;, H°(h Lg* K)) = H(T, hi H*(Lg"K))

Similarly for the pullback to T; xp T;. Since Lg*K is a pseudo-coherent complex
on T (Cohomology on Sites, Lemma the cohomology sheaf F = H?(Lg*K) is
quasi-coherent (Derived Categories of Spaces, Lemma . Hence by Descent on
Spaces, Proposition we see that

H(T, F) = Ker(| [ H(T;, h; F) — [ [ H(T:, b F))

In this way we see that the rules in (1) and (2) satisfy the sheaf property for fppf
coverings. This mean we may apply Bootstrap, Lemma [11.4]it suffices to prove the
representability étale locally on B. Moreover, we may check whether the end result
is affine and of finite presentation étale locally on B, see Morphisms of Spaces,
Lemmas [20.3] and Hence we may assume that B is an affine scheme.

Assume B = Spec(A) is an affine scheme. By the results of Derived Categories of
Spaces, Lemmas and we deduce that in the rest of the proof we may
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think of K as a perfect object of the derived category of complexes of modules on
B in the Zariski topology. By Derived Categories of Schemes, Lemmas
and we can find a pseudo-coherent complex M*® of A-modules such that K is
the corresponding object of D(Op). Our assumption on pullbacks implies that
M* ®Y k(p) has vanishing H ! for all primes p C A. By More on Algebra, Lemma
we can write
M*® = TZOM. @Tg_lM.
with 75>0M*® perfect with Tor amplitude in [0,b] for some b > 0 (here we also have
used More on Algebra, Lemmas and [51.13). Note that in case (2) we also see
that 7<_1M*® = 0 in D(A) whence M*® and K are perfect with tor amplitude in
[0,0]. For any B-scheme g : T — B we have
H(T,H(Lg*K)) = H*(T, H*(Lg* >0 K))

(by the dual of Derived Categories, Lemma [17.1) hence we may replace K by 750K
and correspondingly M*® by 7>9M?®. In other words, we may assume M*® has tor
amplitude in [0, ).

Assume M*® has tor amplitude in [0,b]. We may assume M* is a bounded above
complex of finite free A-modules (by our definition of pseudo-coherent complexes,
see More on Algebra, Definition and the discussion following the definition).
By More on Algebra, Lemma e see that M = Coker(M~* — MY) is flat.
By Algebra, Lemma we see that M is finite locally free. Hence M® is quasi-
isomorphic to

M— M — M>— ... - M—0...

Note that this is a K-flat complex (Cohomology, Lemma [27.8)), hence derived pull-
back of K via a morphism T'— B is computed by the complex

g*M — g*le — ...
Thus it suffices to show that the functor
(g: T — B) — Ker(I'(T, g* M) — T(T, g* (M)
is representable by an affine scheme of finite presentation over B.

We may still replace B by the members of an affine open covering in order to prove
this last statement. Hence we may assume that M is finite free (recall that M! is
finite free to begin with). Write M = A®™ and M = A9™. Let the map M — M!
be given by the m x n matrix (a;;) with coefficients in A. Then M = O%™ and
M = Ogm. Thus the functor above is equal to the functor

(9:T = B)r— {(f1,.... fa) ETN(T,00) | Y _g¥aij fi = 0,5 =1,...,m}

Clearly this is representable by the affine scheme
Spec (A[xl, e ,xn]/(z a;jrisj=1,... 7m))
and the lemma has been proved. (I

The functor Hom(F, G) is representable in a number of situations. All of our results
will be based on the following basic case. The proof of this lemma as given below
is in some sense the natural generalization to the proof of [DGG6T7, III, Cor 7.7.8].

Lemmal 3.8. In Situation[3.1] assume that
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(1) B is a Noetherian algebraic space,

(2) f is locally of finite type and quasi-separated,

(3) F is a finite type Ox-module, and

(4) G is a finite type Ox-module, flat over B, with scheme theoretic support
proper over B.

Then the functor Hom(F,G) is representable by an algebraic space affine and of
finite presentation over B.

Proof. We may replace X by a quasi-compact open neighbourhood of the support
of G, hence we may assume X is Noetherian. In this case X and f are quasi-compact
and quasi-separated. Choose an approximation P — F by a perfect complex P of
the triple (X, F,0), see Derived Categories of Spaces, Definition and Theorem
. Then the induced map

Homox (f, g) — HOIDD(OX)(P, g)

is an isomorphism because P — F induces an isomorphism H %(P) —» F and
H'(P) = 0 for ¢ > 0. Moreover, for any morphism g : T — B denote h : X1 =
T xp X — X the projection and set Pr = Lh*P. Then it is equally true that

HOInoXT (]:T, QT) — HOHID(OXT) (PT7 QT)

is an isomorphism, as Pr = Lh*P — Lh*F — JFr induces an isomorphism
HO(Pr) — Fr (because h* is right exact and H'(P) = 0 for i > 0). Thus it
suffices to prove the result for the functor

T+ HOHID(@XT)(PT, QT)
By the Leray spectral sequence (see Cohomology on Sites, Remark [14.4)) we have
Homp oy, )(Pr,Gr) = H*(Xr, RHom(Pr,Gr)) = H*(T, R fr. R Hom(Pr,Gr))

where fr : Xp — T is the base change of f. By Derived Categories of Spaces,
Lemma, [I7.6] we have

Rfr.RHom(Pr,Gr) = Lg* Rf.RHom(P,G).

By Derived Categories of Spaces, Lemma the object K = Rf.RHom(P,G)
of D(Op) is perfect. This means we can apply Lemma as long as we can
prove that the cohomology sheaf HY(Lg*K) is 0 for all i < 0 and g : T —
B as above. This is clear from the last displayed formula as the cohomology
sheaves of Rfr .RHom(Pr,Gr) are zero in negative degrees due to the fact that
RHom(Pr,Gr) has vanishing cohomology sheaves in negative degrees as Pr is per-
fect with vanishing cohomology sheaves in positive degrees. (|

Here is a cheap consequence of Lemma [3.8

Proposition 3.9. In Situation[3.1] assume that

(1) f is of finite presentation, and
(2) G is a finitely presented Ox-module, flat over B, with scheme theoretic
support proper over B.

Then the functor Hom(F,G) is representable by an algebraic space affine over B.
If F is of finite presentation, then Hom(F,G) is of finite presentation over B.
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Proof. By Lemma [3.2] the functor Hom(F,G) satisfies the sheaf property for fppf
coverings. This mean we mayﬂ apply Bootstrap, Lemma to check the repre-
sentability étale locally on B. Moreover, we may check whether the end result is

affine or of finite presentation étale locally on B, see Morphisms of Spaces, Lemmas
and Hence we may assume that B is an affine scheme.

Assume B is an affine scheme. As f is of finite presentation, it follows X is quasi-
compact and quasi-separated. Thus we can write F = colim F; as a filtered colimit
of Ox-modules of finite presentation (Limits of Spaces, Lemma/|9.1). It is clear that

Hom(F,G) = lim Hom(F;,G)

Hence if we can show that each Hom(F;,G) is representable by an affine scheme,
then we see that the same thing holds for Hom(F,G). Use the material in Limits,
Section [2] and Limits of Spaces, Section [4] Thus we may assume that F is of finite
presentation.

Say B = Spec(R). Write R = colim R; with each R; a finite type Z-algebra. Set
B; = Spec(R;). By the results of Limits of Spaces, Lemmas andwe can find
an ¢, a morphism of algebraic spaces X; — B;, and finitely presented Ox,-modules
F; and G; such that the base change of (X;, F;,G;) to B recovers (X,F,G). By
Limits of Spaces, Lemma [6.11] we may, after increasing i, assume that G; is flat
over B;. By Limits of Spaces, Lemma we may similarly assume the scheme
theoretic support of G; is proper over B;. At this point we can apply Lemma [3.8
to see that H; = Hom(F;,G;) is an algebraic space affine of finite presentation over
B;. Pulling back to B (using Remark [3.3) we see that H; x g, B = Hom(F,G) and

we win. O

4. The Isom functor

In Situation 3.1l we can consider the subfunctor
Isom(F,G) C Hom(F,G)

whose value on a scheme 1" over B is the set of invertible Ox,-homomorphisms
u : Fpr — Gp. In this brief section we quickly point out some properties of this
functor.

Lemma 4.1. In Situation the functor Isom(F,G) satisfies the sheaf property
for the fpqc topology.

Proof. We have already seen that Hom(F,G) satisfies the sheaf property. Hence
it remains to show the following: Given an fpqc covering {T; — T'};cr of schemes
over B and an Ox,-linear map w : Fr — Gr such that ug, is an isomorphism for
all ¢, then u is an isomorphism. Since {X; — X1 }ier is an fpqe covering of X, see
Topologies on Spaces, Lemma[3.2] this follows from Descent on Spaces, Proposition
41 O

Proposition 4.2. In Situation[3.1] assume that

(1) f is of finite presentation, and
(2) F and G are finitely presented Ox-modules, flat over B, with scheme the-
oretic support proper over B.

IWe omit the verification of the set theoretical condition (3) of the referenced lemma.
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Then the functor Isom(F,G) is representable by an algebraic space affine of finite
presentation over B.

Proof. We will use the abbreviations H = Hom(F,G), I = Hom(F,F), H =
Hom(G,F), and I' = Hom(G,G). By Proposition 3.9] the functors H, I, H', I’ are
algebraic spaces and the morphisms H — B, [ — B, H — B, and I’ — B are
affine and of finite presentation. The composition of maps gives a morphism

c:H xpH—Ixgl', (u,u)— (uou',u' ou)
of algebraic spaces over B. Since I xg I’ — B is separated, the section o : B —
I xp I’ corresponding to (idr,idg) is a closed immersion (Morphisms of Spaces,
Lemma . Moreover, o is of finite presentation (Morphisms of Spaces, Lemma
27.9). Hence
Isom(F,G) = (H' xp H) X¢,1x 51,0 B

is an algebraic space affine of finite presentation over B as well. Some details
omitted. O

5. The stack of coherent sheaves

In this section we prove that the stack of coherent sheaves on X/B is algebraic
under suitable hypotheses. This is a special case of [Lie06l, Theorem 2.1.1] which
treats the case of the stack of coherent sheaves on an Artin stack over a base.

Situation| 5.1. Let S be a scheme. Let f : X — B be a morphism of algebraic
spaces over S. Assume that f is of finite presentation. We denote Cohx,p the
category whose objects are triples (7, g, F) where
(1) T is a scheme over S,
(2) g: T — B is a morphism over S, and setting Xp =T x4 5 X
(3) F is a quasi-coherent Ox -module of finite presentation, flat over T, with
scheme theoretic support proper over 7.
A morphism (T, g,F) — (T",¢', F') is given by a pair (h, ) where
(1) h: T — T’ is a morphism of schemes over B (i.e., ¢’ o h = g), and
(2) ¢: (W)*F' — F is an isomorphism of Ox,-modules where b’ : Xp — X
is the base change of h.

Thus Cohx,p is a category and the rule
p: Cohx/p — (Sch/S)jppy, (T,9,F)+—T

is a functor. For a scheme T over S we denote Cohx,p 1 the fibre category of p
over T'. These fibre categories are groupoids.

Lemmal 5.2. In Sz'tuation the functor p : Cohx g — (Sch/S) sppy is fibred in
groupotds.

Proof. We show that p is fibred in groupoids by checking conditions (1) and (2) of
Categories, Deﬁnition Given an object (T",¢', F') of Cohy, and a morphism
h : T — T of schemes over S we can set ¢ = hog and F = (h')*F’ where
h' : Xp — X7 is the base change of h. Then it is clear that we obtain a morphism
(T,g,F) — (T',9', F') of Cohx,p lying over h. This proves (1). For (2) suppose
we are given morphisms

(h1,1) : (T1, 91, F1) = (T, 9,F) and  (ha,p2) : (T2, g2, F2) — (T, 9,F)
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of Cohx,p and a morphism h : T1 — T such that hy o h = hq. Then we can let ¢
be the composition

h/ * —1
(W) Fy L2222y 0y ()  F = (hy)*F 25 7
to obtain the morphism (h, ) : (T1,91,F1) = (1o, g2, F2) that witnesses the truth
of condition (2). O

Lemma 5.3. In Situation @ Denote X = Cohx p. Then A : X — X X X is
representable by algebraic spaces.

Proof. Consider two objects x = (T, g, F) and y = (T, h,G) of X over a scheme
T. We have to show that Isomxy(z,y) is representable by an algebraic space over
T, see Algebraic Stacks, Lemma If for a : 7" — T the restrictions x| and
y|r+ are isomorphic in the fibre category Xp, then g oa = h o a. Hence there is a
transformation of presheaves

Isomx(x,y) — Equalizer(g, h)

Since the diagonal of B is representable by schemes this equalizer is a scheme. Thus
we may replace T' by this equalizer and the sheaves F and G by their pullbacks.
Thus we may assume g = h. In this case we have Isomx(z,y) = Isom(F,G) and
the result follows from Proposition O

Lemma 5.4. In Situation the functor p : Cohx,;p — (Sch/S)spps is a stack
m groupoids.

Proof. To prove that Cohx,/p is a stack in groupoids, we have to show that the
presheaves Isom are sheaves and that descent data are effective. The statement on
Isom follows from Lemma [5.3] see Algebraic Stacks, Lemma Let us prove
the statement on descent data. Suppose that {a; : T; — T} is an fppf covering
of schemes over S. Let (§;,;;) be a descent datum for {T; — T} with values in
Cohx,p. For each i we can write & = (T;,g;,Fi). Denote pry : T; xo Tj — T;
and pry : T; X7 T — Tj the projections. The condition that &;|r,x,7; = {517, %
implies in particular that g; o pry = g; o pr;. Thus there exists a unique morphism
g : T — B such that g; = g o a;, see Descent on Spaces, Lemma Denote
XT =T Xg,B X. Set X,L = XTL- = TIL Xg:,B X = Tz Xa;, T XT and

Xij = XT7; XX XTj :Xz XX Xj

with projections pr; and pr; to X; and X;. Observe that the pullback of (T3, gi, Fi)
by pry : T; xpT; — T; is given by (T; X1 T;, g;opry, priF;). Hence a descent datum
for {T; — T'} in Cohx,p is given by the objects (73, g o a;, F;) and for each pair i, j
an isomorphism of Ox, -modules

@ij : pr; Fi — prjF;

satisfying the cocycle condition over (the pullback of X to) T; x¢ T xp Tj. Ok,
and now we simply use that {X; — Xr} is an fppf covering so that we can view
(Fi,ij) as a descent datum for this covering. By Descent on Spaces, Proposition
this descent datum is effective and we obtain a quasi-coherent sheaf F over
X7 restricting to F; on X;. By Morphisms of Spaces, Lemma we see that
F is flat over T' and Descent on Spaces, Lemma guarantees that Q is of finite
presentation as an Ox,-module. Finally, by Descent on Spaces, Lemma we
see that the scheme theoretic support of F is proper over T as we’ve assume the
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scheme theoretic support of F; is proper over T; (note that taking scheme theoretic
support commutes with flat base change by Morphisms of Spaces, Lemma |28.10)).
In this way and we obtain our desired object over T. O

Remark| 5.5. In Situation the rule (T, g, F) — (T, g) defines a 1-morphism
COhX/B — SB

of categories fibred in groupoids (see Lemma Algebraic Stacks, Section |7, and
Examples of Stacks, Section @ Let B’ — B be a morphism of algebraic spaces
over S. Let Sgr — Sp be the associated 1-morphism of stacks fibred in sets. Set
X" = X xpB'. We obtain a stack in groupoids Cohx /g — (Sch/S)sppy associated
to the base change f’ : X’ — B’. In this situation the diagram

COhX//B/ E— C’th/B

l i

Sp ———— Sp

is 2-fibre product square. This trivial remark will occasionally be useful to change
the base algebraic space.

Lemma 5.6. In Situation|5. 1| assume that B — S is locally of finite presentation.
Then p : Cohx g — (Sch/S)spps is limit preserving (Artin’s Azioms, Definition
13.1)).

Proof. Write B(T') for the discrete category whose objects are the S-morphisms
T — B. Let T = lim T; be a filtered limit of affine schemes over S. Assigning to an
object (T, h, F) of Cohx,p r the object h of B(T') gives us a commutative diagram
of fibre categories

colim Cohx,p r, — Cohx/p 1

| l

colim B(T;) ——— B(T)

We have to show the top horizontal arrow is an equivalence. Since we have assume
that B is locally of finite presentation over S we see from Limits of Spaces, Remark
that the bottom horizontal arrow is an equivalence. This means that we may
assume T = lim T; be a filtered limit of affine schemes over B. Denote g; : T; — B
and g : T — B the corresponding morphisms. Set X; = T; X,4, 5 X and Xp =
T x4, X. Observe that X7 = colim X; and that the algebraic spaces X; and X
are quasi-separated and quasi-compact (as they are of finite presentation over the
affines T; and T). By Limits of Spaces, Lemma we see that

colim FP(X;) = FP(Xr).

where FP(W) is short hand for the category of finitely presented Oy -modules. The
results of Limits of Spaces, Lemmas and tell us the same thing is true if
we replace FP(X;) and FP(Xr) by the full subcategory of objects flat over T; and
T with scheme theoretic support proper over T; and T'. This proves the lemma. [J
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Lemmal 5.7. In Situation 5.1 Let

Z ——=17

)

Y —Y'

be a pushout in the category of schemes over S where Z — Z' is a thickening and
Z —'Y is affine, see More on Morphisms, Lemma[11.1. Then the functor on fibre
categories

COhx/B7y/ — COhx/B7y XCOhX/B,Z COhX/B,Z/
is an equivalence.

Proof. Observe that the corresponding map
B(Y') — B(Y) xpz) B(Z")

is a bijection, see Pushouts of Spaces, Lemma Thus using the commutative
diagram
Cohx /gy — Cohx By X Cohy,s., COhx/B, 7/

l |

B(Y') ————— B(Y) xp(z) B(Z')

we see that we may assume that Y’ is a scheme over B’. By Remark we may
replace B by Y’ and X by X xp Y’. Thus we may assume B = Y. In this case
the statement follows from Pushouts of Spaces, Lemma [2.7] ]

Lemma 5.8. Let
X —_— X/
T——T'

be a cartesian square of algebraic spaces where T — T’ is a first order thickening.
Let F' be an Ox/-module flat over T'. Set F = i*F'. The following are equivalent

(1) F is a quasi-coherent Ox/-module of finite presentation,
(2) F is an Ox/-module of finite presentation,
(3) F is a quasi-coherent Ox-module of finite presentation,
(4) F is an Ox-module of finite presentation,

Proof. Recall that a finitely presented module is quasi-coherent hence the equiv-
alence of (1) and (2) and (3) and (4). The equivalence of (2) and (4) is a special
case of Deformation Theory, Lemma [10.3 O

Lemma 5.9. In Situation |5.1] assume that S is a locally Noetherian scheme and
B — S is locally of finite presentation. Let k be a finite type field over S and
let xo = (Spec(k), go,G0) be an object of X = Cohx,p over k. Then the spaces
TFx kao and Inf, (Fx ke,) (Artin’s Azioms, Section@) are finite dimensional.

Proof. Observe that by Lemma our stack in groupoids X satisfies property
(RS*) defined in Artin’s Axioms, Section In particular X satisfies (RS). Hence
all associated predeformation categories are deformation categories (Artin’s Ax-
ioms, Lemma and the statement makes sense.
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In this paragraph we show that we can reduce to the case B = Spec(k). Set
Xo = Spec(k) x4, X and denote Xy = Cohx, /. In Remarkwe have seen that
Xp is the 2-fibre product of X’ with Spec(k) over B as categories fibred in groupoids
over (Sch/S) tpps. Thus by Artin’s Axioms, Lemma we reduce to proving that
B, Spec(k), and A have finite dimensional tangent spaces and infinitesimal auto-
morphism spaces. The tangent space of B and Spec(k) are finite dimensional by
Artin’s Axioms, Lemma[8.1) and of course these have vanishing Inf. Thus it suffices
to deal with Aj.

Let k[e] be the dual numbers over k. Let Spec(k[e]) — B be the composition of gq :
Spec(k) — B and the morphism Spec(k[e]) — Spec(k) coming from the inclusion
k — Ele]. Set X = Spec(k) xp X and X, = Spec(k[e]) xp X. Observe that X, is a
first order thickening of X flat over the first order thickening Spec(k) — Spec(kle]).
Unwinding the definitions and using Lemma we see that T'Fx, iz, is the set
of lifts of Gy to a flat module on X.. By Deformation Theory, Lemma [11.1| we
conclude that

Ton7k7x0 = EXt%QXO (go, go)

Here we have used the identification ek[e] = k of k[e]-modules. Using Deformation
Theory, Lemma [11.1| once more we see that

Infmo (]:X,k,xg) = EXt%XD (go, go)

These spaces are finite dimensional over k as Gy has support proper over Spec(k).
Namely, X is of finite presentation over Spec(k), hence Noetherian. Since Gy is
of finite presentation it is a coherent Ox,-module. Thus we may apply Derived
Categories of Spaces, Lemma to conclude the desired finiteness. ([

Lemma 5.10. In Situation [5.1] assume that S is a locally Noetherian scheme and
that f : X — B is separated. Let X = Cohx,p. Then the functor Artin’s Azioms,
FEquation s an equivalence.

Proof. Let A be an S-algebra which is a complete local Noetherian ring with
maximal ideal m whose residue field k is of finite type over S. We have to show
that the category of objects over A is equivalent to the category of formal objects
over A. Since we know this holds for the category Sp fibred in sets associated to B
by Artin’s Axioms, Lemma[9.4] it suffices to prove this for those objects lying over
a given morphism Spec(A) — B.

Set X4 = Spec(A) xp X and X,, = Spec(A/m™) x p X. By Grothendieck’s existence
theorem (More on Morphisms of Spaces, Theorem we see that the category
of coherent modules F on X 4 with support proper over Spec(A) is equivalent to the
category of systems (F,) of coherent modules F,, on X,, with support proper over
Spec(A/m™). The equivalence sends F to the system (F ®4 A/m™). See discussion
in More on Morphisms of Spaces, Remark To finish the proof of the lemma,
it suffices to show that F is flat over A if and only if all F ® 4 A/m™ are flat over
A/m™. This follows from More on Morphisms of Spaces, Lemma O

Lemmal 5.11. In Situation |5.1 assume that S is a locally Noetherian scheme,
S =B, and f : X — B is flat. Let X = Cohx/p. Then we have openness of
versality for X (see Artin’s Azioms, Definition m)
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Proof. Let U — S be of finite type morphism of schemes, x an object of X over
U and ug € U a finite type point such that x is versal at ug. After shrinking U we
may assume that ug is a closed point (Morphisms, Lemma and U = Spec(A)
with U — S mapping into an affine open Spec(A) of S. We will use Artin’s
Axioms, Lemma to prove the lemma. Let F be the coherent module on
X4 = Spec(A) xg X flat over A corresponding to the given object .

According to Deformation Theory, Lemma we have an isomorphism of functors
T,(M) = Exty , (F,F ®4 M)

and given any surjection A’ — A of A-algebras with square zero kernel I we have
an obstruction class

€ar € Exty, (F,F®al)
This uses that for any A’ — A as above the base change X4 = Spec(4’) xp X is
flat over A’. Apply Derived Categories of Spaces, Lemma to the computation
of the Ext groups Exté(A (F,F®a M) for i < m with m = 2. We find a perfect
object K € D(A) and functorial isomorphisms

HY (K @% M) — Exty (F,F ®4 M)

for © < m compatible with boundary maps. This object K, together with the
displayed identifications above gives us a datum as in Artin’s Axioms, Situation
Finally, condition (iv) of Artin’s Axioms, Lemma holds by Deformation
Theory, Lemma Thus Artin’s Axioms, Lemma does indeed apply and
the lemma is proved. O

Theorem 5.12 (Algebraicity of stack coherent sheaves). Let S be a scheme. Let
f+ X — B be morphism of algebraic spaces over S. Assume that f is of finite
presentation, separated, and ﬂaﬂ Then Cohx,p is an algebraic stack over S.

Proof. Set X = Cohx/p. We have seen that X is a stack in groupoids over
(Sch/S) ¢ppr with diagonal representable by algebraic spaces (Lemmas and .
Hence it suffices to find a scheme W and a surjective and smooth morphism W — X.

Let B’ be a scheme and let B’ — B be a surjective étale morphism. Set X' =
B’ xp X and denote f': X’ — B’ the projection. Then X’ = Cohx//p/ is equal to
the 2-fibre product of X’ with the category fibred in sets associated to B’ over the
category fibred in sets associated to B (Remark . By the material in Algebraic
Stacks, Section [10| the morphism X’ — X is surjective and étale. Hence it suffices
to prove the result for X’. In other words, we may assume B is a scheme.

Assume B is a scheme. In this case we may replace S by B, see Algebraic Stacks,
Section Thus we may assume S = B.

Assume S = B. Choose an affine open covering S = |JU;. Denote X; the restriction
of X to (Sch/U;)fppr. If we can find schemes W; over U; and surjective smooth
morphisms W; — &;, then we set W = [[W; and we obtain a surjective smooth
morphism W — X. Thus we may assume S = B is affine.

Assume S = B is affine, say S = Spec(A). Write A = colimA; as a filtered
colimit with each A; of finite type over Z. For some i we can find a morphism of
algebraic spaces X; — Spec(A;) which is of finite presentation and flat and whose
base change to A is X. See Limits of Spaces, Lemmas and If we show

2This assumption is not necessary. See discussion in Section @
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that Cohy,;gpec(a,) 18 an algebraic stack, then it follows by base change (Remark
and Algebraic Stacks, Section that X is an algebraic stack. Thus we may
assume that A is a finite type Z-algebra.

Assume S = B = Spec(A) is affine of finite type over Z. In this case we will verify
conditions (1), (2), (3), and (4) of Artin’s Axioms, Lemma to conclude that
X is an algebraic stack. Note that A is a G-ring, see More on Algebra, Proposition
Hence all local rings of S are G-rings. Thus (4) holds. By Lemma we
have that X satisfies openness of versality, hence (3) holds. To check (2) we have
to verify axioms [-1], [0], [1], [2], [3], and [4] of Artin’s Axioms, Section We
omit the verification of [-1] and axioms [0], [1], [2], [3], [4] correspond respectively

to Lemmas and Finally, condition (1) is Lemma This

finishes the proof of the theorem. O

6. The stack of coherent sheaves in the non-flat case

In Theorem the assumption that f : X — B is flat is not necessary. In this
section we explain where this assumption is used in the proof and one way to get
around it.

For a different approach to this problem the reader may wish to consult [Art69]
and follow the method discussed in the papers [OS03], [Lie06], [OIs05], [HR13],
[HRI0], [Ryd11]. Some of these papers deal with the more general case of the stack
of coherent sheaves on an algebraic stack over an algebraic stack and others deal
with similar problems in the case of Hilbert stacks or Quot functors. Our strategy
will be to show algebraicity of some cases of Hilbert stacks and Quot functors as a
consequence of the algebraicity of the stack of coherent sheaves.

The only step in the proof of Theorem [5.12] which uses flatness is in the application
of Lemma 5.11}] The lemma is used to construct an obstruction theory as in Artin’s
Axioms, Section[2I] The proof of the lemma relies on Deformation Theory, Lemmas
and from Deformation Theory, Section This is how the assumption
that f is flat comes about. Before we go on, note that results (2) and (3) of
Deformation Theory, Lemmas do hold without the assumption that f is flat as
they rely on Deformation Theory, Lemmas [10.7 and which do not have any
flatness assumptions.

Before we give the details we give some motivation for the construction from derived
algebraic geometry, since we think it will clarify what follows. Let A be a finite type
algebra over the locally Noetherian base S. Denote X ®% A a “derived base change”
of X to A and denote i : X4 — X ®% A the canonical inclusion morphism. The
object X ®% A does not (yet) have a definition in the Stacks project; we may think
of it as the algebraic space X4 endowed with a simplicial sheaf of rings Oxgr 4
whose homology sheaves are

Hi(Oxgry) = Tor?s(Ox, A).

The morphism X ® A — Spec(A) is flat (the terms of the simplicial sheaf of rings
being A-flat), so the usual material for deformations of flat modules applies to it.
Thus we see that we get an obstruction theory using the groups

Extlygr 4 (1 F, ixF @4 M)
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where ¢ = 0, 1, 2 for inf auts, inf defs, obstructions. Note that a flat deformation of
i.F to X @Y A’ is automatically of the form i’ 7’ where F' is a flat deformation of
F. By adjunction of the functors Li* and i, = Ri. these ext groups are equal to

Ext’y, (Li* (i, F), F @4 M)

Thus we obtain obstruction groups of exactly the same form as in the proof of
Lemma with the only change being that one replaces the first occurrence of F
by the complex Li*(i.F).

Below we prove the non-flat version of the lemma by a “direct” construction of
E(F) = Li*(i.F) and direct proof of its relationship to the deformation theory
of F. In fact, it suffices to construct 7>_oF(F), as we are only interested in the
ext groups Extly  (Li*(i,F),F @4 M) for i = 0,1,2. We can even identify the
cohomology sheaves

0 ifi >0
; F ifi =0
H(B(F)) = 0 if i = —1

Torfs (Ox,A) ®o, F ifi=—2
This observation will guide our construction of E(F) in the remarks below.

Remark 6.1 (Direct construction). Let S be a scheme. Let f : X — B be a
morphism of algebraic spaces over S. Let U be another algebraic space over B.
Denote g : X xg U — U the second projection. Consider the distinguished triangle

Lq*LU/B — LXXBU/B —F — Lq*LU/B[”

of Cotangent, Section For any sheaf F of Ox x py-modules we have the Atiyah
class

F — LXXBU/B @gXXBU ./T"[l]

see Cotangent, Section We can compose this with the map to F and choose a
distinguished triangle

E(F) = F = F @6y, ., Ell]l = E(F)[]
in D(Oxx,u). By construction the Atiyah class lifts to a map
er: E(F) — Lg"Ly/p ©6,, , Fl
fitting into a morphism of distinguished triangles
F QY Lqg* Ly p[l] — F @ Lxy ,u,/p[1] — F @ E[1]

EFT AtiyahT :T

E(F) F F v B[]

Given S, B, X, f,U, F we fix a choice of E(F) and er.

Remark 6.2 (Construction of obstruction class). With notation as in Remark
let ¢ : U — U’ be a first order thickening of U over B. Let Z C Oy: be the
quasi-coherent sheaf of ideals cutting out B in B’. The fundamental triangle

Li*LU//B — LU/B — LU/U’ — L’L*LU//B[].}
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together with the map Ly, — Z[1] determine a map ey : Ly/p — Z[1]. Com-
bined with the map ex of the previous remark we obtain

(idr ® Lg*ey ) Uer : E(F) — F ®0xy v q*Z]2
(we have also composed with the map from the derived tensor product to the usual
tensor product). In other words, we obtain an element

Eur € EXt%OXXBU(E(]:)’}-@oXXBU ¢I)

Lemma 6.3. In the situation of Remark[06.2 assume that F is flat over U. Then
the vanishing of the class £y is a necessary and sufficient condition for the existence
of a Oxx zur-module F' flat over U’ with i*F' = F.

Proof (sketch). We will use the criterion of Deformation Theory, Lemma [10.8]
We will abbreviate O = Oxyx,uv and O’ = Oxyx,y/. Consider the short exact
sequence

0—->7Z— Oy — Oy — 0.

Let J C O’ be the quasi-coherent sheaf of ideals cutting out X x g U. By the above
we obtain an exact sequence
Tor{" (Ox,0p) = ¢*T = T — 0

where the Tor?? (Ox, Oy ) is an abbreviation for

TOI‘?7 Op (p—l(’)X’ q_IOU) ®(p—1(gx®h_lqu—1oU) 0.
Tensoring with F we obtain the exact sequence
F @0 Tor%2 (0x,00) = F @0 ¢"'T = F 00 J =0

(Note that the roles of the letters Z and J are reversed relative to the notation
in Deformation Theory, Lemma [10.8]) Condition (1) of the lemma is that the last
map above is an isomorphism, i.e., that the first map is zero. The vanishing of this
map may be checked on stalks at geometric points Z = (%, u) : Spec(k) — X xg U.
Set R=0g3, A= Oxz, B= Opg, and C = Oz. By Cotangent, Lemma and
the defining triangle for E(F) we see that

H2(E(F))z = F= ® Tor{ (A, B)
The map £y therefore induces a map

Fz® Torl'(A,B) — Fr ®p Ty

We claim this map is the same as the stalk of the map described above (proof
omitted; this is a purely ring theoretic statement). Thus we see that condition
(1) of Deformation Theory, Lemma is equivalent to the vanishing H~2(&y) -
H2(E(F)) > F®LI.

To finish the proof we show that, assuming that condition (1) is satisfied, condition
(2) is equivalent to the vanising of £y/. In the rest of the proof we write F ® Z to
denote F @0 ¢*Z = F ®o J. A consideration of the spectral sequence

Ext'(H 9 (E(F)), F® I) = Ext"™ (E(F),F ® I)

using that H°(E(F)) = F and H~!(E(F)) = 0 shows that there is an exact
sequence

0 — Ext*(F,F ® I) — Ext*(E(F),F @ T) — Hom(H %(E(F)),F @ I)
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Thus our element &y is an element of Ext?(F, F ® Z). The proof is finished by
showing this element agrees with the element of Deformation Theory, Lemma [10.§]
a verification we omit. O

Lemma 6.4. In Situation |5.1] assume that S is a locally Noetherian scheme and
S = B. Let X = Cohx,p. Then we have openness of versality for X (see Artin’s
Awzioms, Definition

Proof (sketch). Let U — S be of finite type morphism of schemes, x an object
of X over U and ug € U a finite type point such that x is versal at ug. After
shrinking U we may assume that ug is a closed point (Morphisms, Lemma
and U = Spec(A) with U — S mapping into an affine open Spec(A) of S. We
will use Artin’s Axioms, Lemma to prove the lemma. Let F be the coherent
module on X4 = Spec(A) xg X flat over A corresponding to the given object .

Choose E(F) and eF as in Remark The description of the cohomology sheaves
of E(F) shows that

Ext'(B(F),F ®4 M) = Ext'(F,F ®4 M)

for any A-module M. Using this and using Deformation Theory, Lemma we
have an isomorphism of functors

T.(M) = Exty , (B(F),F ®4 M)

By Lemma [6.3] given any surjection A" — A of A-algebras with square zero kernel
I we have an obstruction class

Ea € BExty, (B(F), Foal)

Apply Derived Categories of Spaces, Lemma to the computation of the Ext
groups Ext’y (E(F),F @4 M) for i < m with m = 2. We omit the verification
that E(F) is in D, ,; hint: use Cotangent, Lemma We find a perfect object
K € D(A) and functorial isomorphisms

HY (K @Y% M) — Extk , (E(F),F @4 M)

for ¢ < m compatible with boundary maps. This object K, together with the
displayed identifications above gives us a datum as in Artin’s Axioms, Situation
Finally, condition (iv) of Artin’s Axioms, Lemma holds by a variant
of Deformation Theory, Lemma whose formulation and proof we omit. Thus
Artin’s Axioms, Lemma [21.4] applies and the lemma is proved. O

Theorem 6.5 (Algebraicity of stack coherent sheaves; general case). Let S be a
scheme. Let f: X — B be morphism of algebraic spaces over S. Assume that f is
of finite presentation and separated. Then Cohx,p is an algebraic stack over S.

Proof. Identical to the proof of Theorem [5.12] except that we substitute Lemma
[6.4 for Lemma 111 O

7. Flattening functors

This section is the analogue of More on Flatness, Section We urge the reader
to skip this section on a first reading.
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Situation 7.1. Let S be a scheme. Let f : X — B be a morphism of algebraic
spaces over S. Let u : F — G be a homomorphism of quasi-coherent O x-modules.
For any scheme T over B we will denote ur : Fpr — G the base change of u to T', in
other words, ur is the pullback of u via the projection morphism X = X xgT —
X. In this situation we can consider the functor

if up is an isomorphism,

o *
(7.1.1)  Fiso : (Sch/B)*"" — Sets, T — {{Q)} else.

There are variants Fi,;, Fourj, Frero Where we ask that ug is injective, surjective,
or zero.

In Situation we sometimes think of the functors Fiso, Finj, Feurj, and Fiepo
as functors (Sch/S)°PP — Sets endowed with a morphism Fj,, — B, F;,; — B,
Fyurj — B, and F,.po — B. Namely, if T is a scheme over S, then an element
h € Fiso(T) is just a morphism h : T — B, i.e., an element h € B(T), such that
the base change of u via h is an isomorphism. In particular, when we say that Fj,
is an algebraic space, we mean that the corresponding functor (Sch/S)°PP — Sets
is an algebraic space.

Lemma| 7.2. In Situation[7.1, Each of the functors Fiso, Finj, Feurj, Frero satis-
fies the sheaf property for the fpgc topology.

Proof. Let {T; — T}icr be an fpqc covering of schemes over B. Set X; = Xp, =
X xg T; and u; = ur,. Note that {X; — Xr}icr is an fpqe covering of Xr, see
Topologies on Spaces, Lemma In particular, for every x € | Xr| there exists an
i € I and an x; € | X;| mapping to z. Since Ox, 7 — Ox, 77 is flat, hence faithfully
flat (see Morphisms of Spaces, Section . we conclude that (u;),, is injective,
surjective, bijective, or zero if and only if (ur), is injective, surjective, bijective, or
zero. The lemma follows. |

Lemmal 7.3. In Situation let X’ — X be a flat morphism of algebraic spaces.
Denote u' : F' — G’ the pullback of u to X'. Denote F|,,, F},;, Fi,.;, Fle., the
functors on Sch/B associated to u'.

(1) If G is of finite type and the image of |X'| — |X| contains the support of
G, then Fyy; = Fs’wj and Fero = Flopo-
(2) If F is of finite type and the image of |X'| — |X| contains the support of
F, then Fip; = Fi’nj and Feero = Flopo-

(3) If F and G are of finite type and the image of |X'| — |X| contains the
supports of F and G, then F;s, = F!

180"

Proof. let v : H — £ be a map of quasi-coherent modules on an algebraic space
Y and let ¢ : Y — Y be a surjective flat morphism of algebraic spaces, then v is
an isomorphism, injective, surjective, or zero if and only if ¢*v is an isomorphism,
injective, surjective, or zero. Namely, for every y € |Y| there exists a ¢’ € |Y’| and
the map of local rings Oyy — Oy,)? is faithfully flat (see Morphisms of Spaces,
Section . Of course, to check for injectivity or being zero it suffices to look
at the points in the support of H, and to check for surjectivity it suffices to look
at points in the support of £. Moreover, under the finite type assumptions as in
the statement of the lemma, taking the supports commutes with base change, see
Morphisms of Spaces, Lemma [15.2] Thus the lemma is clear. [
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Recall that we've defined the scheme theoretic support of a finite type quasi-
coherent module in Morphisms of Spaces, Definition [15.4}

Lemma 7.4. In Situation[7.]

(1) If G is of finite type and the scheme theoretic support of G is quasi-compact
over B, then Fy,,; is limit preserving.

(2) If F of finite type and the scheme theoretic support of F is quasi-compact
over B, then F,e., is limil preserving.

(3) If F is of finite type, G is of finite presentation, and the scheme theoretic
supports of F and G are quasi-compact over B, then Fis, is limit preserving.

Proof. Proofof (1). Let i : Z — X be the scheme theoretic support of G and think
of G as a finite type quasi-coherent module on Z. We may replace X by Z and u by
the map i*F — G (details omitted). Hence we may assume f is quasi-compact and G
of finite type. Let T = lim;¢; T; be a directed limit of affine B-schemes and assume
that ur is surjective. Set X; = X7, = X xgT; and v; = ur, : F; = Fr, = G; = Gr,.
To prove (1) we have to show that u; is surjective for some i. Pick 0 € I and replace
I by {i | ¢ > 0}. Since f is quasi-compact we see X is quasi-compact. Hence
we may choose a surjective étale morphism ¢qg : Wy — X where Wy is an affine
scheme. Set W = Wy xp, T and W; = Wy x7, T; for ¢ > 0. These are affine schemes
endowed with a surjective étale morphisms ¢ : W — Xp and ¢; : W; — X;. Note
that W = lim W;. Hence ¢*ur is surjective and it suffices to prove that ¢ju, is
surjective for some i. Thus we have reduced the problem to the affine case which

is Algebra, Lemma [123.3| part (2).

Proof of (2). Assume F is of finite type with scheme theoretic support Z C B
quasi-compact over B. Let T = lim;c; T; be a directed limit of affine B-schemes
and assume that up is zero. Set X; = T; xg X and denote w; : F; — G; the
pullback. Choose 0 € I and replace I by {i | ¢ > 0}. Set Zy = Z xx Xo. By
Morphisms of Spaces, Lemma the support of F; is |Zy|. Since |Zp| is quasi-
compact we can find an affine scheme Wy and an étale morphism Wy — X, such
that |Z()| C Im(|W0‘ — |X0|) Set W = W, Xy T and W; = W,y X, T; for
1 > 0. These are affine schemes endowed with étale morphisms ¢ : W — Xp and
w; + W; — X;. Note that W = lim W; and that the support of Fr and F; is
contained in the image of |W| — |Xr| and |W;| — |X;|. Now ¢*ur is injective
and it suffices to prove that ¢} u; is injective for some 7. Thus we have reduced the
problem to the affine case which is Algebra, Lemma part (1).

Proof of (3). This can be proven in exactly the same manner as in the previous
two paragraphs using Algebra, Lemma part (3). We can also deduce it from
(1) and (2) as follows. Let T' = lim;c; T; be a directed limit of affine B-schemes
and assume that up is an isomorphism. By part (1) there exists an 0 € I such
that ur, is surjective. Set K = Ker(ur,) and consider the map of quasi-coherent
modules v : K — Fr,. For ¢ > 0 the base change vy, is zero if and only if w; is
an isomorphism. Moreover, vy is zero. Since Gr, is of finite presentation, Fr, is of
finite type, and ug, is surjective we conclude that /C is of finite type (Modules on
Sites, Lemma. It is clear that the support of K is contained in the support of
Fr1,, which is quasi-compact over Ty. Hence we can apply part (2) to see that vr,
is zero for some 1. O
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Lemma 7.5. Let S = Spec(R) be an affine scheme. Let X be an algebraic space
over S. Letu : F — G be a map of quasi-coherent Ox -modules. Assume G flat over
S. Let T — S be a quasi-compact morphism of schemes such that the base change
ur is zero. Then exists a closed subscheme Z C S such that (a) T — S factors
through Z and (b) the base change uyz is zero. If F is a finite type Ox-module and
the scheme theoretic support of F is quasi-compact, then we can take Z — S of
finite presentation.

Proof. Let U — X be a surjective étale morphism of algebraic spaces where U =
[1U; is a disjoint union of affine schemes (see Properties of Spaces, Lemma .
By Lemmal[7.3] we see that we may replace X by U. In other words, we may assume
that X =[] X; is a disjoint union of affine schemes X;. Suppose that we can prove
the lemma for u; = u|x,. Then we find a closed subscheme Z; C S such that
T — S factors through Z; and w; z, is zero. If Z; = Spec(R/I;) C Spec(R) = S,
then taking Z = Spec(R/ > I;) works. Thus we may assume that X = Spec(A) is
affine.

Choose a finite affine open covering T = Ty U ... U T,,. It is clear that we may
replace T' by [[,_, ,, T;. Hence we may assume T is affine. Say T' = Spec(R').
Let u : M — N be the homomorphisms of A-modules corresponding to v : F — G.
Then N is a flat R-module as G is flat over S. The assumption of the lemma means
that the composition

M ®g R — N XRr R

is zero. Let z € M. By Lazard’s theorem (Algebra, Theorem and the fact
that ® commutes with colimits we can find free R-module F,, an element z € F,
and a map F, — N such that u(z) is the image of Z and Z maps to zero in F, ®r R'.
Choose a basis {e, o} of F, and write Z = ) f. n€, o with f, o € R. Let I C R
be the ideal generated by the elements f, , with z ranging over all elements of M.
By construction I maps to zero in R’ and the elements Z map to zero in F,/IF,
whence in N/IN. Thus Z = Spec(R/I) is a solution to the problem in this case.

Assume F is of finite type with quasi-compact scheme theoretic support. Write
Z = Spec(R/I). Write I = |J I, as a filtered union of finitely generated ideals. Set
Zy = Spec(R/I,), so Z = colim Z,. Since uy is zero, we see that uz, is zero for
some A\ by Lemma[7.4] This finishes the proof of the lemma. O

Lemma 7.6. Let A be a ring. Let w : M — N be a map of A-modules. If N is
projective as an A-module, then there exists an ideal I C A such that for any ring
map ¢ : A — B the following are equivalent

(1) u®1l: M®4B— N®y B is zero, and
(2) »(I) =0.

Proof. As M is projective we can find a projective A-module C such that F' =
N @ C'is a free R-module. By replacing u by u®1: F =M & C - N @ C we
see that we may assume N is free. In this case let I be the ideal of A generated by
coefficients of all the elements of Im(u) with respect to some (fixed) basis of N. O

It would be interesting to find a simple direct proof of the following lemma using
the result of Lemma A “classical” proof of this lemma when f: X — Bis a
projective morphism and B a Noetherian scheme would be: (a) choose a relatively
ample invertible sheaf Ox(1), (b) set u, : fuF(n) — f.G(n), (c) observe that


http://localhost:8080/tag/083K
http://localhost:8080/tag/083L

QUOT AND HILBERT SPACES 21

f+G(n) is a finite locally free sheaf for all n > 0, and (d) F,e, is represented by
the vanishing locus of u,, for some n > 0.

Lemma 7.7. In Situation[7.1 Assume

(1) f is locally of finite presentation,
(2) G is an Ox-module of finite presentation flat over B,
(3) the scheme theoretic support of G is proper over B.

Then the functor F,e.o is an algebraic space and F,ero — B is a closed immersion.
If F is of finite type, then F,e.o — B is of finite presentation.

Proof. In order to prove that Fl,.,, is an algebraic space, it suffices to show that
F.... — B is representable, see Spaces, Lemma Let B — B be a morphism
where B’ is a scheme and let v’ : 7' — G’ be the pullback of u to X’ = Xp,. Then
the associated functor F),., equals F,ep, X B’. This reduces us to the case that
B is a scheme.

Assume B is a scheme. We will show that F,.,, is representable by a closed sub-
scheme of B. By Lemma and Descent, Lemmas and the question
is local for the étale topology on B. Let b € B. We first replace B by an affine
neighbourhood of b. Denote Z C X the scheme theoretic support of G. Denote
Zy C X, the fibre of Z C X — B over b. The space |Zp| is quasi-compact by the
last assumption of the lemma. Choose an affine scheme U and an étale morphism
¢ : U — X such that |Zp| € Im(JU| — |X|). After replacing B by an affine ele-
mentary étale neighbourhood of b and replacing U by some affine U’ étale over U
with U] — U, surjective, we may assume that I'(U, ¢*G) is a projective I'(B, Op)-
module, see More on Flatness, Lemma Since Z — B is proper the image
of
1Z|\ Im(|U| — | XT)

in |B| is a closed subset not containing b. Hence, after replacing B by an affine
open containing b, we may assume that |Z| C Im(|U| — |X]|). (To be sure, after
this replacement it is still true that T'(U, ¢*G) is a projective I'(B, Op)-module.)
By Lemma [7.3] we see that Fle,, is the same as the corresponding functor for the
map p*F — ¢*G. This case follows immediately from Lemma [7.6]

We still have to show that Fl.., — B is of finite presentation if F is of finite
type. Let 7' C G be the image of u and denote F)_,, the functor corresponding to
F' — G. Then F,epo = Fl,,, and the scheme theoretic support of F’ is a closed
subspace of the scheme theoretic support of G, hence proper over B. Thus Lemma
implies that F,eqo = FL.,, is limit preserving over B. We conclude by Limits

of Spaces, Proposition O
The following result is a variant of More on Flatness, Theorem [22.3]

Lemmal 7.8. In Situation[7.1 Assume

(1) f is locally of finite presentation,

(2) F is locally of finite presentation and flat over B,

(3) the scheme theoretic support of F is proper over B, and

(4) wu is surjective.
Then the functor Fis, is an algebraic space and Fis, — B is a closed immersion.
If G is of finite presentation, then F;s, — B is of finite presentation.
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Proof. Let K = Ker(u) and apply Lemma [7.7to K — F. Note that K is of finite
type if G is of finite presentation, see Modules on Sites, Lemma [24.1] O

We will use the following (easy) result when discussing the Quot functor.

Lemma 7.9. In Situation[7.1 Assume

(1) f is locally of finite presentation,
(2) G is of finite type,
(3) the scheme theoretic support of G is proper over B.

Then Fgyrj is an algebraic space and Fgy,r; — B is an open immersion.

Proof. Consider Coker(u). Observe that Coker(ur) = Coker(u)r for any T/B.
Note that formation of the support of a finite type quasi-coherent module commutes
with pullback (Morphisms of Spaces, Lemma . Hence Fj,,; is representable
by the open subspace of B corresponding to the open set

|B| \ [f[(Supp(Coker(u)))

see Properties of Spaces, Lemma This is an open because |f]| is closed on
Supp(G) and Supp(Coker(u)) is a closed subset of Supp(G). O

8. The functor of quotients

In this section we discuss some generalities regarding the functor Qr,x/p defined
below. The notation Quotz,x,p is reserved for a subfunctor of Qz,x,/5. We urge
the reader to skip this section on a first reading.

Situation 8.1. Let S be a scheme. Let f : X — B be a morphism of algebraic
spaces over S. Let F be a quasi-coherent Ox-module. For any scheme T over B
we will denote X7 the base change of X to T and Fr the pullback of F via the
projection morphism X7 = X xgT — X. Given such a T we set

Q (T) = quotients Fr — Q where Q is a quasi-coherent
FIX/BYZ) 7 Ox,-module of finite presentation, flat over T

We identify quotients if they have the same kernel. Suppose that 7/ — T is a
morphism of schemes over B and Fr — Q is an element of Qz,x, (7). Then the
pullback Q" = (X7v — X7)*Q is a quasi-coherent Ox,,-module of finite presen-
tation flat over T” (see Properties of Spaces, Section [28] and Morphisms of Spaces,
Lemma . Thus we obtain a functor

(8.1.1) Q]:/X/B : (SCh/B)Opp — Sets
This is the functor of quotients of F/X/B.

In Situation we sometimes think of Qz,x,p as a functor (Sch/S)PP — Sets
endowed with a morphism Qz,x,g — B. Namely, if T" is a scheme over S, then we
can think of an element of Qx,y,p as a pair (h, Q) where h a morphism h : ' — B,
i.e., an element h € B(T), and Q is a T-flat quotient 7 — Q of finite presentation
on X7 = X xp T. In particular, when we say that Qf/X/S is an algebraic space,
we mean that the corresponding functor (Sch/S)°PP — Sets is an algebraic space.

Remark| 8.2. In Situation let B — B be a morphism of algebraic spaces over
S. Set X' = X xp B’ and denote F’ the pullback of F to X’. Thus we have the
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functor Q#//x//p on the category of schemes over B’. For a scheme T' over B’ it
is clear that we have

Qrx 5/ (T) =Qr/x/p(T)
where on the right hand side we think of 7" as a scheme over B via the composition
T — B’ — B. This trivial remark will occasionally be useful to change the base
algebraic space.

Remark| 8.3. Let S be a scheme, X an algebraic space over S, and F a quasi-
coherent Ox-module. Suppose that {f; : X; — X}ies is an fpqce covering and for
each ¢, € I we are given an fpqc covering {X;;r — X; xx X;}. In this situation
we have a bijection

families of quotients fF — Q; where
Q; is quasi-coherent and Q; and Q;

{quotients F — Q where }
restrict to the same quotient on X

Q is a quasi-coherent

Namely, let (fFF — Q;)icr be an element of the right hand side. Then since
{Xijr = X; xx X;} is an fpqgc covering we see that the pullbacks of Q; and Q;
restrict to the same quotient of the pullback of F to X; x x X; (by fully faithfulness
in Descent on Spaces, Proposition . Hence we obtain a descent datum for quasi-
coherent modules with respect to {X; — X };c;. By Descent on Spaces, Proposition
we find a map of quasi-coherent Ox-modules F — Q whose restriction to X;
recovers the given maps f*F — Q;. Since the family of morphisms {X; — X} is
jointly surjective and flat, for every point z € |X| there exists an ¢ and a point
x; € |X;| mapping to z. Note that the induced map on local rings Ox z — Ox, z;
is faithfully flat, see Morphisms of Spaces, Section Thus we see that F — Q is
surjective.

Lemmal 8.4. In Situation . The functor Qr,x,p satisfies the sheaf property
for the fpgc topology.

Proof. Let {T; — T}ier be an fpqc covering of schemes over S. Set X; = Xp, =
X xgT; and F; = Frp,. Note that {X; — Xr}tiesr is an fpqc covering of X
(Topologies on Spaces, Lemma and that Xr,x,71, = X; Xx, Xi. Suppose
that F; — Q; is a collection of elements of Qf/X/B(Ti) such that Q; and Q;
restrict to the same element of Qz,x/5(Ti X7 Tir). By Remark we obtain a
surjective map of quasi-coherent Ox,-modules Fr — Q whose restriction to X;
recovers the given quotients. By Morphisms of Spaces, Lemma we see that Q
is flat over T'. Finally, Descent on Spaces, Lemma [5.2| guarantees that Q is of finite
presentation as an Ox,-module. O

Lemmal 8.5. In Situation let {X; — X}ier be an fppf covering and for each
i,j € I let {X;n — Xi xx X;} be an fppf covering. Denote F;, resp. Fiji the
pullback of F to X;, resp. X;;i. For every scheme T over B the diagram

*
PTy

QJ—'/X/B(T) - Hl Q]—'i/Xi/B(T) —_ Hi,j,k Q]:ijk/Xijk/B(T)

pri
presents the first arrow as the equalizer of the other two.

Proof. Let F;r — Q; be an element in the equalizer of prf and pr}. By Remark[8.3]
we obtain a surjection Fpr — Q of quasi-coherent Ox,.-modules whose restriction
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to X; 1 recovers F; — Q;. By Morphisms of Spaces, Lemma we see that Q is
flat over T as desired. [l

Lemma 8.6. In Sz’tuation assume also that (a) f is quasi-compact and quasi-
separated and (b) F is of finite presentation. Then the functor Qr/x/p 18 limit
preserving in the following sense: If T = 1imT; is a directed limit of affine schemes

over B, then Qr,x,5(T) = colim Qr/x,p(T;)-

Proof. Let T = limT; be as in the statement of the lemma. Choose ig € I and
replace I by {i € I'| i > ip}. We may set B = S = T;, and we may replace X by Xr,
and F by the pullback to X7,. Then X7 = lim X7, see Limits of Spaces, Lemma
Let Fr — Q be an element of Qz,x,5(T). By Limits of Spaces, Lemma
there exists an ¢ and a map Fr, = Q; of O Xr, -modules of finite presentation whose
pullback to X7 is the given quotient map.

We still have to check that, after possibly increasing ¢, the map Fr, — Q; is
surjective and Q; is flat over T;. To do this, choose an affine scheme U and a
surjective étale morphism U — X (see Properties of Spaces, Lemma . We
may check surjectivity and flatness over T; after pulling back to the étale cover
Ur, — X1, (by definition). This reduces us to the case where X = Spec(By) is
an affine scheme of finite presentation over B = S = Ty = Spec(A4p). Writing
T; = Spec(4;), then T = Spec(A) with A = colim A; we have reached the following
algebra problem. Let M; — N; be a map of finitely presented By ® 4, A;-modules
such that M; ®4, A = N; ®a, A is surjective and N; ® 4, A is flat over A. Show
that for some i’ > i M; ®4, Ay — N; @4, Ay is surjective and N; ® 4, A is flat
over A. The first follows from Algebra, Lemma[123.3| and the second from Algebra,

Lemma, [156.1] O
Lemmal 8.7. In Situation 8.1 assume X — B locally of finite presentation. Let
Z ——7
Y —=Y’

be a pushout in the category of schemes over B where Z — 7' is a thickening and
Z —'Y is affine, see More on Morphisms, Lemma|11.1. Then the natural map

Qr/x/s(Y') — Qr/x/B(Y) XQr/x/B(2) Qr/x/8(2")
is bijective.
Proof. We first argue that it suffices to prove this when all the schemes and alge-
braic spaces in sight are affine schemes. Let Y/ = [JY; be an affine open covering
and let Y;, Z!, and Z; be the corresponding (affine) opens of Y, Z’, and Z. Since

Qr/x/p satisfies the sheaf property for the fpqc topology (Lemma , it suffices
to prove the result of the lemma for the diagrams

Zy—— 7! ZiNZ; —=Z;NZ]

R

Y, —Y/ YinY; —=Y/nY/
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This reduces us to the case where the schemes Y’, Y, Z’, Z are separated and a
second application of this argument to the case where Y', Y, Z’, Z are affine.

Assume Y’ (and hence also Y, Z’| and Z) is affine. By Remark we may replace
Bby Y and X by X xgY’, and F by the pullback. Thus we may assume B =Y.

Assume B =Y (and hence also Y, Z', and Z) is affine. Choose an étale covering
{Xi; = X}ier with each X; affine and similarly choose étale coverings { X, —
X; xx X;} with each X;;;, affine (Properties of Spaces, Lemma [6.1). By Lemma
[BF it suffices to prove the lemma for each of the functors associated to X; and
Xiji. Hence we may assume X is affine as well. This reduces the lemma to More
on Algebra, Remark O

9. The quot functor
In this section we prove the Quot functor is representable by an algebraic space.

Situation 9.1. Let S be a scheme. Let f : X — B be a morphism of algebraic
spaces over S. Let F be a quasi-coherent Ox-module. For any scheme T over B
we will denote X7 the base change of X to T" and Fp the pullback of F via the
projection morphism X7 = X xgT — X. Given such a T' we set

quotients Fr — Q where Q is a quasi-coherent
Quotz, x,5(T) = § Ox,-module of finite presentation, flat over T
with scheme theoretic support proper over T'

This is a subfunctor of Qr/x/r discussed in Section |8 Thus we obtain a functor
(9.1.1) Quotz, x,p ¢ (Sch/B)"" — Sets
This is the quot functor associated to F/X/B.

In Situation we may think of Quotr,y,p as a functor (Sch/S)°PP — Sets en-
dowed with a morphism Quotr,x,g — B. Namely, if T" is a scheme over S, then
we can think of an element of Quotz, x,p as a pair (h, Q) where h a morphism
h:T — B, i.e., an element h € B(T), and @ is a finitely presented, T-flat quotient
Fr —+ Qon Xr = X xp,, T with support proper over 7. In particular, when we
say that Quot z,x /g is an algebraic space, we mean that the corresponding functor
(Sch/S)°PP — Sets is an algebraic space.

Lemmal 9.2. In Situation . The functor Quoty, x,p satisfies the sheaf property
for the fpgc topology.

Proof. In Lemma we have seen that the functor Qz,x/g is a sheaf. Recall
that for a scheme 7" over S the subset Quot z,x,5(1) C Qr,x/s(T) picks out those
quotients whose support is proper over T. This defines a subsheaf by the result
of Descent on Spaces, Lemma (combined with Morphisms of Spaces, Lemma
which shows that taking scheme theoretic support commutes with flat base
change). O

Proposition| 9.3. Let S be a scheme. Let f: X — B be a morphism of algebraic
spaces over S. Let F be a quasi-coherent sheaf on X. If f is of finite presentation
and separated, then Quotr,x, g is an algebraic space. If F is of finite presentation,
then Quotr,x,p — B s locally of finite presentation.
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Proof. Note that Quotz,x,p is a sheaf in the fppf topology. Let Quotr, x,p be
the stack in groupoids corresponding to Quotr,x /g, see Algebraic Stacks, Section
m By Algebraic Stacks, Proposition it suffices to show that Quotzr,x, p is an
algebraic stack. Consider the 1-morphism of stacks in groupoids

Quotr,x;s — Cohx/p

on (Sch/S)fpps which associates to the quotient Fp — Q the coherent sheaf Q.
By Theorem we know that Cohx,p is an algebraic stack. By Algebraic Stacks,
Lemma [15.4] it suffices to show that this 1-morphism is representable by algebraic
spaces.

Let T' be a scheme over S and let the object (h,G) of Cohx g over T correspond
to a 1-morphism ¢ : (Sch/T)fppy — Cohx/p. The 2-fibre product

Z = (Sch/T) ppps X¢,Cony, 5 Quotr;x/s

is a stack in setoids, see Stacks, Lemma The corresponding sheaf of sets (i.e.,
functor, see Stacks, Lemmas and assigns to a scheme T”/T the set of
surjections u : Fp» — Gy of quasi-coherent modules on X7/. Thus we see that
Z is representable by an open subspace (by Lemma of the algebraic space
Hom(Fr,G) from Proposition O

10. Other chapters

(42)
Tnjectives| (43) [Dualizing Complexes]
Cohomology of Sheaves| (44) [Etale Cohomology|
Cohomology on Sites| (45) |Crystalline Cohomology]|
Differential Graded Algebra) (46) [Pro-étale Cohomologyl|
Divided Power Algebra
Hypercoverings

Algebraic Spaces

(47) |Algebraic Spaces|
Schemes (48) [Properties of Algebraic Spaces|

Preliminaries (25) [Schemes]
(26) [Constructions of Schemes|
(1) (27) [Properties of Schemes|
(2) (28) [Morphisms of Schemes|
(3) (29) |Cohomology of Schemes|
(4) (30) [Divisors|
(5) (31) [Limits of Schemes|
(6) Sheaves on Spaces| (32) Varietios
(7) Pites and Sheaves| (33) [Topologies on Schemes|
(8) SFacks (34) [Descent|
(9) [Fields . (35) [Derived Categories of Schemes|
10) |[Commutative Algebral (36) [More on Morphismy
11) Brauer Qroups (37) [More on Flatness|
12) Hon.lologlcal A gsbra] (38) |Groupoid Schemes|
13) D.erlve.zd. Categories (39) [More on Groupoid Schemes|
14) Simplicial Methods (40) [Etale Morphisms of Schemes
15) [More on Algebra
16) [Smoothing Ring Maps| Topics in Scheme Theory
17) [Sheaves of Modules| (41) |Chow Homology
18) [Modules on Sites| 42) |Adequate Modules|
19)
20)
21)
29)
23)
24)

AN AN AN AN N N N N N N N S N S




QUOT AND HILBERT SPACES 27

Morphisms of Algebraic Spaces| (70) [The Cotangent Complex|
Decent Algebraic Spaces| Algebraic Stacks

Cohomology of Algebraic Spaces| 71) [Algebraic Stacks]

Limits of Algebraic Spaces| Examples of Stacks|
Divisors on Algebraic Spaces| Sheaves on Algebraic Stacks

(49)

(50)

(51)

(52)

(53)

(54) Algebrai.c Spaces over Fields] Criteria for Representability|
2553 Topologies on Algebraic Spaces| Artin’s Axioms
(57)
(58)
(59)
(60)
(61)

Derived Catego?les of Spaces| Properties of Algebraic Stacks|
More on Morphisms 'Of Spaces| Morphisms of Algebraic Stacks]
Pushou‘Fs Of Algebralc’ Spaces| Cohomology of Algebraic Stacks|
Groupoids in Algebraic Spaces| Derived Categories of Stacks|

More on Groupoids in Spaces| (81) [Introducing Algebraic Stacks|
(62) [Bootstrap

(

(72)
(73)
)

Descent and Algebraic Spaces| (76 [Quot and Hilbert Spaces)

(77)
(78)
(79)
(80)

Tonics in G Miscellany
opICS 1n e?metry - ( 82) Examples

(63) [Quotients of Groupoids| (83) [Excrcises
(64) [Simplicial Space.:sl (84) |Guide to Literature]
(65) [Formal Algebraic Spaces| (85)
(66) [Restricted Power Series| (86)
(67) [Resolution of Surfaces| (87)

Deformation Theory (88) |[GNU Free Documentation Li|
(68) [Formal Deformation Theory|
(69) [Deformation Theory]| (89) |Auto Generated Index]

References

[Art69] Michael Artin, Algebraization of formal moduli: I, Global Analysis (Papers in Honor of
K. Kodaira), Univ. Tokyo Press, Tokyo, 1969, pp. 21-71.

[DG67] Jean Dieudonné and Alexander Grothendieck, Eléments de géométrie algébrique, Inst.
Hautes Etudes Sci. Publ. Math. 4, 8, 11, 17, 20, 24, 28, 32 (1961-1967).

[Gro95a] Alexander Grothendieck, Technique de descente et théorémes d’existence en géometrie
algébrique. 1. Généralités. Descente par morphismes fidélement plats, Séminaire Bour-
baki, Vol. 5, Soc. Math. France, Paris, 1995, pp. 299-327.

, Technique de descente et théorémes d’existence en géométrie algébrique. I1. Le

théoréme d’existence en théorie formelle des modules, Séminaire Bourbaki, Vol. 5, Soc.

Math. France, Paris, 1995, pp. 369-390.

, Technique de descente et théorémes d’existence en géométrie algébrique. V.

Les schémas de Picard: théorémes d’existence, Séminaire Bourbaki, Vol. 7, Soc. Math.

France, Paris, 1995, pp. 143-161.

, Technique de descente et théorémes d’existence en géométrie algébrique. VI.

Les schémas de Picard: propriétés générales, Séminaire Bourbaki, Vol. 7, Soc. Math.

France, Paris, 1995, pp. 221-243.

, Techniques de construction et théorémes d’existence en géométrie algébrique.

III. Préschemas quotients, Séminaire Bourbaki, Vol. 6, Soc. Math. France, Paris, 1995,

pp. 99-118.

, Techniques de construction et théorémes d’existence en géométrie algébrique.
IV. Les schémas de Hilbert, Séminaire Bourbaki, Vol. 6, Soc. Math. France, Paris, 1995,
pp. 249-276.

[HR10] Jack Hall and David Rydh, The hilbert stack.

[HR13] , General hilbert stacks and quot schemes.

[Lie06] Max Lieblich, Remarks on the stack of coherent algebras, Int. Math. Res. Not. (2006).

[Ols05] Martin Christian Olsson, On proper coverings of Artin stacks, Adv. Math. 198 (2005),
no. 1, 93-106.

[Gro95b]

[Gro95c¢]

[Gro95d]

[Gro95e]

[Gro95f]




28 QUOT AND HILBERT SPACES

[0S03] Martin Christian Olsson and Jason Starr, Quot functors for Deligne-Mumford stacks,
Comm. Algebra 31 (2003), no. 8, 4069-4096, Special issue in honor of Steven L. Kleiman.

[Ryd11] David Rydh, Representability of Hilbert schemes and Hilbert stacks of points, Comm.
Algebra 39 (2011), no. 7, 2632-2646.



	1. Introduction
	2. Conventions
	3. The Hom functor
	4. The Isom functor
	5. The stack of coherent sheaves
	6. The stack of coherent sheaves in the non-flat case
	7. Flattening functors
	8. The functor of quotients
	9. The quot functor
	10. Other chapters
	References

