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2 DERIVED CATEGORIES

1. Introduction

We first discuss triangulated categories and localization in triangulated categories.
Next, we prove that the homotopy category of complexes in an additive category
is a triangulated category. Once this is done we define the derived category of an
abelian category as the localization of the of homotopy category with respect to
quasi-isomorphisms. A good reference is Verdier’s thesis [Ver96).

2. Triangulated categories

Triangulated categories are a convenient tool to describe the type of structure
inherent in the derived category of an abelian category. Some references are [Ver96],
[KS06], and [NeeO1].

3. The definition of a triangulated category

In this section we collect most of the definitions concerning triangulated and pre-
triangulated categories.

Definition 3.1. Let D be an additive category. Let [n] : D — D, E — E[n] be
a collection of additive functors indexed by n € Z such that [n] o [m] = [n + m]
and [0] = id (equality as functors). In this situation we call ¢riangle a sixtu-
ple (X,Y,Z, f,g,h) where XY, Z € Ob(D) and f : X - Y, ¢g:Y — Z and
h : Z — X|[1] are morphisms of D. A morphism of triangles (X,Y,Z, f,g,h) —
(X", Y',Z' f',g',1) is given by morphismsa : X = X', b:Y Y andc: Z — Z’
of D such that bo f = f'oa,cog=g' oband a[ljoh=h oc.

A morphism of triangles is visualized by the following commutative diagram

X Y Z X[1]
Tk
X' Y’ 7z X'[1

Here is the definition of a triangulated category as given in Verdier’s thesis.

Definition 3.2. A triangulated category consists of a triple (D, {[n]}nez, T) where

(1) D is an additive category,

(2) [n] : D —» D, E — FE|n] be a collection of additive functors indexed by
n € Z such that [n] o [m] = [n+m] and [0] = id (equality as functors), and

(3) T is a set of triangles called the distinguished triangles

subject to the following conditions

TR1 Any triangle isomorphic to a distinguished triangle is a distinguished tri-
angle. Any triangle of the form (X, X,0,id,0,0) is distinguished. For any
morphism f : X — Y of D there exists a distinguished triangle of the form
(X’Y7Z’ f’g’h)

TR2 The triangle (X,Y,Z, f,g,h) is distinguished if and only if the triangle
(Y, 2, X[1], g, b, — [1]) is.
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TR3 Given a solid commutative square

X Y A X[1]

R

I
I
Y
)'d Y’ z X'[1]

whose rows are distinguished triangles there exists a morphism c: Z — Z’
such that (a, b, c) is a morphism of triangles.

TR4 Given objects X, Y, Z of D, and morphisms f : X —- Y, ¢g:Y — Z,
and distinguished triangles (X,Y, Q1, f,p1,d1), (X, Z,Q2,g0 f,ps2,ds), and
(Y, Z,Qs, 9,p3,ds), there exist morphisms a : Q1 — Q2 and b : Q2 — Q3
such that

(a) (Q1,Q2,Q3,a,b,p1[1] ods) is a distinguished triangle,

(b) the triple (idx, g, a) is a morphism of triangles (X,Y, @1, f,p1,d1) —
(X, Z, QQ, go f,pg, dg), and

(c) the triple (f,idz,b) is a morphism of triangles (X, Z, Q2, go f, p2, d2) —
(Y7 Za Q37 9,D3, d3)

We will call (D,[],7T) a pre-triangulated category if TR1, TR2 and TR3 hold.

The explanation of TR4 is that if you think of @1 as Y/X, Q2 as Z/X and Q3 as
Z]Y, then TR4(a) expresses the isomorphism (Z/X)/(Y/X) =2 Z/Y and TR(b)
and TR(c) express that we can compare the triangles X — Y — Q1 — X[1] etc
with morphisms of triangles. For a more precise reformulation of this idea see the
proof of Lemma [T10.2]

The sign in TR2 means that if (X,Y,Z, f,g,h) is a distinguished triangle then in
the long sequence

—h[-1] LN X1 —fi —g[1]

xhy4z

(321) ... Z[-1] Y1 Z[1) -

each four term sequence gives a distinguished triangle.

As usual we abuse notation and we simply speak of a (pre-)triangulated category
D without explicitly introducing notation for the additional data. The notion of a
pre-triangulated category is useful in finding statements equivalent to TRA4.

We have the following definition of a triangulated functor.

Definition 3.3. Let D, D’ be pre-triangulated categories. An ezact functor, or a
triangulated functor from D to D’ is a functor F' : D — D’ together with given func-
torial isomorphisms £x : F(X[1]) — F(X)[1] such that for every distinguished tri-
angle (X,Y,Z, f,g,h) of D the triangle (F(X), F(Y),F(Z),F(f),F(g),&x o F(h))
is a distinguished triangle of D’.

An exact functor is additive, see Lemma When we say two triangulated
categories are equivalent we mean that they are equivalent in the 2-category of
triangulated categories. A 2-morphism a : (F,§) — (F’,£’) in this 2-category is
simply a transformation of functors a : F' — F’ which is compatible with £ and &/,
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ie.,
Foll] — [1]o F
a*li \Ll*a
Floll] —=>[1]oF
commutes.

Definition 3.4. Let (D,[],T) be a pre-triangulated category. A pre-triangulated
subcategorgﬂ is a pair (D', T’) such that
(1) D’ is an additive subcategory of D which is preserved under [1] and [—1],
(2) 7" C T is a subset such that for every (X,Y,Z, f,g,h) € T’ we have
X,Y,Z € Ob(D’) and f,g,h € Arrows(D’), and
(3) (D',[],T) is a pre-triangulated category.
If D is a triangulated category, then we say (D', T') is a triangulated subcategory if
it is a pre-triangulated subcategory and (D’,[],T”) is a triangulated category.

In this situation the inclusion functor D’ — D is an exact functor with £x : X[1] —
X[1] given by the identity on X[1].

We will see in Lemma that for a distinguished triangle (X,Y, Z, f, g, h) in a pre-
triangulated category the composition go f : X — Z is zero. Thus the sequence
(3.2.1) is a complex. A homological functor is one that turns this complex into a
long exact sequence.

Definition 3.5. Let D be a pre-triangulated category. Let A be an abelian cate-
gory. An additive functor H : D — A is called homological if for every distinguished
triangle (X,Y, Z, f, g, h) the sequence

HX)— H(Y)— H(Z)

is exact in the abelian category A. An additive functor H : D°PP — A is called
cohomological if the corresponding functor D — A°PP is homological.

If H:D — Ais a homological functor we often write H"(X) = H(X|[n]) so that
H(X) = H°(X). Our discussion of TR2 above implies that a distinguished triangle
(X,Y,Z, f,g,h) determines a long exact sequence

h[—1 '
(3.5.1) a-1(z) 2L goxy L oy s mo(2) s HY(X)
This will be called the long exact sequence associated to the distinguished triangle
and the homological functor. As indicated we will not use any signs for the mor-
phisms in the long exact sequence. This has the side effect that maps in the long
exact sequence associated to the rotation (TR2) of a distinguished triangle differ
from the maps in the sequence above by some signs.

Definition 3.6. Let A be an abelian category. Let D be a triangulated category.
A §-functor from A to D is given by a functor G : A — D and a rule which assigns
to every short exact sequence

0545 B%C—0
a morphism § = 4,0 : G(C) — G(A)[1] such that

IThis definition may be nonstandard. If D’ is a full subcategory then 7" is the intersection of
the set of triangles in D’ with T, see Lemma In this case we drop 7" from the notation.
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(1) the triangle (G(A), G(B),G(C),G(a),G(b), 04— p—c) is a distinguished tri-
angle of D for any short exact sequence as above, and

(2) for every morphism (A - B — C) — (A" — B’ — ') of short exact
sequences the diagram

GO) ——=GAN

l dAsBSC i

6 !’ BI—> l
G(C") —2E2% QA1
is commutative.

In this situation we call (G(A4), G(B),G(C),G(a),G(b), 04— p—c) the image of the

short exact sequence under the given d-functor.

Note how a d-functor comes equipped with additional structure. Strictly speaking
it does not make sense to say that a given functor A — D is a J-functor, but we
will often do so anyway.

4. Elementary results on triangulated categories

Most of the results in this section are proved for pre-triangulated categories and a
fortiori hold in any triangulated category.

Lemma 4.1. Let D be a pre-triangulated category. Let (X,Y,Z, f,g,h) be a dis-
tinguished triangle. Then go f =0, hog=0 and f[1]oh = 0.

Proof. By TR1 we know (X, X,0,1,0,0) is a distinguished triangle. Apply TR3

to
X X 0 X[1]
\
i 1 lf | i 1[1]
f g M h
X Y A X[1]

Of course the dotted arrow is the zero map. Hence the commutativity of the
diagram implies that g o f = 0. For the other cases rotate the triangle, i.e., apply
TR2. O

Lemmal 4.2. Let D be a pre-triangulated category. For any object W of D the
functor Homp (W, =) is homological, and the functor Homp(—, W) is cohomologi-
cal.

Proof. Consider a distinguished triangle (X,Y, Z, f,g,h). We have already seen
that g o f = 0, see Lemma [£.I] Suppose a : W — Y is a morphism such that
goa=0. Then we get a commutative diagram

w W 0 W11
1
b ia LO b[1]
N N
X Y Z X[1]

Both rows are distinguished triangles (use TR1 for the top row). Hence we can fill
the dotted arrow b (first rotate using TR2, then apply TR3, and then rotate back).
This proves the lemma. (I
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Lemmal 4.3. Let D be a pre-triangulated category. Let
(a7 b7 c) : <X7 Y) Z7 f7g7 h) % (X/’ Yl? Z/7 f/7g/7 h/)

be a morphism of distinguished triangles. If two among a, b, c are isomorphisms so
is the third.

Proof. Assume that a and c¢ are isomorphisms. For any object W of D write
Hy (=) = Homp (W, —). Then we get a commutative diagram of abelian groups

Hw (Z[-1]) —— Hw(X) —— Hw (Y) —— Hw (Z) —— Hw (X[1])

| L |

Hw (Z'[-1]) — Hw(X') — Hw (Y') —— Hw(Z') — Hw (X'[1])

By assumption the right two and left two vertical arrows are bijective. As Hy is
homological by Lemma and the five lemma (Homology, Lemma it follows
that the middle vertical arrow is an isomorphism. Hence by Yoneda’s lemma, see
Categories, Lemma we see that b is an isomorphism. This implies the other
cases by rotating (using TR2). O

Remark 4.4. Let D be an additive category with translation functors [n] as in
Definition Let us call a triangle (X,Y, Z, f,g,h) speciaﬂ if for every object W
of D the long sequence of abelian groups

... = Homp (W, X) = Homp(W,Y) — Homp (W, Z) — Homap (W, X[1]) — ...
is exact. The proof of Lemma shows that if
(a7b7c) : (X7Y7 Z7f7g7h) % (XI7YI7ZI7f/7gI7h/)

is a morphism of special triangles and if two among a, b, ¢ are isomorphisms so is the
third. There is a dual statement for co-special triangles, i.e., triangles which turn
into long exact sequences on applying the functor Homp (—, W). Thus distinguished
triangles are special and co-special, but in general there are many more (co-)special
triangles, then there are distinguished triangles.

Lemma 4.5. Let D be a pre-triangulated category. Let
(0,0,0),(0,0',0) : (X,Y, Z, f,g,h) = (X, Y, Z, f,9,h)
be endomorphisms of a distinguished triangle. Then bb' = 0.

Proof. Picture

X —Y Z X[1]
b kol b
X Y Z X[1]

Applying Lemma {4.2| we find dotted arrows a and S such that ¥ = f o« and
b=pfog. Then bl =fogofoa=0asgof=0by Lemma.1 (]

2This is nonstandard notation.
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Lemma 4.6. Let D be a pre-triangulated category. Let (X,Y,Z, f,g,h) be a dis-
tinguished triangle. If

7z —— X[1]

h
cl ia[l]
7 —"Is X1

is commutative and a® = a, ¢ = c, then there exists a morphism b:Y — Y with

b2 = b such that (a,b,c) is an endomorphism of the triangle (X,Y, Z, f,g,h).

Proof. By TR3 there exists a morphism b’ such that (a, b, ¢) is an endomorphism
of (X,Y,Z, f,g,h). Then (0, (b')? — ¥',0) is also an endomorphism. By Lemma
m we see that (b')?2 — b’ has square zero. Set b = b — (2b' — 1)((b')? = V') =
3(0")% —2(1')3. A computation shows that (a,b,c) is an endomorphism and that
b2 — b= (4(b')% — 4 = 3)((V)? = V)2 =0. O

Lemma 4.7. Let D be a pre-triangulated category. Let f : X — Y be a mor-
phism of D. There exists a distinguished triangle (X,Y, Z, f, g, h) which is unique
up to (nonunique) isomorphism of triangles. More precisely, given a second such
distinguished triangle (X,Y,Z', f,¢',h') there exists an isomorphism

(LLC) : (X7Y7Zaf7gah) — (X7Y7Z/7fvgl7hl)

Proof. Existence by TR1. Uniqueness up to isomorphism by TR3 and Lemma
4.3 |

Lemma 4.8. Let D be a pre-triangulated category. Let f : X — 'Y be a morphism
of D. The following are equivalent

(1) f is an isomorphism,

(2) (X,Y,0, f,0,0) is a distinguished triangle, and

(3) for any distinguished triangle (X,Y, Z, f,g,h) we have Z = 0.

Proof. By TR1 the triangle (X, X,0,1,0,0) is distinguished. Let (X,Y, Z, f, g, h)
be a distinguished triangle. By TR3 there is a map of distinguished triangles
(1, £,0): (X, X,0) = (X,Y,Z). If fis an isomorphism, then (1, f,0) is an isomor-
phism of triangles by Lemma and Z = 0. Conversely, if Z = 0, then (1, f,0) is
an isomorphism of triangles as well, hence f is an isomorphism. t

Lemma 4.9. Let D be a pre-triangulated category. Let (X,Y,Z, f,g,h) and (X', Y', Z' ', ¢', }')
be triangles. The following are equivalent
1) XeX,YeY . ZaoZ fo f,g®g , h®h) is a distinguished triangle,
(2) both (X,Y,Z, f,g,h) and (X', Y', Z', f', ¢, ') are distinguished triangles.
Proof. Assume (2). By TR1 we may choose a distinguished triangle (X & X'|Y @&
Y'.Q,f & f',¢",h"). By TR3 we can find morphisms of distinguished triangles
(X7Y7 Z? fag7h) — (X EBX/,Y @ Y/7Q7f @ f/7gll>h//) and (Xlay/JZ/7f/7gl7hl) —
(XX Y®Y,Q,f® f,g¢" k). Taking the direct sum of these morphisms we
obtain a morphism of triangles

(XeX.YoY.ZeZ,fof.g®d hal)

J/(l,l,c)

XeX. YooY, Q,f®f g n).
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In the terminology of Remark [4.4] this is a map of special triangles (because a direct
sum of special triangles is special) and we conclude that ¢ is an isomorphism. Thus
(1) holds.

Assume (1). We will show that (X,Y,Z, f,g,h) is a distinguished triangle. First
observe that (X,Y, Z, f, g, h) is a special triangle (terminology from Remark as
a direct summand of the distinguished hence special triangle (X & X'\ Y &Y', Z &
Z'fe fl,g®g,hdh). Using TRI let (X,Y,Q, f,¢",h”) be a distinguished
triangle. By TR3 there exists a morphism of distinguished triangles (X & X', Y @
Y. ZaeZ fef,9g®d,hdh) - (X,Y,Q, f,¢",h"). Composing this with the
inclusion map we get a morphism of triangles

(17170) : (X7}/7Z7f7g’ h) H (X7}/’Q7f7g//7h/,)
By Remarkwe find that ¢ is an isomorphism and we conclude that (2) holds. O

Lemma 4.10. Let D be a pre-triangulated category. Let (X,Y,Z, f,g,h) be a
distinguished triangle.
(1) If h =0, then there exists a right inverse s : Z —'Y to g.
(2) For any right inverse s : Z —Y of g the map f®s: XD Z — Y is an
isomorphism.
(3) For any objects X', Z' of D the triangle (X', X' & Z',Z',(1,0),(0,1),0) is
distinguished.

Proof. To see (1) use that Homp(Z,Y) — Homp(Z, Z) — Homp(Z, X[1]) is exact
by Lemma By the same token, if s is as in (2), then h = 0 and the sequence

0 — Homp (W, X) — Homp (W, Y) — Homp (W, Z) — 0

is split exact (split by s : Z — Y'). Hence by Yoneda’s lemma we see that X&Z — Y
is an isomorphism. The last assertion follows from TR1 and Lemma [4.9] O

Lemma 4.11. Let D be a pre-triangulated category. Let f : X — Y be a morphism
of D. The following are equivalent

(1) f has a kernel,
(2) f has a cokernel,
(3) f is isomorphic to a map K ® Z — Z @® Q induced by idy.

Proof. Any morphism isomorphic to a map of the form X' &7 — Z @Y’ has both
a kernel and a cokernel. Hence (3) = (1), (2). Next we prove (1) = (3). Suppose
first that f : X — Y is a monomorphism, i.e., its kernel is zero. By TR1 there
exists a distinguished triangle (X,Y,Z, f,g,h). By Lemma the composition
h]=1]o f = 0. As f is a monomorphism we see that h[—1] = 0 and hence h = 0.
Then Lemma implies that Y = X @ Z, i.e., we see that (3) holds. Next,
assume [ has a kernel K. As K — X is a monomorphism we conclude X = K ¢ X’
and f|xs : X’ = Y is a monomorphism. Hence Y = X’ &Y’ and we win. The
implication (2) = (3) is dual to this. O

Lemma 4.12. Let D be a pre-triangulated category. If D has countable products,
then D is Karoubian. If D has countable coproducts, then D is Karoubian.

Proof. Assume D has countable products. By Homology, Lemma it suffices
to check that morphisms which have a right inverse have kernels. Any morphism
which has a right inverse is an epimorphism, hence has a kernel by Lemma [{.11]
The second statement is dual to the first. (]
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The following lemma makes it slightly easier to prove that a pre-triangulated cate-
gory is triangulated.

Lemma 4.13. Let D be a pre-triangulated category. In order to prove TRj it
suffices to show that given any pair of composable morphisms f : X — Y and
g:Y — Z there exist
(1) isomorphisms i : X' = X, j:Y' =Y and k : Z' — Z, and then setting
fl=i"1fi: X' >Y and ¢ =k 'gj:Y' — Z’ there exist
(2) distinguished triangles (X', Y, Q1, ', p1,d1), (X', Z/,Q2,9 o f',p2,d2) and
(Y'.Z',Qs,4',ps,ds), such that the assertion of TR4 holds.

Proof. The replacement of X,Y,Z by X', Y’, Z' is harmless by our definition of
distinguished triangles and their isomorphisms. The lemma follows from the fact
that the distinguished triangles (X', Y, Q1, f',p1,d1), (X', Z',Q2,g'of', p2, d2) and
(Y',Z',Qs, 9, p3, ds3) are unique up to isomorphism by Lemma [4.7] O

Lemmal 4.14. Let D be a pre-triangulated category. Assume that D' is an additive
full subcategory of D. The following are equivalent

(1) there exists a set of triangles T' such that (D', T') is a pre-triangulated
subcategory of D,

(2) D' is preserved under [1],[—1] and given any morphism f: X — Y in D’
there exists a distinguished triangle (X,Y,Z, f,g,h) in D such that Z is
isomorphic to an object of D'.

In this case T is the set of distinguished triangles (X,Y,Z, f,g,h) of D such that
X,Y,Z € Ob(D') and f,g,h € Arrows(D’). Finally, if D is a triangulated category,
then (1) and (2) are also equivalent to

(3) D' is a triangulated subcategory.
Proof. Omitted. (]
Lemma 4.15. An exact functor of pre-triangulated categories is additive.

Proof. Let F': D — D’ be an exact functor of pre-triangulated categories. Since
(0,0,0,1p,1p,0) is a distinguished triangle of D the triangle

(£(0), F(0), F(0),1p(0), Lr(0), £(0))
is distinguished in D’. This implies that 1p) o 1p(g) is zero, see Lemma
Hence F(0) is the zero object of D’. This also implies that F' applied to any zero
morphism is zero (since a morphism in an additive category is zero if and only if it
factors through the zero object). Next, using that (X, X ¢ Y,Y,(1,0),(0,1),0) is
a distinguished triangle, we see that (F(X),F(X & Y),F(Y), F(1,0),F(0,1),0) is
one too. This implies that the map F(1,0)® F(0,1): F(X)® F(Y) > F(X®Y)
is an isomorphism, see Lemma [£.10] We omit the rest of the argument. O

Lemmal 4.16. Let F': D — D’ be a fully faithful exact functor of pre-triangulated
categories. Then a triangle (X,Y,Z, f,g,h) of D is distinguished if and only if
(F(X),F(Y),F(Z),F(f),F(g), F(h)) is distinguished in D'.

Proof. The “only if” part is clear. Assume (F\(X),F(Y), F(Z)) is distinguished
in D’. Pick a distinguished triangle (X,Y,Z’, f,¢’,’) in D. By Lemma there
exists an isomorphism of triangles

(1,1,¢) : (F(X), F(Y), F(2)) — (F(X), F(Y), F(Z')).
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/

Since F is fully faithful, there exists a morphism ¢ : Z — Z’ such that F(c) = ¢.
Then (1,1, ¢) is an isomorphism between (X,Y, Z) and (X,Y, Z’). Hence (X,Y, Z)
is distinguished by TR1. (]

Lemmal 4.17. Let D, D', D" be pre-triangulated categories. Let F : D — D' and
F': D" — D" be exact functors. Then F' o F is an exact functor.

Proof. Omitted. O

Lemma 4.18. Let D be a pre-triangulated category. Let A be an abelian category.
Let H : D — A be a homological functor.

(1) Let D' be a pre-triangulated category. Let F : D' — D be an exact functor.
Then the composition G o F' is a homological functor as well.

(2) Let A’ be an abelian category. Hence G : A — A’ be an ezact functor.
Hence G o H is a homological functor as well.

Proof. Omitted. (|

Lemma 4.19. Let D be a triangulated category. Let A be an abelian category. Let
G: A— D be ad-functor.

(1) Let D' be a triangulated category. Let F : D — D' be an exact functor.
Then the composition F o G is a d-functor as well.

(2) Let A" be an abelian category. Hence H : A" — A be an exact functor.
Hence G o H is a d-functor as well.

Proof. Omitted. O

Lemmal 4.20. Let D be a triangulated category. Let A be an abelian category. Let
G: A— D be ad-functor. Let H : D — B be a homological functor. Assume that
H=Y(G(A)) =0 for all A in A. Then the collection

{H" o G,H" (04— B—C)}n>0
is a 0-functor from A — B, see Homology, Definition[11.1].

Proof. The notation signifies the following. If 0 - A % B L ¢ = 0 is a short
exact sequence in A, then

§=6aspc: G(C) = G(A)[1]

is a morphism in D such that (G(A), G(B),G(C),a,b,d) is a distinguished triangle,
see Definition Then H"(8) : H"(G(C)) — H"(G(A)[1]) = H" (G(A)) is
clearly functorial in the short exact sequence. Finally, the long exact cohomology
sequence combined with the vanishing of H~1(G(C)) gives a long exact
sequence

HO(5)
—5

0 — H°(G(A)) - H°(G(B)) — H°(G(C)) HY(G(A)) — ...

in B as desired. |

The proof of the following result uses TR4.


http://localhost:8080/tag/014Y
http://localhost:8080/tag/05QZ
http://localhost:8080/tag/0151
http://localhost:8080/tag/05SR

DERIVED CATEGORIES 11

Proposition 4.21. Let D be a triangulated category. Any commutative diagram

X——Y
X ——Y
can be extended to a diagram
X Y Z X[1]
X' Y’ z' X'[1]
Xl/ Y// Z/I X//[l]
X[1] V1] Z[1] X[2]

where all the squares are commutative, except for the lower right square which is
anticommutative. Moreover, each of the rows and columns are distinguished trian-
gles. Finally, the morphisms on the bottom row (resp. right column) are obtained
from the morphisms of the top row (resp. left column) by applying [1].

Proof. During this proof we avoid writing the arrows in order to make the proof leg-
ible. Choose distinguished triangles (X,Y, Z), (X', Y', Z"), (X, X', X", (Y, Y',Y"),
and (X,Y”, A). Note that the morphism X — Y” is both equal to the composition
X — Y — Y’ and equal to the composition X — X’ — Y’. Hence, we can find
morphisms

1)a:Z—-Aandb: A—=Y" and

(2) ¢ : X" Aand ' : A— 7'
as in TR4. Denote ¢ : Y — Z[1] the composition Y — Y[1] — Z[1] and denote
¢ : Z' = X"[1] the composition Z' — X’[1] — X"[1]. The conclusion of our
application TR4 are that

(1) (Z,A,Y",a,b,¢), (X", A, Z',a',V, ) are distinguished triangles,

(2) (X,Y,Z) - (XY, A), (X,Y, A) = (VYY) (X, X', X") = (X, Y, A),

(X,Y',A) — (X',Y’, Z’) are morphisms of triangles.

First using that (X, X', X"”) —» (X,Y’,A) and (X,Y’, A) — (Y, Y',Y"). are mor-
phisms of triangles we see the first of the commutative diagrams

X —=Y' YHZH-X[H
boa’
X by Vi g X’[l]

.

X[1] — Y[1]
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is commutative. The second is commutative too using that (X,Y,Z) — (X,Y’, A)
and (X,Y’ ] A) — (X', Y’ Z’) are morphisms of triangles. At this point we choose
a distinguished triangle (X", YY" Z") starting with the map boad' : X" — Y.

Next we apply TR4 one more time to the morphisms X" —+ A — Y and the tri-
angles (X", A, Z' ',V ,c), (X", Y",Z"), and (A, Y", Z[1],b,c,—a[l]) to get mor-
phisms a” : Z' — Z"” and V"’ : Z" — Z[1]. Then (Z',Z",Z[1],a",b", =b'[1] 0 a[1])
is a distinguished triangle, hence also (Z,Z',Z"”,—b o a,a”,—b") and hence also
(Z,7',Z" Voa,a"” b"). Moreover, (X" A, Z") — (X", Y",Z")and (X" Y",Z") —
(A, Y" Z[1],b, ¢, —all]) are morphisms of triangles. At this point we have defined
all the distinguished triangles and all the morphisms, and all that’s left is to verify
some commutativity relations.

To see that the middle square in the diagram commutes, note that the arrow
Y' — Z factors as Y/ — A — Z’ because (X,Y',A) —» (X', Y’',Z’) is a mor-
phism of triangles. Similarly, the morphism Y’ — Y factors as Y’ — A — Y
because (X,Y’,A) — (Y,Y’,Y"”) is a morphism of triangles. Hence the mid-
dle square commutes because the square with sides (A, Z’, Z"”,Y") commutes as
(X" A, Z") — (X", Y",Z") is a morphism of triangles (by TR4). The square with
sides (Y, Z" Y[1], Z[1]) commutes because (X", Y",Z") — (A, Y", Z[1],b, ¢, —a[l])
is a morphism of triangles and ¢ : Y — Z[1] is the composition Y — Y[1] — Z[1].
The square with sides (Z’, X'[1], X"[1], Z") is commutative because (X", A, Z’) —
(X", Y",Z") is a morphism of triangles and ¢ : Z/ — X”[1] is the compo-
sition Z/ — X'[1] — X”[1]. Finally, we have to show that the square with
sides (Z”, X"[1], Z[1], X[2]) anticommutes. This holds because (X", Y",Z") —
(A, Y", Z[1],b, ¢, —a[l]) is a morphism of triangles and we’re done. O

5. Localization of triangulated categories

In order to construct the derived category starting from the homotopy category of
complexes, we will use a localization process.

Definition 5.1. Let D be a pre-triangulated category. We say a multiplicative
system S'is compatible with the triangulated structure if the following two conditions
hold:

MS5 For s € S we have s[n] € S for all n € Z.

MS6 Given a solid commutative square

X Y Z X[1]
|
ls \LS’ I J/s[l]
A
X/ ' z' X'[1]

whose rows are distinguished triangles with s,s’ € S there exists a mor-
phism s” : Z — Z' in S such that (s, s’,s”) is a morphism of triangles.

It turns out that these axioms are not independent of the axioms defining multi-
plicative systems.

Lemmal 5.2. Let D be a pre-triangulated category. Let S be a set of morphisms of
D and assume that azioms MS1, MS5, MS6 hold (see Categories, Deﬁm’tionm
and Definition . Then MS2 holds.
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Proof. Suppose that f: X — Y is a morphism of D and ¢t : X — X’ an element of
S. Choose a distinguished triangle (X,Y, Z, f, g, h). Next, choose a distinguished
triangle (X', Y', Z, f', ¢',t[1] o h) (here we use TR1 and TR2). By MS5, MS6 (and
TR2 to rotate) we can find the dotted arrow in the commutative diagram

X Y Z X[1]
lt s’ l1 \Lt[l}
\
X’ Y’ Z X'[1]
with moreover s’ € S. This proves LMS2. The proof of RMS2 is dual. O

Lemmal 5.3. Let F : D — D’ be an exact functor of pre-triangulated categories.
Let
S ={f € Arrows(D) | F(f) is an isomorphism}

Then S is a saturated (see Categories, Definition multiplicative system com-
patible with the triangulated structure on D.

Proof. We have to prove axioms MS1 — MS6, see Categories, Definitions and
and Definition MS1, MS4, and MS5 are direct from the definitions. MS6
follows from TR3 and Lemma[4:3] By Lemma [5.2] we conclude that MS2 holds. To
finish the proof we have to show that MS3 holds. To do this let f,g : X — Y be
morphisms of D, and let ¢ : Z — X be an element of S such that fot =got. AsD
is additive this simply means that aot = 0 with a = f — g. Choose a distinguished
triangle (Z, X,Q,t,d, h) using TR1. Since a ot = 0 we see by Lemma there
exists a morphism i : Q — Y such that 7 o d = a. Finally, using TR1 again we can
choose a triangle (Q,Y, W, i, j, k). Here is a picture

Z—=X—=Q
Pl

X e

ij

Z[1]
a

w
OK, and now we apply the functor F to this diagram. Since { € S we see that
F(Q) =0, see Lemma[4.8] Hence F(j) is an isomorphism by the same lemma, i.e.,
7 €S. Finally, joa=joiod=0as joi=0. Thus jo f = jog and we see that
LMS3 holds. The proof of RMS3 is dual. g

Lemmal 5.4. Let H : D — A be a homological functor between a pre-triangulated
category and an abelian category. Let

S = {f € Arrows(D) | H'(f) is an isomorphism for all i € Z}

Then S is a saturated (see Categories, Definition multiplicative system com-
patible with the triangulated structure on D.

Proof. We have to prove axioms MS1 — MS6, see Categories, Definitions and
and Definition MS1, MS4, and MS5 are direct from the definitions. MS6
follows from TR3 and the long exact cohomology sequence (3.5.1f). By Lemma
we conclude that MS2 holds. To finish the proof we have to show that MS3 holds.
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To do this let f,g: X — Y be morphisms of D, and let ¢t : Z — X be an element
of S such that fot=got. As D is additive this simply means that a ot = 0 with
a = f —g. Choose a distinguished triangle (Z, X, Q,t, g, h) using TR1 and TR2.
Since a ot = 0 we see by Lemma there exists a morphism ¢ : Q — Y such that
i o g = a. Finally, using TR1 again we can choose a triangle (Q,Y, W, 4, j, k). Here

is a picture
t X g Q
Pl
X Y
|

A Z[1]

—_—
a

W
OK, and now we apply the functors H* to this diagram. Since ¢t € S we see that
H*(Q) = 0 by the long exact cohomology sequence (3.5.1). Hence H(j) is an
isomorphism for all ¢ by the same argument, i.e., j € S. Finally, joa = joiog=10

as joi=0. Thus jo f = jog and we see that LMS3 holds. The proof of RMS3 is
dual. |

Proposition| 5.5. Let D be a pre-triangulated category. Let S be a multiplica-
tive system compatible with the triangulated structure. Then there exists a unique
structure of a pre-triangulated category on S™YD such that the localization functor
Q :D — S7ID is exact. Moreover, if D is a triangulated category, so is S™ID.

Proof. We have seen that S~'D is an additive category and that the localization
functor @ is additive in Homology, Lemma It is clear that we may define
Q(X)[n] = Q(X]n]) since S is preserved under the shift functors [n] by MS5.
Finally, we say a triangle of S~1'D is distinguished if it is isomorphic to the image
of a distinguished triangle under the localization functor Q.

Proof of TR1. The only thing to prove here is that if a : Q(X) — Q(Y) is a
morphism of S™1D, then a fits into a distinguish triangle. Write a = Q(s) 1o Q(f)
for some s :' Y — Y in S and f : X — Y’. Choose a distinguished triangle

(X,Y',Z, f,g,h) in D. Then we see that (Q(X),Q(Y),Q(Z),a,Q(g) o Q(s),Q(h))
is a distinguished triangle of S™1D.

Proof of TR2. This is immediate from the definitions.

Proof of TR3. Note that the existence of the dotted arrow which is required to exist
may be proven after replacing the two triangles by isomorphic triangles. Hence we
may assume given distinguished triangles (X,Y, Z, f,g,h) and (X", Y, Z', f',¢', h')
of D and a commutative diagram

QLX) - QY)
|
Qxy LLL o)
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in S~1D. Now we apply Categories, Lemma to find a morphism f” : X" — Y
in D and a commutative diagram

XHXN%X/

)

Y%y//éy/

in D with s, € S and a = s~ 'k, b = t~'1. At this point we can use TR3 for D and
MS6 to find a commutative diagram

X Y Z X[1]
T
X" Y Z" X"[1]
TS Tt Tr Ts[l]
X' Y’ 7z X'[1]

with r € S. Tt follows that setting ¢ = Q(r)~1Q(m) we obtain the desired morphism
of triangles

(Q(X),Q(Y),Q(2),Q(f),Qg), Q(h))

(a,b,c)

QX" Q(Y"), Q(Z"), Q(f), ('), Q(h"))

This proves the first statement of the lemma. If D is also a triangulated category,
then we still have to prove TR4 in order to show that S~!D is triangulated as well.
To do this we reduce by Lemma[4.13]to the following statement: Given composable
morphisms a : Q(X) — Q(Y) and b : Q(Y) — Q(Z) we have to produce an
octahedron after possibly replacing Q(X), Q(Y),Q(Z) by isomorphic objects. To
do this we may first replace Y by an object such that a = Q(f) for some morphism
f:X — Y inD. (More precisely, write a = s~!f with s : ¥ — Y’ in S and
f:X =Y’ Then replace Y by Y’.) After this we similarly replace Z by an object
such that b = Q(g) for some morphism g : Y — Z. Now we can find distinguished
triangles (X, Y, Q1, f,p1,d1), (X, Z,Q2,9 0 f,p2,d2), and (Y, Z,Q3,9,p3,d3) in D
(by TR1), and morphisms a : Q1 — Q2 and b : Q2 — Q3 as in TR4. Then
it is immediately verified that applying the functor ) to all these data gives a
corresponding structure in S~1D (]

The universal property of the localization of a triangulated category is as follows
(we formulate this for pre-triangulated categories, hence it holds a fortiori for tri-
angulated categories).

Lemma 5.6. Let D be a pre-triangulated category. Let S be a multiplicative system
compatible with the triangulated category. Let Q : D — S™1D be the localization
functor, see Proposition[5.5
(1) If H : D — A is a homological functor into an abelian category A such
that H(s) is an isomorphism for all s € S, then the unique factorization
H': S7'D — A such that H = H' o Q (see Categories, Lemma s a
homological functor too.
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(2) If F: D — D' is an exact functor into a pre-triangulated category D' such
that F(s) is an isomorphism for all s € S, then the unique factorization
F': 87D — D’ such that F = F' o Q (see Categories, Lemma is an
ezxact functor too.

Proof. This lemma proves itself. Details omitted. O

The following lemma describes the kernel (see Definition of the localization
functor.

Lemma 5.7. Let D be a pre-triangulated category. Let S be a multiplicative system
compatible with the triangulated structure. Let Z be an object of D. The following
are equivalent

(1) Q(Z)=0in S™'D,

(2) there exists Z' € Ob(D) such that 0: Z — Z' is an element of S,

(3) there exists Z' € Ob(D) such that 0: Z' — Z is an element of S, and

(4) there exists an object Z' and a distinguished triangle (XY, Z ® Z', f,q,h)

such that f € S.

If S is saturated, then these are also equivalent to

(4) the morphism 0 — Z is an element of S,
(5) the morphism Z — 0 is an element of S,
(6) there exists a distinguished triangle (X,Y,Z, f,g,h) such that f € S.

Proof. The equivalence of (1), (2), and (3) is Homology, Lemma [8.3] If (2) holds,
then (Z'[-1],Z'[-1] ® Z,Z,(1,0),(0,1),0) is a distinguised triangle (see Lemma
with “0 € S”. By rotating we conclude that (4) holds. If (X,Y,Z®Z', f,g,h)
is a distinguished triangle with f € S then Q(f) is an isomorphism hence Q(Z &
Z') = 0 hence Q(Z) = 0. Thus (1) — (4) are all equivalent.

Next, assume that S is saturated. Note that each of (4), (5), (6) implies one of
the equivalent conditions (1) — (4). Suppose that Q(Z) = 0. Then 0 — Z is a
morphism of D which becomes an isomorphism in S~!D. According to Categories,
Lemma [25.18] the fact that S is saturated implies that 0 — Z is in S. Hence (1) =
(4). Dually (1) = (5). Finally, if 0 — Z is in S, then the triangle (0, Z, Z, 0,idz, 0)
is distinguished by TR1 and TR2 and is a triangle as in (4). O

Lemmal 5.8. Let D be a triangulated category. Let S be a saturated multiplicative
system in D that is compatible with the triangulated structure. Let (X,Y,Z, f, g, h)
be a distinguished triangle in D. Consider the category of morphisms of triangles

I: {(S’ 8/78/1) : (X’Y;Z7 f’ g? h) — (X/’YI7 Zl?f/’g/?h’/) | 87 8/781/ E S}

Then T is a filtered category and the functors T — X/S, T —-Y/S, and T — Z/S
are cofinal.

Proof. We strongly suggest the reader skip the proof of this lemma and instead
works it out on a napkin.

The first remark is that using rotation of distinguished triangles (TR2) gives an
equivalence of categories between Z and the corresponding category for the distin-
guished triangle (Y, Z, X[1], g, h, — f[1]). Using this we see for example that if we
prove the functor Z — X/S is cofinal, then the same thing is true for the functors
I—-Y/SandZ — Z/S.
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Note that if s : X — X' is a morphism of .S, then using MS2 we can find s’ : Y — Y’
and f': X’ — Y’ such that ' os = s’ o f, whereupon we can use MS6 to complete
this into an object of Z. Hence the functor Z — X/ is surjective on objects. Using

rotation as above this implies the same thing is true for the functors Z — Y/S and
I—Z/S.

Suppose given objects s1 : X — X; and s2: X = X5 in X/S and a morphism « :
X1 — Xo in X/S. Since S is saturated, we see that a € S, see Categories, Lemma
By the argument of the previous paragraph we can complete s; : X — X3
to an object (s1,s},sY) : (X,Y,Z, f,g,h) = (X1,Y1, 21, f1,91,h1) in Z. Then we
can repeat and find (a,b,c) : (X1,Y1, 21, f1,91,h1) — (X2, Y2, Za, fo, g2, he) with
a,b,c € S completing the given a : X; — X5. But then (a, b, ¢) is a morphism in Z.
In this way we conclude that the fuctor Z — X/S is also surjective on arrows. Using
rotation as above, this implies the same thing is true for the functors Z — Y/S and
T—7Z/S.

The category Z is nonempty as the identity provides an object. This proves the
condition (1) of the definition of a filtered category, see Categories, Deﬁnitionm

We check condition (2) of Categories, Definition for the category Z. Suppose
given objects (s1, s1,s7) : (X, Y, Z, f,9,h) — (X1,Y1, Z1, f1, 91, h1) and (s2, 85, 85)
(X,Y,Z,f,g9,h) = (X2,Ya, Zs, f2, g2, ha) in Z. We want to find an object of Z which
is the target of an arrow from both (X1, Y1, Z1, f1, 91, h1) and (X2, Y2, Za, fo, g2, h2).
By Categories, Remark [25.5|the categories X /S, Y/S, Z/S are filtered. Thus we can
find X — X3 in X/S and morphisms s : Xo — X3 and a : X; — X3. By the above
we can find a morphism (s, s’,s"”) : (X2,Y2, Zo, fa, 92, ho) — (X3,Y3, Z3, f3, 93, h3)
with s',s” € S. After replacing (X2, Y5, Z5) by (X3,Ys, Z3) we may assume that
there exists a morphism a : X; — X5 in X/S. Repeating the argument for Y and
Z (by rotating as above) we may assume there is a morphism a : X; — X5 in
X/S,b:Y] Y, inY/S, and ¢: Zy — Zy in Z/S. However, these morphisms
do not necessarily give rise to a morphism of distinguished triangles. On the other
hand, the necessary diagrams do commute in S~'D. Hence we see (for example)
that there exists a morphism s} : Y2 — Y3 in S such that sho fooa = shobo fi.
Another replacement of (Xo,Y3,Z5) as above then gets us to the situation where
fooa =bo f;. Rotating and applying the same argument two more times we see
that we may assume (a, b, ¢) is a morphism of triangles. This proves condition (2).

Next we check condition (3) of Categories, Definition Suppose (s1,s%,57) :
(X,Y,Z) = (X1,Y1,Z1) and (sq, s5,85) : (X,Y,Z) — (X2,Y2,Zs) are objects of
Z, and suppose (a, b, c), (a’,b', ') are two morphisms between them. Since a o sy =
a’ o s1 there exists a morphism s3 : X5 — X3 such that s30a = s30a’. Using the
surjectivity statement we can complete this to a morphism of triangles (ss, s, s%) :
(X2,Ys,Z2) — (X3,Ys,7Z3) with s3,s5,s4 € S. Thus (s3 0 s2,85 0 85,84 osy) :
(X,Y,Z) — (X3,Y3,Z3) is also an object of Z and after composing the maps
(a,b,c), (a', b, ") with (ss3,s%,s4) we obtain a = a/. By rotating we may do the
same to get b =10' and c = .

Finally, we check that Z — X/S is cofinal, see Categories, Deﬁnition The first
condition is true as the functor is surjective. Suppose that we have an object s :
X — X’in X/S and two objects (s1, s}, sY) : (X, Y, Z, f,9,h) — (X1, Y1, Z1, f1,91, h1)
and (so,85,59) : (X, Y, Z, f,g9,h) = (X2,Ya, Za, fa, 92, ha) in T as well as morphisms
t1 : X’ — Xj and ty : X' — X, in X/S. By property (2) of Z proved above we
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can find HlOI‘phiSHlS (83, Sg, Sg) : (Xl, Yl, Zl, fl, g1, hl) — ()(37 )/37 Zg, f3,g3, h3)
and (s4, 8y, 84) © (X2,Y2, 22, fa, 92, h2) — (X3,Y3,Z3, f3,93,h3) in Z. We would
be done if the compositions X’ — X; — X3 and X’ — X; — X3 where equal
(see displayed equation in Categories, Definition . If not, then, because X/S
is filtered, we can choose a morphism X3 — X4 in S such that the compositions
X —- X7 - X3 - Xy and X' — X7 — X3 — X, are equal. Then we finally
complete X3 — X4 to a morphism (X3,Y3,Z3) — (X4,Ys,Z4) in Z and compose
with that morphism to see that the result is true. ([

6. Quotients of triangulated categories

Given a triangulated category and a triangulated subcategory we can construct
another triangulated category by taking the “quotient”. The construction uses
a localization. This is similar to the quotient of an abelian category by a Serre
subcategory, see Homology, Section [9] Before we do the actual construction we
briefly discuss kernels of exact functors.

Definition 6.1. Let D be a pre-triangulated category. We say a full pre-triangulated
subcategory D’ of D is saturated if whenever X &Y is isomorphic to an object of
D’ then both X and Y are isomorphic to objects of D'.

A saturated triangulated subcategory is sometimes called a thick triangulated sub-
category. In some references, this is only used for strictly full triangulated sub-
categories (and sometimes the definition is written such that it implies strictness).
There is another notion, that of an épaisse triangulated subcategory. The definition
is that given a commutative diagram

S

/N

X Y T X[1]

where the second line is a distinguished triangle and .S and T isomorphic to objects
of D', then also X and Y are isomorphic to objects of D. It turns out that this is
equivalent to being saturated (this is elementary and can be found in [Ric89]) and
the notion of a saturated category is easier to work with.

Lemmal 6.2. Let F : D — D’ be an exact functor of pre-triangulated categories.
Let D" be the full subcategory of D with objects

Ob(D") = {X € Ob(D) | F(X) = 0}

Then D" is a strictly full saturated pre-triangulated subcategory of D. If D is a
triangulated category, then D is a triangulated subcategory.

Proof. It is clear that D" is preserved under [1] and [-1]. If (X,Y,Z, f,g,h)
is a distinguished triangle of D and F(X) = F(Y) = 0, then also F(Z) = 0
as (F(X),F(Y),F(Z),F(f),F(g),F(h)) is distinguished. Hence we may apply
Lemma to see that D" is a pre-triangulated subcategory (respectively a trian-
gulated subcategory if D is a triangulated category). The final assertion of being
saturated follows from F(X)® F(Y)=0= F(X)=F(Y) =0. O
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Lemmal6.3. Let H : D — A be a homological functor of a pre-triangulated category
into an abelian category. Let D' be the full subcategory of D with objects

Ob(D') = {X € Ob(D) | H(X[n]) =0 for alln € Z}

Then D’ is a strictly full saturated pre-triangulated subcategory of D. If D is a
triangulated category, then D’ is a triangulated subcategory.

Proof. It is clear that D’ is preserved under [1] and [—-1]. If (X,Y,Z, f,g,h) is
a distinguished triangle of D and H(X[n]) = H(Y[n]) = 0 for all n, then also
H(Z[n]) = 0 for all n by the long exact sequence (3.5.1). Hence we may apply
Lemma to see that D’ is a pre-triangulated subcategory (respectively a tri-
angulated subcategory if D is a triangulated category). The assertion of being
saturated follows from

H(XeY)n])=0=H(X[n]®Y][n]) =

for all n € Z. O

Lemmal6.4. Let H : D — A be a homological functor of a pre-triangulated category
into an abelian category. Let D}S,DI_{,DZ}{ be the full subcategory of D with objects

Ob(D};) = {X € Ob(D) | H(X[n]) =0 for all n < 0}

Ob(Dy) ={X € Ob(D) | H(X[n]) =0 for all n>> 0}

Ob(DY) = {X € Ob(D) | H(X[n]) = 0 for all |n| > 0}
Each of these is a strictly full saturated pre-triangulated subcategory of D. If D is
a triangulated category, then each is a triangulated subcategory.

Proof. Let us prove this for Dj;. It is clear that it is preserved under [1] and [—1].
If (X,Y,Z, f,g,h) is a distinguished triangle of D and H(X[n]) = H(Y[n]) = 0 for
all n < 0, then also H(Z[n]) = 0 for all n <« 0 by the long exact sequence ({3.5.1)).
Hence we may apply Lemmam to see that D}, is a pre-triangulated subcategory
(respectively a triangulated subcategory if D is a triangulated category). The
assertion of being saturated follows from
H(Xa®Y)n)=0=H(X[Rnl®Y[n])=0

= H(X[n]))®@H(Y[n]) =0

= H(X[n]) = H(Y[n]) =0
for all n € Z. ]

Definition 6.5. Let D be a (pre-)triangulated category.

(1) Let F : D — D’ be an exact functor. The kernel of F is the strictly full
saturated (pre-)triangulated subcategory described in Lemma

(2) Let H : D — A be a homological functor. The kernel of H is the strictly
full saturated (pre-)triangulated subcategory described in Lemma

These are sometimes denoted Ker(F') or Ker(H).

The proof of the following lemma uses TRA4.
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Lemmal 6.6. Let D be a triangulated category. Let D' C D be a full triangulated
subcategory. Set

6.6.1) = f € Arrows(D) such that there exists a distinguished triangle
e T\ (X,Y,Z, f,g9,h) of D with Z isomorphic to an object of D’

Then S is a multiplicative system compatible with the triangulated structure on D.
In this situation the following are equivalent

(1) S is a saturated multiplicative system,
(2) D' is a saturated triangulated subcategory.

Proof. To prove the first assertion we have to prove that MS1, MS2, MS3 and
MS5, MS6 hold.

Proof of MS1. It is clear that identities are in S because (X, X,0,1,0,0) is distin-
guished for every object X of D and because 0 is an object of D’. Let f: X — Y
and g : Y — Z be composable morphisms contained in S. Choose distinguished
triangles (X,Y,Q1, f,p1,d1), (X,Z,Q2,9 0 f,p2,d2), and (Y, Z,Q3,9,p3,d3). By
assumption we know that @)1 and @3 are isomorphic to objects of D’. By TR4 we
know there exists a distinguished triangle (@1, Q2,Q3,a,b,c). Since D’ is a trian-
gulated subcategory we conclude that Q2 is isomorphic to an object of D’. Hence

gofes.

Proof of MS3. Let a : X — Y be a morphism and let ¢ : Z — X be an element
of S such that a ot = 0. To prove LMS3 it suffices to find an s € S such that
soa = 0, compare with the proof of Lemma Choose a distinguished triangle
(Z,X,Q,t,g,h) using TR1 and TR2. Since a ot = 0 we see by Lemma there
exists a morphism i : ) — Y such that i o g = a. Finally, using TR1 again we can
choose a triangle (Q,Y, W, i, s, k). Here is a picture

Z—>X—=Q Z[1]
Pl
X Y
is

_—
a
w
Since t € S we see that @ is isomorphic to an object of D’. Hence s € S. Finally,

soa=soiog=0assoi=0by Lemma[f.I] We conclude that LMS3 holds. The
proof of RMS3 is dual.

Proof of MS5. Follows as distinguished triangles and D’ are stable under transla-
tions

Proof of MS6. Suppose given a commutative diagram
X——Y
X ——=Y'

with s,s" € S. By Proposition we can extend this to a nine square diagram.
As s, 8’ are elements of S we see that X", Y" are isomorphic to objects of D’. Since
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D’ is a full triangulated subcategory we see that Z” is also isomorphic to an object
of D'. Whence the morphism Z — Z’ is an element of S. This proves MS6.

MS2 is a formal consequence of MS1, MS5, and MS6, see Lemma/5.2] This finishes
the proof of the first assertion of the lemma.

Let’s assume that S is saturated. (In the following we will use rotation of distin-
guished triangles without further mention.) Let X @Y be an object isomorphic to an
object of D’. Consider the morphism f : 0 — X. The composition0 = X — X ®Y
is an element of S as (0, X ®Y, X ®Y,0,1,0) is a distinguished triangle. The com-
position Y[-1] — 0 — X is an element of S as (X, X ¢ Y,Y,(1,0),(0,1),0) is a
distinguished triangle, see Lemma Hence 0 — X is an element of S (as S is
saturated). Thus X is isomorphic to an object of D’ as desired.

Finally, assume D’ is a saturated triangulated subcategory. Let
whxsylz

be composable morphisms of D such that fg,gh € S. We will build up a picture
of objects as in the diagram below.

+1

Q12 Q23
Q1 = Q2 aE OF
1474 X Y VA

First choose distinguished triangles (W, X, Q1), (X,Y,Q2), (Y, Z,Q3) (W,Y, Q12),
and (X, Z,Qa23). Denote s : Q2 — @1[1] the composition Q2 — X[1] — Q1[1].
Denote t : Q3 — @Q2[1] the composition Q3 — Y[1] — Q2[1]. By TR4 applied to
the composition W — X — Y and the composition X — Y — Z there exist a
distinguished triangles (Q1, @12, Q2) and (Q2, Q23,Q3) which use the morphisms
s and t. The objects Q12 and Q23 are isomorphic to objects of D' as W — Y
and X — Z are assumed in S. Hence also s[1]t is an element of S as S is closed
under compositions and shifts. Note that s[1]t = 0 as Y[1] — Q2[1] — X[2] is zero,
see Lemma Hence Q3 & Q1[2] is isomorphic to an object of D/, see Lemma
By assumption on D’ we conclude that Q3, Q) are isomorphic to objects of
D’. Looking at the distinguished triangle (Q1, Q12, @2) we conclude that Qs is also
isomorphic to an object of D’. Looking at the distinguished triangle (X,Y, Q2) we
finally conclude that g € S. (It is also follows that h, f € S, but we don’t need
this.) O

Definition 6.7. Let D be a triangulated category. Let B be a full triangulated
subcategory. We define the quotient category D/B by the formula D/B = S™1D,
where S is the multiplicative system of D associated to B via Lemma The
localization functor @ : D — D/B is called the quotient functor in this case.

Note that the quotient functor @ : D — D/B is an exact functor of triangulated
categories, see Proposition [5.5] The universal property of this construction is the
following.
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Lemma) 6.8. Let D be a triangulated category. Let B be a full triangulated subcat-
egory of D. Let Q : D — D/B be the quotient functor.

(1) If H : D — A is a homological functor into an abelian category A such that
B C Ker(H) then there exists a unique factorization H' : D/B — A such
that H = H' o Q and H' is a homological functor too.

(2) If F: D — D' is an exact functor into a pre-triangulated category D' such
that B C Ker(F) then there exists a unique factorization F' : D/B — D’
such that F = F' o Q and F' is an ezact functor too.

Proof. This lemma follows from Lemmal[5.6] Namely, if f : X — Y is a morphism
of D such that for some distinguished triangle (X,Y, Z, f,g,h) the object Z is
isomorphic to an object of B, then H(f), resp. F(f) is an isomorphism under the
assumptions of (1), resp. (2). Details omitted. O

The kernel of the quotient functor can be described as follows.

Lemma 6.9. Let D be a triangulated category. Let B be a full triangulated subcate-
gory. The kernel of the quotient functor Q : D — D/B is the strictly full subcategory
of D whose objects are

on(rer(Q) = {

In other words it is the smallest strictly full saturated triangulated subcategory of D
containing B.

Z € Ob(D) such that there exists a Z' € Ob(D)
such that Z & 7' is isomorphic to an object of B

Proof. First note that the kernel is automatically a strictly full triangulated sub-
category containing summands of any of its objects, see Lemmal[6.2} The description
of its objects follows from the definitions and Lemma part (4). O

Let D be a triangulated category. At this point we have constructions which induce
order preserving maps between

(1) the partially ordered set of multiplicative systems S in D compatible with
the triangulated structure, and
(2) the partially ordered set of full triangulated subcategories B C D.

Namely, the constructions are given by S — B(S) = Ker(Q : D — S~!D) and
B — S(B) where S(B) is the multiplicative set of (6.6.1)), i.e.,

S(B) = f € Arrows(D) such that there exists a distinguished triangle
a (X,Y,Z, f,g,h) of D with Z isomorphic to an object of B

Note that it is not the case that these operations are mutually inverse.

Lemma 6.10. Let D be a triangulated category. The operations described above
have the following properties

(1) S(B(S)) is the “saturation” of S, i.e., it is the smallest saturated multi-
plicative system in D containing S, and

(2) B(S(B)) is the “saturation” of B, i.e., it is the smallest strictly full saturated
triangulated subcategory of D containing B.

In particular, the constructions define mutually inverse maps between the (partially
ordered) set of saturated multiplicative systems in D compatible with the triangulated
structure on D and the (partially ordered) set of strictly full saturated triangulated
subcategories of D.
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Proof. First, let’s start with a full triangulated subcategory B. Then B(S(B)) =
Ker(Q : D — D/B) and hence (2) is the content of Lemma [6.9]

Next, suppose that S is multiplicative system in D compatible with the triangula-
tion on D. Then B(S) = Ker(Q : D — S~'D). Hence (using Lemma in the
localized category)

S(B(S)) = f € Arrows(D) such that there exists a distinguished
o triangle (X,Y, Z, f,g,h) of D with Q(Z) =0
= {f € Arrows(D) | Q(f) is an isomorphism}

—S=g

in the notation of Categories, Lemma [25.18 The final statement of that lemma
finishes the proof. O

Lemmal 6.11. Let H : D — A be a homological functor from a triangulated cat-
egory D to an abelian category A, see Definition . The subcategory Ker(H)
of D is a strictly full saturated triangulated subcategory of D whose corresponding
saturated multiplicative system (see Lemma[6.10) is the set

S = {f € Arrows(D) | H'(f) is an isomorphism for all i € Z}.
The functor H factors through the quotient functor Q : D — D/Ker(H).

Proof. The category Ker(H) is a strictly full saturated triangulated subcategory of
D by Lemma [6.3] The set S is a saturated multiplicative system compatible with
the triangulated structure by Lemma [5.4] Recall that the multiplicative system
corresponding to Ker(H) is the set

f € Arrows(D) such that there exists a distinguished triangle
(X,Y,Z, f,g,h) with H(Z) = 0 for all i

By the long exact cohomology sequence, see (3.5.1]), it is clear that f is an element
of this set if and only if f is an element of S. Finally, the factorization of H through
Q is a consequence of Lemma[6.8] O

It is clear that in the lemma above the factorization of H through D/Ker(H) is the
universal factorization. Namely, if F': D — D’ is an exact functor of triangulated
categories and if there exists a homological functor H' : D' — A such that H =
H' o F, then F factors through the quotient functor @ : D — D/Ker(H).

7. Adjoints for exact functors

Results on adjoint functors between triangulated categories.

Lemmal 7.1. Let F': D — D’ be an exact functor between triangulated categories.
If F has a right adjoint, then it is an exact functor.
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Proof. Let G be a right adjoint. Let X be an object of D and A an object of D’.
Since F' is an exact functor we see that

Morp (X, G(A[1]) = Morp (F(X)
= Morp (F(X)
(F(X]

]

= Morp (X, G(A)[1])

By Yoneda’s lemma (Categories, Lemma we obtain a canonical isomorphism
G(A)[1] = G(A[1]). Let A - B — C — A[1] be a distinguished triangle in D’.
Choose a distinguished triangle

G(A) - G(B) = X — G(4)[]]
in D. Then F(G(A)) — F(G(B)) —» F(X) — F(G(A))[1] is a distinguished
triangle in D’. By TR3 we can choose a morphism of distinguished triangles

F(G(A)) — F(G(B)) F(X) F(G(A)[1]
i | l
A B C Al

Since G is the adjoint the new morphism determines a morphism X — G(C') such
that the diagram

G(A) —= G(B X G(A)[1]

T

G(A) —— G(B) ——= G(C) —— G(A)[1]

commutes. Applying the cohomological functor Homp, (W, —) for an object W of
D’ we deduce from the 5 lemma that

Homp/ (VV, X) — Hompr (W, G(C))

is a bijection and using the Yoneda lemma once more we conclude that X — G(C)
is an isomorphism. Hence we conclude that G(A) — G(B) — G(C) — G(A)[1] is
a distinguished triangle which is what we wanted to show. (I

Lemma 7.2. Let D, D’ be triangulated categories. Let F : D — D" and G : D' — D
be functors. Assume that

(1) F and G are exact functors,
(2) F is fully faithful,

(3) G is a right adjoint to F, and
(4) the kernel of G is zero.

Then F is an equivalence of categories.

Proof. Since F is fully faithful the adjunction map id — G o F' is an isomorphism
(Categories, Lemma . Let X be an object of D’'. Choose a distinguished
triangle

F(GX) > X =Y = F(GX)H[1]
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in D’. Applying G and using that G(F(G(X))) = G(X) we find a distinguished
triangle

GX)—=GX)—=GY)—=GX)[1]
Hence G(Y) = 0. Thus Y = 0. Thus F(G(X)) — X is an isomorphism. O

8. The homotopy category

Let A be an additive category. The homotopy category K (A) of A is the category of
complexes of A with morphisms given by morphisms of complexes up to homotopy.
Here is the formal definition.

Definition 8.1. Let A be an additive category.

(1) We set Comp(A) = CoCh(A) be the category of (cochain) complezes.

(2) A complex K* is said to be bounded below if K™ = 0 for all n < 0.

(3) A complex K* is said to be bounded above if K™ = 0 for all n > 0.

(4) A complex K* is said to be bounded if K™ = 0 for all |n| > 0.

(5) We let Comp™(A), Comp~(A), resp. Comp’(A) be the full subcategory
of Comp(.A) whose objects are the complexes which are bounded below,
bounded above, resp. bounded.

(6) We let K(A) be the category with the same objects as Comp(.A) but as
morphisms homotopy classes of maps of complexes (see Homology, Lemma
122)

(7) Welet K*(A), K~ (A), resp. K*(A) be the full subcategory of K (A) whose
objects are bounded below, bounded above, resp. bounded complexes of A.

It will turn out that the categories K(A), K*(A), K~ (A), and K°(A) are trian-
gulated categories. To prove this we first develop some machinery related to cones
and split exact sequences.

9. Cones and termwise split sequences

Let A be an additive category, and let K(A) denote the category of complexes of A
with morphisms given by morphisms of complexes up to homotopy. Note that the
shift functors [n] on complexes, see Homology, Deﬁnition give rise to functors
[n] : K(A) — K(A) such that [n] o [m] = [n+ m] and [0] = id.

Definition 9.1. Let A be an additive category. Let f : K®* — L*® be a morphism of
complexes of A. The cone of f is the complex C(f)® given by C(f)" = L™ & K1

and differential
ey = (d% f":;)
() 0 —dy
It comes equipped with canonical morphisms of complexes ¢ : L* — C(f)*® and
p: C(f)* — K*[1] induced by the obvious maps L™ — C(f)" — K"*1.
In other words (K, L,C(f), f,4,p) forms a triangle:
K* = L* = C(f)*— K*[1]

The formation of this triangle is functorial in the following sense.
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Lemma 9.2. Suppose that
Kt — It

hi
|k
f2

Ky —— L3
is a diagram of morphisms of complexes which is commutative up to homotopy.
Then there exists a morphism ¢ : C(f1)* — C(f2)* which gives rise to a mor-
phism Of tm’angles ((1, bv C) : (Kl.’ LI; C(fl).a fla 7:1,]71) - (K1.7 LI) C(fl).> an iQ,pQ)
of K(A).
Proof. Let h" : KJ — L~ " be a family of morphisms such that bo f; — fyoa =
doh+ hod. Define ¢" by the matrix

pn hn+1
= ( an+1> DY@ KT = Ly e Ky

0
A matrix computation show that ¢ is a morphism of complexes. It is trivial that
coi; =iy 0b, and it is trivial also to check that ps o c = a o p;. [l

Note that the morphism ¢ : C(f1)® — C(f2)® constructed in the proof of Lemma
[0:2in general depends on the chosen homotopy h between fs 0 a and bo fj.

Lemma 9.3. Suppose that f : K®* — L® and g : L* — M*® are morphisms of
complexes such that go f is homotopic to zero. Then g factors through a morphism

C(f)* — M* of K(A).
Proof. The assumptions say that the diagram

K.?L.
b
0—— M*

commutes up to homotopy. Since the cone on 0 — M*® is M*® the map C(f)* —
C(0 — M*) = M* of Lemma 9.2]is the desired map. O

Note that the morphism C(f)®* — M?* constructed in the proof of Lemma [9.3] in
general depends on the chosen homotopy.

Definition 9.4. Let A be an additive category. A termwise split injection « :
A® — B® is a morphism of complexes such that each A™ — B™ is isomorphic to
the inclusion of a direct summand. A termwise split surjection 5 : B®* — C*® is a
morphism of complexes such that each B™ — C™ is isomorphic to the projection
onto a direct summand.

Lemmal 9.5. Let A be an additive category. Let

A®* —— B*

!
|l
L[] g L]

C*——D
be a diagram of morphisms of complexes commuting up to homotopy. If f is a split
injection, then b is homotopic to a morphism which makes the diagram commute. If

g is a split surjection, then a is homotopic to a morphism which makes the diagram
commute.
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Proof. Let A" : A" — D" ! be a collection of morphisms such that bf — ga =
dh + hd. Suppose that 7™ : B™ — A™ are morphisms splitting the morphisms f.
Take b = b — dhm — hwd. Suppose s™ : D" — C™ are morphisms splitting the
morphisms g™ : C™ — D™. Take a’ = a + dsh + shd. Computations omitted. [

The following lemma can be used to replace a morphism of complexes by a mor-
phism where in each degree the map is the injection of a direct summand.

Lemmal 9.6. Let A be an additive category. Let a : K®* — L® be a morphism of
complexes of A. There exists a factorization

Ko#io#[]o
U

o
such that
(1) @ is a termwise split injection (see Definition [9-4).
(2) there is a map of complexes s : L* — L* such that wo s = idpe and such
that s o 7w is homotopic to id;, .

Moreover, if both K*® and L* are in K+ (A), K~ (A), or K*(A), then so is L*.
Proof. We set R
Ln — Ln@Kn@Kn+l

and we define

ap 0 0
di = 0 df idgn+
0 0 —dptt
In other words, L* = L* @ C(1x-). Moreover, we set
!
a=|idgn
0

which is clearly a split injection. It is also clear that it defines a morphism of
complexes. We define

= (idLn 0 O)
so that clearly m o & = a. We set

idpn

so that m o s = idge. Finally, let h" : L™ — L™ ! be the map which maps the
summand K™ of L™ via the identity morphism to the summand K™ of L"~!. Then
it is a trivial matter (see computations in remark below) to prove that

idjy —som=doh+hod
which finishes the proof of the lemma. O

Le

Remark| 9.7. To see the last displayed equality in the proof above we can argue
with elements as follows. We have sm(l, k, k™) = (I,0,0). Hence the morphism of the
left hand side maps (I, k, k™) to (0, k, k™). On the other hand h(l,k, k™) = (0,0, k)
and d(l,k,k*) = (dl,dk + k*,—dk™). Hence (dh + hd)(l,k,kT) = d(0,0,k) +
h(dl,dk + k*,—dk™) = (0, k, —dk) + (0,0,dk + k*) = (0, k, k™) as desired.
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Lemmal 9.8. Let A be an additive category. Let o : K®* — L® be a morphism of
complexes of A. There exists a factorization

S
v

«@
such that
(1) @ is a termwise split surjection (see Definition [9-4)),
(2) there is a map of complexes s : K* — K*® such that s 01 = idke and such
that i o s is homotopic to idz., .

Moreover, if both K* and L* are in Kt(A), K~ (A), or K*(A), then so is K*.
Proof. Dual to Lemma [3.6] Take
Rn _ Kn@Ln_l @ L"

and we define

dy 0 0
b= 0 —dy' idp»

0 0 d;
in other words K* = K* @ C(1pe[=1)). Moreover, we set

a=(a 0 idgn)

which is clearly a split surjection. It is also clear that it defines a morphism of

complexes. We define
idgn

so that clearly aoi = a. We set
s = (idKn 0 O)

so that s o7 = idge. Finally, let h" : K" — K™ ! be the map which maps the
summand L™~ ! of K™ via the identity morphism to the summand L™~ ! of K"~1.
Then it is a trivial matter to prove that

idge —ios=doh+hod
which finishes the proof of the lemma. (]

Definition 9.9. Let A be an additive category. A termwise split sequence of
complexes of A is a complex of complexes

0sA* 5B oo
together with given direct sum decompositions B = A™ @ C"™ compatible with o™
and 8". We often write s” : C"™ — B" and 7" : B"™ — A™ for the maps induced by
the direct sum decompositions. According to Homology, Lemma [14.10] we get an
associated morphism of complexes

§:C°* — A*[1]

which in degree n is the map 7"*! o d’} o s™. In other words (A°*, B*,C*®, a, 3,6)
forms a triangle

A®* — B* = C* — A*[]]
This will be the triangle associated to the termuwise split sequence of complexes.
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Lemmal 9.10. Let A be an additive category. Let 0 — A®* — B®* — C* — 0 be
termwise split exact sequences as in Definition [9.9 Let (x')", (s')" be a second
collection of splittings. Denote §' : C* —> A*[1] the morphism associated to this
second set of splittings. Then

(17 1’ 1) : (A.7B.7C.7a7ﬁ76) _>(A.7B.7C.’a’/875/)
is an isomorphism of triangles in K(A).

Proof. The statement simply means that § and ¢’ are homotopic maps of com-
plexes. This is Homology, Lemma [14.12) [

Remark! 9.11. Let A be an additive category. Let 0 — A? — B! — C? — 0,
i = 1,2 be termwise split exact sequences. Suppose that a : A} — A3, b: B} — B3,
and ¢ : C7 — (3 are morphisms of complexes such that

Al — =B — > C

U
Ay — =By —~C3

commutes in K(A). In general, there does not exist a morphism o' : B} — B3
which is homotopic to b such that the diagram above commutes in the category of
complexes. Namely, consider Examples, Equation . If we could replace the
middle map there by a homotopic one such that the diagram commutes, then we
would have additivity of traces which we do not.

Lemma 9.12. Let A be an additive category. Let 0 — A} — B — C7 — 0,
i =1,2,3 be termwise split exact sequences of complexes. Let b : B} — B3 and
b : BS — B3 be morphisms of complezes such that

A} —— B} —C} AS —— B —Cs
oi bi ol and io ib’ J{o
A3 —— B3 —— (3 A —— B3 — (3

commute in K(A). Thent ob=0 in K(A).

Proof. By Lemma we can replace b and b’ by homotopic maps such that the
right square of the left diagram commutes and the left square of the right diagram
commutes. In other words, we have Im(b") C Im(A4% — BY) and Ker((')™) D
Im(AY — BZ). Then bod’ = 0 as a map of complexes.

Lemma 9.13. Let A be an additive category. Let f1 : KY — LY and fo : K3 — L3
be morphisms of complexes. Let

((Z, b,C) : (Kl.aszc(fl).afhilapl) — (Kf,LI,C(f1).,f2,i2,p2)

be any morphism of triangles of K(A). If a and b are homotopy equivalences then
S0 1S C.

Proof. Let a=! : K3 — K be a morphism of complexes which is inverse to a
in K(A). Let b=' : L$ — L$ be a morphism of complexes which is inverse to b
in K(A). Let ¢ : C(f2)* — C(f1)® be the morphism from Lemma applied
to fioa™! = b7t o fo. If we can show that co ¢ and ¢ o ¢ are isomorphisms in
K(A) then we win. Hence it suffices to prove the following: Given a morphism of
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triangles (1,1,¢) : (K*,L*,C(f)*, f,i,p) in K(A) the morphism c is an isomorphism
in K(A). By assumption the two squares in the diagram

L* ——=C(f)* —= K"*[1]

|4

L* ——=C(f)* —= K*[1]

commute up to homotopy. By construction of C(f)® the rows form termwise split
sequences of complexes. Thus we see that (¢ — 1)2 = 0 in K(A) by Lemma
Hence c is an isomorphism in K (A) with inverse 2 — c. O

Hence if a and b are homotopy equivalences then the resulting morphism of triangles
is an isomorphism of triangles in K(A). It turns out that the collection of triangles
of K(A) given by cones and the collection of triangles of K(.A) given by termwise
split sequences of complexes are the same up to isomorphisms, at least up to sign!

Lemmal 9.14. Let A be an additive category.

(1) Given a termwise split sequence of complexes (o : A* — B*,5 : B* —
C*,s™, ™) there exists a homotopy equivalence C(a)® — C® such that the
diagram

A* —— B* —— C(a)* —— A*[1]

Ny

A* B Cce—2 s A1

defines an isomorphism of triangles in K(A).
(2) Given a morphism of complexes f : K* — L® there exists an isomorphism
of triangles

K* L* M* K*[1]

l J« l | l
K* — [ — O ()" —= K]
where the upper triangle is the triangle associated to a termwise split ezact

sequence K® — L®* — M?*.

Proof. Proof of (1). We have C(a)" = B" @ A"*! and we simply define C'(a)™ —
C™ via the projection onto B™ followed by S™. This defines a morphism of com-
plexes because the compositions A"+ — B+l — Cn+l are zero. To get a ho-
motopy inverse we take C* — C(«)® given by (s™,—0") in degree n. This is
a morphism of complexes because the morphism 6™ can be characterized as the
unique morphism C™ — A"*+! such that d o s” — s"*! od = a 0 6™, see proof of
Homology, Lemma [14.10] The composition C* — C(f)* — C* is the identity. The
composition C(f)* — C* — C(f)*® is equal to the morphism

s"o ™ 0
_6noﬁn 0
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To see that this is homotopic to the identity map use the homotopy A" : C(a)™ —
C(a)™ ! given by the matrix

(7& 8) C@"=B"@ A" 5 B @ A" = C(a)" !

It is trivial to verify that

(o)) =0 %) (o o)+ (o 0) (6 )

To finish the proof of (1) we have to show that the morphisms —p : C'(a)® — A°[1]
(see Definition and C(a)®* — C* — A*[1] agree up to homotopy. This is clear
from the above. Namely, we can use the homotopy inverse (s, —§) : C* — C(«)® and
check instead that the two maps C* — A®[1] agree. And note that po (s, —0) = —9
as desired.

Proof of (2). Welet f: K®* — L*, s: L* — L* and 7 : L* — L* be asin Lemma
By Lemmas and the triangles (K*®, L*,C(f),i,p) and (K*,L*,C(f),1,p)
are isomorphic. Note that we can compose isomorphisms of triangles. Thus we may
replace L® by L* and f by f. In other words we may assume that f is a termwise
split injection. In this case the result follows from part (1). O

Lemma 9.15. Let A be an additive category. Let A} — A5 — ... — A} be
a sequence of composable morphisms of complexes. There exists a commutative
diagram

AS A3 . A®
B! B3 . B

such that each morphism B} — B} | is a split injection and each B} — A} is a
homotopy equivalence. Moreover, if all A? are in K*(A), K~ (A), or K°(A), then
so are the B;.

Proof. The case n = 1 is without content. Lemma is the case n = 2. Suppose
we have constructed the diagram except for By. Apply Lemma @ to the compo-
sition By_; — A»_; — A». The result is a factorization BS_; — By — A? as
desired. ([l

Lemma 9.16. Let A be an additive category. Let (o : A* — B*,8 : B* —
C*,s", ™) be a termwise split sequence of complexes. Let (A®, B*,C*®, «, 3,0) be
the associated triangle. Then the triangle (C*[—1], A®, B®,§[—1], o, B) is isomorphic
to the triangle (C*[—1], A®,C(5]—1])*,d]—1],4,p).

Proof. We write B" = A™ @& C™ and we identify o™ and 8™ with the natural
inclusion and projection maps. By construction of § we have

n_ (dh 0"
BTN0 dg

On the other hand the cone of 6[—1] : C*[—1] — A® is given as C(§[—1])" = A"®C™
with differential identical with the matrix above! Whence the lemma. O


http://localhost:8080/tag/014M
http://localhost:8080/tag/014N

32 DERIVED CATEGORIES

Lemmal 9.17. Let A be an additive category. Let f : K®* — L® be a morphism
of complezxes. The triangle (L*,C(f)®, K*[1],4,p, f[1]) is the triangle associated to
the termwise split sequence

0—-L*—=C(f)* > K*[1] =0
coming from the definition of the cone of f.

Proof. Immediate from the definitions. O

10. Distinguished triangles in the homotopy category

Since we want our boundary maps in long exact sequences of cohomology to be given
by the maps in the snake lemma without signs we define distinguished triangles in
the homotopy category as follows.

Definition 10.1. Let A be an additive category. A triangle (X,Y,Z, f,g,h) of
K(A) is called a distinguished triangle of K(A) if it is isomorphic to the triangle
associated to a termwise split exact sequence of complexes, see Definition[9.9} Same
definition for K+(A), K~ (A), and K*(A).

Note that according to Lemma a triangle of the form (K*,L*,C(f)*, f,i,—p)
is a distinguished triangle. This does indeed lead to a triangulated category, see
Proposition Before we can prove the proposition we need one more lemma in
order to be able to prove TRA4.

Lemmal 10.2. Let A be an additive category. Suppose that o : A®* — B*® and
B : B®* — C* are split injections of complexes. Then there exist distinguished
triangles (A.aB.7Qzaaapladl): (A‘,C‘,Q;,ﬁoa,pz,dg) and (B.aC.anaﬁap?ndi?a)
for which TR4 holds.

Proof. Say nf : B® — A", and 7§ : C"™ — B"™ are the splittings. Then also

A® — C* is a split injection with splittings 7y = 7' owy. Let us write @3, Q5 and

Q% for the “quotient” complexes. In other words, QF = Ker(n}), Q% = Ker(n})

and Q5 = Ker(n%). Note that the kernels exist. Then B™ = A" @ Q} and C,, =

B™ & %, where we think of A™ as a subobject of B” and so on. This implies

C"=A" @& Q7 ® Q4. Note that 7§ = 7' o w% is zero on both QF and @Q%. Hence
5 = Q7 @ Q%. Consider the commutative diagram

0 - A* —- B* —- @} — 0

\a 1 1
0 - A°* —» C* — @3 — 0
1 e e

0 - B* =- C* — @3 — 0

The rows of this diagram are termwise split exact sequences, and hence determine
distinguished triangles by definition. Moreover downward arrows in the diagram
above are compatible with the chosen splittings and hence define morphisms of
triangles

(A* - B* = Q] = A°[1]) — (A°* = C* = Q5 — A°[1])
and

(A°* = C* = Q5 — A°[1]) — (B®* = C* — Q5 — B*[1]).
Note that the splittings 5 — C™ of the bottom split sequence in the diagram
provides a splitting for the split sequence 0 — @} — Q3 — )5 — 0 upon composing
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with C™ — Q%. It follows easily from this that the morphism 6 : Q% — Q%[1] in
the corresponding distinguished triangle

Q= Q5= Q35— Q1))

is equal to the composition @5 — B*[1] — Q3[1]. Hence we get a structure as in
the conclusion of axiom TRA. O

Proposition/10.3. Let A be an additive category. The category K(A) of complezxes
up to homotopy with its natural translation functors and distinguished triangles as
defined above is a triangulated category.

Proof. Proof of TR1. By definition every triangle isomorphic to a distinguished
one is distinguished. Also, any triangle (A®, A®,0,1,0,0) is distinguished since
0 — A®* - A®* — 0 — 0 is a termwise split sequence of complexes. Finally,
given any morphism of complexes f : K* — L*® the triangle (K, L, C(f), f,i,—p) is
distinguished by Lemma [9.14]

Proof of TR2. Let (X,Y,Z, f,g,h) be a triangle. Assume (Y, Z, X[1],g, h, —f[1])
is distinguished. Then there exists a termwise split sequence of complexes A® —
B* — C* such that the associated triangle (A®, B*,C®, «, 3,0) is isomorphic to
(Y, Z,X[1],9,h,—f[1]). Rotating back we see that (X,Y,Z, f,g,h) is isomorphic
to (C*[—1],A®,B*,—[-1],, ). It follows from Lemma that the triangle
(C*[-1], A*, B*,§[—1], o, B) is isomorphic to (C*[—-1], A®, C(6[—1])*,0[—1], 4, p). Pre-
composing the previous isomorphism of triangles with —1 on Y it follows that
(X,Y,Z, f,g,h) is isomorphic to (C*[-1], A®,C(d[-1])®,0[—1],4, —p). Hence it is
distinguished by Lemma On the other hand, suppose that (X,Y,Z, f,g,h)
is distinguished. By Lemma [09.14] this means that it is isomorphic to a triangle of
the form (K*,L*,C(f), f,i,—p) for some morphism of complexes f. Then the ro-
tated triangle (Y, Z, X[1], g, h, — f[1]) is isomorphic to (L*, C(f), K*[1],4, —p, — f[1])
which is isomorphic to the triangle (L®, C(f), K*[1],4,p, f[1]). By Lemma this
triangle is distinguished. Hence (Y, Z, X[1], g, h, — f[1]) is distinguished as desired.

Proof of TR3. Let (X,Y, Z, f,g,h) and (X', Y', Z’', f', ¢’, ') be distinguished trian-
gles of K(A) and let a: X — X’ and b: Y — Y’ be morphisms such that ' oa =
bo f. By Lemmawe may assume that (X,Y,Z, f,g,h) = (X,Y,C(f), f,4, —p)
and (XY, Z', f',¢', W) = (X, Y',C(f'), f,i',—p’). At this point we simply ap-
ply Lemma to the commutative diagram given by f, f/, a,b.

Proof of TR4. At this point we know that K(A) is a pre-triangulated category.
Hence we can use Lemma Let A* — B® and B®* — C°® be composable
morphisms of K(.A). By Lemma we may assume that A* — B® and B®* — C*
are split injective morphisms. In this case the result follows from Lemma[10.2] O

Remark| 10.4. Let A be an additive category. Exactly the same proof as the
proof of Proposition shows that the categories K*(A), K~ (A), and K°(A)
are triangulated categories. Namely, the cone of a morphisms between bounded
(above, below) is bounded (above, below). But we prove below that these are
triangulated subcategories of K (A) which gives another proof.

Lemma 10.5. Let A be an additive subcategory. The categories KT (A), K~ (A),
and K°(A) are full triangulated subcategories of K(A).
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Proof. Each of the categories mentioned is a full additive subcategory. We use
the criterion of Lemma to show that they are triangulated subcategories. It
is clear that each of the categories KT (A), K~ (A), and K°(A) is preserved under
the shift functors [1],[—1]. Finally, suppose that f : A* — B® is a morphism in
K*(A), K~(A), or K*(A). Then (A*, B®*,C(f)*, f,i, —p) is a distinguished triangle
of K(A) with C(f)* € KT(A), K~ (A), or Kb(.A) as is clear from the construction
of the cone. Thus the lemma is proved. (Alternatively, K* — L*® is isomorphic to
an termwise split injection of complexes in K*(A), K~ (A), or K*(A), see Lemma
and then one can directly take the associated distinguished triangle.) (Il

Lemmal 10.6. Let A, B be additive categories. Let F : A — B be an additive
functor. The induced functors

F K(A) — K(B)
K*(A)HKW )
: K~ (A) — K~ (B)
F : KY(A) — K*(B)

are exact functors of triangulated categories.

Proof. Suppose A* — B®* — C* is a termwise split sequence of complexes of A
with splittings (s™,n™) and associated morphism § : C* — A®[1], see Definition
Then F'(A®*) — F(B*®) — F(C*®) is a termwise split sequence of complexes
with splittings (F'(s™), F(7™)) and associated morphism F(§) : F(C*®) — F(A®)[1].
Thus F' transforms distinguished triangles into distinguished triangles. (]

11. Derived categories

In this section we construct the derived category of an abelian category A by invert-
ing the quasi-isomorphisms in K (A). Before we do this recall that the functors H® :
Comp(A) — A factor through K (A), see Homology, Lemma Moreover, in
Homology, Definition we have defined identifications H*(K*[n]) = H""(K*).
At this point it makes sense to redefine

H'(K*®) = H°(K°[i])
in order to avoid confusion and possible sign errors.
Lemmal 11.1. Let A be an abelian category. The functor
HY: K(A) — A
is homological.

Proof. Because H is a functor, and by our definition of distinguished triangles
it suffices to prove that given a termwise split short exact sequence of complexes
0 — A®* — B®* — C* — 0 the sequence H°(A®*) — HY(B*) — H°(C®) is exact.
This follows from Homology, Lemma [12.12 O

In particular, this lemma implies that a distinguished triangle (XY, Z, f, ¢, h) in
K (A) gives rise to a long exact cohomology sequence

H'(f) H'(g) H'(h)

(11.1.1)  ...— HI(X) —% Hi(Y) Hi(Z) —2 H+(X) —— ...

see (3.5.1)). Moreover, there is a compatibility with the long exact sequence of co-
homology associated to a short exact sequence of complexes (insert future reference
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here). For example, if (A®, B*,C*, «, 3,0) is the distinguished triangle associated
to a termwise split exact sequence of complexes (see Definition , then the co-
homology sequence above agrees with the one defined using the snake lemma, see
Homology, Lemma [12.12| and for agreement of sequences, see Homology, Lemma

M411

Recall that a complex K*® is acyclic if H'(K*®) = 0 for all i € Z. Moreover, recall
that a morphism of complexes f : K®* — L°® is a quasi-isomorphism if and only if
H(f) is an isomorphism for all i. See Homology, Definition [12.10)

Lemma 11.2. Let A be an abelian category. The full subcategory Ac(A) of K(A)
consisting of acyclic complexes is a strictly full saturated triangulated subcategory
of K(A). The corresponding saturated multiplicative system (see Lemma of
K(A) is the set Qis(A) of quasi-isomorphisms. In particular, the kernel of the
localization functor Q : K(A) — Qis(A)"1K(A) is Ac(A) and the functor H°
factors through Q.

Proof. We know that H® is a homological functor by Lemma m Thus this
lemma is a special case of Lemma [6.11 ]

Definition 11.3. Let A be an abelian category. Let Ac(A) and Qis(A) be as in
Lemma The derived category of A is the triangulated category

D(A) = K(A)/Ac(A) = Qis(A) 'K (A).

We denote H° : D(A) — A the unique functor whose composition with the quotient
functor gives back the functor H® defined above. Using Lemma we introduce
the strictly full saturated triangulated subcategories D*(A), D~ (A), D?(.A) whose
sets of objects are

Ob(DT(A)) = {X € Ob(D(A)) | H*(X) =0 for all n < 0}

Ob(D~(A)) ={X € Ob(D(A)) | H*(X) = 0 for all n>> 0}

Ob(D*(A)) = {X € Ob(D(A)) | H*(X) =0 for all |n| > 0}

The category D®(A) is called the bounded derived category of A.

If K* and L® are complexes of A then we sometimes say “K*® is quasi-isomorphic
to L*” to indicate that K*® and L® are isomorphic objects of D(A).

Remark| 11.4. In this chapter, we consistently work with “small” abelian cate-
gories (as is the convention in the Stacks project). For a “big” abelian category
A, it isn’t clear that the derived category D(A) exists, because it isn’t clear that
morphisms in the derived category are sets. In fact, in general they aren’t, see Ex-
amples, Lemma However, if A is a Grothendieck abelian category, and given
K*,L* in K(A), then by Injectives, Theoremthere exists a quasi-isomorphism
L* — I* to a K-injective complex I'* and Lemma [29.2] shows that

HOHID(_A)(K., L.) = HomK(A)(K', I.)

which is a set. Some examples of Grothendieck abelian categories are the category
of modules over a ring, or more generally the category of sheaves of modules on a
ringed site.

Each of the variants D*(A), D~ (A), D*(A) can be constructed as a localization of
the corresponding homotopy category. This relies on the following simple lemma.

Lemmal 11.5. Let A be an abelian category. Let K® be a complex.
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(1) If HM(K*®) =0 for all n < 0, then there exists a quasi-isomorphism K® —
L*® with L* bounded below.

(2) If H*(K*®) =0 for allm > 0, then there exists a quasi-isomorphism M® —
K* with M*® bounded above.

(3) If H"(K*®) =0 for all |n| > 0, then there exists a commutative diagram of
morphisms of complezes

K*——1L°*

]

M® —— N*
where all the arrows are quasi-isomorphisms, L® bounded below, M*® bounded
above, and N*® a bounded complez.

Proof. Picka < 0 < band set M® = 7<,K*, L* = K*/7<;, K*, and N* = L*/M"°.
See Homology, Section [13| for the truncation functors. (Il

To state the following lemma denote Ac™(A), Ac™ (A), resp. Ac”(A) the intersection
of KT(A), K~(A), resp. K’(A) with Ac(A). Denote QisT(A), Qis™(A), resp.
Qis’(A) the intersection of K+ (A), K~ (A), resp. K*(A) with Qis(A).

Lemma 11.6. Let A be an abelian category. The subcategories AcT(A), Ac™ (A),
resp. Ac’(A) are strictly full saturated triangulated subcategories of K+ (A), K~ (A),
resp. KY(A). The corresponding saturated multiplicative systems (see Lemma
are the sets Qist (A), Qis™ (A), resp. Qis’(A).
(1) The kernel of the functor K*(A) — DY (A) is Act(A) and this induces an
equivalence of triangulated categories

K*(A)/Act(A) = Qist(A) " K+(A) — D (A)

(2) The kernel of the functor K~ (A) — D~ (A) is Ac” (A) and this induces an
equivalence of triangulated categories

K= (A)/Ac™ (A) = Qis™ (A) " K~ (A) — D~ (A)

(3) The kernel of the functor K*(A) — DY(A) is A®(A) and this induces an
equivalence of triangulated categories

KY(A)/Ad(A) = Qis"(A) " K (A) — DY(A)

Proof. The initial statements follow from Lemma [6.11] by considering the restric-
tion of the homological functor HY. The statement on kernels in (1), (2), (3) is
a consequence of the definitions in each case. Each of the functors is essentially
surjective by Lemma [11.5] To finish the proof we have to show the functors are
fully faithful. We first do this for the bounded below version.

Suppose that K°®, L* are bounded above complexes. A morphism between these
in D(A) is of the form s~1f for a pair f : K* — (L')®, s : L* — (L')® where s
is a quasi-isomorphism. This implies that (L')® has cohomology bounded below.
Hence by Lemma we can choose a quasi-isomorphism s’ : (L)* — (L")*
with (L”)* bounded below. Then the pair (s’ o f,s’ o s) defines a morphism in
QisT(A)"'K*(A). Hence the functor is “full”. Finally, suppose that the pair
f:K®*— (L), s: L* — (L')* defines a morphism in Qis™(A)~'K*(A) which is
zero in D(A). This means that there exists a quasi-isomorphism s’ : (L")* — (L")®
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such that s’ o f = 0. Using Lemma once more we obtain a quasi-isomorphism
s (L) — (L") with (L"")* bounded below. Thus we see that s” o s’ o f =0
which implies that s~! f is zero in Qis*(A)~'K*(A). This finishes the proof that
the functor in (1) is an equivalence.

The proof of (2) is dual to the proof of (1). To prove (3) we may use the result of (2).
Hence it suffices to prove that the functor Qis’(A)~1K?(A) — Qis™ (A)" 'K~ (A)
is fully faithful. The argument given in the previous paragraph applies directly to
show this where we consistently work with complexes which are already bounded
above. (]

12. The canonical delta-functor

The derived category should be the receptacle for the universal cohomology functor.
In order to state the result we use the notion of a J-functor from an abelian category
into a triangulated category, see Definition [3.6]

Consider the functor Comp(A) — K (A). This functor is not a §-functor in general.
The easiest way to see this is to consider a nonsplit short exact sequence 0 —
A — B — C — 0 of objects of A. Since Homg4)(C[0], A[1]) = 0 we see that
any distinguished triangle arising from this short exact sequence would look like
(A[0], B[0], CI0], a, b,0). But the existence of such a distinguished triangle in K (.A)
implies that the extension is split. A contradiction.

It turns out that the functor Comp(A) — D(A) is a d-functor. In order to see this
we have to define the morphisms § associated to a short exact sequence

0-sA* 5B bt o
of complexes in the abelian category A. Consider the cone C'(a)® of the morphism
a. We have C(a)” = B" ® A"*! and we define ¢" : C(a)" — C™ via the projection
to B™ followed by ™. Hence a morphism of complexes

q:C(a)* — C°.

It is clear that g o4 = b where i is as in Definition Note that, as a® is injective
in each degree, the kernel of ¢ is identified with the cone of id 4 which is acyclic.
Hence we see that ¢ is a quasi-isomorphism. According to Lemma[9.14] the triangle

(A7 B7 C(CL), a, ia _p)
is a distinguished triangle in K(A). As the localization functor K(A) — D(A) is
exact we see that (A, B,C(a),a,i, —p) is a distinguished triangle in D(A). Since ¢
is a quasi-isomorphism we see that ¢ is an isomorphism in D(A). Hence we deduce
that

(A7 B7 07 a, ba —po q_l)
is a distinguished triangle of D(A). This suggests the following lemma.
Lemma 12.1. Let A be an abelian category. The functor Comp(A) — D(A)

defined has the natural structure of a §-functor, with

Saespesce = —poq

with p and q as explained above. The same construction turns the functors Comp™ (A) —
Dt (A), Comp™ (A) = D~ (A), and Comp’(A) — D°(A) into §-functors.


http://localhost:8080/tag/0152

38 DERIVED CATEGORIES

Proof. We have already seen that this choice leads to a distinguished triangle
whenever given a short exact sequence of complexes. We have to show that given
a commutative diagram

0 A B* . cC* 0
T
00— (4")° #_ (B')* v’ (cne 0
we get the desired commutative diagram of Definition (2). By Lemma

the pair (f,g) induces a canonical morphism ¢ : C(a)®* — C(a’)®. It is a simple
computation to show that ¢’ oc = hogq and f[1] o p = p’ o c. From this the result

follows directly. (I
Lemmal 12.2. Let A be an abelian category. Let

0 A B* c 0

0 D* E* F* 0

be a commutative diagram of morphisms of complexes such that the rows are short
exact sequences of complexes, and the vertical arrows are quasi-isomorphisms. The
d-functor of Lemma[I2.1] above maps the to short exact sequences 0 — A® — B® —
C*—0and 00— D®* — E* — F* — 0 to isomorphic distinguished triangles.

Proof. Trivial from the fact that K(A) — D(A) transforms quasi-isomorphisms
into isomorphisms and that the associated distinguished triangles are functorial. [J

Lemmal 12.3. Let A be an abelian category. Let

0 A* B c* 0
be a short exact sequences of complexes. Assume this short exact sequence is
termuwise split. Let (A®, B®,C*®, «, 3,0) be the distinguished triangle of K(A) asso-
ciated to the sequence. The d-functor of Lemma above maps the short exact

sequences 0 — A®* — B®* — C* — 0 to a triangle isomorphic to the distinguished
triangle

(A.’B.7O.7a7/676)'
Proof. Follows from Lemma [0.14] O

Remark| 12.4. Let A be an abelian category. Let K*® be a complex of A. Let
a € Z. We claim there is a canonical distinguished triangle
TSaK. — K* — TZaJrlK. — (TSaK.)[l]

in D(A). Here we have used the canonical truncation functors 7 from Homology,
Section Namely, we first take the distinguished triangle associated by our -
functor (Lemma [12.1)) to the short exact sequence of complexes

0= 7T<oK®* = K®* = K*/7<, K* = 0

Next, we use that the map K*® — 7>,41K*® factors through a quasi-isomorphism
K®/1<,K®* — T>441K* by the description of cohomology groups in Homology,
Section In a similar way we obtain canonical distinguished triangles

T<aK® = T<q1 K® = HVH (K®)[—a — 1] = (1< K*)[1]
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and
HY(K®)[~a] = 754 K* = 75041 K* — H*(K*)[~a + 1]
Lemmal 12.5. Let A be an abelian category. Let
KS—- K} —...— K},

be maps of complexes such that

(1) Hi(Kg) =0 fori >0,

(2) H(K3) = H7/ (K3, ) is zero.
Then the composition K§ — K? factors through 7<_, K% — K& in D(A).

Proof. The case n = 1. Since 7<gK§ = K in D(A) we can replace K§ by 7<oK{
and K7 by 7<oK7. Consider the distinguished triangle

T< 1K} = K} — H°(K})[0] = (1< K7)[1]

(Remark . The composition K§ — K — HO(K$)[0] is zero as it is equal
to K§ — HY(K$)[0] — HY(K?)[0] which is zero by assumption. The fact that
Homp 4y (K¢, —) is a homological functor (Lemma, allows us to find the desired
factorization. For n = 2 we get a factorization K§j — 7<_1 K] by the case n =1
and we can apply the case n = 1 to the map of complexes 7« _1 K7 — 7<_1 K3 to
get a factorization 7<_; K7 — 7<_2K3. The general case is proved in exactly the
same manner. O

13. Triangulated subcategories of the derived category

Let A be an abelian category. In this section we are going to look for strictly full
saturated triangulated subcategories D’ C D(A) and in the bounded versions.

Here is a simple construction. Let B C A be a weak Serre subcategory, see Homol-
ogy, Section [9] We let D(A) the full subcategory of D(A) whose objects are

Ob(Dp(A)) ={X € Ob(D(A)) | H"(X) is an object of B for all n}
We also define Df(A) = D(A) N Dp(A) and similarly for the other bounded

versions.

Lemmal 13.1. Let A be an abelian category. Let B C A be a weak Serre subcat-
egory. The category Dp(A) is a strictly full saturated triangulated subcategory of
D(A). Similarly for the bounded versions.

Proof. It is clear that Dg(.A) is an additive subcategory preserved under the trans-
lation functors. If X @Y is in Dg(A), then both H"(X) and H"(Y) are kernels
of maps between maps of objects of B as H*(X @Y) = H"(X) ® H*(Y). Hence
both X and Y are in Dg(A). By Lemma it therefore suffices to show that
given a distinguished triangle (X,Y, Z, f,g,h) such that X and Y are in Dg(.A)
then Z is an object of Dg(A). The long exact cohomology sequence and
the definition of a weak Serre subcategory (see Homology, Definition show that
H™(Z) is an object of B for all n. Thus Z is an object of Dg(A). O

An interesting feature of the situation of the lemma is that the functor D(B) —
D(A) factors through a canonical exact functor

(13.1.1) D(B) — D(A)
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After all a complex made from objects of B certainly gives rise to an object of Dg(.A)
and as distinguished triangles in Dp(A) are exactly the distinguished triangles of
D(A) whose vertices are in Dp(A) we see that the functor is exact since D(B) —
D(A) is exact. Similarly we obtain functors D*(B) — D} (A) etc for the bounded
versions. A key question in many cases is whether the displayed functor is an
equivalence.

Now, suppose that B is a Serre subcategory of A. In this case we have the quotient
functor A — A/B, see Homology, Lemma In this case Dp(A) is the kernel of
the functor D(A) — D(A/B). Thus we obtain a canonical functor

D(A)/Dp(A) — D(A/B)
by Lemma [6.8] Similarly for the bounded versions.

Lemma 13.2. Let A be an abelian category. Let B C A be a Serre subcategory.
Then D(A) — D(A/B) is essentially surjective.

Proof. We will use the description of the category .A/B in the proof of Homology,
Lemma Let (X*,d®*) be a complex of A/B. For each i we have an object
Xt of Aand d* = (s, f') where s* : Y* — X? is a morphism of A whose kernel
and cokernel are in B and f?:Y? — X! is an arbitrary morphism of A. Next,
consider the complex

s XYYt 5 Xl layitlg Yyt 5 .

in A with differential given by

0 fz SiJrl
0 0 —idyin
0 0 0

This complex becomes quasi-isomorphic to the complex (X*,d®) in A/B by the
maps

(idxi,s5,0): X' @Y @Y = X°
Calculation omitted. O

Lemma 13.3. Let A be an abelian category. Let B C A be a Serre subcategory.
Suppose that the functor v : A — A/B has a left adjoint u : A/B — A such that
vu =2 id. Then

D(A)/Ds(A) = D(A/B)

and similarly for the bounded versions.

Proof. The functor D(v) : D(A) — D(A/B) is essentially surjective by Lemma
For an object X of D(A) the adjunction mapping cx : uvX — X maps to an
isomorphism in D(A/B) because vuv = v by the assumption that vu = id. Thus in
a distinguished triangle (vvX, X, Z, cx, g, h) the object Z is an object of Dg(A) as
we see by looking at the long exact cohomology sequence. Hence cx is an element of
the multiplicative system used to define the quotient category D(A)/Dg(A). Thus
wX = X in D(A)/Dp(A). For X,Y € Ob(A)) the map

HomD(A)/DB(A)(X7 Y) — HomD(A/B) (’UX, UY)

is bijective because u gives an inverse (by the remarks above). (I


http://localhost:8080/tag/06XL
http://localhost:8080/tag/06XM

DERIVED CATEGORIES 41

14. Filtered derived categories

A reference for this section is [[1I72) I, Chapter V]. Let .4 be an abelian category. In
this section we will define the filtered derived category DF(A) of A. In short, we
will define it as the derived category of the exact category of objects of A endowed
with a finite filtration. (Thus our construction is a special case of a more general
construction of the derived category of an exact category, see for example [Bith10],
[Kel90].) Illusie’s filtered derived category is the full subcategory of ours consisting
of those objects whose filtration is finite. (In our category the filtration is still finite
in each degree, but may not be uniformly bounded.) The rationale for our choice
is that it is not harder and it allows us to apply the discussion to the spectral
sequences of Lemma see also Remark

We will use the notation regarding filtered objects introduced in Homology, Section
The category of filtered objects of A is denoted Fil(A). All filtrations will be
decreasing by fiat.

Definition 14.1. Let A be an abelian category. The category of finite filtered
objects of A is the category of filtered objects (A, F) of A whose filtration F is
finite. We denote it Fil/ (A).

Thus Fil/ (A) is a full subcategory of Fil(A). For each p € Z there is a functor
gr? : Fil/ (A) — A. There is a functor

— P . i1
gr @pez gr? : Fil’ (A) — Gr(A)
where Gr(.A) is the category of graded objects of A, see Homology, Definition m

Finally, there is a functor
(forget F) : Fil/ (4) — A

which associates to the filtered object (A, F) the underlying object of A. The
category Fil’ (A) is an additive category, but not abelian in general, see Homology,
Example

Because the functors gr?, gr, (forget F') are additive they induce exact functors of
triangulated categories
ar?, (forget F) : K(FilY (A)) — K(A) and gr: K(Fil/(4)) - K(Gr(A))

by Lemma By analogy with the case of the homotopy category of an abelian
category we make the following definitions.

Definition 14.2. Let A be an abelian category.
(1) Let o : K* — L* be a morphism of K (Fil/(A)). We say that a is a filtered
quasi-isomorphism if the morphism gr(«) is a quasi-isomorphism.
(2) Let K* be an object of K (Fil’ (A)). We say that K* is filtered acyclic if
the complex gr(K*) is acyclic.

Note that « : K* — L*® is a filtered quasi-isomorphism if and only if each gr?(«) is
a quasi-isomorphism. Similarly a complex K* is filtered acyclic if and only if each
grP(K*®) is acyclic.
Lemmal 14.3. Let A be an abelian category.

(1) The functor K(Fil' (A)) — Gr(A), K* — H°(gr(K*)) is homological.
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(2) The functor K(Fill (A)) — A, K* —s HO(gi?(K*)) is homological.
(3) The functor K(Fil' (A)) — A, K* —s HO((forget F)K*) is homological.

Proof. This follows from the fact that H" : K(A) — A is homological, see Lemma
and the fact that the functors gr, gr?, (forget F') are exact functors of triangu-
lated categories. See Lemma [4.18 ]

Lemma 14.4. Let A be an abelian category. The full subcategory FAc(A) of
K(F il (A)) consisting of filtered acyclic complexes is a strictly full saturated trian-
gulated subcategory of K(F itf (A)). The corresponding saturated multiplicative sys-
tem (see Lemma of K(Fil’ (A)) is the set FQis(A) of filtered quasi-isomorphisms.
In particular, the kernel of the localization functor

Q: K(Fil' (A)) — FQis(A) " K (Fil' (A))
is FAc(A) and the functor H® o gr factors through Q.

Proof. We know that H° o gr is a homological functor by Lemma m Thus this
lemma is a special case of Lemma [6.11 ([l

Definition 14.5. Let A be an abelian category. Let FAc(A) and FQis(A) be as
in Lemma The filtered derived category of A is the triangulated category

DF(A) = K(Fil/ (A))/FAc(A) = FQis(A) 1K (Fil/ (A)).
Lemma 14.6. The functors gi?, gr, (forget F) induce canonical exact functors
gr?, gr, (forget F) : DF(A) — D(A)
which commute with the localization functors.

Proof. This follows from the universal property of localization, see Lemma [5.6
provided we can show that a filtered quasi-isomorphism is turned into a quasi-
isomorphism by each of the functors gr?, gr, (forget F'). This is true by definition
for the first two. For the last one the statement we have to do a little bit of
work. Let f : K* — L*® be a filtered quasi-isomorphism in K (Fil (A)). Choose a
distinguished triangle (K*, L*, M®, f, g,h) which contains f. Then M* is filtered
acyclic, see Lemma Hence by the corresponding lemma for K (.A) it suffices to
show that a filtered acyclic complex is an acyclic complex if we forget the filtration.
This follows from Homology, Lemma (I

Definition 14.7. Let A be an abelian category. The bounded filtered derived
category DFP(A) is the full subcategory of DF(A) with objects those X such that
gr(X) € D°(A). Similarly for the bounded below filtered derived category DF*(A)
and the bounded above filtered derived category DF~(A).

Lemma 14.8. Let A be an abelian category. Let K* € K(Fil’ (A)).

(1) If H"(gr(K*®)) = 0 for alln < a, then there exists a filtered quasi-isomorphism
K*® — L® with L™ =0 for all n < a.

(2) IfH™(gr(K*)) =0 for alln > b, then there exists a filtered quasi-isomorphism
M® — K* with M™ =0 for all n > b.
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(3) If H™(gr(K*®)) = 0 for all |n| > 0, then there exists a commutative diagram
of morphisms of complezes

K*——1L°*

]

M® —— N*

where all the arrows are filtered quasi-isomorphisms, L® bounded below, M*®
bounded above, and N® a bounded complex.

Proof. Suppose that H"(gr(K*)) = 0 for all n < a. By Homology, Lemma [16.15
the sequence

da—l

Ka—l d*—? Ka—l K

is an exact sequence of objects of A and the morphisms d*~2 and d®! are strict.
Hence Coim(d*!) = Im(d*') in Fil/ (A) and the map gr(Im(d*~')) — gr(K%)
is injective with image equal to the image of gr(K*~!) — gr(K*%), see Homology,
Lemma[16.13] This means that the map K*® — 7>,K* into the truncation

oo K® = (.. = 0— K*/Im(d*™") — KT — ..)

is a filtered quasi-isomorphism. This proves (1). The proof of (2) is dual to the
proof of (1). Part (3) follows formally from (1) and (2). O

To state the following lemma denote FAcT(A), FAc™ (A), resp. FAc?(A) the inter-
section of Kt (Fill A), K~ (Fil/ A), resp. K*(Fil/ A) with FAc(A). Denote FQis*(A),
FQis~ (A), resp. FQis®(A) the intersection of K+ (Fil/ A), K~ (Fil’ A), resp. K*(Fil! A)
with FQis(A).

Lemma 14.9. Let A be an abelian category. The subcategories FActT(A), FAc™ (A),
resp. FAC(A) are strictly full saturated triangulated subcategories of K+ (Fil' A),
K_(FilfA), resp. Kb(Filf.A). The corresponding saturated multiplicative systems
(see Lemma are the sets FQis™ (A), FQis™ (A), resp. FQis’(A).

(1) The kernel of the functor K+ (Filf A) — DF*(A) is FAc"(A) and this
induces an equivalence of triangulated categories

K*(Fill A)/FAct (A) = FQist (A) 'K+ (Fill A) — DF*(A)

(2) The kernel of the functor K~ (Filf A) — DF~(A) is FAc (A) and this
induces an equivalence of triangulated categories

K~ (Filf A)JFAc™ (A) = FQis (A) 'K~ (Fill A) — DF~(A)

(3) The kernel of the functor K*(Fil A) — DFY(A) is FAC(A) and this in-
duces an equivalence of triangulated categories

K°(Fill A)/FA(A) = FQis"(A) ' K*(Filf A) — DF®(A)

Proof. This follows from the results above, in particular Lemma [T4.8] by exactly
the same arguments as used in the proof of Lemma [11.6 (]
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15. Derived functors in general

A reference for this section is Deligne’s exposé XVII in [AGVTI]. A very general
notion of right and left derived functors exists where we have an exact functor
between triangulated categories, a multiplicative system in the source category
and we want to find the “correct” extension of the exact functor to the localized
category.

Situation| 15.1. Here ' : D — D’ is an exact functor of triangulated categories
and S is a saturated multiplicative system in D compatible with the structure of
triangulated category on D.

Let X € Ob(D). Recall from Categories, Remark the filtered category X/S of
arrows s : X — X’ in S with source X. Dually, in Categories, Remark [25.12| we
defined the cofiltered category S/X of arrows s: X/ — X in S with target X.
Definition 15.2. Assumptions and notation as in Situation Let X € Ob(D).
(1) we say the right derived functor RF is defined at X if the ind-object
(X/S) — 7D, (s:X—=X')r— F(X')
is essentially constantﬂ; in this case the value Y in D’ is called the value of
RF at X.
(2) we say the left derived functor LF is defined at X if the pro-object
(S/X) —7D, (s:X = X)r— F(X')
is essentially constant; in this case the value Y in D’ is called the value of
LF at X.
By abuse of notation we often denote the values simply RF(X) or LF(X).

It will turn out that the full subcategory of D consisting of objects where RF' is de-
fined is a triangulated subcategory, and RF will define a functor on this subcategory
which transforms morphisms of S into isomorphisms.

Lemmal 15.3. Assumptions and notation as in Situation[15.1] Let f : X — Y be
a morphism of D.

(1) If RF is defined at X and 'Y then there exists a unique morphism RF(f):
RF(X) — RF(Y) between the values such that for any commutative dia-
gram

X HS X/
7
y —y
with s,s" € S the diagram
F(X) ——> F(X') — > RF(X)
FY)——=F(')——= RF(Y)
commautes.

3For a discussion of when an ind-ob ject or pro-object of a category is essentially constant we
refer to Categories, Section
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(2) If LF is defined at X and'Y then there exists a unique morphism LF(f) :
LF(X) — LF(Y) between the values such that for any commutative dia-
gram

X/SHX

o)

Y 2>V
with s,s" in S the diagram

LF(X) —> F(X') —> F(X)

commautes.
Proof. Part (1) holds if we only assume that the colimits

RF(X) = colimg.x_,x' F(X') and RF(Y) = colimy.y vy F(Y")
exist. Namely, to give a morphism RF(X) — RF(Y) between the colimits is the
same thing as giving for each s : X — X’ in Ob(X/S) a morphism F(X') — RF(Y)
compatible with morphisms in the category X/S. To get the morphism we choose
a commutative diagram

X —X

|k

y -V’
with s, in S as is possible by MS2 and we set F(X') — RF(Y) equal to the

composition F(X') — F(Y') — RF(Y). To see that this is independent of the
choice of the diagram above use MS3. Details omitted. The proof of (2) is dual. O

Lemmal 15.4. Assumptions and notation as in Situation|15.1 Let s : X —Y be
an element of S.

(1) RF is defined at X if and only if it is defined at Y. In this case the map
RF(s): RF(X) — RF(Y) between values is an isomorphism.

(2) LF is defined at X if and only if it is defined at Y. In this case the map
LF(s): LF(X) — LF(Y) between values is an isomorphism.

Proof. Omitted. (|

Lemma 15.5. Assumptions and notation as in Situation|15.1. Let X be an object
of D and n € Z.

(1) RF is defined at X if and only if it is defined at X[n]. In this case there is
a canonical isomorphism RF(X)[n] = RF(X|[n]) between values.

(2) LF is defined at X if and only if it is defined at X[n]. In this case there is
a canonical isomorphism LF(X)[n] — LF(X[n]) between values.

Proof. Omitted. O
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Lemma 15.6. Assumptions and notation as in Situation|15.1. Let (X,Y,Z, f,q,h)
be a distinguished triangle of D. If RF is defined at two out of three of X,Y, Z,
then it is defined at the third. Moreover, in this case

(RE(X), RE(Y), RF(Z), RF(f), RF(g), RF(h))
is a distinguished triangle in D’. Similarly for LF.

Proof. Say RF is defined at X,Y with values A, B. Let RF(f) : A — B be
the induced morphism, see Lemma, We may choose a distinguished triangle
(A,B,C,RF(f),b,c) in D'. We claim that C' is a value of RF at Z.

To see this pick s : X — X’ in S such that there exists a morphism «: A — F(X')
as in Categories, Definition We may choose a commutative diagram

XHSX/
fl lf/
y sy

with ¢’ € S by MS2. Using that Y/S is filtered we can (after replacing s’ by some
s 1Y - Y"” in S) assume that there exists a morphism 8 : B — F(Y’) as in
Categories, Definition Picture

A——=FX')——A
RF(f)l J{F(f’) iRF(f)
B-—-FYy)——B

It may not be true that the left square commutes, but the outer and right squares
commute. The assumption that the ind-object {F(Y”')}s.yv'—y is essentially con-
stant means that there exists a s : Y — Y” in S and a morphism h : Y’ — Y
such that s” = h o s’ and such that F(h) equal to F(Y') - B — F(Y') = F(Y").
Hence after replacing Y’ by Y and 8 by F(h) o 8 the diagram will commute (by
direct computation with arrows).

Using MS6 choose a morphism of triangles
(s,8,8")  (X,Y,Z, f,g,h) — (X, Y'.Z' ', g', 1)
with s” € S. By TR3 choose a morphism of triangles
(o, 8,7) : (A, B,C, RF(f),b,c) — (F(X'), FY"), F(Z'), F(f'), F(g"), F (i)
By Lemma it suffices to prove that RF(Z') is defined and has value C'. Consider
the category Z of Lemma of triangles
T={t,¢"): (X, Y ,Z f,¢,0)—= (X" YY" Z" ' ¢ h)| (1t ) e S}

To show that the system F(Z”) is essentially constant over the category Z'/S
is equivalent to showing that the system of F(Z") is essentially constant over 7
because Z — Z'/S is cofinal, see Categories, Lemma (cofinality is proven in


http://localhost:8080/tag/05SC

DERIVED CATEGORIES 47

Lemma. For any object W in D’ we consider the diagram

colimz MOI‘D/ (VV, F(X”)) <~ MOI‘D/ (W, A)

colimz Morp: (W, F(Y")) =<——— Morp/ (W, B)

colimz Morp: (W, F(Z")) =<——— Morp/ (W, C)

colimz Morp: (W, F(X"[1])) =<—— Morp/ (W, A[1])

colimz Morp: (W, F(Y"[1])) =<—— Morp/ (W, B[1])

where the horizontal arrows are given by composing with («, 3,7). Since filtered
colimits are exact (Algebra, Lemma[8.9) the left column is an exact sequence. Thus
the 5 lemma (Homology, Lemma [5.20) tells us the

COliHlI MOI‘D/ (VV, F(ZH)) — MOTD/ (VV, C)

is bijective. Choose an object (¢,¢',¢") : (X', Y, Z") — (X", Y",Z") of T. Applying
what we just showed to W = F'(Z") and the element idp(x of the colimit we find
a unique morphism ¢ x» y» ziy : F(Z") — C such that for some (X", Y", Z") —
(X/// Y/// Z//) IH I ’ ’

C(X” Y,z

F(Z") C L F(Z)— F(2") = F(Z") equals F(Z") — F(Z")

The family of morphisms ¢ x~ y«, z+) form an element ¢ of limz Morp (F/(Z"), C)
by uniquness (computation omitted). Finally, we show that colimz F/(Z") = C via
the morphisms c¢(x» y» z+) which will finish the proof by Categories, Lemma [22.6]
Namely, let W be an object of D" and let d(x y ziy : F(Z") = W be a family of
maps corresponding to an element of limz Morp: (F/(Z"), W). If d(x+ y/ z1yoy =0,
then for every object (X”,Y",Z") of T the morphism d(x~ yn z is zero by the
existence of ¢(x» yr z+) and the morphism (X", Y", Z") — (X", Y",Z") in T
satisfying the displayed equality above. Hence the map

limz MOI"D/(F(ZH), W) — MOI"D/(C, W)

(coming from precomposing by ) is injective. However, it is also surjective because
the element c gives a left inverse. We conclude that C is the colimit by Categories,

Remark [14.4] O
Lemma 15.7. Assumptions and notation as in Situation|[15.1] Let X,Y be objects
of D.

(1) If RF is defined at X and Y, then RF is defined at X @Y.
(2) If D' is Karoubian and RF is defined at X @Y, then RF is defined at both
X and Y.

In either case we have RF(X @Y ) = RF(X) ® RF(Y). Similarly for LF.


http://localhost:8080/tag/05SD

48 DERIVED CATEGORIES

Proof. If RF is defined at X and Y, then the distinguished triangle X — X&@Y —
Y — X[1] (Lemma[4.10) and Lemma [15.6] shows that RF is defined at X &Y and
that we have have a distinguished triangle RF(X) - RF(X ®Y) — RF(Y) —
RF(X)[1]. Applying Lemma to this once more we find that RF(X ¢Y) =
RF(X)@® RF(Y). This proves (1) and the final assertion.

Conversely, assume that RF is defined at X &Y and that D’ is Karoubian. Since
S is a saturated system S is the set of arrows which become invertible under the
additive localization functor Q : D — S~!D, see Categories, Lemma Thus
forany s: X - X' and s : Y — Y’ in S the morphism s ® s’ : X &Y - X' Y’
is an element of S. In this way we obtain a functor

X/SxY/S — (X®Y)/S

Recall that the categories X/S,Y/S,(X @Y)/S are filtered (Categories, Remark
. By Categories, Lemma X/S x Y/S is filtered and Fl|x,s : X/S — D’
(resp. Gly/s : Y/S — D’) is essentially constant if and only if F|x/g o pry : X/S x
Y/S — D’ (resp. G|y;s opry : X/S xY/S — D’') is essentially constant. Below we
will show that the displayed functor is cofinal, hence by Categories, Lemma [22.8
we see that F|(xgy)/s is essentially constant implies that F'|x,gopr; @ F|y,;sopry :
X/S xY/S — D’ is essentially constant. By Homology, Lemma (and this is
where we use that D’ is Karoubian) we see that F'|x,g o pry @ F|y,g o pry being
essentially constant implies F'|x/g o pr; and Fl|y/g o pry are essentially constant
proving that RF is defined at X and Y.

Proof that the displayed functor is cofinal. To do this pick any t: X®Y — Zin S.
Using MS2 we can find morphisms Z -+ X', Z - Y ands: X - X', s : Y =Y’
in S such that

X~—XopY —Y

X’ Z Y’

commutes. This proves there is a map Z — X' @Y’ in (X ¢Y)/S, ie., we get
part (1) of Categories, Definition To prove part (2) it suffices to prove that
givent: X @Y — Z and morphisms s; ®s,: Z - X/ @Y/, i=1,2in (X ®Y)/S
we can find morphisms a : X{ - X', b: X) - X', c: Y =Y, d: Y] - Y
in S such that aos; = boss and cos) = dosh. To do this we first choose any
X’ and Y’ and maps a,b,c,d in S; this is possible as X/S and Y/S are filtered.
Then the two maps a o s1,b0 sy : Z — X' become equal in S~'D. Hence we can
find a morphism X’ — X’ in S equalizing them. Similarly we find Y/ — Y” in S
equalizing co s} and dos). Replacing X’ by X" and Y’ by Y we get aos; = bosy
and cos] =dos).

The proof of the corresponding statements for LF are dual. O

Proposition| 15.8. Assumptions and notation as in Situation [15.1. The full sub-
category € of D consisting of objects at which RF is defined is a strictly full trian-
gulated subcategory of D. Choosing values using the axiom of choice gives rise to
an ezxact functor

RF:& —TD
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of triangulated categories. FElements of S with either source or target in £ are
morphisms of £. Any element of S¢ = Arrows(E) NS is transformed into an
isomorphism by RE. Hence an exact functor

RF:S;'€ —D.

If D' is Karoubian, then £ is a saturated triangulated subcategory of D. A similar
result holds for LF.

Proof This is just a summary of the results obtained in Lemmas [15.3] [15.4] -

6 and (157

Definition 15.9. In Situation We say F' is right deriveable, or that RF
everywhere defined if RF is defined at every object of D. We say F is left deriveable,
or that LF' everywhere defined if LF is defined at every object of D.

In this case we obtain a right (resp. left) derived functor
(15.9.1) RF:S™'D — D', (resp. LF: S 'D — D),

see Proposition [I5.8] In most interesting situations it is not the case that RF o Q
is equal to F. In fact, it might happen that the canonical map F(X) — RF(X)
is never an isomorphism. In practice this does not happen, because in practice we
only know how to prove F' is right deriveable by showing that RF can be computed
by evaluating F' at judiciously chosen objects of the triangulated category D. This
warrants a definition.

Definition' 15.10. In Situation [5.11
(1) An object X of D computes RF if RF is defined at X and the canonical
map F(X) — RF(X) is an isomorphism.
(2) An object X of D computes LF if LF is defined at X and the canonical
map LF(X) — F(X) is an isomorphism.
Lemma 15.11. Assumptions and notation as in Situation|15.1. Let X be an object
of D andn € Z.

(1) X computes RF if and only if X[n] computes RF.
(2) X computes LF if and only if X[n] computes LF.

Proof. Omitted. O

Lemma 15.12. Assumptions and notation as in Situation|15.1. Let (X,Y,Z, f,g,h)
be a distinguished triangle of D. If X,Y compute RF then so does Z. Similar for
LF.

Proof. By Lemma [15.6| we know that RF is defined at Z and that RF applied
to the triangle produces a distinguished triangle. Consider the morphism of distin-
guished triangles

(F(X), F(Y), F(2),F(f), F(g), F(h))

(RF(X),RF(Y),RF(Z),RF(f),RF(g), RF(h))

Two out of three maps are isomorphisms, hence so is the third. (I
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Lemma 15.13. Assumptions and notation as in Situation[I5.1l Let X,Y be objects
of D. If X @Y computes RF', then X and Y compute RF. Similarly for LF.

Proof. If X &Y computes RF, then RF(X®Y) = F(X)® F(Y). In the proof of
Lemma[15.7 we have seen that the functor X/SxY/S — (X®Y)/S, (s,5') + s®s’
is cofinal. We will use this without further mention. Let s : X — X’ be an element
of S. Then F(X) — F(X’) has a section, namely,

FX'Y>FX' ®Y)—>RF(X'@Y)=RF(XaY)=FX)® F()— F(X).

where we have used Lemma [15.4] Hence F(X’) = F(X) & E for some object E of
D’ such that E — F(X'®Y) - RF(X'®Y) = RF(X ®Y) is zero (Lemma [4.11]).
Because RF is defined at X' @Y with value F(X) @ F(Y) we can find a morphism
t: X' ®Y — Z of S such that F(t) annihilates E. We may assume Z = X" @ Y"”
and ¢ =t/ @t with ¢/,¢” € S. Then F(¢') annihilates E. It follows that F is
essentially constant on X/S with value F(X) as desired. O

Lemma 15.14. Assumptions and notation as in Situation |15.1]

(1) If for every object X € Ob(D) there exists an arrow s : X — X' in S such
that X' computes RF, then RF is everywhere defined.

(2) If for every object X € Ob(D) there exists an arrow s : X' — X in S such
that X' computes LF, then LF is everywhere defined.

Proof. This is clear from the definitions. O

Lemma 15.15. Assumptions and notation as in Situation [I5.1 If there exists a
subset T C Ob(D) such that

(1) for all X € Ob(D) there exists s : X — X' in S with X' € I, and
(2) for every arrow s : X — X' in S with X, X' € T the map F(s) : F(X) —
F(X') is an isomorphism,
then RF is everywhere defined and every X € T computes RF. Dually, if there
exists a subset P C Ob(D) such that

(1) for all X € Ob(D) there exists s : X' — X in S with X' € P, and
(2) for every arrow s : X — X' in S with X, X' € P the map F(s) : F(X) —
F(X') is an isomorphism,

then LE is everywhere defined and every X € P computes LF .

Proof. Let X be an object of D. Assumption (1) implies that the arrows s : X —
X’ in S with X’ € 7 are cofinal in the category X/S. Assumption (2) implies that
F is constant on this cofinal subcategory. Clearly this implies that F : (X/S) — D’
is essentially constant with value FI(X’) for any s : X — X' in S with X’ € Z. O

Lemma 15.16. Let A, B,C be triangulated categories. Let S, resp. S be a saturated
multiplicative system in A, resp. B compatible with the triangulated structure. Let
F:A— Band G: B — C be exact functors. Denote F' : A — (S")71B the
composition of F with the localization functor.

(1) If RF', RG, R(G o F) are everywhere defined, then there is a canonical
transformation of functorst: R(G o F) — RG o RF".

(2) If LF', LG, L(G o F) are everywhere defined, then there is a canonical
transformation of functorst: LGo LF' — L(Go F).
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Proof. In this proof we try to be careful. Hence let us think of the derived functors
as the functors

RF':S7'A— (8)™'B, R(GoF):S'A—C, RG:(S)'B-cC.
Let us denote Q4 : A — S~ A and Qp : B — (S') !B the localization functors.
Then F' = Qp o F. Note that for every object Y of B there is a canonical map

G(Y) — RG(QB(Y))

in other words, there is a transformation of functors ' : G — RG o Q. Let X be
an object of A. We have

R(G o F)(QA(X)) = COhms:X—>X’ES G(F(X/))

Yy colimy.x s xres RG(Qp(F(X)))
= colimg. x ,x7es RG(F'(X"))
= RG(colimg.x_ xes F'(X"))
= RG(RF'(X)).
The system F’(X’) is essentially constant in the category (S’)~'B. Hence we may
pull the colimit inside the functor RG in the third equality of the diagram above,

see Categories, Lemma and its proof. We omit the proof this this defines a
transformation of functors. The case of left derived functors is similar. O

16. Derived functors on derived categories

In practice derived functors come about most often when given an additive functor
between abelian categories.

Situation| 16.1. Here F': A — B is an additive functor between abelian categories.
This induces exact functors

F:K(A) — K(B), KT(A) —K"B), K (A — K (B).

We also denote F' the composition K (A) — D(B), K*(A) — D*(B), and K~ (A) —
D~ (B) of F with the localization functor K(B) — D(B), etc. This situation leads
to four derived functors we will consider in the following.
(1) The right derived functor of F' : K(A) — D(B) relative to the multiplicative
system Qis(A).
(2) The right derived functor of F : KT (A) — DT (B) relative to the multi-
plicative system Qis™ (A).
(3) The left derived functor of F : K(A) — D(B) relative to the multiplicative
system Qis(A).
(4) The left derived functor of F': K~ (A) — D~ (B) relative to the multiplica-
tive system Qis™ (A).
Each of these cases is an example of Situation [I5.1

Some of the ambiguity that may arise is alleviated by the following.

Lemmal 16.2. In Situation [16.1l

(1) Let X be an object of KT (A). The right derived functor of K(A) — D(B)
is defined at X if and only if the right derived functor of K™ (A) — D (B)
1s defined at X. Moreover, the values are canonically isomorphic.
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(2) Let X be an object of K¥(A). Then X computes the right derived functor
of K(A) — D(B) if and only if X computes the right derived functor of
K*(A) — D™ (B).
(3) Let X be an object of K~ (A). The left derived functor of K(A) — D(B)
is defined at X if and only if the left derived functor of K~ (A) — D~ (B)
is defined at X. Moreover, the values are canonically isomorphic.
(4) Let X be an object of K—(A). Then X computes the left derived functor
of K(A) — D(B) if and only if X computes the left derived functor of
K= (A) = D~ (B).
Proof. Let X be an object of KT (A). Consider a quasi-isomorphism s : X — X’ in
K(A). By Lemma[I1.5| there exists quasi-isomorphism X’ — X" with X" bounded
below. Hence we see that X/Qis"(A) is cofinal in X/Qis(A). Thus it is clear that
(1) holds. Part (2) follows directly from part (1). Parts (3) and (4) are dual to
parts (1) and (2). O

Given an object A of an abelian category A we get a complex
A0l=(.. 2 0—=>A—=0—..)

where A is placed in degree zero. Hence a functor A — K(A), A — A[0]. Let us
temporarily say that a partial functor is one that is defined on a subcategory.

Definitionl 16.3. In Situation 6.1

(1) The right derived functors of F are the partial functors RF associated to
cases (1) and (2) of Situation [16.1]

(2) The left derived functors of F are the partial functors LF' associated to
cases (3) and (4) of Situation [16.1]

(3) An object A of A is said to be right acyclic for F, or acyclic for RF if A[0]
computes RF.

(4) An object A of A is said to be left acyclic for F, or acyclic for LF if A[0]
computes RF.

The following few lemmas give some criteria for the existence of enough acyclics.
Lemma 16.4. Let A be an abelian category. Let T C Ob(A) be a subset containing
0 such that every object of A is a subobject of an element of Z. Let a € Z.
(1) Given K*® with K™ = 0 forn < a there exists a quasi-isomorphism K® — I*
with K™ — I™ injective and I™ € T for allm and I =0 forn < a,
(2) Given K*® with H"(K®) = 0 for n < a there exists a quasi-isomorphism
K®* = I° withI" €T and I =0 forn < a.
Proof. Proof of part (1). Consider the following induction hypothesis I H,,: There
are I’ € T, j < n almost all zero, maps d’ : I7 — I’T! for j < n and injective maps
o’ : KV — [ for j < n such that the diagram

ii— K"l s K s Kl o
In—l n

is commutative, such that d/ o d’~! = 0 for j < n and such that « induces isomor-
phisms H7(K*®) — Ker(d’)/Im(d’~1) for j < n. Note that this implies

(16.4.1) a(Im(di 1) € a(Ker(dy)) NIm(d™ ™) € a(K™) NIm(d™ ™).
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If these inclusions are not equalities, then choose an injection
I"e K"/Im(dy; ') — 1

with I € Z. Denote o : K™ — I the map obtained by composing a®1: K™ — I"®
K”/Im(d’f{l) with the displayed injection. Denote d’ : I"~! — I the composition
I"™1 — I™ — T of d"~! by the inclusion of the first summand. Then o/(K™) N
Im(d') = o'(Im(d% ")) simply because the intersection of o/(K™) with the first
summand of I" @ K"/Im(d% ') is equal to o/ (Im(d% !)). Hence, after replacing
I" by I, a by o and d*~! by d’ we may assume that we have equality in Equation
. Once this is the case consider the solid diagram

K" /Ker(d}) ———= K+l

|

\
I"/(Im(d" 1) + a(Ker(d%))) > M

The horizontal arrow is injective by fiat and the vertical arrow is injective as we have
equality in . Hence the push-out M of this diagram contains both K"t!
and I"/(Im(d"~1) + a(Ker(d?))) as subobjects. Choose an injection M — ["*!
with I"*! € Z. By construction we get d”® : I" — I™*! and an injective map
antl . Kntl 5 7+l The equality in Equation and the construction of
d" guarantee that a : H"(K®) — Ker(d™)/Im(d"~!) is an isomorphism. In other
words I H,, 41 holds.

We finish the proof of by the following observations. First we note that I H,, is true
for n = a since we can just take I/ = 0 for j < a and K% — I an injection of
K% into an element of Z. Next, we note that in the proof of IH,, = [H, 11 we
only modified the object I™, the map d”~! and the map a”. Hence we see that
proceeding by induction we produce a complex I® with I™ = 0 for n < a consisting
of objects from Z, and a termwise injective quasi-isomorphism « : K®* — I°® as
desired.

Proof of part (2). The assumption implies that the morphism K°® — 75,K° (Ho-
mology, Section is a quasi-isomorphism. Apply part (1) to find 75,K°® — I°.
The composition K® — I*® is the desired quasi-isomorphism. O

Lemma 16.5. Let A be an abelian category. Let P C Ob(A) be a subset containing
0 such that every object of A is a quotient of an element of P. Let a € Z.

(1) Given K* with K™ =0 for n > a there exists a quasi-isomorphism P® —
K*® with P" € P and P" — K™ surjective for all n and P" =0 for n > a.

(2) Given K*® with H"(K®) = 0 for n > a there exists a quasi-isomorphism
P* — K*® with P* € P for alln and P™ =0 forn > a.

Proof. This lemma is dual to Lemma [[6.4l O
Lemma 16.6. In Situation [16.1, Let T C Ob(A) be a subset with the following

properties:

(1) every object of A is a subobject of an element of T,
(2) for any short exact sequence 0 - P — @ — R — 0 of A with P,Q € T,
then R€Z, and 0 — F(P) — F(Q) = F(R) — 0 is ezact.

Then every object of T is acyclic for RF.
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Proof. We may add 0 to Z if necessary. Pick A € Z. Let A[0] - K*® be a
quasi-isomorphism with K*® bounded below. Then we can find a quasi-isomorphism
K* — I* with I* bounded below and each I™ € Z, see Lemma [16.4. Hence we
see that these resolutions are cofinal in the category A[0]/Qis*(A). To finish the
proof it therefore suffices to show that for any quasi-isomorphism A[0] — I°® with
I* bounded above and I"™ € 7 we have F(A)[0] — F(I°®) is a quasi-isomorphism.
To see this suppose that I = 0 for n < ng. Of course we may assume that ng < 0.
Starting with n = ng we prove inductively that Im(d"~!) = Ker(d") and Im(d 1)
are elements of Z using property (2) and the exact sequences

0 — Ker(d") — I" — Im(d"™) — 0.
Moreover, property (2) also guarantees that the complex
0— F(I™) — F(I™™) - ... > FI ') = F(Im(d™')) =0

is exact. The exact sequence 0 — Im(d~') — I° — I°/Im(d~!) — 0 implies that
I9/Im(d=!) is an element of Z. The exact sequence 0 — A — I°/Im(d~') —
Im(d®) — 0 then implies that Im(d°) = Ker(d') is an elements of Z and from then
on one continues as before to show that Im(d"~!) = Ker(d") is an element of Z for
all n > 0. Applying F' to each of the short exact sequences mentioned above and
using (2) we observe that F'(A)[0] — F(I*) is an isomorphism as desired. O

Lemma 16.7. In Situation |16.1, Let P C Ob(A) be a subset with the following
properties:

(1) every object of A is a quotient of an element of P,
(2) for any short exact sequence 0 —» P — @ — R — 0 of A with Q,R € P,
then P € P, and 0 — F(P) — F(Q) — F(R) — 0 is ezact.

Then every object of P is acyclic for LF.
Proof. Dual to the proof of Lemma [16.6 g

Proposition 16.8. In Situation |16.1]

(1) If every object of A injects into an object acyclic for RF, then RF is defined
on all of K*(A) and we obtain an exact functor

RF : DT(B) — D' (A)

see . Moreover, any bounded below compler K® whose terms are
acyclic for RF computes RF.

(2) If every object of A is quotient of an object acyclic for LF, then LF is
defined on all of K~ (A) and we obtain an exact functor

LF : D=(B) — D~ (A)

see (15.9.1). Moreover, any bounded above compler K® whose terms are
acyclic for LF computes LF'.

Proof. Suppose every object of A injects into an object acyclic for REF. Let T
be the set of objects acyclic for RF. Let K*® be a bounded below complex with
K™ € 7. By Lemma the quasi-isomorphisms a : K* — I* with I*®* bounded
below and I™ € T are cofinal in the category K*/Qis™ (A). Hence in order to show
that K*® computes RF it suffices to show that F'(K*®) — F(I®) is an isomorphism.
Note that C(«)® is an acyclic bounded below complex all of whose terms are in 7.
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Hence it suffices to show: given an acyclic bounded below complex I°® all of whose
terms are in Z the complex F'(I*) is acyclic.

Say I = 0 for n < ng. Then we break I°® into short exact sequences 0 —
Im(d") — I""' — Im(d"*') — 0 for n > ng. These sequences induce dis-
tinguished triangles (Im(d"), 1"+, Im(d"*1)) by Lemma [12.1} This implies in-
ductively that each Im(d"™) is acyclic for RF by Lemma [15.12] Moreover, the
long exact cohomology sequences associated to the distinguished triangles
(F(Im(d™)), F(I™™), F(Im(d™*1))) of D™ (B) imply that

0 — F(Im(d")) — F(I"™") — F(Im(d"™*)) — 0
is short exact, and this in turn proves that F(I®) is exact.

Finally, since by Lemma every object of K (A) is quasi-isomorphic to such a
bounded below complex with terms in Z we see that RF is everywhere defined, see
Lemma [I5.14] The proof in the case of LF is dual. O

17. Higher derived functors
The following simple lemma shows that right derived functors “move to the right”.

Lemmal 17.1. Let F : A — B be an additive functor between abelian categories.
Let K®* € KT (A) and a € Z.
(1) IfHY(K®) =0 for alli < a and RF is defined at K*, then H'(RF(K®)) =0
for alli < a.
(2) If RF is defined at K* and 17<,K*, then H'(RF (1<,K*)) = H'(RF(K*))
for alli < a.

Proof. Assume K* satisfies the assumptions of (1). Let K* — L® be any quasi-
isomorphism. Then it is also true that K*® — 7>,L* is a quasi-isomorphism by our
assumption on K°®. Hence in the category K*/Qist(A) the quasi-isomorphisms
s : K®* — L®* with L™ = 0 for n < a are cofinal. Thus RF is the value of the
essentially constant ind-object F(L®) for these s it follows that H(RF(K*®)) = 0
for i < 0.

To prove (2) we use the distinguished triangle
T<aK® = K* = 75011 K* = (1<, K*)[1]
of Remark [12.4] to conclude via Lemma [T5.6] that RF is defined at 75,41/ as well
and that we have a distinguished triangle
RF(1<,K®) = RF(K®) = RF(T5q+1K®) = RF(17<,K*)[1]

in D(B). By part (1) we see that RF(T>4+1K*) has vanishing cohomology in
degrees < a+ 1. The long exact cohomology sequence of this distinguished triangle
then shows what we want. (]

Definition 17.2. Let F': A — B be an additive functor between abelian categories.
Assume RF : DT (A) — DT (B) is everywhere defined. Let i € Z. The ith right
derived functor R'F of F is the functor

R'F=H'oRF:A—B

The following lemma shows that it really does not make a lot of sense to take the
right derived functor unless the functor is left exact.
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Lemmal 17.3. Let F' : A — B be an additive functor between abelian categories
and assume RF : DY (A) — DT (B) is everywhere defined.

(1) We have R'F =0 fori <0,

(2) ROF is left exact,

(3) the map F — RCF is an isomorphism if and only if F is left exact.

Proof. Let A be an object of A. Let A[0] — K* be any quasi-isomorphism. Then
it is also true that A[0] — 750K *® is a quasi-isomorphism. Hence in the category
A[0]/Qis™ (A) the quasi-isomorphisms s : A[0] — K*® with K™ = 0 for n < 0 are
cofinal. Thus it is clear that H'(RF(A[0])) = 0 for i < 0. Moreover, for such an s
the sequence

0+ A—K°— K!
is exact. Hence if F' is left exact, then 0 — F(A) — F(K°) — F(K") is exact as

well, and we see that F(A) — HY(F(K*®)) is an isomorphism for every s : A[0] —
K* as above which implies that HY(RF(A[0])) = F(A).

Let 0 > A - B — C — 0 be a short exact sequence of A. By Lemma [12.1] we
obtain a distinguished triangle (A[0], B[0],C[0],a,b,c) in K*(A). From the long
exact cohomology sequence (and the vanishing for ¢ < 0 proved above) we deduce
that 0 — R°F(A) — R°F(B) — R°F(C) is exact. Hence ROF is left exact. Of
course this also proves that if ' — RCF is an isomorphism, then F is left exact. [

Lemmal 17.4. Let F' : A — B be an additive functor between abelian categories
and assume RF : DVY(A) — DT (B) is everywhere defined. Let A be an object of A.
(1) A is right acyclic for F if and only if F(A) — RVF(A) is an isomorphism
and R'F(A) =0 for all i > 0,
(2) if F is left exact, then A is right acyclic for F if and only if R'F(A) = 0
for all i > 0.

Proof. If A is right acyclic for F, then RF(A[0]) = F(A)[0] and in particular
F(A) — R°F(A) is an isomorphism and R‘F(A) = 0 for i # 0. Conversely, if
F(A) — R°F(A) is an isomorphism and R'F(A) = 0 for all i > 0 then F(A[0]) —
RF(A]0]) is a quasi-isomorphism by Lemma part (1) and hence A is acyclic.
If F is left exact then F = R°F, see Lemma O

Lemmal 17.5. Let F': A — B be a left exact functor between abelian categories and
assume REF : DY(A) — DT (B) is everywhere defined. Let0 - A — B — C — 0
be a short exact sequence of A.

(1) If A and C are right acyclic for F then so is B.

(2) If A and B are right acyclic for F then so is C.

(3) If B and C are right acyclic for F' and F(B) — F(C) is surjective then A

is right acyclic for F.
In each of the three cases
0—F(A) - F(B)—F(C)—0

is a short exact sequence of B.
Proof. By Lemma we obtain a distinguished triangle (A[0], B[0], C[0], a, b, c)
in KT(A). As RF is an exact functor and since R°F = 0 for i < 0 and R°F = F
(Lemma [17.3]) we obtain an exact cohomology sequence

0— F(A) —» F(B) —» F(C) — R'F(A) — ...
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in the abelian category B. Thus the lemma follows from the characterization of
acyclic objects in Lemma [17.4] (]

Lemmal 17.6. Let F' : A — B be an additive functor between abelian categories
and assume RF : DY (A) — DT (B) is everywhere defined.

(1) The functors R'F, i > 0 come equipped with a canonical structure of a
d-functor from A — B, see Homology, Definition [11.1].

(2) If every object of A is a subobject of a right acyclic object for F, then
{R'F, 6};>0 is a universal §-functor, see Homology, Definition .

Proof. The functor A — Comp™ (A) A + A[0] is exact. The functor Comp™(A) —
DT (A) is a §-functor, see Lemma The functor RF : DY (A) — D1 (B) is ex-
act. Finally, the functor HO: D+(B) — B is a homological functor, see Definition
Hence we get the structure of a d-functor from Lemma [£:20| and Lemma [4.19}
Part (2) follows from Homology, Lemma and the description of acyclics in
Lemma [[7.4 O

Lemma 17.7 (Leray’s acyclicity lemma). Let F' : A — B be an additive functor be-
tween abelian categories and assume REF : DT (A) — D1 (B) is everywhere defined.
Let A® be a bounded below complex of F-acyclic objects. The canonical map

F(A®) — RF(A*)
is an isomorphism in DT (B), i.e., A® computes RF.

Proof. First we claim the lemma holds for a bounded complex of acyclic objects.
Namely, it holds for complexes with at most one nonzero object by definition.
Suppose that A® is a complex with A™ = 0 for n & [a,b]. Using the “stupid”
truncations we obtain a termwise split short exact sequence of complexes

0= 05¢41A4° = A®* = 0<,A* =0

see Homology, Section Thus a distinguished triangle (0>4414°%, A%, 0<,A®). By
induction hypothesis the two outer complexes compute RF. Then the middle one

does too by Lemma [15.12

Suppose that A® is a bounded below complex of acyclic objects. To show that
F(A) — RF(A) is an isomorphism in DT (B) it suffices to show that H*(F(A)) —
HY(RF(A)) is an isomorphism for all 4. Pick i. Consider the termwise split short
exact sequence of complexes

0= 05i42A° > A®* - 0<;11A° — 0.
Note that this induces a termwise split short exact sequence
0— 0>i42F(A%) — F(A®) = o<, 1 F(A®) — 0.
Hence we get distinguished triangles

(0>i+2A4%, A%, 0<;41A4°)

(0201 F(A®), F(A%), 0, F(A*))
(RF(030:14%), RF(A*), RF(0.24A%))
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Using the last two we obtain a map of exact sequences

H'(05i42F(A®%)) —— H'(F(A®)) — H'(0<i11F(A®)) — H't (0512 F(A*))

| | lﬂ |
RiF(CTZH_QA.) —— RZF(A.) —_— RiF(O'SH_lA.) —_— RiJrlF(O'ZH_QA.)

By the results of the first paragraph the map ( is an isomorphism. By inspection
the objects on the upper left and the upper right are zero. Hence to finish the proof
we have to show that R'F(0>;124°) = 0 and R ' F(0>;42A4%) = 0. This follows
immediately from Lemma [17.1 g

Lemmal 17.8. Let F': A — B be an exact functor of abelian categories. Then

1) every object of A is right acyclic for F,

2) RF : D" (A) — D" (A) is everywhere defined,

3) RF : D(A) — D(A) is everywhere defined,

4) every complex computes RF', in other words, the canonical map F(K®) —

RF(K?*) is an isomorphism for all complexes, and
(5) R'F =0 fori#0.

Proof. This is true because F transforms acyclic complexes into acyclic complexes
and quasi-isomorphisms into quasi-isomorphisms. Details omitted. [

(
(
(
(

18. Injective resolutions

In this section we prove some lemmas regarding the existence of injective resolutions
in abelian categories having enough injectives.

Definition 18.1. Let A be an abelian category. Let A € Ob(A). An injective
resolution of A is a complex I*® together with a map A — IV such that:

(1) We have I =0 for n < 0.

(2) Each I™ is an injective object of A.

(3) The map A — I° is an isomorphism onto Ker(d®).

(4) We have H'(I*) = 0 for i > 0.
Hence A[0] — I® is a quasi-isomorphism. In other words the complex

= 0= AT ST

is acyclic. Let K*® be a complex in A. An injective resolution of K*® is a complex
I°® together with a map a : K* — I*® of complexes such that

(1) We have I™ =0 for n < 0, i.e., I* is bounded below.
(2) Each I™ is an injective object of A.
(3) The map «: K* — I* is a quasi-isomorphism.

In other words an injective resolution K*® — I°® gives rise to a diagram
...H‘KnilﬁKnHKrrle...

Lo

I 1 " In +1

which induces an isomorphism on cohomology objects in each degree. An injective
resolution of an object A of A is almost the same thing as an injective resolution
of the complex A[0].
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Lemmal 18.2. Let A be an abelian category. Let K* be a complex of A.

(1) If K* has an injective resolution then H"(K*®) =0 for n < 0.
(2) If H*(K®) = 0 for all n < 0 then there exists a quasi-isomorphism K® —
L® with L® bounded below.

Proof. Omitted. For the second statement use L® = 7>, K* for some n < 0. See
Homology, Section [13] for the definition of the truncation 7>,,. [l

Lemmal 18.3. Let A be an abelian category. Assume A has enough injectives.

(1) Any object of A has an injective resolution.
(2) If H*(K*) =0 for all n < 0 then K*® has an injective resolution.
(3) If K* is a complex with K™ = 0 for n < a, then there exists an injective
resolution o : K® — I*® with I™ = 0 for n < a such that each o™ : K™ — I"
18 1njective.
Proof. Proof of (1). First choose an injection A — I° of A into an injective object
of A. Next, choose an injection Iy/A — I' into an injective object of .A. Denote
d® the induced map I° — I'. Next, choose an injection I'/Im(d") — I? into an
injective object of A. Denote d' the induced map I' — I?. And so on. By Lemma
18.2 part (2) follows from part (3). Part (3) is a special case of Lemma[16.4 O

Lemmal 18.4. Let A be an abelian category. Let K® be an acyclic complex. Let
I1° be bounded below and consisting of injective objects. Any morphism K® — I® is
homotopic to zero.

Proof. Let o : K* — I® be a morphism of complexes. Assume that o/ = 0 for
j < n. We will show that there exists a morphism h : K"t! — I™ such that
a™ = hod. Thus a will be homotopic to the morphism of complexes 3 defined by

| 0 if  j<n
B =Sa"™ —doh if j=n+1
o if j>n+l

This will clearly prove the lemma (by induction). To prove the existence of h note
that a"|gn-1(gn-1) = 0 since &1 = 0. Since K* is acyclic we have d"~ (K" 1) =
Ker(K™ — K™™1). Hence we can think of o™ as a map into I" defined on the
subobject Im(K™ — K™*1) of K™*!. By injectivity of the object I" we can extend
this to a map h : K" — I" as desired. O

Remark 18.5. Let A be an abelian category. Using the fact that K(A) is a
triangulated category we may use Lemma to obtain proofs of some of the
lemmas below which are usually proved by chasing through diagrams. Namely,
suppose that «: K®* — L*® is a quasi-isomorphism of complexes. Then

(K*, L*,C(a)®, v, i, —p)

is a distinguished triangle in K(A) (Lemma[9.14)) and C(f)® is an acyclic complex
(Lemma 11.2)). Next, let I® be a bounded below complex of injective objects. Then

HOII’IK(A)(C(Q).,I.) HOHIK(A)(L.,I.) —_— HOII’IK(A)(K., I.)

Hom¢(4)(C()*[-1],1°)
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is an exact sequence of abelian groups, see Lemma [£2] At this point Lemma
18.4] guarantees that the outer two groups are zero and hence Hompg (4)(L®,I°®) =
HOIHK(A)(K',I.).

Lemmal 18.6. Let A be an abelian category. Consider a solid diagram

K‘T’L.

Ve
Ve
¥
l v B
[.
where I° is bounded below and consists of injective objects, and o is a quasi-
isomorphism.
(1) There exists a map of complezes B making the diagram commute up to
homotopy.

(2) If « is injective in every degree then we can find a B which makes the
diagram commute.

Proof. The “correct” proof of part (1) is explained in Remark We also give
a direct proof here.

We first show that (2) implies (1). Namely, let & : K — L®, m, s be as in Lemma
Since @ is injective by (2) there exists a morphism 8 : L®* — I® such that
v=pfoda. Set § = os. Then we have

O

Boa=PBosomodn~ o =7

as desired.
Assume that « : K* — L*® is injective. Suppose we have already defined 8 in all

degrees < n — 1 compatible with differentials and such that 47 = 7 o o/ for all
j <n —1. Consider the commutative solid diagram

anl Kn

I
b
\i
In—l n

Thus we see that the dotted arrow is prescribed on the subobjects a(K™) and
d"~1(L"~1). Moreover, these two arrows agree on a(d" (K"~ !)). Hence if

(18.6.1) a(d MK =a(K")ynad* (LM

then these morphisms glue to a morphism a(K™) + d"~}(L"~!) — I" and, using
the injectivity of I™, we can extend this to a morphism from all of L™ into I™.
After this by induction we get the morphism § for all n simultaneously (note that
we can set " = 0 for all n < 0 since I* is bounded below — in this way starting
the induction).

It remains to prove the equality . The reader is encouraged to argue this
for themselves with a suitable diagram chase. Nonetheless here is our argument.
Note that the inclusion a(d" (K" 1)) C a(K™) Nnd" (L") is obvious. Take
an object T" of A and a morphism z : T — L™ whose image is contained in the
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subobject a( K™)Nd™~1(L™~1). Since « is injective we see that x = a oz’ for some
2’ : T — K". Moreover, since z lies in d"~1(L"~1) we see that d" o x = 0. Hence
using injectivity of a again we see that d™ o 2’ = 0. Thus 2’ gives a morphism
[#'] : T — H™(K®). On the other hand the corresponding map [z] : T — H™(L®)
induced by x is zero by assumption. Since « is a quasi-isomorphism we conclude
that [2'] = 0. This of course means exactly that the image of z’ is contained in
d" (K™ 1) and we win. O

Lemmal 18.7. Let A be an abelian category. Consider a solid diagram

K.?L.

Ve
Ve
¥
l 2B
I.
where I* is bounded below and consists of injective objects, and o is a quasi-

isomorphism. Any two morphisms (1, B2 making the diagram commute up to ho-
motopy are homotopic.

Proof. This follows from Remark We also give a direct argument here.

Let &: K — L®, 7, s be as in Lemma If we can show that 81 o 7 is homotopic
to B9 o7, then we deduce that 8, ~ 2 because 7 o s is the identity. Hence we may
assume " : K™ — L™ is the inclusion of a direct summand for all n. Thus we get
a short exact sequence of complexes

0—>K*—L*—>M*—0

which is termwise split and such that M*® is acyclic. We choose splittings L" =
K" @® M", so we have ' : K" @ M"™ — I" and v : K™ — I". In this case the
condition on f; is that there are morphisms A% : K™ — I"~! such that

A" — B gn =dohl +hiTod
Thus we see that

Bl rn — By |rn =do (R} — k%) + (h{T —h ™) od

Consider the map h"™ : K"@®M™ — I"~! which equals h} —h¥ on the first summand
and zero on the second. Then we see that

B = By = (doh™ + h" 1) od)

is a morphism of complexes L®* — I* which is identically zero on the subcomplex
K*. Hence it factors as L®* — M*® — I*®. Thus the result of the lemma follows from
Lemma [I8.4] O

Lemmal 18.8. Let A be an abelian category. Let I°® be bounded below complex
consisting of injective objects. Let L* € K(A). Then

MOI‘K(A)(L.,I.) = MOI"D(_A)(L.,I.).

Proof. Let a be an element of the right hand side. We may represent a = yo ™!

where « : K®* — L*® is a quasi-isomorphism and v : K* — I*® is a map of complexes.
By Lemma [18.6| we can find a morphism 3 : L®* — I® such that o « is homotopic
to . This proves that the map is surjective. Let b be an element of the left hand
side which maps to zero in the right hand side. Then b is the homotopy class of
a morphism (3 : L®* — I® such that there exists a quasi-isomorphism « : K®* — L*®
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with o« homotopic to zero. Then Lemma[I8.7 shows that 3 is homotopic to zero
also, i.e., b= 0. (]

Lemma 18.9. Let A be an abelian category. Assume A has enough injectives. For
any short eract sequence 0 — A® — B®* — C* — 0 of Comp™ (A) there exists a
commutative diagram in Comp™ (A)

0 A* B* ce 0
0 I I3 I3 0

where the wvertical arrows are injective resolutions and the rows are short exact
sequences of complexes. In fact, given any injective resolution A®* — I® we may
assume I3 = I°.

Proof. Step 1. Choose an injective resolution A® — I*® (see Lemma or use
the given one. Recall that Comp™(.A) is an abelian category, see Homology, Lemma
Hence we may form the pushout along the injective map A® — I°® to get

0 A* B* ce 0
0 I° E* ce 0

Note that the lower short exact sequence is termwise split, see Homology, Lemma
Hence it suffices to prove the lemma when 0 — A®* — B®* — C* — 0 is
termwise split.

Step 2. Choose splittings. In other words, write B™ = A™ & C". Denote § : C* —
A®[1] the morphism as in Homology, Lemma Choose injective resolutions
fi: A* = I and f3 : C* — I3. (If A® is a complex of injectives, then use
It = A*.) We may assume f3 is injective in every degree. By Lemma we may
find a morphism ¢’ : I$ — I7[1] such that ¢’ o f3 = f1[1] 0§ (equality of morphisms
of complexes). Set I§ = I & I¥. Define

no_ (d, ()"

7\ 0 dy,
and define the maps B™ — I} to be given as the sum of the maps A" — I{* and
C™ — I3. Everything is clear. O

19. Projective resolutions

This section is dual to Section [I8 We give definitions and state results, but we do
not reprove the lemmas.

Definition 19.1. Let A be an abelian category. Let A € Ob(A). An projective
resolution of A is a complex P*® together with a map P° — A such that:

(1) We have P" =0 for n > 0.

(2) Each P"™ is an projective object of A.

(3) The map P° — A induces an isomorphism Coker(d—!) — A.
(4) We have H'(P*) =0 for i < 0.
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Hence P* — A[0] is a quasi-isomorphism. In other words the complex
o= P PP A0

is acyclic. Let K*® be a complex in A. An projective resolution of K*® is a complex
P* together with a map « : P®* — K*® of complexes such that

(1) We have P™ =0 for n > 0, i.e., P* is bounded above.
(2) Each P™ is an projective object of A.
(3) The map «: P®* — K* is a quasi-isomorphism.
Lemmal 19.2. Let A be an abelian category. Let K* be a complex of A.
(1) If K* has a projective resolution then H™(K*®) =0 for n > 0.
(2) If H"(K*®) =0 for n > 0 then there exists a quasi-isomorphism L* — K*
with L® bounded above.

Proof. Dual to Lemma [18.2] O

Lemma 19.3. Let A be an abelian category. Assume A has enough projectives.

(1) Any object of A has a projective resolution.

(2) If H"(K*®) =0 for all n>> 0 then K*® has a projective resolution.

(3) If K* is a complex with K™ = 0 for n > a, then there exists a projective
resolution a : P* — K*® with P" = 0 for n > a such that each o™ : P" —
K™ 1s surjective.

Proof. Dual to Lemma [18.3] O

Lemmal 19.4. Let A be an abelian category. Let K® be an acyclic complex. Let
P* be bounded above and consisting of projective objects. Any morphism P® — K*
is homotopic to zero.

Proof. Dual to Lemma [I8.4] O

Remark|/19.5. Let A be an abelian category. Suppose that « : K® — L*® is a quasi-
isomorphism of complexes. Let P® be a bounded above complex of projectives.
Then

HomK(A) (P., K.) — HOmK(_A)(P., L.)
is an isomorphism. This is dual to Remark

Lemmal 19.6. Let A be an abelian category. Consider a solid diagram

K®*<~——1L°

T o
7/
e g ’B
P.
where P® is bounded above and consists of projective objects, and o is a quasi-

isomorphism.

(1) There exists a map of complezes B making the diagram commute up to
homotopy.

(2) If « is surjective in every degree then we can find a 8 which makes the
diagram commute.

Proof. Dual to Lemma [18.6 O
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Lemmal 19.7. Let A be an abelian category. Consider a solid diagram

K®*<~—1L*

P.
where P® is bounded above and consists of projective objects, and o is a quasi-

isomorphism. Any two morphisms (1, B2 making the diagram commute up to ho-
motopy are homotopic.

Proof. Dual to Lemma [I8.71 O

Lemmal 19.8. Let A be an abelian category. Let P* be bounded above complex
consisting of projective objects. Let L®* € K(A). Then

Mor g4y (P*®, L*) = Morp4)(P*, L®).
Proof. Dual to Lemma [I8.8 O
Lemma 19.9. Let A be an abelian category. Assume A has enough projectives.

For any short exact sequence 0 — A®* — B* — C* — 0 of Comp™ (A) there exists
a commutative diagram in Comp™ (A)

0 Py P} P 0
0 A* B* c* 0

where the vertical arrows are projective resolutions and the rows are short exact
sequences of complexes. In fact, given any projective resolution P* — C*® we may
assume Pg = P*.

Proof. Dual to Lemma [I8.9 O

Lemmal 19.10. Let A be an abelian category. Let P*, K*® be complexes. Letn € Z.
Assume that

(1) P* is a bounded complex consisting of projective objects,

(2) P'=0 fori<mn, and

(3) H(K®)=0 fori>n.
Then HOI’IIK(A)(P., K.) = HOI’IID(A)(P', K') =0.
Proof. The first equality follows from Lemma Note that there is a distin-
guished triangle

(Tgn—lK.aK.7TZnK.afag7h)

by Remark Hence, by Lemmait suffices to prove Hom g (4)(P®, 7<n-1K*®) =
0 and Hompg(4)(P®, 75, K*) = 0. The first vanishing is trivial and the second is
Lemma 9.4 O

Lemmal 19.11. Let A be an abelian category. Let 8 : P®* — L® and o : E® — L*®
be maps of complexes. Let n € Z. Assume

(1) P* is a bounded complex of projectives and P* =0 for i < n,

(2) H¥(«) is an isomorphism for i > n and surjective for i = n.
Then there exists a map of complexes v : P* — E* such that c oy and 8 are
homotopic.
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Proof. Consider the cone C* = C(«)® with map i : L* — C*®. Note that i 0 (3 is
zero by Lemma [19.10} Hence we can lift 5 to £* by Lemma 4.2 ([

20. Right derived functors and injective resolutions

At this point we can use the material above to define the right derived functors
of an additive functor between an abelian category having enough injectives and a
general abelian category.

Lemma 20.1. Let A be an abelian category. Let I € Ob(A) be an injective object.
Let I*® be a bounded below complex of injectives in A.
(1) I* computes RE relative to Qis™ (A) for any evact functor F : K+ (A) — D
into any triangulated category D.
(2) I is right acyclic for any additive functor F : A — B into any abelian
category B.

Proof. Part (2) is a direct consequences of part (1) and Definition [16.3] To prove
(1) let a : I* — K* be a quasi-isomorphism into a complex. By Lemma we
see that a has a left inverse. Hence the category I*/Qis™(A) is essentially constant
with value id : I®* — I°®. Thus also the ind-object

I°/Qist(A) — D, (I* — K*)— F(K®)

is essentially constant with value F'(I*). This proves (1), see Definitions and
115.10) (I

Lemmal 20.2. Let A be an abelian category with enough injectives.

(1) For any exact functor F : Kt*(A) — D into a triangulated category D the
right derived functor

RF:D*(A) — D

s everywhere defined.
(2) For any additive functor F' : A — B into an abelian category B the right
derived functor
RF : DY (A) — D™ (B)

s everywhere defined.

Proof. Combine Lemma[20.1and Proposition [I6.8|for the second assertion. To see
the first assertion combine Lemma [I8:3] Lemma [20.1] Lemma[15.14] and Equation

@9, 0

Lemmal 20.3. Let A be an abelian category with enough injectives. Let F' : A — B
be an additive functor.

(1) The functor RF is an exact functor D (A) — Dt (B).

(2) The functor RF induces an exact functor K+(A) — DT (B).

(3) The functor RF induces a §-functor Comp™ (A) — D (B).

(4) The functor RF induces a §-functor A — DT (B).

Proof. This lemma simply reviews some of the results obtained so far. Note that
by Lemma [20.2) RF is everywhere defined. Here are some references:
(1) The derived functor is exact: This boils down to Lemma [15.6]
(2) This is true because KT (A) — D (A) is exact and compositions of exact
functors are exact.
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(3) This is true because Comp™ (A) — DT (A) is a d-functor, see Lemmam
(4) This is true because A — Comp™ (A) is exact and precomposing a d-functor
by an exact functor gives a d-functor.

O

Lemmal 20.4. Let A be an abelian category with enough injectives. Let F' : A — B
be a left exact functor.
(1) For any short exact sequence 0 — A®* — B®* — C* — 0 of complezes in
Comp™ (A) there is an associated long exact sequence

...— HY(RF(A®)) — H'(RF(B®)) — H'(RF(C*)) — H"™ (RF(A®)) — ...
(2) The functors R'F : A — B are zero fori < 0. Also ROF =F: A— B.

(3) We have RPF(I) =0 fori >0 and I injective.

(4) The sequence (R'F,§) forms a universal 6-functor (see Homology, Defini-

tion from A to B.

Proof. This lemma simply reviews some of the results obtained so far. Note that
by Lemma RF is everywhere defined. Here are some references:

(1) This follows from Lemma [20.3] part (3) combined with the long exact co-
homology sequence (11.1.1)) for DT (B).

(2) This is Lemma[I7.3]

(3) This is the fact that injective objects are acyclic.

(4) This is Lemma [I7.6]

21. Cartan-Eilenberg resolutions

This section can be expanded. The material can be generalized and applied in
more cases. Resolutions need not use injectives and the method also works in the
unbounded case in some situations.

Definition 21.1. Let A be an abelian category. Let K°® be a bounded below
complex. A Cartan-FEilenberg resolution of K*® is given by a double complex I**®
and a morphism of complexes € : K* — I*? with the following properties:

1) There exists a i < 0 such that /79 =0 for all p < ¢ and all q.
) We have IP? =0 if ¢ < 0.

) The complex I?-* is an injective resolution of KP.

) The complex Ker(d}®) is an injective resolution of Ker(d¥,).
) The complex Im(d}®) is an injective resolution of Im(d¥,).

) The complex H7(I**) is an injective resolution of HP(K*).

Lemmal 21.2. Let A be an abelian category with enough injectives. Let K® be a
bounded below complex. There exists a Cartan-FEilenberg resolution of K*.

Proof. Suppose that KP = 0 for p < n. Decompose K*® into short exact sequences
as follows: Set ZP = Ker(dP), B? = Im(dP~1), HP = ZP/BP, and consider

0= 2" - K" — B"! 50
0— Bt — zZntl 5 grtl 50
0*>Zn+1—)Kn+1*>Bn+2—)0
0_>Bn+2ﬁzn+2_>Hn+2_>0
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Set P9 = 0 for p < n. Inductively we choose injective resolutions as follows:

(1) Choose an injective resolution Z" — J°.

(2) Using Lemma|18.9|choose injective resolutions K™ — I"™®, B"+1 — jrthe
and an exact sequence of complexes 0 — J;* — I™* — Jg“" — 0
compatible with the short exact sequence 0 — Z" — K™ — B"*t1 — (.

(3) Using Lemma choose injective resolutions Z"+1 — Jpthe grtl
Jith®and an exact sequence of complexes 0 — Jpt b — Jpthe
JE® 5 0 compatible with the short exact sequence 0 — B+ — zn+l

H p q

H™t — 0.
(4) Etc.
Taking as maps d} : I?* — IP*1® the compositions I7* — JETH® 5 goibe
TP everything is clear. O

Lemmal 21.3. Let F' : A — B be a left exact functor of abelian categories. Let
K* be a bounded below complex of A. Let I** be a Cartan-FEilenberg resolution for
K*. The spectral sequences ("Ey,’d,),>0 and ("E,,"d,),>o associated to the double
complex F(I**) satisfy the relatiomﬂ

"Byt = HP(R'F(K®)) and "E}* = RPF(H!(K*))

Moreover, these spectral sequences converge to HPTI(RF(K®)) and the associated
induced filtrations on HPY1(RF(K*®)) are finite.

Proof. We will use the following remarks without further mention:

(1) As IP* is an injective resolution of K? we see that RF is defined at KP[0]
with value F(IP®).

(2) As HP(I**) is an injective resolution of H?(K*®) the derived functor RF is
defined at HP(K*)[0] with value F(HT(I**)).

(3) By Homology, Lemma the total complex sI® is an injective resolution
of K*. Hence RF is defined at K*® with value F(sI*®).

Consider the spectral sequences associated to the double complex K** = F(I**),
see Homology, Lemma These both converge, see Homology, Lemma to
the cohomology groups of the associated total complex s(F(I**) = F(sI®) which
computes H"(RF(K?*)).

Computation of the first spectral sequence. We have 'E}"? = H?(K?-*) in other
words

'EPY = H9(F(IP*)) = RIF(KP)
and the maps 'E}*? — 'EPT14 are the maps RIF(KP) — RIF(KP*!) as desired.

Computation of the second spectral sequence. We have "EP? = HIY(K*P) =
H9(F(I*?)). Note that the complex I*? is bounded below, consists of injectives,
and moreover each kernel, image, and cohomology group of the differentials is an
injective object of A. Hence we can split the differentials, i.e., each differential is
a split surjection onto a direct summand. It follows that the same is true after
applying F'. Hence "EY? = F(HI(I*?)) = F(H{(I*?)). The differentials on this
are (—1)7 times F' applied to the differential of the complex HY(I**) which is an
injective resolution of HP(K*®). Hence the description of the Fs terms. O

4The notation H P(RIF(K*)) really means the pth cohomology group of the complex with
terms RYF(K™). Not the pth cohomology of the gth derived functor of F applied to K*°.
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Remark| 21.4. The spectral sequences of Lemma[21.3]are functorial in the complex
K*. This follows from functoriality properties of Cartan-Eilenberg resolutions. On
the other hand, they are both examples of a more general spectral sequence which
may be associated to a filtered complex of A. The functoriality will follow from its
construction. We will return to this in the section on the filtered derived category,
see Remark

22. Composition of right derived functors

Sometimes we can compute the right derived functor of a composition. Suppose
that A, B,C be abelian categories. Let F' : A — B and G : B — C be left exact
functors. Assume that the right derived functors RF' : Dt (A) — DT (B), RG :
Dt (B) — D™(C), and R(Go F): DT (A) — DT (C) are everywhere defined. Then
there exists a canonical transformation

t:R(GoF) — RGoRF

of functors from DT (A) to DT (C), see Lemma|15.16, This transformation need not
always be an isomorphism.

Lemmal 22.1. Let A, B,C be abelian categories. Let F': A — B and G : B — C be
left exact functors. Assume A, B have enough injectives. If F(I) is right acyclic
for G for each injective object I of A, then we have an isomorphism of functors

t:R(GoF)— RGoRF.
of functors from DT (A) to D*(C).
Proof. Let A® be a bounded below complex of A. Choose an injective resolution
A® — I*. The map ¢ is given (see proof of Lemma by the maps
R(Go F)(A*) =(GoF)(I*) =G(F(I*))) = RG(F(I*)) = RG(RF(A®))
where the arrow is an isomorphism by Lemma[17. (]

Lemma 22.2 (Grothendieck spectral sequence). With assumptions as in Lemma
22.1. Let A be an object of A. There exists a spectral sequence (EP%,dP:7),>q
associated to a filtered complex with

ED = RPG(RIF(A))

converging to RPT4(G o F)(A). Moreover, the induced filtration on each R™(G o
F)(A) is finite.

Proof. Choose an injective resolution A — I*. Choose a Cartan-Eilenberg resolu-
tion F(I*) — I** using Lemma Apply Lemma (use the second spectral
sequence). Details omitted. O

23. Resolution functors

Let A be an abelian category with enough injectives. Denote Z the full additive
subcategory of A whose objects are the injective objects of A. It turns out that
K*(T) and D*(A) are equivalent in this case (see Proposition [23.1). For many
purposes it therefore makes sense to think of D (.A) as the (easier to grok) category
K™(Z) in this case.
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Proposition| 23.1. Let A be an abelian category. Assume A has enough injectives.
Denote T C A the strictly full additive subcategory whose objects are the injective
objects of A. The functor

K™ (Z) — DT (A)
is exact, fully faithful and essentially surjective, i.e., an equivalence of triangulated
categories.

Proof. It is clear that the functor is exact. It is essentially surjective by Lemma
18.3] Fully faithfulness is a consequence of Lemma [18.§ (]

Proposition [23.1] implies that we can find resolution functors. It turns out that we
can prove resolution functors exist even in some cases where the abelian category
A is a “big” category, i.e., has a class of objects.
Definition 23.2. Let A be an abelian category with enough injectives. A resolution
functmﬁ for A is given by the following data:
(1) for all K* € Ob(K*(A)) a bounded below complex of injectives j(K*®), and
(2) for all K* € Ob(K*(A)) a quasi-isomorphism ixe : K* — j(K*).

Lemmal 23.3. Let A be an abelian category with enough injectives. Given a res-
olution functor (j,i) there is a unique way to turn j into a functor and i into a
2-isomorphism producing a 2-commutative diagram

K+ (A) j K+()
\ /
D*(4)

where T is the full additive subcategory of A consisting of injective objects.

Proof. For every morphism « : K* — L*® of KT (A) there is a unique morphism
jla) : j(K®) — 4(L*) in KT(T) such that

K®*——L*

iie l liLo

J(K*®) 3(L*)
is commutative in K*(A). To see this either use Lemmas and or the
equivalent Lemma [I8:8 The uniqueness implies that j is a functor, and the com-

mutativity of the diagram implies that ¢ gives a 2-morphism which witnesses the
2-commutativity of the diagram of categories in the statement of the lemma. [

J(a)
_—

Lemmal 23.4. Let A be an abelian category. Assume A has enough injectives.
Then a resolution functor j exists and is unique up to unique isomorphism of func-
tors.

Proof. Consider the set of all objects K*® of KT (A). (Recall that by our conven-
tions any category has a set of objects unless mentioned otherwise.) By Lemma
18.3| every object has an injective resolution. By the axiom of choice we can choose
for each K* an injective resolution ixe : K* — j(K*). O

5This is likely nonstandard terminology.
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Lemmal 23.5. Let A be an abelian category with enough injectives. Any resolution
functor j : KT (A) — KT (Z) is exact.

Proof. Denote ixs : K* — j(K*) the canonical maps of Definition m First we
discuss the existence of the functorial isomorphism j(K*[1]) — j(K*)[1]. Consider
the diagram

K*[l] =——— K*[1]
iiwm iiz«-[l]
GRA]) o s (K1)

By Lemmas and there exists a unique dotted arrow Exe in K1 (Z) mak-
ing the diagram commute in K (A). We omit the verification that this gives a
functorial isomorphism. (Hint: use Lemma again.)

Let (K*,L*, M*, f,g,h) be a distinguished triangle of K (A). We have to show
that (5(K*®),5(L*),5(M*),5(f),5(g),Exe0j(h)) is a distinguished triangle of K+ (Z).
Note that we have a commutative diagram

K* L M*® K*[1]
b b b ]
) S (L) = (M%) () 1]

in K*(A) whose vertical arrows are the quasi-isomorphisms iy, 4r,iy. Hence we
see that the image of (j(K*®),7(L®),5(M?®),5(f),5(g),Exe o j(h)) in DT(A) is iso-
morphic to a distinguished triangle and hence a distinguished triangle by TRI.

Thus we see from Lemma that (j(K*),5(L*),j(M*),j(f),(9)Exe 0 j(h)) is
a distinguished triangle in K+ (7). O

Lemmal 23.6. Let A be an abelian category which has enough injectives. Let j be
a resolution functor. Write Q : KT (A) — D1 (A) for the natural functor. Then
j =17 0Q for a unique functor j' : D*(A) — KT (Z) which is quasi-inverse to the
canonical functor K(Z) — DT (A).

Proof. By Lemma[11.6 Q is a localization functor. To prove the existence of j’ it
suffices to show that any element of Qis™(.A) is mapped to an isomorphism under
the functor j, see Lemma [5.6 This is true by the remarks following Definition
23.2) O

Remark| 23.7. Suppose that A is a “big” abelian category with enough injectives
such as the category of abelian groups. In this case we have to be slightly more
careful in constructing our resolution functor since we cannot use the axiom of
choice with a quantifier ranging over a class. But note that the proof of the lemma
does show that any two localization functors are canonically isomorphic. Namely,
given quasi-isomorphisms 7 : K* — I®* and i’ : K* — J*® of a bounded below
complex K* into bounded below complexes of injectives there exists a unique(!)
morphism a : I* — J* in K1 (Z) such that i/ = i o a as morphisms in K+ (Z).
Hence the only issue is existence, and we will see how to deal with this in the next
section.
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24. Functorial injective embeddings and resolution functors

In this section we redo the construction of a resolution functor K+(A) — K*(Z)
in case the category A has functorial injective embeddings. There are two reasons
for this: (1) the proof is easier and (2) the construction also works if A is a “big”
abelian category. See Remark below.

Let A be an abelian category. As before denote Z the additive full subcategory
of A consisting of injective objects. Consider the category InjRes(A) of arrows
« : K* — I*®* where K*® is a bounded below complex of A, I* is a bounded below
complex of injectives of A and « is a quasi-isomorphism. In other words, « is an
injective resolution and K*® is bounded below. There is an obvious functor

s : InjRes(A) — Comp™ (A)
defined by («: K* — I*®) — K*. There is also a functor
t: InjRes(A) — K1(T)
defined by (o : K® — I®) — I°.

Lemmal 24.1. Let A be an abelian category. Assume A has functorial injective
embeddings, see Homology, Definition [23.5,
(1) There exists a functor inj : Comp™ (A) — InjRes(A) such that soinj = id.
(2) For any functor inj : Comp™ (A) — InjRes(A) such that s oinj = id we
obtain a resolution functor, see Definition[23.2

Proof. Let A — (A — J(A)) be a functorial injective embedding, see Homology,
Definition We first note that we may assume J(0) = 0. Namely, if not then
for any object A we have 0 — A — 0 which gives a direct sum decomposition
J(A) = J(0) @ Ker(J(A) — J(0)). Note that the functorial morphism A — J(A)
has to map into the second summand. Hence we can replace our functor by J'(A) =
Ker(J(A) — J(0)) if needed.

Let K*® be a bounded below complex of A. Say KP =0 if p < B. We are going to
construct a double complex I** of injectives, together with a map o : K* — I*°
such that a induces a quasi-isomorphism of K*® with the associated total complex
of I**®. First we set [P = 0 whenever ¢ < 0. Next, we set [?? = J(KP) and
aP : KP — IPY the functorial embedding. Since .J is a functor we see that I*° is a
complex and that « is a morphism of complexes. Each o? is injective. And IP?¥ = 0
for p < B because J(0) = 0. Next, we set I”! = J(Coker(K? — IP?)). Again
by functoriality we see that I*! is a complex. And again we get that I”! = 0 for
p < B. It is also clear that K? maps isomorphically onto Ker(I?0 — IP-1). As our
third step we take 172 = J(Coker(IP® — IP1)). And so on and so forth.

At this point we can apply Homology, Lemma [22.7] to get that the map

a: K® — sI®
is a quasi-isomorphism. To prove we get a functor inj it rests to show that the
construction above is functorial. This verification is omitted.

Suppose we have a functor inj such that s oinj = id. For every object K*® of
Comp™ (A) we can write

inj(K®) = (ixge : K* — j(K*))

This provides us with a resolution functor as in Definition [23.2 g
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Remark 24.2. Suppose inj is a functor such that s o inj = id as in part (2) of
Lemma [24.1] Write inj(K*®) = (ixe : K* — j(K*®)) as in the proof of that lemma.
Suppose « : K* — L°® is a map of bounded below complexes. Consider the map
inj(a) in the category InjRes(.A). It induces a commutative diagram

Kt — 1
N B
J(K)* J(L)®
of morphisms of complexes. Hence, looking at the proof of Lemma [23.3] we see that
the functor j : KT (A) — K (Z) is given by the rule

Jj(a up to homotopy) = inj(a) up to homotopy € Homg+ () (j(K*),5(L*®))

inj(a)

Hence we see that j matches t o inj in this case, i.e., the diagram

Comp™ (A) K*(T)

toing

K*(A)
is commutative.

Remark 24.3. Let Mod(Ox) be the category of Ox-modules on a ringed space
(X,0x) (or more generally on a ringed site). We will see later that Mod(Ox)
has enough injectives and in fact functorial injective embeddings, see Injectives,
Theorem Note that the proof of Lemma does not apply to Mod(Ox). But
the proof of Lemma does apply to Mod(Ox). Thus we obtain

j: Kt (Mod(Ox)) — K*(T)

which is a resolution functor where Z is the additive category of injective Ox-
modules. This argument also works in the following cases:

(1) The category Modg of R-modules over a ring R.

(2) The category PMod(O) of presheaves of O-modules on a site endowed with

a presheaf of rings.
(3) The category Mod(O) of sheaves of O-modules on a ringed site.
(4) Add more here as needed.

25. Right derived functors via resolution functors

The content of the following lemma is that we can simply define RF(K*®) =
F(j(K*)) if we are given a resolution functor j.

Lemmal 25.1. Let A be an abelian category with enough injectives Let F : A — B
be an additive functor into an abelian category. Let (i,j) be a resolution functor,
see Definition [23.3. The right derived functor RF of F fits into the following 2-
commutative diagram

D*(A) : K*(T)

D*(B)
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where 7' is the functor from Lemma [25.6,
Proof. By Lemma [20.1) we have RF(K*®) = F(j(K*)). O

Remark| 25.2. In the situation of Lemma [25.1| we see that we have actually lifted
the right derived functor to an exact functor F o j' : DT (A) — K*(B). It is
occasionally useful to use such a factorization.

26. Filtered derived category and injective resolutions

Let A be an abelian category. In this section we will show that if A has enough
injectives, then so does the category Fil’ (A) in some sense. One can use this
observation to compute in the filtered derived category of A.

The category Fil/ (A) is an example of an exact category, see Injectives, Remark
A special role is played by the strict morphisms, see Homology, Definition [16.3
i.e., the morphisms f such that Coim(f) = Im(f). We will say that a complex
A — B — C in Fil/ (A) is exact if the sequence gr(A) — gr(B) — gr(C) is exact
in A. This implies that A — B and B — C are strict morphisms, see Homology,
Lemma, [16.T5]

Definition 26.1. Let A be an abelian category. We say an object I of Filf(A) is
filtered injective if each grP(I) is an injective object of A.

Lemma 26.2. Let A be an abelian category. An object I of Fill (A) is filtered
injective if and only if there exist a < b, injective objects I,, a < n < b of A and
an isomorphism I = €D, ., <, In such that FP1 =P, 5 In.

Proof. Follows from the fact that any injection J — M of A is split if J is an
injective object. Details omitted. ([l

Lemmal 26.3. Let A be an abelian category. Any strict monomorphism u : I — A
of Fz'lf(.A) where I is a filtered injective object is a split injection.

Proof. Let p be the largest integer such that FPI # 0. In particular gr?(I) = FPI.
Let I’ be the object of Fil/(A) whose underlying object of A is FPI and with
filtration given by F"I' =0 for n > p and F"I' = I' = FP] for n < p. Note that
I' — I is a strict monomorphism too. The fact that u is a strict monomorphism
implies that FPT — A/FPT1(A) is injective, see Homology, Lemma Choose
a splitting s : A/FPT*A — FPI in A. The induced morphism s’ : A — I’ is a strict
morphism of filtered objects splitting the composition I’ — I — A. Hence we can
write A = I’ @ Ker(s') and T = I’ @ Ker(s'|1). Note that Ker(s'|;) — ker(s) is a
strict monomorphism and that Ker(s'|7) is a filtered injective object. By induction
on the length of the filtration on I the map Ker(s'|;) — ker(s’) is a split injection.
Thus we win. O

Lemmal 26.4. Let A be an abelian category. Let u : A — B be a strict monomor-
phism of Filf(A) and f: A — I a morphism from A into a filtered injective object
n Filf(A). Then there exists a morphism g : B — I such that f = g o .

Proof. The pushout f/ : I — I'Il4 B of f by u is a strict monomorphism, see
Homology, Lemma [16.10} Hence the result follows formally from Lemma [26.3] O
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Lemmal 26.5. Let A be an abelian category with enough injectives. For any object
A of Fill (A) there exists a strict monomorphism A — I where I is a filtered injective
object.

Proof. Pick a < b such that grP(A) = 0 unless p € {a,a + 1,...,b}. For each

n € {a,a+1,...,b} choose an injection u,, : A/F"A — I, with I,, and injective
object. Set I =D, <, <, I, with filtration FPI =P, . I, and set u: A — I equal
to the direct sum of the maps u,,. B ([l

Lemmal 26.6. Let A be an abelian category with enough injectives. For any object
A of Fill (A) there exists a filtered quasi-isomorphism A[0] — I® where I® is a
complex of filtered injective objects with I™ =0 for n < 0.

Proof. First choose a strict monomorphism ug : A — I° of A into a filtered injec-
tive object, see Lemma Next, choose a strict monomorphism u; : Coker(ug) —
I' into a filtered injective object of A. Denote d° the induced map I® — I'. Next,
choose a strict monomorphism wus : Coker(u;) — I? into a filtered injective object
of A. Denote d' the induced map I' — I?. And so on. This works because each of
the sequences

0 — Coker(u,) — I"™! — Coker(uy,11) — 0

is short exact, i.e., induces a short exact sequence on applying gr. To see this use
Homology, Lemma |16.13] (]

Lemmal 26.7. Let A be an abelian category with enough injectives. Let f : A —
B be a morphism of Fill (A). Given filtered quasi-isomorphisms A[0] — I* and
B[0] — J* where I*, J* are complexes of filtered injective objects with I™ = J" =0
forn <0, then there exists a commutative diagram

A[0] —— BJ0]

|

*—J°

Proof. As A[0] — I* and C[0] — J* are filtered quasi-isomorphisms we conclude
that a : A — I9, b : B — J% and all the morphisms d}, d} are strict, see Ho-
mology, Lemma We will inductively construct the maps f™ in the following
commutative diagram

A—ms10 It 2
7 )
B—t. )0 J J?

Because A — I° is a strict monomorphism and because J° is filtered injective, we
can find a morphism f° : I® — J° such that f®oa =bo f, see Lemma The
composition d o bo f is zero, hence d% o f° o a = 0, hence dY o f° factors through
a unique morphism

Coker(a) = Coim(d}) = Im(d}) — J*.

As Tm(d}) — I' is a strict monomorphism we can extend the displayed arrow to a
morphism f!:I' — J! by Lemma again. And so on. O
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Lemmal 26.8. Let A be an abelian category with enough injectives. Let 0 — A —
B — C — 0 be a short exact sequence in Fill (A). Given filtered quasi-isomorphisms
A[0] — I* and C[0] — J® where I*,J® are complexes of filtered injective objects
with I = J" =0 for n <0, then there exists a commutative diagram

0 Alo] Bl0] C[0] 0
bl
0 I M* J* 0

where the lower row is a termwise split sequence of complexes.

Proof. As A[0] — I*® and C[0] — J* are filtered quasi-isomorphisms we conclude
that a: A — I° c¢: C — JY and all the morphisms d7, d’; are strict, see Homology,
Lemma We are going to step by step construct the south-east and the south
arrows in the following commutative diagram

B C— s J—— ]
QTK X lag l‘sl
A—2-]0 It I2

As A — B is a strict monomorphism, we can find a morphism b : B — I° such
that bo a = a, see Lemma As A is the kernel of the strict morphism 1% — I'!
and 8 = Coker(a) we obtain a unique morphism b : C' — I' fitting into the
diagram. As c is a strict monomorphism and I' is filtered injective we can find
69+ J° = I', see Lemma Because B — (' is a strict epimorphism and
because B — I° — I' — I? is zero, we see that C' — I' — I? is zero. Hence dj 06"
is zero on C' 2 Im(c). Hence d} o §° factors through a unique morphism

Coker(c) = Coim(d%) = Im(d%) — I*.

As I? is filtered injective and Im(d9) — J! is a strict monomorphism we can extend
the displayed morphism to a morphism ' : J' — I2?, see Lemma And so on.
We set M*® = I°* @ J® with differential

W (4 0

w={o
Finally, the map B[0] — M*® is given by b® cof: M — I° @ J°. O

Lemmal 26.9. Let A be an abelian category with enough injectives. For every K® €
Kt (Fill (A)) there exists a filtered quasi-isomorphism K*® — I*® with I® bounded
below, each I™ a filtered injective object, and each K™ — I™ a strict monomorphism.

Proof. After replacing K*® by a shift (which is harmless for the proof) we may
assume that K™ = 0 for n < 0. Consider the short exact sequences

0 — Ker(d}) — K° — Coim(d%) — 0
0 — Ker(d},) - K' — Coim(dk) — 0
0 — Ker(d%) — K? — Coim(d%) — 0
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of the exact category Filf (A) and the maps u; : Coim(di) — Ker(di'). For each
1 > 0 we may choose filtered quasi-isomorphisms

Ker(dZK)[O] - II:er,i
Coim(d%)[0] — I2,

coim,i

with 17, . 10, ; filtered injective and zero for n < 0, see Lemma By Lemma
we may lift u; to a morphism of complexes u? : I2,;, , — Ip, ;. ;. Finally, for

each 7 > 0 we may complete the diagrams

0 —— Ker(d%)[0] —— K*[0] —— Coim(d%)[0] —=0

N

0 It I I8 ——>0

ker,i

with the lower sequence a termwise split exact sequence, see Lemma|26.8] For i > 0
set d; : I7 — I? , equal to d; = a;41 0 uj o f3;. Note that d; o d;_; = 0 because
Bi o a; = 0. Hence we have constructed a commutative diagram

Is It I3
L]
KO[0] K[0] K2[0]

Here the vertical arrows are filtered quasi-isomorphisms. The upper row is a com-
plex of complexes and each complex consists of filtered injective objects with no
nonzero objects in degree < 0. Thus we obtain a double complex by setting 1%* = I?
and using
b rab _ 7b b 1,b
e’ 1ot =10 510 =10t
the map d’ and using for
b rab _ b b+1 _ pab+1
dy’ 1%t =10 — Pt =12

the map d?a. Denote Tot(I**) the total complex associated to this double complex,
see Homology, Definition Observe that the maps K™[0] — I® come from maps
K™ — I"™0 which give rise to a map of complexes

K* — Tot(I**)

We claim this is a filtered quasi-isomorphism. As gr(—) is an additive functor, we
see that gr(Tot(I**)) = Tot(gr(I**)). Thus we can use Homology, Lemma to
conclude that gr(K*®) — gr(Tot(I**)) is a quasi-isomorphism as desired. O

Lemma 26.10. Let A be an abelian category. Let K* I* € K(Fill (A)). Assume
K* is filtered acyclic and I® bounded below and consisting of filtered injective objects.
Any morphism K® — I® is homotopic to zero: HomK(Filf(A))(K',I') =0.

Proof. Let o : K* — I® be a morphism of complexes. Assume that o/ = 0 for
j < m. We will show that there exists a morphism h : K" — I™ such that
a™ = hod. Thus a will be homotopic to the morphism of complexes 8 defined by
0 if ji<n
Bl =La —doh if j=n+1
ol if j>n+1
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This will clearly prove the lemma (by induction). To prove the existence of h note
that o™ o d ! = 0 since "' = 0. Since K* is filtered acyclic we see that d '
and d}, are strict and that

0 — Im(di ") — K™ — Im(d%) — 0

is an exact sequence of the exact category Fil (A), see Homology, Lemma
Hence we can think of o™ as a map into I"™ defined on Im(d’). Using that Im(d%) —
K™t is a strict monomorphism and that I™ is filtered injective we may lift this
map to a map h: K™ — I™ as desired, see Lemma O

Lemma 26.11. Let A be an abelian category. Let I* € K(Fil’ (A)) be a bounded
below complex consisting of filtered injective objects.
(1) Let a: K* — L* in K(Fil’ (A)) be a filtered quasi-isomorphism. Then the
map
Hom g (s ay) (L, 1°) — Hom e (s (ay) (K°, 1°)
18 bijective.
(2) Let L* € K(A). Then

Hom s (s (ay)(L*, I*) = Homppay(L®, I°).
Proof. Proof of (1). Note that
(K.v L., C(a).v Q, ia _p)

is a distinguished triangle in K (Fil/ (A)) (Lemma [9.14) and C(f)* is a filtered
acyclic complex (Lemma [14.4)). Then

Hom g (pi1s 4y (C(@)®, 1®) —— Hom g (pirs () (L®, I*) ——= Hom g gy a)) (K°, 1*)

T

Hom ¢ gy a)) (C)*[=1], 1*)

is an exact sequence of abelian groups, see Lemma At this point Lemma
26.10| guarantees that the outer two groups are zero and hence Homg(4)(L®, I*) =
HOInK(A)(K',I').

Proof of (2). Let a be an element of the right hand side. We may represent
a = ya~ ! where o : K®* — L*® is a filtered quasi-isomorphism and v : K* — I®
is a map of complexes. By part (1) we can find a morphism g : L* — I°® such
that 8 o a is homotopic to . This proves that the map is surjective. Let b be an
element of the left hand side which maps to zero in the right hand side. Then b
is the homotopy class of a morphism S : L®* — I® such that there exists a filtered
quasi-isomorphism « : K* — L*® with S0« homotopic to zero. Then part (1) shows
that 8 is homotopic to zero also, i.e., b = 0. [l

Lemma 26.12. Let A be an abelian category with enough injectives. Let T/ C
Filf(.A) denote the strictly full additive subcategory whose objects are the filtered
injective objects. The canonical functor

K*(T7) — DF*(A)
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is exact, fully faithful and essentially surjective, i.e., an equivalence of triangulated
categories. Furthermore the diagrams

K+(I!) ——= DF*(A) K*(Z/) —= DF*(A)

gr"i gr”l iforget F \Lforget F

Kt (Z)—— D*(A) Kt (Z)—— Dt (A)

are commutative, where T C A is the strictly full additive subcategory whose objects
are the injective objects.

Proof. The functor K+(Z/) — DF7*(A) is essentially surjective by Lemma It
is fully faithful by Lemma[26.11] It is an exact functor by our definitions regarding
distinguished triangles. The commutativity of the squares is immediate. ([

Remark]| 26.13. We can invert the arrow of the lemma only if A is a category in
our sense, namely if it has a set of objects. However, suppose given a big abelian
category A with enough injectives, such as Mod(Ox) for example. Then for any
given set of objects {A;}ics there is an abelian subcategory A’ C A containing all
of them and having enough injectives, see Sets, Lemma [12.1] Thus we may use the
lemma above for A’. This essentially means that if we use a set worth of diagrams,
etc then we will never run into trouble using the lemma.

Let A, B be abelian categories. Let T : A — B be a left exact functor. (We cannot
use the letter F' for the functor since this would conflict too much with our use of
the letter F' to indicate filtrations.) Note that T" induces an additive functor

T : Fil/ (A) — Fil/ (B)
by the rule T'(A, F) = (T(A), F) where FPT(A) = T(FPA) which makes sense as
T is left exact. (Warning: It may not be the case that gr(7(A)) = T'(gr(4)).) This
induces functors of triangulated categories
(26.13.1) T : K*(FilY (A)) — K*(Fil (B))

The filtered right derived functor of T is the right derived functor of Definition [T5.2]
for this exact functor composed with the exact functor K+ (Fil/ (B)) — DF*(B)
and the multiplicative set FQis*(A). Assume A has enough injectives. At this
point we can redo the discussion of Section [20| to define the filtered right derived
functors

(26.13.2) RT : DF*(A) — DF*(B)
of our functor 7.

However, instead we will proceed as in Section [25] and it will turn out that we
can define RT even if T is just additive. Namely, we first choose a quasi-inverse
j': DFT(A) — K*(Z/) of the equivalence of Lemma By Lemma we
see that j’ is an exact functor of triangulated categories. Next, we note that for a
filtered injective object I we have a (noncanonical) decomposition

(26.13.3) I @pez L, with FPI=(p I,

by Lemma [26.2 Hence if T is any additive functor T' : A — B then we get an
additive functor

(26.13.4) Towr : TF — Fil/ (B)

qzp
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by setting Teze(1) = D T(I,) with FPTep(I) = @,>, T(I;). Note that we have
the property gr(Te.:(I)) = T(gr(I)) by construction. Hence we obtain a functor

(26.13.5) Towe : KT(Z7) — KT (Fil (B))
which commutes with gr. Then we define (26.13.2)) by the composition
(26.13.6) RT =T, 07

Since RT : DT (A) — D™ (B) is computed by injective resolutions as well, see
Lemmas the commutation of T" with gr, and the commutative diagrams of
Lemma [26.12] imply that

(26.13.7) gr? o RT = RT o gr?
and
(26.13.8) (forget F') o RT = RT o (forget F)

as functors DFT(A) — DT (B).
The filtered derived functor RT ([26.13.2)) induces functors

RT : Fil/ (A) — DF*(B),
RT : Comp™ (Fil/ (A)) — DF*(B),
RT : KF*(A) — DF*(B).

Note that since Fil/(A), and Comp™ (Fil’ (A)) are no longer abelian it does not
make sense to say that RT restricts to a d-functor on them. (This can be repaired
by thinking of these categories as exact categories and formulating the notion of a
o-functor from an exact category into a triangulated category.) But it does make

sense, and it is true by construction, that RT is an exact functor on the triangulated
category KFT(A).

Lemmal 26.14. Let A, B be abelian categories. LetT : A — B be a left exact func-
tor. Assume A has enough injectives. Let (K*, F) be an object of Comp™ (Fil! (A)).
There exists a spectral sequence (E2?,d,),>o which is the spectral sequence associ-
ated to an object of Comp™ (Fil (B)) with

Byt = RPHIT (gr? (K*))

which converges to RPYIT(K*®) inducing a finite filtration on each R*T(K*®). More-
over the construction of this spectral sequence is functorial in the object K® of
Comp™t (Fill (A)). In fact the terms (E,.,d,.) forr > 2 do not depend on any choices.

Proof. Choose a filtered quasi-isomorphism K® — I°® with I®* a bounded be-
low complex of filtered injective objects, see Lemma [26.9] Consider the complex
RT(K®) = Top(I°), see ([26.13.6). Thus we can consider the spectral sequence
(Er,dy)r>0 associated to this as a filtered complex in B, see Homology, Section
By Homology, Lemma we have EY? = HPT(gr?(T(I°))). By Equa-
tion we have EP'Y = HPTI(T(grP(I*))), and by definition of a filtered
injective resolution the map grP(K*®) — grP(I®) is an injective resolution. Hence
EPY — RPHIT(grv (K*)).

On the other hand, each I" has a finite filtration and hence each T'(I™) has a finite
filtration. Thus we may apply Homology, Lemma[21.9]to conclude that the spectral

sequence converges to H™(T(I*)) = R"T(K*) moreover inducing finite filtrations
on each of the terms.
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Suppose that K* — L° is a morphism of Comp™ (Fil/(A)). Choose a filtered
quasi-isomorphism L*®* — J*® with J* a bounded below complex of filtered injective
objects, see Lemma [26.9] By our results above, for example Lemma there
exists a diagram

K*——1L*

L

I* ——J*
which commutes up to homotopy. Hence we get a morphism of filtered complexes

T(I*) — T(J*) which gives rise to the morphism of spectral sequences, see Homol-
ogy, Lemma The last statement follows from this. (|

Remark| 26.15. As promised in Remark we discuss the connection of the
lemma above with the constructions using Cartan-Eilenberg resolutions. Namely,
assume the notations of Lemma[21.3] In particular K* is a bounded below complex
of Aand T : A — B is a left exact functor. We give an alternative construction of
the spectral sequences 'FE and "E

First spectral sequence. Consider the “stupid” filtration on K*® obtained by set-
ting FP(K*®) = 0>,(K*), see Homology, Section Note that this stupid in the
sense that d(FP(K*®)) C FPTY(K®), compare Homology, Lemma Note that
gr’(K*) = KP[p] with this filtration. According to the above there is a spec-
tral sequence with E; term EP? = RPTIT(KP[p]). Then the Ey term is clearly
EY? = HP(RPTIT(K*®)) as in the spectral sequence 'FE,.

Second spectral sequence. Consider the filtration on the complex K*® obtained
by setting FP(K®) = 7<_,(K*), see Homology, Section The minus sign is
necessary to get a decreasing filtration. Note that gr?(K*®) is quasi-isomorphic
to HP(K*®)[—p] with this filtration. According to the above there is a spectral
sequence with F; term

Ef’q _ Rp+qT(H_p(K.)[—p]) _ R2p+qT(H_p(K')) — //E;',j

with i = 2p+¢ and j = —p. (This looks unnatural, but note that we could just have
well developed the whole theory of filtered complexes using increasing filtrations,
with the end result that this then looks natural, but the other one doesn’t.) We
leave it to the reader to see that the differentials match up.

Actually, given a Cartan-Eilenberg resolution K* — I** the induced morphism
K*® — sI® into the associated simple complex will be a filtered injective resolution
for either filtration using suitable filtrations on s/®. This can be used to match up
the spectral sequences exactly.

27. Ext groups

In this section we start describing the ext groups of objects of an abelian category.
First we have the following very general definition.

Definition 27.1. Let A be an abelian category. Let ¢ € Z. Let X, Y be objects of
D(A). The ith extension group of X by Y is the group

Ext’ (X,Y) = Homp ) (X,Y[i]) = Homp(a)(X[-i],Y).
If A, B € Ob(A) we set Exty (A, B) = Ext4(A[0], B[0]).
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Since Homp4)(X,—), resp. Homp4)(—,Y) is a homological, resp. cohomologi-
cal functor, see Lemma we see that a distinguished triangle (Y, Y’ Y"), resp.
(X, X', X" leads to a long exact sequence

o= Exty (X,Y) = Ext’y (X,Y7) — Ext’y(X,Y”) = Ext' (X, Y) — ...
respectively
o= Exty (X)) — Ext’y (X', Y) — Exty(X,Y) — Ext'{ " (X",Y) — ...

Note that since D (A), D~ (A), Db(A) are full subcategories we may compute the
ext groups by Hom groups in these categories provided X, Y are contained in them.
In case the category A has enough injectives or enough projectives we can compute
the Ext groups using injective or projective resolutions. To avoid confusion, recall
that having an injective (resp. projective) resolution implies vanishing of homology

in all low (resp. high) degrees, see Lemmas and

Lemma 27.2. Let A be an abelian category. Let X*,Y* € Ob(K(A)).
(1) Let Y* — I® be an injective resolution (Definition[18.1]). Then

BExt'y (X®,Y*) = Hompg(4)(X*, I*[i]).
(2) Let P* — X* be a projective resolution (Definition[19.1]). Then
Exty (X*,Y*) = Homye(4)(P*[—i],Y*).
Proof. Follows immediately from Lemma and Lemma [19.8 O

In the rest of this section we discuss extensions of objects of the abelian category
itself. First we observe the following.

Lemmal 27.3. Let A be an abelian category.

(1) Let X, Y be objects of D(A). Given a,b € Z such that H(X) =0 fori > a
and HY(Y) =0 for j < b, we have Exty(X,Y) =0 forn <b—a and

Eot “(X,Y) = Hom4(H*(X), H*(Y))

(2) Let A,B € Ob(A). Fori < 0 we have Exty(B,A) = 0. We have
Ext% (B, A) = Hom(B, A).

Proof. Choose complexes X*® and Y*® representing X and Y. Since Y* — 75,Y°
is a quasi-isomorphism, we may assume that Y7 = 0 for j < b. Let L* — X*®
be any quasi-isomorphism. Then 7<,L* — X* is a quasi-isomorphism. Hence a
morphism X — Y[n] in D(A) can be represented as fs~! where s: L®* — X* is a
quasi-isomorphism, f : L®* — Y*[n] a morphism, and L’ = 0 for i < a. Note that
f maps L? to Y*", Thus f = 0 if n < b — a because always either L or Y*" is
zero. If n = b — a, then f corresponds exactly to a morphism H*(X) — H®(Y).
Part (2) is a special case of (1). O

Let A be an abelian category. Suppose that 0 - A — A" — A” — 0 is a short
exact sequence of objects of A. Then 0 — A[0] — A’[0] — A”[0] — 0 leads to a
distinguished triangle in D(A) (see Lemma hence a long exact sequence of
Ext groups

0 — Ext (B, A) — Ext%(B, A") — Ext% (B, A”) — Ext4(B,A) — ...
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Similarly, given a short exact sequence 0 — B — B’ — B” — 0 we obtain a long
exact sequence of Ext groups

0 — Ext(B", A) — Ext% (B, A) — Ext%(B, A) — Ext,(B", A) — ...

We may view these Ext groups as an application of the construction of the derived
category. It shows one can define Ext groups and construct the long exact sequence
of Ext groups without needing the existence of enough injectives or projectives.
There is an alternative construction of the Ext groups due to Yoneda which avoids
the use of the derived category, see [Yon60].

Definition 27.4. Let A be an abelian category. Let A, B € Ob(A). A degree ¢
Yoneda extension of B by A is an exact sequence

EZO—)A—)Zi_l—)Zi_2—>...—>Z0—>B—>O

in A. We say two Yoneda extensions E and E’ of the same degree are equivalent if
there exists a commutative diagram

0 A Zi 4 Zo B 0
T
0 A z! A B 0
'R
0 A 7l Z B 0

where the middle row is a Yoneda extension as well.

It is not immediately clear that the equivalence of the definition is an equivalence
relation. Although it is instructive to prove this directly this will also follow from
Lemma 7.5 below.

Let A be an abelian category with objects A, B. Given a Yoneda extension E :
00— A— Zisw = Zi—g — ... = Zy = B — 0 we define an associated element
§(E) € Ext'(B,A) as the morphism §(E) = fs=! : B[0] — A[i] where s is the

quasi-isomorphism

(..>02A—>Z,1—...52Zy—0—...) — B[0]
and f is the morphism of complexes

(.2 02A>Z, 1> ... 52— 0—..) — Afi

We call §(E) = fs~! the class of the Yoneda extension. It turns out that this class
characterizes the equivalence class of the Yoneda extension.

Lemma 27.5. Let A be an abelian category with objects A, B. Any element in
Ezt'y (B, A) is 6(E) for some degree i Yoneda extension of B by A. Given two
Yoneda extensions E, E' of the same degree then E is equivalent to E’ if and only

if 8(E) = 6(E").

Proof. Let ¢ : B[0] — A[i] be an element of Ext’y(B, A). We may write £ = fs~!
for some quasi-isomorphism s : L* — B[0] and map f : L* — A[i]. After replacing
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L® by 7<oL® we may assume that L' = 0 for i > 0. Picture

L=t Lt Lo B 0

|

A

Then setting Z;_1 = (L™ @ A)/L~" and Z; = L7 for j =i —2,...,0 we see
that we obtain a degree 7 extension E of B by A whose class §(E) equals &.

It is immediate from the definitions that equivalent Yoneda extensions have the
same class. Suppose that £ : 0 - A — Z;_1 - Z;_9 — ... > Zyg — B — 0 and
E':0->A—2Z_|—Z_,— ... Zy — B — 0 are Yoneda extensions with
the same class. By construction of D(A) as the localization of K (.A) at the set of
quasi-isomorphisms, this means there exists a complex L*® and quasi-isomorphisms

t:L*—>(..202A—>Z; 41— ... Zy—>0—...)

and
VL (.50 A=Z_ | —...>Zy—0—..)

such that sot = s’ ot’ and fot = f' ot/, see Categories, Section Let E”
be the degree i extension of B by A constructed from the pair L* — B[0] and
L* — AJi] in the first paragraph of the proof. Then the reader sees readily that
there exists “morphisms” of degree ¢ Yoneda extensions £’ — F and E” — E' as
in the definition of equivalent Yoneda extensions (details omitted). This finishes
the proof. |

Lemmal 27.6. Let A be an abelian category. Let A, B be objects of A. Then
E:rth(B,A) is the group Exta(B,A) constructed in Homology, Definition .

Proof. This is the case i = 1 of Lemma 27.5 O

28. Unbounded complexes

A reference for the material in this section is [Spa88|]. The following lemma is useful
to find “good” left resolutions of unbounded complexes.

Lemma 28.1. Let A be an abelian category. Let P C Ob(A) be a subset. Assume
that every object of A is a quotient of an element of P. Let K*® be a complex. There
exists a commutative diagram

Pt L)

L

T<1K® ——= T2 K* —— . ..

in the category of complexes such that

(1) the vertical arrows are quasi-isomorphisms,

(2) Py is a bounded above complex with terms in P,

(3) the arrows Py — Ps., are termwise split injections and each cokernel
P!, /P is an element of P.
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Proof. By LemmalI6.5|any bounded above complex has a resolution by a bounded
above complex whose terms are in P. Thus we obtain the first complex Pf. By
induction it suffices, given P, ..., Py to construct Py, and the maps Py — P53,
and Py — 7<,411K°®. Consider the cone C} of the composition Py — 7<, K® —
T<n+1H*. This fits into the distinguished triangle

P = ten 1 K® — CF — P2[1]

Note that C} is bounded above, hence we can choose a quasi-isomorphism Q* — C}
where @°® is a bounded above complex whose terms are elements of P. Take the
cone C3 of the map of complexes Q® — P2[1] to get the distinguished triangle

Q* — P31 = C5 = Q°[1]
By the axioms of triangulated categories we obtain a map of distinguished triangles

Py — 02'[—1] —Q*—— P,,;[l}

R

Py —— T<n1 K* — O —— Pi[1]
in the triangulated category K(A). Set Py,, = C3[—1]. Note that (3) holds by
construction. Choose an actual morphism of complexes f : P3| — T<p41K°. The
left square of the diagram above commutes up to homotopy, but as Py — P53, is
a termwise split injection we can lift the homotopy and modify our choice of f to
make it commute. Finally, f is a quasi-isomorphism, because both P, — P5 and
Q* — C7 are. ]

In some cases we can use the lemma above to show that a left derived functor is
everywhere defined.

Proposition| 28.2. Let F : A — B be a right exact functor of abelian categories.
Let P C Ob(A) be a subset. Assume

(1) every object of A is a quotient of an element of P,

(2) for any bounded above acyclic complex P* of A with P™ € P for all n the
complex F(P®) is exact,

(3) A and B have colimits of systems over N,

(4) colimits over N are ezxact in both A and B, and

(5) F commutes with colimits over N.

Then LF is defined on all of D(A).

Proof. By (1) and Lemma for any bounded above complex K*® there exists
a quasi-isomorphism P®* — K*® with P® bounded above and P™ € P for all n.
Suppose that s : P* — (P’)® is a quasi-isomorphism of bounded above complexes
consisting of objects of P. Then F(P*®) — F((P’)*) is a quasi-isomorphism because
F(C(s)*) is acyclic by assumption (2). This already shows that LF' is defined on
D~ (A) and that a bounded above complex consisting of objects of P computes LF,
see Lemma
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Next, let K® be an arbitrary complex of A. Choose a diagram

P Py

L

T<1K® ——= 710 K* —— . ..

as in Lemma Note that the map colim Py — K*® is a quasi-isomorphism
because colimits over N in A are exact and H*(P2) = H'(K*®) for n > i. We claim
that

F(colim Py) = colim F'(Py)
(termwise colimits) is LF(K*®), i.e., that colim P2 computes LF. To see this, by
Lemma it suffices to prove the following claim. Suppose that

colim Q® = Q* %+ P* = colim P?

is a quasi-isomorphism of complexes, such that each P3, @7 is a bounded above
complex whose terms are in P and the maps P — 7<,P® and Q) — 7<,Q°® are
quasi-isomorphisms. Claim: F(«) is a quasi-isomorphism.

The problem is that we do not assume that « is given as a colimit of maps between
the complexes Py and Q. However, for each n we know that the solid arrows in
the diagram

R.

\
e
o

TSnP. — TSnQ.

are quasi-isomorphisms. Because quasi-isomorphisms form a multiplicative system
in K(A) (see Lemma we can find a quasi-isomorphism L* — P3 and map
of complexes L* — @5 such that the diagram above commutes up to homotopy.
Then 7<,L®* — L*® is a quasi-isomorphism. Hence (by the first part of the proof)
we can find a bounded above complex R® whose terms are in P and a quasi-
isomorphism R® — L*® (as indicated in the diagram). Using the result of the first
paragraph of the proof we see that F(R®*) — F(Py) and F(R*) — F(Q?) are quasi-
isomorphisms. Thus we obtain a isomorphisms H*(F(P?)) — H(F(Q®)) fitting
into the commutative diagram

HY(F(Pp)) — H'(F(Q
(

|

)
HI(F(P*)) — H'(F(Q%))

The exact same argument shows that these maps are also compatible as n varies.
Since by (4) and (5) we have

HY(F(P*)) = H(F(colim P?)) = H'(colim F'(P?)) = colim H(F(P?))

and similarly for Q® we conclude that H'(a) : H (F(P*) — H'(F(Q®) is an iso-
morphism and the claim follows. (I
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Lemma 28.3. Let A be an abelian category. Let T C Ob(A) be a subset. Assume
that every object of A is a subobject of an element of . Let K*® be a complex.
There exists a commutative diagram

o> T> oK —— 1> 1 K*

L

13 15

in the category of complexes such that

(1) the vertical arrows are quasi-isomorphisms,

(2) I3 is a bounded above complex with terms in T,

(3) the arrows I3,y — I3 are termwise split surjections and Ker(I., , — I.)
is an element of I.

Proof. This lemma is dual to Lemma 2811 |

The following lemma is an example of why it is easier to work with unbounded
derived categories. Namely, without having the unbounded derived functors, the
lemma could not even be stated.

Lemmal 28.4. Let F': A — B and G : B — A be functors such that F' is a right
adjoint to G. If the derived functors RF : D(A) — D(B) and LG : D(B) — D(A)
ezist, then RF is a right adjoint to LG.

Proof. Let K*® be a complex of A and let M*® be a complex of B. Since RF is
defined at K*®, we see that the rule which assigns to a quasi-isomorphism s : K® —
I* the object F'(I®) is essentially constant as an ind-object of D(B) with value
RF(K*). Similarly, the rule which assigns to a quasi-isomorphism ¢ : P* — M*® the
object G(P*) is essentially constant as a pro-object of D(A) with value LG(M?®).
Thus we have
Hompg)(M*®, RF(K*®)) = colimg.xe 7o Homp g (M*®, F(1*))

= Colims:K._ﬂ- COlimt:Po_>Mo HOmK(B) (P., F(I.))

= colimy. pe s pre colimy. ge 7o Hom g3y (P*, F/(1°))

= COlimt;PoHMo COlimS;K-HI- HOIHK(_A) (G(P.), I.)

= COlims:K-ﬁ]- HOIHD(_A) (G(P.), K.)

= HOHlD(A) (LG(M.), K.)
The first equality holds by Categories, Lemma The second equality holds
by the definition of morphisms in D(B). The third equality holds by Categories,
Lemma The fourth equality holds because F' and G are adjoint. The fifth

equality holds by definition of morphism in D(A). The sixth equality holds by
Categories, Lemma [22.7] O

29. K-injective complexes

The following types of complexes can be used to compute right derived functors on
the unbounded derived category.

Definition 29.1. Let A be an abelian category. A complex I® is K-injective if for
every acyclic complex M*® we have Hom g (4)(M*,1°) = 0.


http://localhost:8080/tag/070F
http://localhost:8080/tag/09T5
http://localhost:8080/tag/070H

DERIVED CATEGORIES 87

In the situation of the definition we have in fact Hom g4y (M®[i], I*) = 0 for all i
as the translate of an acyclic complex is acyclic.

Lemmal 29.2. Let A be an abelian category. Let I® be a complex. The following
are equivalent
(1) I* is K-injective,
(2) for every quasi-isomorphism M® — N°® the map
HomK(A)(N°, I.) — HOIHK(A)(M., I.)

18 bijective, and
(3) for every complex N® the map

HOHlK(A)(N., I.) — HOmD(A)(N., I.)
18 an tsomorphism.

Proof. Assume (1). Then (2) holds because the functor Homg(4y(—,I®) is coho-

mological and the cone on a quasi-isomorphism is acyclic.

Assume (2). A morphism N® — I*® in D(A) is of the form fs~!: N®* — I* where

s : M* — N*® is a quasi-isomorphism and f : M* — I°® is a map. By (2) this

corresponds to a unique morphism N® — I*® in K(A), i.e., (3) holds.

Assume (3). If M* is acyclic then M*® is isomorphic to the zero complex in D(.A)

hence Homp(4)(N®,1*) = 0, whence Homg(4)(N®,1°) = 0 by (3), i.e., (1) holds.
O

Lemma 29.3. Let A be an abelian category. Let (K, L, M, f, g, h) be a distinguished
triangle of K(A). If two out of K, L, M are K-injective complexes, then the third
18 t00.

Proof. Follows from the definition, Lemma and the fact that K(A) is a trian-
gulated category (Proposition [10.3)). O

Lemmal 29.4. Let A be an abelian category. A bounded below complex of injectives
is K-injective.

Proof. Follows from Lemmas [29.2] and [18.8] O

Lemma 29.5. Let A be an abelian category. Let F : K(A) — D’ be an exact func-
tor of triangulated categories. Then RF is defined at every complex in K(A) which
is quasi-isomorphic to a K-injective complex. In fact, every K-injective complex
computes RE.

Proof. By Lemma [15.4] it suffices to show that RF is defined at a K-injective
complex, i.e., it suffices to show a K-injective complex I® computes RF. Any
quasi-isomorphism I®* — N°® is a homotopy equivalence as it has an inverse by

Lemma Thus I* — I*® is a final object of I*/Qis(A) and we win. O

Lemmal 29.6. Let A be an abelian category. Assume every complex has a quasi-
isomorphism towards a K-injective complex. Then any exact functor F : K(A) —
D’ of triangulated categories has a right derived functor

RF :D(A) — D’
and RF(I*) = F(I*) for K-injective complexes I°.
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Proof. To see this we apply Lemma [I5.15] with Z the collection of K-injective
complexes. Since (1) holds by assumption, it suffices to prove that if I* — J*
is a quasi-isomorphism of K-injective complexes, then F(I®*) — F(J*) is an iso-
morphism. This is clear because I* — J*® is a homotopy equivalence, i.e., an
isomorphism in K (A), by Lemma [29.2] O

The following lemma can be generalized to limits over bigger ordinals.

Lemmal 29.7. Let A be an abelian category. Let
I bl W AR by
be an inverse system of K-injective complexes. Assume
(1) each I is K-injective,
(2) each map I}y — I is a split surjection,
(3) the limits I™ = lim I]" exist.

Then the complex I°® is K-injective.

Proof. Let M* be an acyclic complex. Let us abbreviate H,(a,b) = Hom 4 (M, I?).
With this notation Hom g 4)(M*,I®) is the cohomology of the complex

HlimHn(m,me) — Hlim H,(m,m-1) — Hlim H,(m,m) — Hlim H,(m,m+1)

in the third spot from the left. We may exchange the order of [] and lim and each
of the complexes

HHn(m,m— 2) = HHn(m,m— 1) — HHn(m,m) — HHn(m,m—i— 1)

is exact by assumption (1). By assumption (2) the maps in the systems

—>HH3(m,m—2) —>HH2(m,m—2) —>HH1(m,m—2)

m

are surjective. Thus the lemma follows from Homology, Lemma [27.4 g

Remark 29.8. It appears that a combination of Lemmas 28.3] 29.4] and [29.7]
produces “enough K-injectives” for any abelian category with enough injectives
and countable limits. Actually, this may not work! Namely, suppose that K*® is a
complex and I is the system of bounded above complexes of injectives produced
by Lemma [28.3] Each complex I} is K-injective by Lemma [29.4] Let I® = lim I},
be the termwise limit which is K-injective by Lemma[29.7] The problem is that the
map K°® — I* may not be a quasi-isomorphism. The following lemma shows that
it does work if A has countable exact products.

Lemmal 29.9. Let A be an abelian category having enough injectives and exact
countable products. Then for every complex there is a quasi-isomorphism to a K-
injective complez.

Proof. Let K*® be a complex. Let I be the system of bounded above complexes
of injectives produced by Lemma Choose direct sum decompositions I =
CP @ IF for all n > 1. Set CY = I]. Each complex I} is K-injective by Lemma
Then I® = lim I} exists because I = [] ., C?. The I* is K-injective by
Lemma[29.7 Fix p € Z. We claim there is a short exact sequence

0—>I”—>HI£—>HI};—>0
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of objects of \A. Here the first map is given by the projection maps I? — I? and the
second map by () — (25 — b, (py1)) where fE: IP — IP | are the transition

n
maps. In fact, the sequence is split exact as IZ = [[ _ CP and the f, are the

projection maps (details omitted). We obtain a short exact sequence of complexes
O—>I‘—>HI;—>HI;—>O
Now, using that countable products are exact, we see that we get a long exact
cohomology sequence
o= HY(I) = [[EP () = [[HAI) — -

Since I, is quasi-isomorphic to 7>_,, K*® for each m we see that the system of
objects HP(I?,) (fixed p varying m) is eventually constant with value HP(K). Thus
the map [[ HP(I2,) — [[ HP(I},) is surjective with kernel HP(K*) (details omitted).
This proves that K®* — I°® is a quasi-isomorphism as desired. 0

Lemmal 29.10. Let A and B be abelian categories. Let u: A — B andv: B — A
be additive functors. Assume

(1) w is right adjoint to v, and
(2) v is exact.

Then u transforms K-injective complezes into K-injective complexes.

Proof. Let I*® be a K-injective complex of A. Let M*® be a acyclic complex of B.
As v is exact we see that v(M*) is an acyclic complex. By adjointness we get

0 = Homy () (v(M*), I*) = Hom () (M, u(I*))

hence the lemma follows. O

30. Bounded cohomological dimension

There is another case where the unbounded derived functor exists. Namely, when
the functor has bounded cohomological dimension.

Lemma 30.1. Let A be an abelian category. Let d : Ob(A) — {0,1,2,...,00} be
a function. Assume that
(1) every object of A is a subobject of an object A with d(A) =0,
(2) if0 > A — B — C — 0 is a short exact sequence then d(C) < max{d(A)—
1,d(B)}.
Let K® be a complex such that n + d(K™) tends to —oo as n — —oo. Then there
exists a quasi-isomorphism K® — L® with d(L™) =0 for alln € Z.

Proof. By Lemma[16.4we can find a quasi-isomorphism >0 K* — M* with M™ =
0 for n < 0 and d(M™) =0 for n > 0. Then K* is quasi-isomorphic to the complex

oo K2 S5 K MO Mt

Hence we may assume that d(K™) = 0 for n > 0. Note that the condition n +
d(K™) — —o0 as n — —oo is not violated by this replacement.

We are going to improve K*® by an (infinite) sequence of elementary replacements.
An elementary replacement is the following. Choose an index n such that d(K™) >
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0. Choose an injection K™ — M where d(M) = 0. Set M’ = Coker(K" —
M @ K™*1). Consider the map of complexes

K* Kn—l K" Kn+1 Kn+2
(K/)o . anl M M’ Kn+2

It is clear that K* — (K')® is a quasi-isomorphism. Moreover, it is clear that
d((K")") = 0 and d((K")"*1) < max{d(K"*!),d(K") — 1} and the other values
are unchanged.

To finish the proof we carefuly choose the order in which to do the elementary
replacements so that for every integer m the complex o>,,K*® is changed only a
finite number of times. To do this set

€(K*) = max{n + d(K™) | d(K™) > 0}

and
I={neZ|&K*)=n+dK")Nd(K") > 0}

Our assumption that n + d(K™) tends to —oo as n — —oo and the fact that
d(K™) = 0 for n >> 0 implies {(K*®) < +oo and that I is a finite set. It is clear
that ((K')®) < £(K*) for an elementary transformation as above. An elementary
transformation changes the complex in degrees < £(K*®) + 1. Hence if we can find
finite sequence of elementary transformations which decrease £(K*®), then we win.
However, note that if we do an elementary transformation starting with the smallest
element n € I, then we either decrease the size of I, or we increase min /. Since
every element of I is < £(K*®) we see that we win after a finite number of steps. O

Lemmal 30.2. Let F': A — B be a left exact functor of abelian categories. If

(1) every object of A is a subobject of an object which is right acyclic for F,
(2) there exists an integer n such that R"F =0,

then RF : D(A) — D(B) exists. Any complex consisting of right acyclic objects for
F computes RF and any complex is the source of a quasi-isomorphism into such a
complez.

Proof. Note that the first condition implies that RF : DT (A) — D¥(B) exists,
see Proposition Let A be an object of A. Choose an injection A — A’ with
A" acyclic. Then we see that R"T'F(A) = R"F(A’/A) = 0 by the long exact
cohomology sequence. Hence we conclude that R F = 0. Continuing like this
using induction we find that R™F = 0 for all m > n.

We are going to use Lemma with the function d : Ob(A) — {0,1,2,...}
given by d(A) = min{0} U {i | R°F(A) # 0}. The first assumption of Lemma
is our assumption (1) and the second assumption of Lemma follows from
the long exact cohomology sequence. Hence for every complex K*® there exists
a quasi-isomorphism K°® — L® with L™ right acyclic for F. We claim that if
L* — M?* is a quasi-isomorphism of complexes of right acyclic objects for F', then
F(L*) — F(M?*) is a quasi-isomorphism. If we prove this claim then we are done by
Lemma[I5.15] To prove the claim pick an integer i € Z. Consider the distinguished
triangle
0>i—n-1L® = 05— pn_ 1 M*®* — Q°,
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i.e., let Q° be the cone of the first map. Note that @°® is bounded below and that
HY(Q®) is zero except possibly for j =i—n—1or j =i—n—2. We may apply RF
to @°®. Using the spectral sequence of Lemma [21.3] and the assumed vanishing of
cohomology (2) we conclude that R F(Q®) is zero except possibly for j € {i —n —
2,...,1—1}. Hence we see that RF(0>;—n—1L*) = RF(0>;—n—1M?*) induces an
isomorphism of cohomology objects in degrees > i. By Proposition [I6.8] we know
that RF(UZi—n—lL.) = UZi—n,—lF(L.) and RF(UZi—n—lM.) = UZi—n—lF(M.)~
We conclude that F(L®) — F(M*®) is an isomorphism in degree ¢ as desired. O

Lemmal 30.3. Let F': A — B be a right exact functor of abelian categories. If
(1) every object of A is a quotient of an object which is left acyclic for F,
(2) there exists an integer n such that L"F =0,
then LF : D(A) — D(B) exists. Any complex consisting of left acyclic objects for
F computes LE and any complex is the target of a quasi-isomorphism into such a
complez.

Proof. This is dual to Lemma [B0.21 |

31. Derived colimits

In a triangulated category there is a notion of derived colimit.

Definition 31.1. Let D be a triangulated category. Let (K, f,) be a system of
objects of D. We say an object K is a derived colimit, or a homotopy colimit of the
system (K ) if the direct sum € K, exists and there is a distinguished triangle

P k.- PE. » K- PKal]

where the map @ K,, — € K,, is given by 1 — f,, in degree n. If this is the case,
then we sometimes indicate this by the notation K = hocolimK, .

By TR3 a derived colimit, if it exists, is unique up to (non-unique) isomorphism.
Moreover, by TR1 a derived colimit of K, exists as soon as @ K, exists. The
derived category D(Ab) of the category of abelian groups is an example. More
generally we have the following lemma.

Lemmal 31.2. Let A be an abelian category. If A has exact countable direct sums,
then D(A) has countable direct sums. In fact given a collection of complexes K
indexed by a countable index set I the termwise direct sum @ K? is the direct sum
of K? in D(A).

Proof. Let L*® be a complex. Suppose given maps «; : K} — L* in D(A). This
means there exist quasi-isomorphisms s; : M — K of complexes and maps of
complexes f; : M? — L*® such that o; = f;s; ! By assumption the map of com-

plexes

is a quasi-isomorphism. Hence setting f = € f; we see that a = fs~! is a map in
D(A) whose composition with the coprojection K? — € K? is o;. We omit the
verification that « is unique. (I
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Lemmal 31.3. Let A be an abelian category. Assume colimits over N exist and
are exact. Then countable direct sums exists and are exact. Moreover, if (An, frn)
is a system over N, then there is a short exact sequence

0— @An — @An — colim A, — 0
where the first map in degree n is given by 1 — f,.

Proof. The first statement follows from @ A4,, = colim(A; & ... ® A4,). For the
second, note that for each n we have the short exact sequence

0>A1...04, 1 >A...0A4, > A, —0

where the first map is given by the maps 1 — f; and the second map is the sum of
the transition maps. Take the colimit to get the sequence of the lemma. (Il

Lemmal 31.4. Let A be an abelian category. Let L? be a system of complezes of
A. Assume colimits over N exist and are exact in A. Then the termwise colimit
L* = colim L? is a homotopy colimit of the system in D(A).

Proof. We have an exact sequence of complexes
0—-Pr,-PrL, -1 -0

by Lemma The direct sums are direct sums in D(.A) by Lemma Thus
the result follows from the definition of derived colimits in Definition BL.1] and the
fact that a short exact sequence of complexes gives a distinguished triangle (Lemma
12.1). 0

The following lemma tells us that taking maps out of a compact object (to be
defined later) commutes with derived colimits.

Lemma 31.5. Let D be a triangulated category with countable direct sums. Let
K € D be an object such that for every countable set of objects E,, € D the canonical
map

@ Homp (K, E,) — Homp (K, P En)

is a bijection. Then, given any system L, of D over N whose derived colimit
L = hocolimL,, exists we have that

colim Homp (K, L,,) — Homp (K, L)
is a bijection.

Proof. Consider the defining distinguished triangle

@Ln —>@Ln —>L—>EBLn[1]

Apply the cohomological functor Homp (K, —) (see Lemma [4.2)). By elementary
considerations concerning colimits of abelian groups we get the result. (I
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32. Derived limits

In a triangulated category there is a notion of derived limit.

Definition 32.1. Let D be a triangulated category. Let (K,, f,) be an inverse
system of objects of D. We say an object K is a derived limit, or a homotopy limit
of the system (K,) if the product [ K, exists and there is a distinguished triangle

K—>HKn —>HK,L—>K[1]

where the map [[ K,, — [[ Ky is given by (ky) — (kn — fnt1(kny1)). If this is the
case, then we sometimes indicate this by the notation K = Rlim K,.

By TR3 a derived limit, if it exists, is unique up to (non-unique) isomorphism.
Moreover, by TR1 a derived limit Rlim K, exists as soon as [[ K,, exists. The
derived category D(Ab) of the category of abelian groups is an example. More
generally, we have the following lemma.

Lemmal32.2. Let A be an abelian category. If A has exact countable products, then
D(A) has countable products. In fact given a collection of complezes K? indexed by
a countable index set I the termwise product [[ K is the product of K? in D(A).

Proof. Let L*® be a complex. Suppose given maps «; : L®* — K? in D(A). This
means there exist quasi-isomorphisms s; : K7 — M? of complexes and maps of
complexes f; : L* — M? such that o; = s; Lf,. By assumption the map of com-

plexes
s:[[&r — [ M2

is a quasi-isomorphism. Hence setting f = [] f; we see that o = s~!f is a map
in D(A) whose composition with the projection [[ K? — K? is ;. We omit the
verification that « is unique. ([

The duals of Lemmas [31.3] [31.4] and [31.5] should be stated here and proved. How-
ever, we do not know any applications of these lemmas for now.

33. Generators of triangulated categories

In this section we briefly introduce a few of the different notions of a generator for
a triangulated category. Our terminology is taken from [BV03| (except that we use
“saturated” for what they call “épaisse”’, see Definition [6.1)).

Let D be a triangulated category. Let E be an object of D. Denote (F); the strictly
full subcategory of D consisting of objects in D isomorphic to direct summands of
finite direct sums

P Elni]

of shifts of E. For n > 1 let (E),, denote the full subcategory of D consisting of ob-
jects of D isomorphic to direct summands of objects X which fit into a distinguished
triangle
A— X — B — A[l]

where A and B are objects of (E),_1. Each of the categories (F),, is a strictly
full additive subcategory of D preserved under shifts and under taking summands.
But, (E), is not necessarily closed under “taking cones”, hence not necessarily a
triangulated subcategory. By the same token, the subcategory

(B) = (B
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is a strictly full, saturated, triangulated subcategory of D and it is the smallest
such subcategory of D containing the object FE.

Definition 33.1. Let D be a triangulated category. Let E be an object of D.

(1) Wesay FE is a classical generator of D if the smallest strictly full, saturated,
triangulated subcategory of D containing F is equal to D, in other words,
if (E) =D.

(2) We say F is a strong generator of D if (E),, = D for some n > 1.

(3) We say E is a weak generator or a generator of D if for any nonzero object
K of D there exists an integer n and a nonzero map E — K|n].

This definition can be generalized to the case of a family of objects.

Lemmal 33.2. Let D be a triangulated category. Let E, K be objects of D. The
following are equivalent

(1) Hom(E, K[i]) =0 for all i € Z,

(2) Hom(E',K) =0 for all E' € (E).

Proof. The implication (2) = (1) is immediate. Conversely, assume (1). Then
Hom(X,K) = 0 for all X in (E);. Arguing by induction on n and using Lemma
we see that Hom (X, K) =0 for all X in (E),. O

Lemma) 33.3. Let D be a triangulated category. Let E be an object of D. If E is
a classical generator of D, then E is a generator.

Proof. Assume FE is a classical generator. Let K be an object of D such that
Hom(E, K[i]) = 0 for all ¢ € Z. By Lemma Hom(E',K) =0 for all E' in (E).
However, since D = (E) we conclude that idx =0, i.e., K = 0. O

34. Compact objects

Here is the definition.

Definition 34.1. Let D be an additive category with arbitrary direct sums. A
compact object of D is an object K such that the map

@iel Homp (K, E;) — Homp (K, @iel E;)
is bijective for any set I and objects E; € Ob(D) parametrized by i € I.

This notion turns out to be very useful in algebraic geometry. It is an intrinsic
condition on objects that forces the objects to be, well, compact.

Lemma 34.2. Let D be a (pre-)triangulated category with direct sums. Then the
compact objects of D form the objects of a Karoubian, saturated, strictly full, (pre-
)triangulated subcategory D, of D.

Proof. Let (X,Y, Z, f, g, h) be a distinguished triangle of D with X and Y compact.
Then it follows from Lemma and the five lemma (Homology, Lemma that
Z is a compact object too. It is clear that if X &Y is compact, then X, Y are
compact objects too. Hence D, is a saturated triangulated subcategory. Since D is
Karoubian by Lemma we conclude that the same is true for D.. (I
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Lemma) 34.3. Let D be a triangulated category with direct sums. Let E;, i € I be
a family of compact objects of D such that € E; generates D. Then every object
X of D can be written as

X = hocolimX,,

where X1 is a direct sum of shifts of the E; and each transition morphism fits into
a distinguished triangle Y,, — X, — Xpt1 — Yu[1] where Y, is a direct sum of
shifts of the E;.

Proof. Set X; = @(z}m,s&) E;[m] where the direct sum is over all triples (i,m, ¢)
such that ¢ € I, m € Z and ¢ : E;fm] — X. Then X; comes equipped with
a canonical morphism X; — X. Given X,, - X we set Y,, = Ga(i,m,cp) E;[m]
where the direct sum is over all triples (z,m, ) such that ¢ € I, m € Z, and
¢ : Eilm] — X, is a morphism such that E;[m|] — X,, — X is zero. Choose
a distinguished triangle Y,, — X,, = X, 11 — Y,[1] and let X1 — X be any
morphism such that X,, — X,,41 — X is the given one; such a morphism exists by
our choice of Y,;. We obtain a morphism hocolimX,, — X by the construction of
our maps X,, — X. Choose a distinguished triangle

C' — hocolimX,, - X — C[1]

Let E;jm] — C be a morphism. Since E; is compact, the composition F;[m] —
X — hocolimX,, factors through X,, for some n, say by E;[m] — X,,. Then the
construction of Y;, shows that the composition E;[m] — X,, — X, 41 is zero. In
other words, the composition E;[m] — C — hocolimX,, is zero. This means that
our morphism E;[m] — C comes from a morphism E;[m] — X[—1]. The construc-
tion of X7 then shows that such morphism lifts to hocolim.X,, and we conclude that
our morphism F;[m] — C' is zero. The assumption that € E; generates D implies
that C is zero and the proof is done. ([

Lemma 34.4. With assumptions and notation as in Lemmal[34.3 If C is a compact
object and C — X,, is a morphism, then there is a factorization C — E — X,
where E is an object of (E;, & ...® E;,) for some iy,...,i; € I.

Proof. We prove this by induction on n. The base case n = 1 is clear. If n > 1
consider the composition C' — X,, — Y,,_1[1]. This can be factored through some
E'[1] — Y,_1[1] where E’ is a finite direct sum of shifts of the E;. Let I’ C I be
the finite set of indices that occur in this direct sum. Thus we obtain

E c’ c E'[1]

NN

Yoo —X 1 — X, —— Yn—l[l]

By induction the morphism C" — X,,_; factors through E” — X,,_; with E” an
object of (P,c;~ E;) for some finite subset I C I. Choose a distinguished triangle

E - E'— E— E'[1]

then E is an object of (P, ;. Ei). By construction and the axioms of a tri-
angulated category we can choose morphisms C' — F and a morphism F — X,
fitting into morphisms of triangles (E’,C’,C) — (E',E",E) and (E',E",E) —
(Yo—1,Xn—1,X,). The composition C — F — X,, may not equal the given mor-
phism C — X,,, but the compositions into Y,,_1 are equal. Let C — X, _1 be
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a morphism that lifts the difference. By induction assumption we can factor this
through a morphism £ — X,,_; with E” an object of (@, E;) for some finite
subset I’ C I. Thus we see that we get a solution on considering F & E""" — X,
because E @ E" is an object of (P, Ei)- O

Definition| 34.5. Let D be a triangulated category with arbitrary direct sums. We
say D is compactly generated if there exists a set F;, i € I of compact objects such
that @ E; generates D.

The following proposition clarifies the relationship between classical generators and
weak generators.

Proposition 34.6. Let D be a triangulated category with direct sums. Let E be a
compact object of D. The following are equivalent

(1) E is a classical generator for D. and D is compactly generated, and
(2) E is a generator for D.

Proof. If E is a classical generator for D, then D. = (E). It follows formally
from the assumption that D is compactly generated and Lemma that F is a
generator for D.

The converse is more interesting. Assume that F is a generator for D. Let X be a
compact object of D. Apply Lemma with I = {1} and E; = E to write

X = hocolimX,,

as in the lemma. Since X is compact we find that X — hocolimX,, factors through
X, for some n (Lemma|31.5). Thus X is a direct summand of X,,. By Lemma
we see that X is an object of (E) and the lemma is proven. O

35. Brown representability
A reference for the material in this section is [Nee96].

Lemma 35.1. Let D be a triangulated with direct sums which is compactly gener-
ated. Let H : D — Ab be a contravariant cohomological functor which transforms
direct sums into products. Then H is representable.

Proof. Let E;, i € I be a set of compact objects such that @iel FE; generates
D. We may and do assume that the set of objects {E;} is preserved under shifts.
Consider pairs (i,a) where ¢ € I and a € H(E;) and set

X, = EB(W) E;

Since H(X1) = []; .) H(E;) we see that (a)(;q) defines an element a; € H(Xy).
Set H; = Homp(—, X1). By Yoneda’s lemma (Categories, Lemma the element
aq defines a natural transformation H; — H.

We are going to inductively construct X, and transformations a, : H, — H
where H,, = Homp(—, X,,). Namely, we apply the procedure above to the functor
Ker(H,, — H) to get an object

i

K = @(i,k), kEKer(Hn (E;)— H(E;))
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and a transformation Homp(—, K,,+1) — Ker(H,, — H). By Yoneda’s lemma the
composition Homp(—, K, 1) — H, gives a morphism K, ; — X,,. We choose a
distinguished triangle

Kn+1 — Xn — Xn+1 — Kn+1[1]

in D. The element a,, € H(X,,) maps to zero in H(K,11) by construction. Since
H is cohomological we can lift it to an element a,+1 € H(X,41).

We claim that X = hocolimX,, represents H. First of all, by our definition of
derived colimits and the fact that H transforms direct sums into products, we see
that H(X) = lim H(X,,),. Thus a = (a,) gives an element in H(X) and hence a
natural transformation Homp(—, X) — H such that

Homp(—, X;) — Homp(—, X2) —» Homp(—, X3) — ... = Homp(—, X) > H

commutes. For each i the map Homp(F;, X) — H(E;) is surjective, by construc-
tion of X;. On the other hand, by construction of X,, — X,11 the kernel of
Homp(E;, X,,) — H(E;) is killed by the map Homp(E;, X,,) — Homp(E;, Xy 41)-
Since
Homp (F;, X) = colim Homp(E;, X,,)

by Lemma we see that Homp (E;, X) — H(FE;) is injective.
To finish the proof, consider the subcategory

D' ={Y € Ob(D) | Homp (Y [n], X) — H(Y[n]) is an isomorphism for all n}

As Homp(—,X) — H is a transformation between cohomological functors, the
subcategory D’ is a strictly full, saturated, triangulated subcategory of D (details
omitted; see proof of Lemma. Moreover, as both H and Homp(—, X) transform
direct sums into products, we see that direct sums of objects of D’ are in D’. Thus
derived colimits of objects of D’ are in D’. Since {E;} is preserved under shifts, we
see that F; is an object of D’ for all <. It follows from Lemma that D' = D
and the proof is complete. O

Proposition| 35.2. Let D be a triangulated with direct sums which is compactly
generated. Let F : D — D' be an additive functor of triangulated categories which
transforms direct sums into direct sums. Then F has a right adjoint. If F' is an
exact functor, then so is the adjoint.

Proof. For an object Y of D’ consider the contravariant functor

D — Ab, W +— Homp/ (F(W),Y)
This is a cohomological functors as F' is exact and tranforms direct sums into
products as F' transforms direct sums into direct sums. Thus by Lemma we
find an object X of D such that Homp (W, X)) = Homp/ (F(W),Y). The existence

of the adjoint follows from Categories, Lemma Exactness if F' is exact, follows
from Lemma [711 U
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