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1. Introduction

The notion of a site was introduced by Grothendieck to be able to study sheaves
in the étale topology of schemes. The basic reference for this notion is perhaps
[AGVTI]. Our notion of a site differs from that in [AGVTI]; what we call a site
is called a category endowed with a pretopology in [AGVT1l Exposé II, Définition
1.3]. The reason we do this is that in algebraic geometry it is often convenient to
work with a given class of coverings, for example when defining when a property of
schemes is local in a given topology, see Descent, Section Our exposition will
closely follow [Art62]. We will not use universes.

2. Presheaves

Let C be a category. A presheaf of sets is a contravariant functor F from C to Sets
(see Categories, Remark . So for every object U of C we have a set F(U).
The elements of this set are called the sections of F over U. For every morphism
f:V = U the map F(f) : F(U) = F(V) is called the restriction map and is often
denoted f*: F(U) — F(V). Another way of expressing this is to say that f*(s) is
the pullback of s via f. Functoriality means that g* f*(s) = (f o g)*(s). Sometimes
we use the notation s|y := f*(s). This notation is consistent with the notion of
restriction of functions from topology because if W — V' — U are morphisms in C
and s is a section of F over U then s|yr = (s|v)|w by the functorial nature of F.
Of course we have to be careful since it may very well happen that there is more
than one morphism V' — U and it is certainly not going to be the case that the
corresponding pullback maps are equal.

Definition 2.1. A presheaf of sets on C is a contravariant functor from C to
Sets. Morphisms of presheaves are transformations of functors. The category of
presheaves of sets is denoted PSh(C).

Note that for any object U of C the functor of points hy, see Categories, Example
[3:4)is a presheaf. These are called the representable presheaves. These presheaves
have the pleasing property that for any presheaf F we have

(2.1.1) Mor pgp(ey (hu, F) = F(U).
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This is the Yoneda lemma (Categories, Lemma [3.5)).

Similarly, we can define the notion of a presheaf of abelian groups, rings, etc. More
generally we may define a presheaf with values in a category.

Definition 2.2. Let C, A be categories. A presheaf F on C with values in A is a
contravariant functor from C to A, i.e., F : CP? — A. A morphism of presheaves
F — G on C with values in A is a transformation of functors from F to G.

These form the objects and morphisms of the category of presheaves on C with
values in A.

Remark| 2.3. As already pointed out we may consider the category presheaves
with values in any of the “big” categories listed in Categories, Remark These
will be “big” categories as well and they will be listed in the above mentioned
remark as we go along.

3. Injective and surjective maps of presheaves
Definition 3.1. Let C be a category, and let ¢ : 7 — G be a map of presheaves of
sets.

(1) We say that ¢ is injective if for every object U of C we have o : F(U) —
G(U) is injective.

(2) We say that ¢ is surjective if for every object U of C we have o : F(U) —
G(U) is surjective.

Lemma 3.2. The injective (resp. surjective) maps defined above are exactly the
monomorphisms (resp. epimorphisms) of PSh(C). A map is an isomorphism if and
only if it is both injective and surjective.

Proof. Omitted. O

Definition 3.3. We say F is a subpresheaf of G if for every object U € Ob(C) the
set F(U) is a subset of G(U), compatibly with the restriction mappings.

In other words, the inclusion maps F(U) — G(U) glue together to give an (injective)
morphism of presheaves F — G.

Lemma 3.4. Let C be a category. Suppose that ¢ : F — G is a morphism of
presheaves of sets on C. There exists a unique subpresheaf G' C G such that ¢
factors as F — G' — G and such that the first map is surjective.

Proof. Omitted. ]
Definition 3.5. Notation as in Lemma We say that G’ is the image of .

4. Limits and colimits of presheaves

Let C be a category. Limits and colimits exist in the category PSh(C). In addition,
for any U € ob(C) the functor

PSh(C) — Sets, Fr— F(U)

commutes with limits and colimits. Perhaps the easiest way to prove these state-
ment is the following. Given a diagram F : Z — PSh(C) define presheaves

Fiim : U — lim;e7 F;(U) and Feolim : U — colim;ez F3(U)
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There are clearly projection maps Fj, — F; and canonical maps F; — Feolim-
These maps satisfy the requirements of the maps of a limit (reps. colimit) of Cate-
gories, Deﬁnition(resp. Categories, Deﬁnition. Finally, if (G,q; : G — F)
is another system (as in the definition of a limit), then we get for every U a system
of maps G(U) — F;(U) with suitable functoriality requirements. And thus a unique
map G(U) — Fim(U). It is easy to verify these are compatible as we vary U and
arise from the desired map G — Fjj,- A similar argument works in the case of the
colimit.

5. Functoriality of categories of presheaves

Let u : C — D be a functor between categories. In this case we denote
uP : PSh(D) — PSh(C)

the functor that associates to G on D the presheaf uPG = G o u. Note that by the
previous section this functor commutes with all limits.
For V € ob(D) let Z{; denote the category with

Ob(Zy) = {(U,¢)|[U€Ob(C),¢:V —ul)}
Morzy ((U,9),(U",¢")) = {f:U—=>U"inC|u(f)od =4}
We sometimes drop the subscript “ from the notation and we simply write Zy . We

will use these categories to define a left adjoint to the functor uP. Before we do so
we prove a few technical lemmas.

(5.0.1)

Lemma 5.1. Let u : C — D be a functor between categories. Suppose that C has
fibre products and equalizers, and that w commutes with them. Then the categories
(Zv)°PP satisfy the hypotheses of Categories, Lemma .

Proof. There are two conditions to check.

First, suppose we are given three objects ¢ : V. — w(U), ¢' : V — w(U’), and
¢"” : V — w(U"”) and morphisms a : U' — U, b: U” — U such that u(a) o ¢ = ¢/
and u(b)og = ¢”". We have to show there exists another object ¢" : V' — w(U"") and
morphisms ¢ : U" — U’ and d : U"”" — U” such that u(c) o ¢ = ¢, u(d) o ¢p = ¢
and aoc=bod. We take U"" = U’ xyy U” with ¢ and d the projection morphisms.
This works as u commutes with fibre products; we omit the verification.

Second, suppose we are given two objects ¢ : V — u(U) and ¢’ : V — «(U’) and
morphisms a,b : (U,¢) — (U’,¢’). We have to find a morphism ¢ : (U”,¢") —
(U, ¢) which equalizes a and b. Let ¢ : U” — U be the equalizer of a and b in the
category C. As u commutes with equalizers and since u(a) o ¢ = u(b) o ¢p = ¢’ we
obtain a morphism ¢” : V- — u(U"). O

Lemmal 5.2. Let u: C — D be a functor between categories. Assume

(1) the category C has a final object X and uw(X) is a final object of D , and
(2) the category C has fibre products and u commutes with them.

Then the index categories (I34)°PP are filtered (see Categories, Definition .

Proof. The assumptions imply that the assumptions of Lemma [5.1] are satisfied
(see the discussion in Categories, Section . By Categories, Lemma we see
that Zy is a (possibly empty) disjoint union of directed categories. Hence it suffices
to show that Zy is connected.
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First, we show that Zy is nonempty. Namely, let X be the final object of C, which
exists by assumption. Let V' — u(X) be the morphism coming from the fact that
u(X) is final in D by assumption. This gives an object of Zy .

Second, we show that Zy is connected. Let ¢1 : V — w(U;) and ¢ : V — u(Us)
be in Ob(Zy). By assumption U; x Us exists and w(U; x Us) = u(Uy) X u(Us).
Consider the morphism ¢ : V. — wu(U; x Uy) corresponding to (1, ¢2) by the
universal property of products. Clearly the object ¢ : V' — u(U; x Us) maps to
both ¢1 : V — w(Uy) and ¢g : V — u(Us). O

Given g : V! = V in D we get a functor g : Zy — Iy by setting g(U, ¢) = (U, pog)
on objects. Given a presheaf F on C we obtain a functor

Fy : TP — Sets, (U, ¢) — F(U).
In other words, Fy is a presheaf of sets on Zy,. Note that we have Fy: 0 g = Fy .
We define
upF (V) := colimzorr Fyr

As a colimit we obtain for each (U,¢) € Ob(Zy) a canonical map F(U) A9,

upF(V). For g : V! — V as above there is a canonical restriction map g¢* :
upF (V) = upF (V') compatible with Fy» o g = Fy by Categories, Lemma It
is the unique map so that for all (U, ¢) € Ob(Zy ) the diagram

FU) L, F(v)

| )

FU) 20 F vy

commutes. The uniqueness of these maps implies that we obtain a presheaf. This
presheaf will be denoted u,F.

Lemma 5.3. There is a canonical map F(U) — upF(u(U)), which is compatible
with restriction maps (on F and on upF).

Proof. This is just the map c(id, ) introduced above. O

Note that any map of presheaves F — F’ gives rise to compatible systems of maps
between functors Fy — Fy,, and hence to a map of presheaves u,F — u,F'. In
other words, we have defined a functor

up : PSh(C) — PSh(D)

Lemma 5.4. The functor u, is a left adjoint to the functor uP. In other words the
formula

Mor pgpey (F, uPG) = Mor pgp(p) (upF, G)
holds bifunctorially in F and G.
Proof. Let G be a presheaf on D and let F be a presheaf on C. We will show that

the displayed formula holds by constructing maps either way. We will leave it to
the reader to verify they are each others inverse.

Given a map « : upF — G we get vPa : uPup,F — uPG. Lemma @ says that there
is a map F — wPu,F. The composition of the two gives the desired map. (The
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good thing about this construction is that it is clearly functorial in everything in
sight.)

Conversely, given a map 3 : F — uPG we get a map u,f3 : upF — upuPG. We claim
that the functor uPGy on Zy has a canonical map to the constant functor with
value G(Y'). Namely, for every object (X, ¢) of Zy, the value of uPGy on this object
is G(u(X)) which maps to G(Y) by G(¢) = ¢*. This is a transformation of functors
because G is a functor itself. This leads to a map u,uPG(Y) — G(Y). Another
trivial verification shows that this is functorial in Y leading to a map of presheaves
upuPG — G. The composition upF — u,uPG — G is the desired map. O

Remark| 5.5. Suppose that A is a category such that any diagram Zy — A has a
colimit in A. In this case it is clear that there are functors u” and wu,, defined in
exactly the same way as above, on the categories of presheaves with values in A.
Moreover, the adjointness of the pair u” and u, continues to hold in this setting.

Lemmal 5.6. Let u : C — D be a functor between categories. For any object U of
C we have uphy = hyv)-

Proof. By adjointness of u, and u? we have
Mor pgi(p) (uphv, G) = Mor pgpc) (hv, uPG) = u?G(U) = G(u(U))

and hence by Yoneda’s lemma we see that uyhy = hyr) as presheaves. [

6. Sites
Our notion of a site uses the following type of structures.

Definition 6.1. Let C be a category, see Conventions, Section A family of
morphisms with fixed target in C is given by an object U € Ob(C), a set I and
for each ¢ € I a morphism U; — U of C with target U. We use the notation
{U; = U},¢r to indicate this.

It can happen that the set I is empty! This notation is meant to suggest an open
covering as in topology.

Definition 6.2. A sitfﬂ is given by a category C and a set Cov(C) of families of
morphisms with fixed target {U; — Ul}icr, called coverings of C, satisfying the
following axioms

(1) If V — U is an isomorphism then {V — U} € Cov(C).

(2) If {U; = U}ier € Cov(C) and for each i we have {V;; — U};jes, € Cov(C),
then {V;j — U}ie[’jeji S COV(C)

(3) If {U; — U}ier € Cov(C) and V — U is a morphism of C then U; xy V
exists for all ¢ and {U; xy V — V}ier € Cov(C).

Remark 6.3. (On set theoretic issues — skip on a first reading.) The main reason
for introducing sites is to study the category of sheaves on a site, because it is
the generalization of the category of sheaves on a topological space that has been
so important in algebraic geometry. In order to avoid thinking about things like
“classes of classes” and so on, we will not allow sites to be “big” categories, in
contrast to what we do for categories and 2-categories.

IThis notation differs from that of [AGV7I], as explained in the introduction.
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Suppose that C is a category and that Cov(C) is a proper class of coverings satisfying
(1), (2) and (3) above. We will not allow this as a site either, mainly because we
are going to take limits over coverings. However, there are several natural ways to
replace Cov(C) by a set of coverings or a slightly different structure that give rise
to the same category of sheaves. For example:

(1) In Sets, Section we show how to pick a suitable set of coverings that
gives the same category of sheaves.

(2) Another thing we can do is to take the associated topology (see Definition
146.2). The resulting topology on C has the same category of sheaves. Two
topologies have the same categories of sheaves if and only if they are equal,
see Theorem[I8:2] A topology on a category is given by a choice of sieves on
objects. The collection of all possible sieves and even all possible topologies
on C is a set.

(3) We could also slightly modify the notion of a site, see Remark below,
and end up with a canonical set of coverings which is contained in the
powerset of the set of arrows of C.

Each of these solutions has some minor drawback. For the first, one has to check
that constructions later on do not depend on the choice of the set of coverings. For
the second, one has to learn about topologies and redo many of the arguments for
sites. For the third, see the last sentence of Remark [£6.4]

Our approach will be to work with sites as in Definition [6.2]above. Given a category
C with a proper class of coverings as above, we will replace this by a set of coverings
producing a site using Sets, Lemma[TT.1] It is shown in Lemma [8.6] below that the
resulting category of sheaves (the topos) is independent of this choice. We leave
it to the reader to use one of the other two strategies to deal with these issues if
he/she so desires.

Example| 6.4. Let X be a topological space. Let Xz, be the category whose
objects consist of all the open sets U in X and whose morphisms are just the
inclusion maps. That is, there is at most one morphism between any two objects in
X zar. Now define {U; — U}ier € Cov(Xz4,) if and only if | JU; = U. Conditions
(1) and (2) above are clear, and (3) is also clear once we realize that in Xz,
we have U x V = U N V. Note that in particular the empty set has to be an
element of Xy, since otherwise this would not work in general. Furthermore, it
is equally important, as we will see later, to allow the empty covering of the empty
set as a covering! We turn Xz, into a site by choosing a suitable set of coverings
Cov(Xzar)k.a as in Sets, Lemma Presheaves and sheaves (as defined below)
on the site Xz, agree exactly with the usual notion of a presheaves and sheaves
on a topological space, as defined in Sheaves, Section

Example| 6.5. Let G be a group. Consider the category G-Sets whose objects are
sets X with a left G-action, with G-equivariant maps as the morphisms. An impor-
tant example is ¢G which is the G-set whose underlying set is G and action given
by left multiplication. This category has fiber products, see Categories, Section
We declare {¢; : Us — U}icr to be a covering if J;; i(U;) = U. This gives a class
of coverings on G-Sets which is easily see to satisfy conditions (1), (2), and (3) of
Definition [6.2 The result is not a site since both the collection of objects of the
underlying category and the collection of coverings form a proper class. We first
replace by G-Sets by a full subcategory G-Sets, as in Sets, Lemma[I0.1] After this
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the site (G-Setsy, Cov, o (G-Setsy)) gotten by suitably restricting the collection of
coverings as in Sets, Lemma will be denoted 7T¢.

As a special case, if the group G is countable, then we can let T be the category
of countable G-sets and coverings those jointly surjective families of morphisms
{vi : Uy = U}ier such that I is countable.

Example| 6.6. Let C be a category. There is a canonical way to turn this into a
site where {idy : U — U} are the coverings. Sheaves on this site are the presheaves
on C. This corresponding topology is called the chaotic or indiscrete topology.

7. Sheaves

Let C be a site. Before we introduce the notion of a sheaf with values in a category
we explain what it means for a presheaf of sets to be a sheaf. Let F be a presheaf
of sets on C and let {U; — U},;er be an element of Cov(C). By assumption all the
fibre products U; xy U; exist in C. There are two natural maps

pry
Hie] -F(Ui) — H(io,il)GIxIF(Uio 3% Uz‘1)
pry

*

which we will denote pr}, ¢ = 0,1 as indicated in the displayed equation. Namely,
an element of the left hand side corresponds to a family (s;);cr, where each s; is a
section of F over U;. For each pair (ig, 1) € I x I we have the projection morphisms

(0,%1)

(40,81)
\ W

pr;, : Uiy, xu Uiy, — U, and pr Uiy xp Uy — Uy,

Thus we may pull back either the section s;, via the first of these maps or the
section s;, via the second. Explicitly the maps we referred to above are

(i0,d1),*

s )
pry ¢ (si)ier pr;, (8i0) io.in)EIxT

and

pry : (8i)ier — (prg?hllx*(s

11 ) .
(i0,i1)€IXT

Finally consider the natural map

F) — 11, FW), s— (s

Ui)iGI

where we have used the notation s|y, to indicate the pullback of s via the map
U; — U. It is clear from the functorial natural of F and the commutativity of the
fibre product diagrams that prg((s|u,)ier) = pri((s|u,)ier)-

Definition 7.1. Let C be a site, and let F be a presheaf of sets on C. We say F is
a sheaf if for every covering {U; — U};cr € Cov(C) the diagram

pr
(7~1~1) }-(U) - Hie[ -F(Ui) — H(io,il)elxl ]:(Uio XU Uil)

pry
represents the first arrow as the equalizer of prg and prj.

Loosely speaking this means that given sections s; € F(U;) such that

Sq UixyU; = S] U;xyUj
in F(U; xy Uj) for all pairs (¢, ) € I x I then there exists a unique s € F(U) such

that s; = s|y,.
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Remark 7.2. If the covering {U; — U};er is the empty family (this means that
I =), then the sheaf condition signifies that F(U) = {*} is a singleton set. This is
true because in the second and third sets are empty products in the category
of sets, which are final objects in the category of sets, hence singletons.

Example 7.3. Let X be a topological space. Let Xz, be the site constructed in
Example m The notion of a sheaf on Xz,, coincides with the notion of a sheaf
on X introduced in Sheaves, Definition

Example 7.4. Let X be a topological space. Let us consider the site X/, which
is the same as the site Xz, of Example except that we disallow the empty
covering of the empty set. In other words, we do allow the covering {# — @} but
we do not allow the covering whose index set is empty. It is easy to show that this
still defines a site. However, we claim that the sheaves on X7/, . are different from
the sheaves on X z,,.. For example, as an extreme case consider the situation where
X = {p} is a singleton. Then the objects of X/, . are ), X and the coverings are
{{0 — 0},{X — X}}. Clearly, a sheaf on this is given by any choice of a set JF ()
and any choice of a set F(X), together with any restriction map F(X) — F(0).
Thus sheaves on X7, . are the same as usual sheaves on the two point space {n, p}
with open sets {0, {n}, {p,n}}. In general sheaves on X/, . are the same as sheaves
on the space X II {n}, with opens given by the empty set and any set of the form
UU{n} for U C X open.

Definition 7.5. The category Sh(C) of sheaves of sets is the full subcategory of
the category PSh(C) whose objects are the sheaves of sets.

Let A be a category. If products indexed by I, and I x I exist in A for any [ that
occurs as an index set for covering families then Definition [7.1] above makes sense,
and defines a notion of a sheaf on C with values in .A. Note that the diagram in A

pro
F(U;) Hn(io,il)eIxI F(Ui, xv Usy)
pry

F(U) 4>Hie]

is an equalizer diagram if and only if for every object X of A the diagram of sets
pry
Mor 4 (X, F(U)) —— [[ Mor 4(X, F(U;)) [IMor4(X, F(Us;, xv Us,))
pry

is an equalizer diagram.

Suppose A is arbitrary. Let F be a presheaf with values in A. Choose any object
X € Ob(A). Then we get a presheaf of sets Fx defined by the rule

Fx(U) =Mor4(X, F(U)).

From the above it follows that a good definition is obtained by requiring all the
presheaves Fx to be sheaves of sets.

Definition 7.6. Let C be a site, let A be a category and let F be a presheaf on C
with values in 4. We say that F is a sheaf if for all objects X of A the presheaf of
sets Fx (defined above) is a sheaf.
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8. Families of morphisms with fixed target

This section is meant to introduce some notions regarding families of morphisms
with the same target.

Definition 8.1. Let C be a category. Let U = {U; — U};cr be a family of
morphisms of C with fixed target. Let V = {V; — V}cs be another.

(1)

(2)

A morphism of families of maps with fixed target of C from U to V, or
simply a morphism from U to V is given by a morphism U — V| a map of
sets a : I — J and for each i € I a morphism U; — V, ;) such that the
diagram

- .V

(i)

v
is commutative.
In the special case that U = V and U — V is the identity we call U a
refinement of the family V.

S<—85

[

A trivial but important remark is that if V = {V; — V};c; is the empty family of
maps, i.e., if J =0, then no family U = {U; — V}c; with I # () can refine V!

Definition 8.2. Let C be a category. Let U = {¢; : U; = Ulticr, and V = {¢; :
V; = U}jes be two families of morphisms with fixed target.

(1)
(2)

We say U and V are combinatorially equivalent if there exist maps a: [ — J
and 3 : J — I such that ¢; = ¥, and ¥; = @g(j)-

We say U and V are tautologically equivalent if there exist maps a: [ — J
and 8:J — I and for all 4 € I and j € J commutative diagrams

Ui—————Vap Vi

N N

with isomorphisms as horizontal arrows.

Lemma 8.3. Let C be a category. Let U = {p; : Uy = U}ier, andV = {¢; : V; —
U}jes be two families of morphisms with the same fized target.

(1)

IfU andV are combinatorially equivalent then they are tautologically equiv-
alent.

IfU and V are tautologically equivalent then U is a refinement of V and V
is a refinement of U.

The relation “being combinatorially equivalent” is an equivalence relation
on all families of morphisms with fixed target.

The relation “being tautologically equivalent” is an equivalence relation on
all families of morphisms with fized target.

The relation ‘U refines V and V refines U” is an equivalence relation on
all families of morphisms with fized target.

Omitted. O
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In the following lemma, given a category C, a presheaf F on C, a family U = {U; —
U}ier such that all fibre products U; Xy Uy exist, we say that the sheaf condition
for F with respect to U holds if the diagram (7.1.1) is an equalizer diagram.

Lemma 8.4. Let C be a category. Let U = {¢; : Uy = Ulier, and V = {¢; :
V; —= U}jes be two families of morphisms with the same fized target. Assume that
the fibre products U; xy Uy and V; xy Vo exist. If U and V are tautologically
equivalent, then for any presheaf F on C the sheaf condition for F with respect to
U is equivalent to the sheaf condition for F with respect to V.

Proof. First, note that if ¢ : A — B is an isomorphism in the category C, then
©* : F(B) — F(A) is an isomorphism. Let 5 :J — I be a map and let ¢, : V; —
Ug(;) be isomorphisms over U which are assumed to exist by hypothesis. Let us
show that the sheaf condition for V implies the sheaf condition for #. Suppose
given sections s; € F(U;) such that

Si UiXUUi/ = 87;' UiXUUi/

in F(U; xu Uyr) for all pairs (i,i") € I x I. Then we can define s; = 7sg(;). For
any pair (4, j') € J x J' the morphism v; xiq,, ¥ = V; xu Vjr = Up(jy xu Up(jry is
an isomorphism as well. Hence by transport of structure we see that

sj‘VixU‘/j’ = SJ"|V.7’XUVJ-/

as well. The sheaf condition w.r.t. ¥V implies there exists a unique s such that
s|ly, = s; for all j € J. By the first remark of the proof this implies that s|y, = s;
for all ¢ € Im(53) as well. Suppose that ¢ € I, i € Im(8). For such an ¢ we
have isomorphisms U; — Vi) — Upga(s)) over U. This gives a morphism U; —
Ui Xu Ug(a(i)) Which is a section of the projection. Because s; and sg(q(s)) restrict
to the same element on the fibre product we conclude that sg.(;)) pulls back to s;
via U; — Ug(a(i))- Thus we see that also s; = sy, as desired. O

Lemmal 8.5. Let C be a category. Let Cov;, i = 1,2 be two sets of families of
morphisms with fized target which each define the structure of a site on C.

(1) If every U € Couvy is tautologically equivalent to some V € Couvy, then
Sh(C, Covg) C Sh(C, Covr). If also, every U € Couvs is tautologically equiv-
alent to some V € Couy then the category of sheaves are equal.

(2) Suppose that for each U € Covy there exists aV € Cova such that V refines
U. In this case Sh(C, Covs) C Sh(C, Covy). If also for everyU € Couvsy there
exists a V € Covy such that V refines U, then the categories of sheaves are
equal.

Proof. Part (1) follows directly from Lemma and the definitions.

We advise the reader to skip the proof of (2) on a first reading. Let F be a
sheaf of sets for the site (C,Covs). Let U € Covy, say U = {U; — U}ier. Choose a
refinement V € Covg of U, say V = {V; — U} e, and refinement given by o« : J — I
and fj : VJ — Ua(j)~

First let s,s' € F(U). If for all ¢« € I we have s|y, = §'|y,, then we also have
sy, = s'|ly, for all j € J. This implies that s = s’ by the sheaf condition for F
with respect to Covy. Hence we see that the unicity in the sheaf condition for F
and the site (C, Covy) holds.
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Next, suppose given s; € F(U;) such that s;|v,x, v, = si|v,x,uv,, for all i,i" € I.
Set s; = f;(sa(j)) € F(V;). Since the morphisms f; are morphisms over U we
obtain induced morphisms fj; : V; xu Vi — Uqi) Xu Uq(iry compatible with the
fj, fj» via the projection maps. It follows that

sj‘VjXUVj/ = f;‘j’ (S(X(j)|Ua(j)><UUa(j/)) = f;j’(sa(j')‘Ua(j)XUUQ(j/)) = Sj/|Vj><UVj/

for all j, 7' € J. Hence, by the sheaf condition for F with respect to Covy, we get a
section s € F(U) which restricts to s; on each V;. We are done if we show s restricts
to s;, on U, for any ig € I. For each iy € I the family U’ = {U; xy U;, — Uy, bier
is an element of Covy by the axioms of a site. Also, the family V' = {V; xy U;;, —
Uiy }jes is an element of Cove. Then V' refines Y’ via a : J — I and the maps
fJ’» = f; xidy,,. The element s;, restricts to si|u,x,v,, on the members of the
covering U’ and hence via (f})* to the elements s;|v;x,v,, on the members of the
covering V’'. By construction of s this is the same as the family of restrictions of
s|u,, to the members of the covering V'. Hence by the sheaf condition for F with
respect to Covy we see that s Uiy = Sig 8S desired. O

Lemma 8.6. Let C be a category. Let Cov(C) be a proper class of coverings sat-
isfying conditions (1), (2) and (3) of Definition [6.4 Let Covy, Covy C Cou(C) be
two subsets of Cov(C) which endow C with the structure of a site. If every covering
U € Cov(C) is combinatorially equivalent to a covering in Covy and combinatorially
equivalent to a covering in Covs, then Sh(C, Couy) = Sh(C, Couvs).

Proof. This is clear from Lemmas[3.5] and [8.3]above as the hypothesis implies that
every covering U € Covy C Cov(C) is combinatorially equivalent to an element of
Covs, and similarly with the roles of Cov; and Covy reversed. [l

9. The example of G-sets

As an example, consider the site Tg of Example We will describe the category
of sheaves on Tg. The answer will turn out to be independent of the choices made
in defining 7¢. In fact, during the proof we will need only the following properties
of the site Tg:
) T is a full subcategory of G-Sets,
) To contains the G-set oG,
) 7¢ has fibre products and they are the same as in G-Sets,
) given U € Ob(7T¢) and a G-invariant subset O C U, there exists an object
of T¢ isomorphic to O, and
(e) any surjective family of maps {U; — U }ier, with U, U; € Ob(7¢) is combi-
natorially equivalent to a covering of 7Tq.

These properties hold by Sets, Lemmas and

Remark that the map
Homg (G, cG) — GPP o — (1)

is an isomorphism of groups. The inverse map sends g € G to the map R, : s — sg
(i.e. right multiplication). Note that Ry, 4, = Ry, © Ry, so the opposite is necessary.

This implies that for every presheaf F on T¢ the value F(¢G) inherits the structure
of a G-set as follows: ¢g-s for g € G and s € F(¢G) defined by F(Rg)(s). This is
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a left action because

(9192) - 8 = F(Rgyg,)(8) = F(Ry, 0 Ry, )(5) = F(Ry, )(F(Ry,)(8)) = g1+ (92 - 5).

Here we’ve used that F is contravariant. Note that if / — G is a morphism of
presheaves of sets on T then we get a map F(¢G) — G(¢G) which is compatible
with the G-actions we have just defined. All in all we have constructed a functor

PSWTg) — G-Sets, F — F(cG).

We leave it to the reader to verify that this construction has the pleasing property
that the representable presheaf hyy is mapped to something canonically isomorphic
to U. In a formula hy(¢G) = Homg(¢G,U) 2 U.

Suppose that S is a G-set. We define a presheaf Fg by the formulaﬂ
fs(U) = MorG—Sets(Ua S)

This is clearly a presheaf. On the other hand, suppose that {U; — U}icr is a
covering in 7¢. This implies that [ [, U; — U is surjective. Thus it is clear that the
map

Fs(U) = Morgsers(U, §) — [ [ Fs(Us) = [ [ Morg-sets(Us, S)

is injective. And, given a family of G-equivariant maps s; : U; — S, such that all
the diagrams

Ui XU UjHUj

Lk

U, —> S

commute, there is a unique G-equivariant map s : U — S such that s; is the
composition U; — U — S. Namely, we just define s(u) = s;(u;) where ¢ € I is any
index such that there exists some u; € U; mapping to u under the map U; — U.
The commutativity of the diagrams above implies exactly that this construction is
well defined. All in all we have constructed a functor

G-Sets — Sh(Tg), S +— Fs.

We now have the following diagram of categories and functors

PSh(Te) — 2279 Gogets
\ Sy
Sh(Tc)

It is immediate from the definitions that Fs(¢G) = Morg(¢G,S) = S, the last
equality by evaluation at 1. This almost proves the following.

Proposition| 9.1. The functors F — F(gG) and S — Fs define quasi-inverse
equivalences between Sh(T¢) and G-Sets.

214 may appear this is the representable presheaf defined by S. This may not be the case
because S may not be an object of 7¢ which was chosen to be a sufficiently large set of G-sets.
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Proof. We have already seen that composing the functors one way around is iso-
morphic to the identity functor. In the other direction, for any sheaf H there is a
natural map of sheaves

can : H — Fyea)-

Namely, for any object U of Tg we let cany be the map

H(U) — fH(Gg)(U) = Morg(U,H(GG))
s — (ur— als).

Here oy, : ¢G — U is the map a,(g9) = gu and o : H(U) — H(cG) is the
pullback map. A trivial but confusing verification shows that this is indeed a map
of presheaves. We have to show that can is an isomorphism. We do this by showing
cany is an isomorphism for all U € ob(7¢g). We leave the (important but easy) case
that U = ¢G to the reader. A general object U of 7¢ is a disjoint union of G-orbits:
U = [1;c; Os. The family of maps {O; — U}ier is tautologically equivalent to a
covering in T (by the properties of 7¢ listed at the beginning of this section). Hence
by Lemmathe sheaf H satisfies the sheaf property with respect to {O; — U }iey.
The sheaf property for this covering implies H(U) = [[, H(O;). Hence it suffices to
show that cany is an isomorphism when U consists of a single G-orbit. Let u € U
and let H C G be its stabilizer. Clearly, Morg (U, H(cG)) = H(cG) equals the
subset of H-invariant elements. On the other hand consider the covering {¢G — U}
given by g — gu (again it is just combinatorially equivalent to some covering of Tg,
and again this doesn’t matter). Note that the fibre product (¢G) xv (¢G) is equal
to {(g9,9h),9 € G,h € H} =[],y ¢G. Hence the sheaf property for this covering
reads as

H(U) — H(6G) — [lpen H(cC).

P
pry

The two maps pr} into the factor H(¢G) differ by multiplication by h. Now the
result follows from this and the fact that can is an isomorphism for U = ¢G. 0O

10. Sheafification

In order to define the sheafification we study the zeroth Cech cohomology group of
a covering and its functoriality properties.

Let F be a presheaf of sets on C, and let U = {U; — U}ier be a covering of C. Let
us use the notation F(U) to indicate the equalizer

HU,F) = {(si)ier € [ [ FU) | silvixyu, = silvixuu, Visj € I}

As we will see later, this is the zeroth Cech cohomology of F over U with respect
to the covering U. A small remark is that we can define H°(U, F) as soon as all
the morphisms U; — U are representable, i.e., i need not be a covering of the

site. There is a canonical map F(U) — H°(U,F). It is clear that a morphism of
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coverings U — V induces commutative diagrams

Ui Xu Uj

Uj Va)

This in turn produces a map H°(V,F) — H°(U,F), compatible with the map
F(V)—= FU).

By construction, a presheaf F is a sheaf if and only if for every covering U of C the
natural map F(U) — H°(U, F) is bijective. We will use this notion to prove the
following simple lemma about limits of sheaves.

Lemma 10.1. Let F : T — Sh(C) be a diagram. Then limz F exists and is equal
to the limit in the category of presheaves.

Proof. Let lim; F; be the limit as a presheaf. We will show that this is a sheaf and
then it will trivially follow that it is a limit in the category of sheaves. To prove the
sheaf property, let V = {V; — V};c; be a covering. Let (s;)jes be an element of
H°(V,lim; F;). Using the projection maps we get elements (s;;);es in HO(V, F;).
By the sheaf property for F; we see that there is a unique s; € F;(V) such that
554 = silv;. Let ¢ 14 — 4’ be a morphism of the index category. We would like to
show that F(¢) : F; — Fir maps s; to sy. We know this is true for the sections
si,; and s ; for all j and hence by the sheaf property for F;; this is true. At this
point we have an element s = (8;);cob(z) of (lim; F3)(V). We leave it to the reader
to see this element has the required property that s; = s|y,. O

Example| 10.2. A particular example is the limit over the empty diagram. This
gives the final object in the category of (pre)sheaves. It is the sheaf that associates
to each object U of C a singleton set, with unique restriction mappings. We often
denote this sheaf by .

Let Jy be the category of all coverings of U. In other words, the objects of Ji; are
the coverings of U in C, and the morphisms are the refinements. By our conventions
on sites this is indeed a category, i.e., the collection of objects and morphisms forms
a set. Note that Ob(Jy) is not empty since {idy} is an object of it. According to
the remarks above the construction U + HO(U,F) is a contravariant functor on
Ju. We define
]:+(U) = COlimjgmw HO(L{,}")

See Categories, Section [I4]for a discussion of limits and colimits. We point out that
later we will see that F1(U) is the zeroth Cech cohomology of F over U.

Before we say more about the structure of the colimit, we turn the collection of
sets FH(U), U € Ob(C) into a presheaf. Namely, let V' — U be a morphism of C.
By the axioms of a site there is a functo

Jv — Jv, {Ui—=Upr—{UixyV =V}

3This construction actually involves a choice of the fibre products U; Xy V' and hence the
axiom of choice. The resulting map does not depend on the choices made, see below.
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Note that the projection maps furnish a functorial morphism of coverings {U; Xy
V — V} — {U; — U} and hence, by the construction above, a functorial map
of sets HO{U; — U}, F) — H°({U; xy V. — V},F). In other words, there
is a transformation of functors from H°(—,F) : Jy — Sets to the composition

H°(—,F . .. . .
Ju — Jv # Sets. Hence by generalities of colimits we obtain a canonical

map FT(U) — FH(V). In terms of the description of the set FT(U) above, it
just takes the element associated with s = (s;) € H({U; — U}, F) to the element
associated with (s;|vx,v,) € HO({U; xuy V. — V}, F).

Lemma 10.3. The constructions above define a presheaf FT together with a canon-
ical map of presheaves F — FT.

Proof. All we have to do is to show that given morphisms W — V — U the
composition FT(U) — FH(V) — FT(W) equals the map FT(U) — FT(W).
This can be shown directly by verifying that, given a covering {U; — U} and
s = (s;) € H'({U; — U}, F), we have canonically W xy U; 2 W xv (V xy Uy),
and s;|w x, v, corresponds to (si|vx,u,)lwxy (vxyu,) Via this isomorphism. O

More indirectly, the result of Lemma shows that we may pullback an element
s as above via any morphism from any covering of W to {U; — U} and we will
always end up with the same element in F*(W).

Lemma 10.4. The association F + (F — F 1) is a functor.

Proof. Instead of proving this we state exactly what needs to be proven. Let
F — G be a map of presheaves. Prove the commutativity of:

F——>F*

|

G——G*

O

The next two lemmas imply that the colimits above are colimits over a directed
partially ordered set.

Lemma/ 10.5. Given a pair of coverings {U; — U} and {V; — U} of a given object
U of the site C, there exists a covering which is a common refinement.

Proof. Since C is a site we have that for every ¢ the family {V; xy U; — U}, is a
covering. And, then another axiom implies that {V; xy U; — U}, ; is a covering of
U. Clearly this covering refines both given coverings. (I

Lemmal 10.6. Any two morphisms f,g : U — V of coverings inducing the same
morphism U — V induce the same map H°(V, F) — HO(U, F).

Proof. Let Y = {U; = U}ic; and V = {V; = V},c;. The morphism f consists of
amap U — V,amap a: 1 — J and maps f; : Uy — V,(;). Likewise, g determines
amap 8 : 1 — J and maps g; : U; — Vp@;). As f and g induce the same map
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U — V, the diagram
Vai)

U/ \v
N

a(i
Vi)
is commutative for every ¢ € I. Hence f and g factor through the fibre product

Vo)

Va)-
Now let s = (s;); € H°(V, F). Then for all i € I:
(f*s)i = [i (sa(i)) = €' Pr1(sa() = ¢ Pra(sp()) = 9i (s51) = (979)i;

where the middle equality is given by the definition of H°(V, F). This shows that
the maps H°(V, F) — H°(U,F) induced by f and g are equal. O

Remark|10.7. In particular this lemma shows that if {/ is a refinement of V, and if
V is a refinement of I, then there is a canonical identification H(U, F) = H°(V, F).

From these two lemmas, and the fact that [Jy is nonempty, it follows that the
diagram HO(—, F) : J*¥ — Sets is filtered, see Categories, Definition Hence,
by Categories, Section the colimit FT(U) may be described in the following
straightforward manner. Namely, every element in the set F*(U) arises from an
element s € HO(U,F) for some covering U of U. Given a second element s’ €
HOU', F) then s and s’ determine the same element of the colimit if and only if
there exists a covering V of U and refinements f : V — U and f' : V — U’ such
that f*s = (f')*s’ in H°(V,F). Since the trivial covering {idy/} is an object of Jir
we get a canonical map F(U) — FT(U).

Lemma 10.8. The map 0 : F — FT has the following property: For every object
U of C and every section s € F+(U) there exists a covering {U; — U} such that
s|lu, is in the image of 0 : F(U;) — F(U;).

Proof. Namely, let {U; — U} be a covering such that s arises from the element
(s;) € H°{U; — U}, F). According to Lemma we may consider the covering
{U; — U;} and the (obvious) morphism of coverings {U; — U;} — {U; — U} to
compute the pullback of s to an element of 71 (U;). And indeed, using this covering
we get exactly 6(s;) for the restriction of s to Uj;. O

Definition 10.9. We say that a presheaf of sets F on a site C is separated if, for
all coverings of {U; — U}, the map F(U) — [[ F(U;) is injective.

Theorem 10.10. With F as above
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(1) The presheaf F* is separated.

(2) If F is separated, then F* is a sheaf and the map of presheaves F — FT
18 1njective.

(3) If F is a sheaf, then F — FT is an isomorphism.

(4) The presheaf F* is always a sheaf.

Proof. Proof of . Suppose that s,s' € FT(U) and suppose that there exists
some covering {U; — U} such that s|y, = §'|y, for all . We now have three
coverings of U: the covering {U; — U} above, a covering U for s as in Lemma
and a similar covering U’ for s’. By Lemma we can find a common
refinement, say {W; — U}. This means we have s;, s’ € F(W;) such that s|w, =
0(s;), similarly for s'|y;, and such that 6(s;) = 6(s). This last equality means
that there exists some covering {Wj;, — W;} such that s;|lw,, = sj|lw,,. Then
since {W;, — U} is a covering we see that s,s’ map to the same element of
HY({Wj, — U}, F) as desired.

Proof of . It is clear that F — F* is injective because all the maps F(U) —
HO(U,F) are injective. It is also clear that, if 4/ — U’ is a refinement, then
H(U', F) — H°(U, F) is injective. Now, suppose that {U; — U} is a covering, and
let (s;) be a family of elements of F(U;) satisfying the sheaf condition s;|y, xpU; =
sjlu;xpu; for all i,j € I. Choose coverings (as in Lemma {Ui; — U} such
that s;|y,, is the image of the (unique) element s;; € F(U;;). The sheaf condition
implies that s;; and s+ agree over U;; Xy Uy j» because it maps to U; xy Uy and we
have the equality there. Hence (s;;) € H°({U;; — U}, F) gives rise to an element
s € FT(U). We leave it to the reader to verify that s|y, = s;.

Proof of . This is immediate from the definitions because the sheaf property
says exactly that every map F — HC(U, F) is bijective (for every covering U of U).

Statement is now obvious. O

Definition| 10.11. Let C be a site and let F be a presheaf of sets on C. The sheaf
F# .= F*+7 together with the canonical map F — F7 is called the sheaf associated
to F.

Proposition 10.12. The canonical map F — F# has the following universal
property: For any map F — G, where G is a sheaf of sets, there is a unique map
F# — G such that F — F# — G equals the given map.

Proof. By Lemma we get a commutative diagram

F N ]:+ N ]:++

L

G—>Gt— > gtt
and by Theorem|10.10|the lower horizontal maps are isomorphisms. The uniqueness

follows from Lemma which says that every section of F# locally comes from
sections of F. O

It is clear from this result that the functor F + (F — F#) is unique up to unique
isomorphism of functors. Actually, let us temporarily denote i : Sh(C) — PSh(C)
the functor of inclusion. The result above actually says that

Mor psi(c) (F, i(G)) = Morgey (F7, G).
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In other words, the functor of sheafification is the left adjoint to the inclusion
functor ¢. We finish this section with a couple of lemmas.

Lemma 10.13. Let F : T — Sh(C) be a diagram. Then colimg F exists and is the
sheafification of the colimit in the category of presheaves.

Proof. Since the sheafification functor is a left adjoint it commutes with all colim-
its, see Categories, Lemma Hence, since PSh(C) has colimits, we deduce that
Sh(C) has colimits (which are the sheafifications of the colimits in presheaves). [

Lemma 10.14. The functor PSh(C) — Sh(C), F — F*# is ezact.

Proof. Since it is a left adjoint it is right exact, see Categories, Lemma On
the other hand, by Lemmas [10.5| and Lemma the colimits in the construction
of F* are really over the directed partially ordered set Ob(Jy) where U > U’ if
and only if U/ is a refinement of U’. Hence by Categories, Lemma we see that
F — FT commutes with finite limits (as a functor from presheaves to presheaves).
Then we conclude using Lemma [10.1 O

Lemma 10.15. Let C be a site. Let F be a presheaf of sets on C. Denote 6% : F —
F# the canonical map of F into its sheafification. Let U be an object of C. Let
s € F#*(U). There exists a covering {U; — U} and sections s; € F(U;) such that
(1) sly, = 0%(s;), and
(2) for every i,j there exists a covering {U;;x — U; xu U;} of C such that the
pullback of s; and s; to each Uy agree.

Conversely, given any covering {U; — U}, elements s; € F(U;) such that (2) holds,
then there exists a unique section s € F#(U) such that (1) holds.

Proof. Omitted. O

11. Quasi-compact objects and colimits

To be able to use the same language as in the case of topological spaces we introduce
the following terminology.

Definition 11.1. Let C be a site. An object U of C is quasi-compact if every
covering of U in C can be refined by a finite covering.

The following lemma is the analogue of Sheaves, Lemma for sites.

Lemma 11.2. Let C be a site. Let T — Sh(C), i — F; be a filtered diagram of
sheaves of sets. Let U € Ob(C). Consider the canonical map

v Colim,- fz(U) — (COlimi ‘FZ) (U)
With the terminology introduced above:

(1) If all the transition maps are injective then U is injective for any U.

(2) If U is quasi-compact, then ¥ is injective.

(3) IfU is quasi-compact and all the transition maps are injective then U is an
isomorphism.

(4) If U has a cofinal system of coverings {U; — U}jes with J finite and
U; xuy Uy quasi-compact for all j,j" € J, then U is bijective.
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Proof. Assume all the transition maps are injective. In this case the presheaf
F': V + colim; F;(V)) is separated (see Definition [10.9). By Lemma[10.13|we have
(F")# = colim; F;. By Theorem we see that F' — (F')# is injective. This
proves (1).

Assume U is quasi-compact. Suppose that s € F;(U) and s’ € F;/(U) give rise to
elements on the left hand side which have the same image under W. Since U is
quasi-compact this means there exists a finite covering {Uj — U}j:L,..,m and for
each j an index i; € I, i; >4, i; > i’ such that ;;,(s) = @iri, (s'). Let i € I be >
than all of the i;. We conclude that ¢;;»(s) and ¢~ (s) agree on U; for all j and
hence that @ (s) = @i (s). This proves (2).

Assume U is quasi-compact and all transition maps injective. Let s be an element
of the target of ¥. Since U is quasi-compact there exists a finite covering {U; —
U}j=1,...m, for each j an index i; € I and s; € F;,(U;) such that s|y, comes from
s; for all j. Pick ¢ € I which is > than all of the i;. By (1) the sections ¢; (s;)
agree over U; xy Uj. Hence they glue to a section s’ € F;(U) which maps to s
under ¥. This proves (3).

Assume the hypothesis of (4). Let s be an element of the target of ¥. By assumption
there exists a finite covering {U; — U} =1, n,U;, with U; Xy Ujs quasi-compact
for all j, j € J and for each j an index i; € I and s; € F;, (U;) such that s|y; is
the image of s; for all j. Since U; xy U is quasi-compact we can apply (2) and
we see that there exists an i;; € I, 455 > 4j, i;5 > 4; such that @ijijj,(sj) and
goij,ijj,(sj/) agree over U; xy Uj. Choose an index ¢ € I wich is bigger or equal
than all the i;;. Then we see that the sections ;;;(s;) of F; glue to a section of
F; over U. This section is mapped to the element s as desired. ([

We need an analogue of the above result in the case that the site is the limit of an
inverse system of sites. For simplicity we only explain the construction in case the
index sets of coverings are finite.

Situation 11.3. Here we are given

(1) a cofiltered index category Z,
(2) for i € Ob(Z) a site C; such that every covering in C; has a finite index set,
(3) for a morphism a : 4 — j in Z a morphism of sites f, : C; — C; given by a
continuous functor u, : C; — C;,
such that f, o f, = f. whenever c=aob in Z.

Lemma 11.4. In Situation we can construct a site (C, Cov(C)) as follows

(1) as a category C = colimC;, and
(2) Cou(C) is the union of the images of Cou(C;) by u; : C; — C.

Proof. Our definition of composition of morphisms of sites implies that u,ou, = u,
whenever ¢ = aobin Z. The formula C = colim C; means that Ob(C) = colim Ob(C;)
and Arrows(C) = colim Arrows(C;) . Then source, target, and composition are
inherited from the source, target, and composition on Arrows(C;). In this way we
obtain a category. Denote u; : C; — C the obvious functor. Remark that given
any finite diagram in C there exists an ¢ such that this diagram is the image of a
diagram in C;.

Let {U" — U} be a covering of C. We first prove that if V — U is a morphism
of C, then U! xy V exists. By our remark above and our definition of coverings,
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we can find an i, a covering {U! — U;} of C; and a morphism V; — U; whose
image by wu; is the given data. We claim that U' x¢ V is the image of U} xy, V;
by w;. Namely, for every a : j — ¢ in Z the functor wu, is continuous, hence
ua (U} xu, Vi) = ua(Uf) X4, ) ua(Vi). In particular we can replace i by j, if we
so desire. Thus, if W is another object of C, then we may assume W = u;(W;) and
we see that

More (W, u; (U} xy, V;))

= colimy.j_s; Morc, (uq (W;), uo (U} %y, Vi)

= colimg;;.; Morg, (uq(W5), ue (U})) X More, (o (Wi) 0 (U)) More, (uq(W3), ua(Vi))
= Mor¢ (W, U") X More (W,u) More (W, V)

as filtered colimits commute with finite limits (Categories, Lemma [19.2)). Tt also
follows that {U* xy V — V'} is a covering in C. In this way we see that axiom (3)
of Definition holds.

To verify axiom (2) of Definition let {U" — U}ier be a covering of C and for
each t let {U* — U'} be a covering of C. Then we can find an i and a covering
{U} = Ui }ier of C; whose image by u; is {U* — U}. Since T is finite we may
choose an a : j — i in Z and coverings {U}* — uq(Uf)} of C; whose image by
gives {U' — U'}. Then we conclude that {U* — U} is a covering of C by an
application of axiom (2) to the site C;.

We omit the proof of axiom (1) of Definition O

Lemma 11.5. In Situation[I1.3 let u; : C; — C be as constructed in Lemma [11.7}
Then u; defines a morphism of sites f; : C — C;. For U; € Ob(C;) and sheaf F on
C; we have

(11.5.1) F F (ui(Uy)) = colimasjs; fo ' F(ua(U))

Proof. It is immediate from the arguments in the proof of Lemma [I1.4] that the
functors u; are continuous. To finish the proof we have to show that fi_1 = U 1S
an exact functor Sh(C;) — Sh(C). In fact it suffices to show that f; ' is left exact,
because it is right exact as a left adjoint (Categories, Lemma. We first prove

(11.5.1)) and then we decuce exactness.

For an arbitrary object V' of C we can pick a a : j — ¢ and an object V; € Ob(C)
with V' = u;(V}). Then we can set

G(V) = colimpsj frop F(us(V5))

The value G(V') of the colimit is independent of the choice of b : j — 4 and of the
object V; with u;(V;) = V; we omit the verification. Moreover, if « : V — V' is a
morphism of C, then we can choose b : j — ¢ and a morphism «; : V; — Vj’ with
uj(a;) = a. This induces a map G(V') — G(V') by using the restrictions along the
morphisms up(a;) : up(V;) — up(V}). A check shows that G is a presheaf (omitted).
In fact, G satisfies the sheaf condition. Namely, any covering U = {U' — U} in
C comes from a finite level. Say U; = {U} — Uj} is mapped to U by u; for some
a:j —1in Z. Then we have

HU,G) = colimy; H (up(Uy), fronF) = colimygs; fronF(us(Us)) = G(U)
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as desired. The first equality holds because filtered colimits commute with finite
limits (Categories, Lemma[19.2). By construction G(U) is given by the right hand
side of (11.5.1)). Hence (11.5.1)) is true if we can show that G is equal to fi_l}".

In this paragraph we check that G is canonically isomorphic to fi_l]-' . We strongly
encourage the reader to skip this paragraph. To check this we have to show there
is a bijection Morgpc)(G,H) = Morgyc,)(F, fi,«H) functorial in the sheaf H on C
where f; . =ul. A map G — H is the same thing as a compatible system of maps

Pab vy ¢ faopF (un(V;)) — H(u;(V)))
foralla:j —i,b:k— jand V; € Ob(C;). The compatibilities force the maps
®ab,v; to be equal to Yaopid,u,(v;)- Given a : j — i, the family of maps ¢qa,v;

corresponds to a map of sheaves ¢, : f;'F — f; . H. The compatibilities between
the ¢4 id,u, (v;) and the piq,iq,v; implies that ¢, is the adjoint of the map ;g4 via

Morgpc,)(fa ' F, fixH) = Morgyc,)(F, faefjH) = Morgpc,) (F, finH)

Thus finally we see that the whole system of maps ¢ v, is determined by the
map @;q : F — fi«H. Conversely, given such a map ¢ : F — f; ,H we can read
the argument just given backwards to construct the family of maps ¢, p,v;. This

finishes the proof that G = fi_l]-" .

Assume holds. Then the functor F + f; ' F(U) commutes with finite
limits because finite limits of sheaves are computed in the category of presheaves
(Lemma , the functors f; ! commutes with finite limits, and filtered colimits
commute with finite limits. To see that F ~ f;*F(V) commutes with finite limits
for a general object V' of C, we can use the same argument using the formula for
7Y F(V) = G(V) given above. Thus f; ' is left exact and the proof of the lemma
is complete. (I

Lemma 11.6. In Situation[11.5 assume given

(1) a sheaf F; on C; for all i € Ob(Z),
(2) fora:j—iamap o,: fy ' Fi— F; of sheaves on C;

such that . = pp o fljlapa whenever ¢ = aob. Set F = colim ffl}"i on the site C
of Lemma[i1.4} Let i€ Ob(Z) and X; € Ob(C;). Then
colimg;j—i Fj(ua(Xi)) = F(ui(X;))
Proof. A formal argument shows that
colimg;—y; Fi(uq(X;)) = colimg.j; colimyp.—, ; f,;l]-'j (Uaob(X3))

By (|11.5.1) we see that the inner colimit is equal to fj_l]-'j (u;(X;)) hence we con-
clude by Lemma |

12. Injective and surjective maps of sheaves

Definition 12.1. Let C be a site, and let ¢ : F — G be a map of sheaves of sets.
(1) We say that ¢ is injective if for every object U of C the map ¢ : F(U) —
G(U) is injective.
(2) We say that ¢ is surjective if for every object U of C and every section
s € G(U) there exists a covering {U; — U} such that for all ¢ the restriction
8|y, is in the image of ¢ : F(U;) — G(U;).
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Lemma 12.2. The injective (resp. surjective) maps defined above are exactly the
monomorphisms (resp. epimorphisms) of the category Sh(C). A map of sheaves is
an isomorphism if and only if it is both injective and surjective.

Proof. Omitted. U

Lemmal 12.3. Let C be a site. Let F — G be a surjection of sheaves of sets. Then
the diagram

FxgF " F— =g

represents G as a coequalizer.

Proof. Let H be a sheaf of sets and let ¢ : 7 — H be a map of sheaves equalizing
the two maps F xg F — F. Let G’ C G be the presheaf image of the map F — G.
As the product F xg F may be computed in the category of presheaves we see
that it is equal to the presheaf product F xg F. Hence ¢ induces a unique map
of presheaves ¢’ : G’ — H. Since G is the sheafification of G’ by Lemma we
conclude that 1)’ extends uniquely to a map of sheaves ¢ : G — H. We omit the
verification that ¢ is equal to the composition of ¢ and the given map. [

13. Representable sheaves

Let C be a category. The canonical topology is the finest topology such that all
representable presheaves are sheaves (it is formally defined in Definition but
we will not need this). This topology is not always the topology associated to
the structure of a site on C. We will give a collection of coverings that generates
this topology in case C has fibered products. First we give the following general
definition.

Definition 13.1. Let C be a category. We say that a family {U; — U}ier is an ef-
fective epimorphism if all the morphisms U; — U are representable (see Categories,
Definition [6.4)), and for any X € Ob(C) the sequence

More (U, X) — [[;c; Morc(U;, X) [1,jyer2 More(U; xu Uy, X)

is an equalizer diagram. We say that a family {U; — U} is a universal effective
epimorphism if for any morphism V' — U the base change {U; xy V — V} is an
effective epimorphism.

The class of families which are universal effective epimorphisms satisfies the axioms
of Definition [6.2} If C has fibre products, then the associated topology is the
canonical topology. (In this case, to get a site argue as in Sets, Lemma M)

Conversely, suppose that C is a site such that all representable presheaves are
sheaves. Then clearly, all coverings are universal effective epimorphisms. Thus
the following definition is the “correct” one in the setting of sites.

Definition 13.2. We say that the topology on a site C is weaker than the canonical
topology, or that the topology is subcanonical if all the coverings of C are universal
effective epimorphisms.

A representable sheaf is a representable presheaf which is also a sheaf. Since it is
perhaps better to avoid this terminology when the topology is not subcanonical,
we only define it formally in that case.
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Definition 13.3. Let C be a site whose topology is subcanonical. The Yoneda
embedding h (see Categories, Section presents C as a full subcategory of the
category of sheaves of C. In this case we call sheaves of the form hy with U €
Ob(C) representable sheaves on C. Notation: Sometimes, the representable sheaf
hy associated to U is denoted U.

Note that we have in the situation of the definition
Mor gucy(hu, F) = F(U)

for every sheaf F, since it holds for presheaves, see (2.1.1)). In general the presheaves
hy are not sheaves and to get a sheaf you have to sheafify them. In this case we
still have

(13.3.1) Mor i) (hf}, F) = Mor pgyey (hur, F) = F(U)

for every sheaf F. Namely, the first equality holds by the adjointness property of

# and the second is (2.1.1)).

Lemma 13.4. Let C be a site. If {U; — U}icr is a covering of the site C, then the
morphism of presheaves of sets

Hiel hoe = hy

becomes surjective after sheafification.

Proof. By Lemma above we have to show that ], ; hﬁ — hﬁ is an epimor-
phism. Let F be a sheaf of sets. A morphism h# — F corresponds to a section
s € F(U). Hence the injectivity of Mor(h#, F) =1L Mor(h?éi7 F) follows directly
from the sheaf property of F. O

The next lemma says, in the case the topology is weaker than the canonical topology,
that every sheaf is made up out of representable sheaves in a way.

Lemma 13.5. Let C be a site. Let E C Ob(C) be a subset such that every object of
C has a covering by elements of E. Let F be a sheaf of sets. There exists a diagram
of sheaves of sets

P L F—>F

which represents F as a coequalizer, such that F;, i = 0,1 are coproducts of sheaves
of the form hﬁ with U € E.

Proof. First we show there is an epimorphism Fy — F of the desired type. Namely,
just take

Fo = (hy)* — F

HUEE,se]-‘(U)

Here the arrow restricted to the component corresponding to (U, s) maps the ele-
ment idy € hﬁ(U ) to the section s € F(U). This is an epimorphism according to
Lemma [12.2] and our condition on E. To construct F first set G = Fo X 7 Fp and
then construct an epimorphism F; — G as above. See Lemma [12.3 (]
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14. Continuous functors
Definition 14.1. Let C and D be sites. A functor v : C — D is called continuous
if for every {V; — V}ier € Cov(C) we have the following
(1) {u(V;) = w(V)}ier is in Cov(D), and
(2) for any morphism 7" — V' in C the morphism u(T xv V;) — u(T') X vyu(V;)
is an isomorphism.

Recall that given a functor u as above, and a presheaf of sets F on D we have
defined u? F to be simply the presheaf F o u, in other words

wF(V) = Fu(V))
for every object V of C.

Lemma 14.2. Let C and D be sites. Let u:C — D be a continuous functor. If F
is a sheaf on D then uPF is a sheaf as well.

Proof. Let {V; — V} be a covering. By assumption {u(V;) — u(V)} is a covering
in D and u(V; xv Vj) = u(V;) xy vy u(V;). Hence the sheaf condition for u? F and
the covering {V; — V'} is precisely the same as the sheaf condition for F and the
covering {u(V;) — u(V)}. O
In order to avoid confusion we sometimes denote

u® : Sh(D) — Sh(C)
the functor u? restricted to the subcategory of sheaves of sets.

Lemma 14.3. In the situation of Lemma . The functor ug : G +— (upg)# s a
left adjoint to u®.

Proof. Follows directly from Lemma [5.4] and Proposition O
Here is a technical lemma.

Lemmal 14.4. In the situation of Lemmal|14.9 For any presheaf G on C we have
(upg)# = (up(g#))#
Proof. For any sheaf 7 on D we have
Mor gyp) (us(G%), F) = Morgyc)(G%,uF)
= Morpgy(c)(G%, uPF)
= Morpgye) (G, uP F)
= Morpgy(p)(upG, F)
= Morgyp)((upG)*, F)
and the result follows from the Yoneda lemma. O

Lemma 14.5. Let u : C — D be a continuous functor between sites. For any object

U of C we have ushﬁ = hf(U).

Proof. Follows from Lemmas [5.6] and [[4.4] O

Remark 14.6. (Skip on first reading.) Let C and D be sites. Let us use the defi-
nition of tautologically equivalent families of maps, see Definition to (slightly)
weaken the conditions defining continuity. Let w : C — D be a functor. Let us call
u quasi-continuous if for every V = {V; = V};cr € Cov(C) we have the following
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(1’) the family of maps {u(V;) — w(V)}ier is tautologically equivalent to an
element of Cov(D), and
(2) for any morphism 7" — V' in C the morphism u(T xv V;) — u(T') X vy u(V;)
is an isomorphism.
We are going to see that Lemmas and hold in case u is quasi-continuous
as well.

We first remark that the morphisms u(V;) — u(V') are representable, since they are
isomorphic to representable morphisms (by the first condition). In particular, the
family u(V) = {u(V;) — w(V)}ier gives rise to a zeroth Cech cohomology group
HO(u(V),F) for any presheaf F on D. Let U = {U; — u(V)};cs be an element
of Cov(D) tautologically equivalent to {u(V;) — wu(V)}ies. Note that u(V) is a
refinement of & and vice versa. Hence by Remark we see that HO(u(V), F) =
H°U,F). In particular, if F is a sheaf, then F(u(V)) = H°(u(V),F) because
of the sheaf property expressed in terms of zeroth Cech cohomology groups. We
conclude that uPF is a sheaf if F is a sheaf, since H*(V,uPF) = H(u(V), F) which
we just observed is equal to F(u(V)) = uPF (V). Thus Lemma[14.2] holds. Lemma
[14.3] follows immediately.

15. Morphisms of sites

Definition 15.1. Let C and D be sites. A morphism of sites f : D — C is given
by a continuous functor u : C — D such that the functor u, is exact.

Notice how the functor v goes in the direction opposite the morphism f. If f <> u
is a morphism of sites then we use the notation f~! = u, and f. = u°. The functor
f~1 is called the pullback functor and the functor f. is called the pushforward
functor. As in topology we have the following adjointness property

Mor gi,py (f'G, F) = Morgycy (G, f.F)

The motivation for this definition comes from the following example.

Example| 15.2. Let f: X — Y be a continuous map of topological spaces. Recall
that we have sites Xz, and Yz, see Example Consider the functor u :
Yzar = Xzar, V. — f~1(V). This functor is clearly continuous because inverse
images of open coverings are open coverings. (Actually, this depends on how you
chose sets of coverings for Xz, and Yz,.. But in any case the functor is quasi-
continuous, see Remark ) It is easy to verify that the functor u® equals the
usual pushforward functor f, from topology. Hence, since ug is an adjoint and since
the usual topological pullback functor f~! is an adjoint as well, we get a canonical
isomorphism f~! = u,. Since f~! is exact we deduce that u, is exact. Hence u
defines a morphism of sites f : X 74 — Yz4r, which we may denote f as well since
we’ve already seen the functors u,, u® agree with their usual notions anyway.

Lemma 15.3. Let C;, i = 1,2,3 be sites. Let u : Co — Cy and v : C3 — Co be
continuous functors which induce morphisms of sites. Then the functor uov : Cg —
C; is continuous and defines a morphism of sites C; — Cs.

Proof. It is immediate from the definitions that w o v is a continuous functor. In
addition, we clearly have (u o v)? = vP o uP, and hence (u o v)® = v® o u®. Hence
functors (uov)s and usov, are both left adjoints of (uov)®. Therefore (uov)s = usov
and we conclude that (u o), is exact as a composition of exact functors. ]
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Definition 15.4. Let C;, ¢ = 1,2,3 be sites. Let f : C; — C3 and g : Co — C3 be
morphisms of sites given by continuous functors u : Co — C; and v : C3 — Co. The
composition g o f is the morphism of sites corresponding to the functor u o v.

In this situation we have (go f)x = g. o fx and (go f)™' = f~Log™! (see proof of

Lemma [15.3)).

Lemmal 15.5. Let C and D be sites. Let u : C — D be continuous. Assume all
the categories (Z{:)°PP of Section@ are filtered. Then u defines a morphism of sites
D — C, in other words ug is exact.

Proof. Since u; is the left adjoint of u® we see that us is right exact, see Categories,
Lemma Hence it suffices to show that u, is left exact. In other words we
have to show that u, commutes with finite limits. Because the categories Zy*” are
filtered we see that u, commutes with finite limits, see Categories, Lemma (this
also uses the description of limits in PSh, see Section . And since sheafification
commutes with finite limits as well (Lemma we conclude because us = # o
Up. ]

Proposition| 15.6. Let C and D be sites. Let u : C — D be continuous. Assume
furthermore the following:
(1) the category C has a final object X and uw(X) is a final object of D, and
(2) the category C has fibre products and u commutes with them.

Then u defines a morphism of sites D — C, in other words us is ezract.
Proof. This follows from Lemmas [5.2] and 5.5 ([l

Remark| 15.7. The conditions of Proposition [I5.6] above are equivalent to saying
that wu is left exact, i.e., commutes with finite limits. See Categories, Lemmas
and It seems more natural to phrase it in terms of final objects and fibre
products since this seems to have more geometric meaning in the examples.

Lemma will provide another way to prove a continuous functor gives rise to a
morphism of sites.

Remark 15.8. (Skip on first reading.) Let C and D be sites. Analogously to
Definition [15.1] we say that a quasi-morphism of sites f : D — C is given by a
quasi-continuous functor v : C — D (see Remark such that u, is exact.
The analogue of Proposition [I5.6] in this setting is obtained by replacing the word
“continuous” by the word “quasi-continuous”, and replacing the word “morphism”
by “quasi-morphism”. The proof is literally the same.

In Definition the condition that us be exact cannot be omitted. For example,
the conclusion of the following lemma need not hold if one only assumes that wu is
continuous.

Lemmal15.9. Let f : D — C be a morphism of sites given by the functoru : C — D.
Given any object V' of D there exists a covering {V; — V'} such that for every j
there exists a morphism V; — u(U;) for some object U; of C.

Proof. Since f~! = u, is exact we have f~'* = * where * denotes the final object
of the category of sheaves (Example . Since f~'% = uyx is the sheafification
of uy* we see there exists a covering {V; — V} such that (u,*)(V;) is nonempty.
Since (up*)(V;) is a colimit over the category Zy) whose objects are morphisms
V; = w(U) the lemma follows. O
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16. Topoi

Here is a definition of a topos which is suitable for our purposes. Namely, a topos
is the category of sheaves on a site. In order to specify a topos you just specify
the site. The real difference between a topos and a site lies in the definition of
morphisms. Namely, it turns out that there are lots of morphisms of topoi which
do not come from morphisms of the underlying sites.

Definition 16.1 (Topoi). A topos is the category Sh(C) of sheaves on a site C.
(1) Let C, D be sites. A morphism of topoi f from Sh(D) to Sh(C) is given by
a pair of functors f, : SK(D) — Sh(C) and f~!: Sh(C) — Sh(D) such that
(a) we have

Morgyp) (f'G, F) = Morgyc) (G, f+ F)

bifunctorially, and
(b) the functor f=! commutes with finite limits, i.e., is left exact.
(2) Let C, D, &€ be sites. Given morphisms of topoi f : Sh(D) — Sh(C) and
g : SW(E) — Sh(D) the composition f o g is the morphism of topoi defined
by the functors (f o g)s = fx o g« and (fog) ' =g lofL

Suppose that « : S — Ss is an equivalence of (possibly “big”) categories. If Sy,
S, are topoi, then setting f, = a and f~! equal to a quasi-inverse of a gives a
morphism f : & — Ss of topoi. Moreover this morphism is an equivalence in the
2-category of topoi (see Section . Thus it makes sense to say “S is a topos” if S
is equivalent to the category of sheaves on a site (and not necessarily equal to the
category of sheaves on a site). We will occasionally use this abuse of notation.

Two examples of topoi. The empty topos is topos of sheaves on the site C, where
C has a single object () and a single morphism idy and a single covering, namely
the empty covering of (). We will sometimes write () for this site. This is a site and
every sheaf on C assigns a singleton to (). Thus Sh((}) is equivalent to the category
having a single object and a single morphism. The punctual topos is the topos of
sheaves on the site C which has a single object pt and one morphism id,: and whose
only covering is the covering {id,;}. We will simply write pt for this site. It is clear
that the category of sheaves = the category of presheaves = the category of sets.
In a formula Sh(pt) = Sets.

Let C and D be sites. Let f : Sh(D) — Sh(C) be a morphism of topoi. Note that f,
commutes with all limits and that f~! commutes with all colimits, see Categories,
Lemma In particular, the condition on f~! in the definition above guarantees
that f~! is exact. Morphisms of topoi are often constructed using either Lemma
or the following lemma.

Lemmal 16.2. Given a morphism of sites f : D — C corresponding to the functor
u: C — D the pair of functors (f =1 = us, f« = u®) is a morphism of topoi.

Proof. This is obvious from Definition [[5.1] O

Remark 16.3. There are many sites that give rise to the topos Sh(pt). A useful
example is the following. Suppose that S is a set (of sets) which contains at least
one nonempty element. Let S be the category whose objects are elements of S and
whose morphisms are arbitrary set maps. Assume that S has fibre products. For
example this will be the case if S = P(infinite set) is the power set of any infinite
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set (exercise in set theory). Make S into a site by declaring surjective families of
maps to be coverings (and choose a suitable sufficiently large set of covering families
as in Sets, Section . We claim that Sh(S) is equivalent to the category of sets.

We first prove this in case S contains e € S which is a singleton. In this case, there
is an equivalence of topoi i : Sh(pt) — Sh(S) given by the functors

(16.3.1) i\ F=F(e), i.E = (U Morgys(U,E))

Namely, suppose that F is a sheaf on S. For any U € Ob(S) = S we can find
a covering {¢, : e = Ulyecy, where ¢, maps the unique element of e to u €
U. The sheaf condition implies in this case that F(U) = [[,cy F(e). In other
words F(U) = Morgess(U, F(e)). Moreover, this rule is compatible with restriction
mappings. Hence the functor

is 1 Sets = Sh(pt) — Sh(S), E — (U — Morges(U, E))
is an equivalence of categories, and its inverse is the functor i~ given above.

If S does not contain a singleton, then the functor i, as defined above still makes
sense. To show that it is still an equivalence in this case, choose any nonempty
€ € S and a map @ : € — € whose image is a singleton. For any sheaf F set

F(e) :=Im(F(p): F(e) — F(é))
and show that this is a quasi-inverse to .. Details omitted.

Remark 16.4. (Set theoretical issues related to morphisms of topoi. Skip on a first
reading.) A morphism of topoi as defined above is not a set but a class. In other
words it is given by a mathematical formula rather than a mathematical object.
Although we may contemplate the collection of all morphisms between two given
topoi, it is not a good idea to introduce it as a mathematical object. On the other
hand, suppose C and D are given sites. Consider a functor ® : C — Sh(D). Such a
thing is a set, in other words, it is a mathematical object. We may, in succession,
ask the following questions on ®.

(1) Is it true, given a sheaf F on D, that the rule U + Morgyp)(®(U), F)
defines a sheaf on C? If so, this defines a functor @, : Sh(D) — Sh(C).

(2) Is it true that ®, has a left adjoint? If so, write ®~! for this left adjoint.

(3) Is it true that @1 is exact?

If the last question still has the answer “yes”, then we obtain a morphism of topoi
(®,,®1). Moreover, given any morphism of topoi (f., f~!) we may set ®(U) =
f_l(h’g) and obtain a functor ® as above with f, = ®, and f~! = ®~! (compatible
with adjoint property). The upshot is that by working with the collection of ®
instead of morphisms of topoi, we (a) replaced the notion of a morphism of topoi
by a mathematical object, and (b) the collection of ® forms a class (and not a
collection of classes). Of course, more can be said, for example one can work out
more precisely the significance of conditions (2) and (3) above; we do this in the
case of points of topoi in Section

Remark 16.5. (Skip on first reading.) Let C and D be sites. A quasi-morphism of
sites f : D — C (see Remark [15.8) gives rise to a morphism of topoi f from Sh(D)
to Sh(C) exactly as in Lemma
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17. G-sets and morphisms

Let ¢ : G — H be a homomorphism of groups. Choose (suitable) sites T and Ty
as in Example and Section [0} Let u : Ty — T be the functor which assigns to
a H-set U the G-set U, which has the same underlying set but G action defined
by g - u = @(g)u. It is clear that u commutes with finite limits and is continuouﬁ
Applying Proposition [I5.6] and Lemma [16.2] we obtain a morphism of topoi

f:SWMTg) — SMTh)

associated with ¢. Using Proposition we see that we get a pair of adjoint
functors
fo: G-Sets — H-Sets, f~': H-Sets — G-Sets.

Let’s work out what are these functors in this case.

We first work out a formula for f,. Recall that given a G-set S the corresponding
sheaf Fg on T¢ is given by the rule Fg(U) = Morg (U, S). And on the other hand,
given a sheaf G on Ty the corresponding H-set is given by the rule G(y H). Hence
we see that

f*S = MorG—Sets((HH)gov S)

If we work this out a little bit more then we get
f«S={a: H — S|a(gh) = ga(h)}
with left H-action given by (h-a)(h') = a(h'h) for any element a € f.S.
Next, we explicitly compute f~!. Note that since the topology on T¢ and Ty is
subcanonical, all representable presheaves are sheaves. Moreover, given an object
V of Ty we see that f~1hy is equal to hy vy (see Lemma|14.5). Hence we see that
s = S, for representable sheaves. Since every sheaf on Ty is a coproduct of
representable sheaves we conclude that this is true in general. Hence we see that
for any H-set T" we have
T =1,
The adjunction between f~! and f. is evidenced by the formula
MorG—Sets(Tlm S) = MorH-Sets(Ta f*S)

with f,S as above. This can be proved directly. Moreover, it is then clear that
(f~L, f) form an adjoint pair and that f~! is exact. So alternatively to the above
the morphism of topoi f : G-Sets — H-Sets can be defined directly in this manner.

18. More functoriality of presheaves
In this section we revisit the material of Section Bl Let u : C — D be a functor
between categories. Recall that
uP : PSh(D) — PSh(C)
is the functor that associates to G on D the presheaf u?G = Gowu. It turns out that
this functor not only has a left adjoint (namely u,) but also a right adjoint.

Namely, for any V' € Ob(D) we define a category vZ = {,Z. Its objects are pairs
(U,% : w(U) — V). Note that the arrow is in the opposite direction from the arrow

4Set theoretical remark: First choose Tz7. Then choose Tg to contain u(7Tz) and such that
every covering in Tx corresponds to a covering in 7. This is possible by Sets, Lemmas[10.1}

and
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we used in defining the category Z{; in Section [5| A morphism (U, v) — (U’,9")
is given by a morphism « : U — U’ such that ¥ = ¢/ o u(a). In addition, given
any presheaf of sets F on C we introduce the functor v F : Z°PP — Sets, which is
defined by the rule v F(U, ) = F(U). We define

pu(]:)(V) = limvzopp V.F
As a limit there are projection maps c(¢) : pu(F)(V) — F(U) for every object
(U, ) of vZ. In fact,

collections sy € F(U)
pU(F)(V) = VB : (Ur,91) = (Us,1p2) in vI
we have ﬁ*S(Uzﬂbz) = 8(U1,¢1)
where the correspondence is given by s — s ) = c(¥)(s). We leave it to the
reader to define the restriction mappings ,u(F)(V) — ,u(F)(V’) associated to any
morphism V' — V of D. The resulting presheaf will be denoted ,uF.

Lemma 18.1. There is a canonical map puF (uw(U)) — F(U), which is compatible
with restriction maps.

Proof. This is just the projection map c(id, ) above. O

Note that any map of presheaves F — F’ gives rise to compatible systems of maps
between functors v F — v F’, and hence to a map of presheaves yuF — ,uF’. In
other words, we have defined a functor

u: PSh(C) —s PSh(D)

Lemma 18.2. The functor ,u is a right adjoint to the functor uP. In other words
the formula

MorpSh(c) (upg, .7:) = MOTPSh(D) (Q, pu]:)
holds bifunctorially in F and G.

Proof. This is proved in exactly the same way as the proof of Lemma We
note that the map v’p,uF — F from Lemma is the map that is used to go
from the right to the left.

Alternately, think of a presheaf of sets F on C as a presheaf ' on C°PP with values in
Sets’P? | and similarly on D. Check that (,uF)" = u,(F’), and that (uPG)" = u?(G’).
By Remark we have the adjointness of u, and u? for presheaves with values in
SetsPP. The result then follows formally from this. O

Thus given a functor u : C — D of categories we obtain a sequence of functors
P
Up, U, pu

between categories of presheaves where in each consequtive pair the first is left
adjoint to the second.

Lemmal 18.3. Let u : C — D and v : D — C be functors of categories. Assume
that v is right adjoint to u. Then we have
(1) wuPhy = hyyy for any V in D,
(2) the category Iy, has an initial object,
(3) the category i I has a final object,
(4) pu=1? and
(5) uP = wvy.
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Proof. Proof of (1). Let V' be an object of D. We have uPhy = h,(y) because
uPhy (U) = Morp(u(U), V) = More (U, v(V)) by assumption.

Proof of (2). Let U be an object of C. Let n : U — v(u(U)) be the map adjoint
to the map id : w(U) — w(U). Then we claim (u(U),n) is an initial object of Zf.
Namely, given an object (V,¢ : U — v(V)) of I} the morphism ¢ is adjoint to a
map 1 : u(U) — V which then defines a morphism (u(U),n) — (V, ¢).

Proof of (3). Let V be an object of D. Let £ : u(v(V)) — V be the map adjoint
to the map id : v(V) — v(V). Then we calim (v(V),§) is a final object of V7.
Namely, given an object (U, 9 : u(U) — V) of ¥,Z the morphism ¢ is adjoint to a
map ¢ : U — v(V) which then defines a morphism (U, ) — (v(V),§).

Hence for any presheaf F on C we have
vwFWV) = Fo(V))
= Morpgpe) (ho(v), F)
= Morpgyc)(uPhy, F)
= Morpgyp)(hy, puF)
puF (V)
which proves part (2). Part (3) follows by the uniqueness of adjoint functors. O

Lemma 18.4. A continuous functor of sites which has a continuous left adjoint
defines a morphism of sites.

Proof. Let u : C — D be a continuous functor of sites. Let w : D — C be a
continuous left adjoint. Then u, = w? by Lemma m Hence us = w® has a left
adjoint, namely w; (Lemma . Thus us has both a right and a left adjoint,
whence is exact (Categories, Lemma [24.5)). O

19. Cocontinuous functors

There is another way to construct morphisms of topoi. This involves using cocon-
tinuous functors between sites defined as follows.

Definition 19.1. Let C and D be sites. Let u : C — D be a functor. The functor u
is called cocontinuous if for every U € Ob(C) and every covering {V; — u(U)};es of
D there exists a covering {U; — U};er of C such that the family of maps {u(U;) —
u(U) }ier refines the covering {V; — u(U)}jey.

Note that {u(U;) = w(U)}ier is in general not a covering of the site D.

Lemma 19.2. Let C and D be sites. Let u : C — D be cocontinuous. Let F be a
sheaf on C. Then ,uF is a sheaf on D, which we will denote suF.

Proof. Let {V; — V};cs be a covering of the site D. We have to show that
puF (V) —— [T puF(V)) [TpuF (Vi xv Vi)

_—
is an equalizer diagram. Since ,u is right adjoint to u” we have

puf(V) = MOI‘pSh(D)(hv,pu]:) = MOI“pSh(c) (uphv,]:) = MorSh(c)((uphv)#, F)
Hence it suffices to show that

(19.2.1) [HuPhv, <y v, [ uPhy, —— uPhy
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becomes a coequalizer diagram after sheafification. (Recall that a coproduct in
the category of sheaves is the sheafification of the coproduct in the category of

presheaves, see Lemma [10.13])

We first show that the second arrow of becomes surjective after sheafifi-
cation. To do this we use Lemma [[2.2 Thus it suffices to show a section s of
uPhy over U lifts to a section of [ ] uPhy, on the members of a covering of U. Note
that s is a morphism s : u(U) — V. Then {V; xv u(U) — w(U)} is a cover-
ing of D. Hence, as u is cocontinuous, there is a covering {U; — U} such that
{u(U;) = w(U)} refines {V; xvy s w(U) — w(U)}. This means that each restriction
sly, + w(U;) — V factors through a morphism s; : u(U;) — V; for some j, i.e., s|y,
is in the image of uPhy, (U;) — uPhy (U;) as desired.

Let s,s" € ([JTuPhy,)#(U) map to the same element of (uhy )#(U). To finish the
proof of the lemma we show that after replacing U by the members of a covering
that s, s’ are the image of the same section of ]_[uphvjxvvj, by the two maps of
(19.2.1). We may first replace U by the members of a covering and assume that
s € uPhy;(U) and s" € uPhy,, (U). A second such replacement guarantees that s
and s have the same image in uPhy (U) instead of in the sheafification. Hence
s:u(U) = V; and s’ : u(U) — Vj» are morphisms of D such that

w(U) ——Vy
V,——=V

is commutative. Thus we obtain ¢ = (s,s') : w(U) — V; xy Vjs, ie., a section
t € uPhy; v, (U) which maps to s, s" as desired. O

Lemma) 19.3. Let C and D be sites. Let u: C — D be cocontinuous. The functor
Sh(D) — Sh(C), G + (uPG)# is a left adjoint to the functor su introduced in Lemma
19.2 above. Moreover, it is exact.

Proof. Let us prove the adjointness property as follows

Morgy(c)(WPG)#,F) = Morpgyc)(u’G, F)

Mor pgp(p) (G, puF)

= Morgyp)(G, suF).
Thus it is a left adjoint and hence right exact, see Categories, Lemma We
have seen that sheafification is left exact, see Lemma Moreover, the inclusion
i: Sh(D) — PSh(D) is left exact by Lemma|10.1} Finally, the functor u? is left exact

because it is a right adjoint (namely to u,). Thus the functor is the composition
# ouP o of left exact functors, hence left exact. O

We finish this section with a technical lemma.

Lemma 19.4. In the situation of Lemma[19.3 For any presheaf G on D we have
(uPG)* = (uP(G%))%.
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Proof. For any sheaf F on C we have
Morgy(c) (u?(GF))#,F) = Morgyp)(G¥, suF)
= Morgy )(g# pUuF)
= Morpgyp)(G, puF)
= Morpgy(c) ("G, F)
= Morgy(e)((uG)*, F)

and the result follows from the Yoneda lemma. O

Remark| 19.5. Let v : C — D be a functor between categories. Given morphisms
g:u(U) =V and f: W — V in D we can define consider the functor

CoPP — Sets, T +—— More (T, U) Xnorp (u(t),v) Morp (u(T'), W)

If this functor is representable, denote U X, v,s W the corresponding object of
C. Assume that C and D are sites. Consider the property P: for every covering
{f; : V; = V} of D and any morphism g : w(U) — V we have

(1) U xg4,v.5, Vi exists for all ¢, and

(2) {U x4,v,5, Vi = U} is a covering of C.

Please note the similarity with the definition of continuous functors. If u has P
then u is cocontinuous (details omitted). Many of the cocontinuous functors we
will encounter satisfy P

20. Cocontinuous functors and morphisms of topoi

It is clear from the above that a cocontinuous functor w gives a morphism of topoi in
the same direction as w. Thus this is in the opposite direction from the morphism
of topoi associated (under certain conditions) to a continuous « as in Definition

Proposition and Lemma

Lemma 20.1. Let C and D be sites. Let u : C — D be cocontinuous. The functors
gs = su and g~ = (uP )# define a morphism of topoi g from Sh(C) to Sh(D).

Proof. This is exactly the content of Lemma [19.3 g

Lemma 20.2. Let u : C — D, and v : D — & be cocontinuous functors. Then
v owu is cocontinuous and we have h = g o f where f : Sh(C) — Sh(D), resp.
g : Sh(D) — Sh(E), resp. h : SK(C) — Sh(E) is the morphism of topoi associated to
U, Tesp. v, TESP. V O U.

Proof. Let U € Ob(C). Let {E; — v(u(U))} be a covering of U in €. By as-
sumption there exists a covering {D; — u(U)} in D such that {v(D;) — v(u(U))}
refines {E; — v(u(U))}. Also by assumption there exists a covering {C; — U}
in C such that {u(C;) — w(U)} refines {D; — w(U)}. Then it is true that
{v(u(C;)) = v(u(U))} refines the covering {E; — v(u(U))}. This proves that vou
is cocontinuous. To prove the last assertion it suffices to show that svosu = s(vou).
It suffices to prove that v o ,u = ,(v o u), see Lemma Since pu, resp. pv,
resp. p(v o u) is right adjoint to u?, resp. vP, resp. (v o u)? it suffices to prove that
uP o v? = (vow)P. And this is direct from the definitions. O
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Example|/20.3. Let X be a topological space. Let j : U — X be the inclusion of an
open subspace. Recall that we have sites X z,, and Uz, see Example Recall
that we have the functor u : Xz, — Ugza,r associated to j which is continuous
and gives rise to a morphism of sites Uz, — Xz, see Example This also
gives a morphism of topoi (j.,j~!). Next, consider the functor v : Uzer — Xzar,
V = v(V) = V (just the same open but now thought of as an object of Xzq..).
This functor is cocontinuous. Namely, if v(V) = UjeJ W; is an open covering in X,
then each W; must be a subset of U and hence is of the form v(V;), and trivially
V' = UjesV; is an open covering in U. We conclude by Lemma above that
there is a morphism of topoi associated to v

Sh(U) —> Sh(X)

given by sv and (vP )#. We claim that actually (vP )#* = j~! and that ;v = j,,
in other words, that this is the same morphism of topoi as the one given above.
Perhaps the easiest way to see this is to realize that for any sheaf G on X we have
vPG(V) = G(V) which according to Sheaves, Lemma is a description of 571G
(and hence sheafification is superfluous in this case). The equality of sv and j,
follows by uniqueness of adjoint functors (but may also be computed directly).

1

Example| 20.4. This example is a slight generalization of Example Let
f X — Y be a continuous map of topological spaces. Assume that f is open.
Recall that we have sites Xz, and Yz, see Example @ Recall that we have
the functor w : Yz, — X za4r associated to f which is continuous and gives rise to
a morphism of sites Xz, — Yzar, see Example This also gives a morphism
of topoi (fs, f~1). Next, consider the functor v : Xz4 — Yzar, U = v(U) = f(U).
This functor is cocontinuous. Namely, if f(U) = U,c;V; is an open covering in
Y, then setting U; = f~1(V;) N U we get an open covering U = |JU; such that
f(U) = Uf(U;) is a refinement of f(U) = |JV;. We conclude by Lemma
above that there is a morphism of topoi associated to v

Sh(X) — Sh(Y)

given by sv and (vP )#. We claim that actually (vP )# = f~! and that ;v = f., in
other words, that this is the same morphism of topoi as the one given above. For
any sheaf G on Y we have vPG(U) = G(f(U)). On the other hand, we may compute
u,G(U) = colimyncv G(V) = G(f(U)) because clearly (f(U), U C f~1(f(U))) is
an initial object of the category Zf; of Section [5l Hence u, = v” and we conclude
f~' = us = (v )#. The equality of v and f, follows by uniqueness of adjoint
functors (but may also be computed directly).

In the first Example [20.3] the functor v is also continuous. But in the second
Example it is generally not continuous because condition (2) of Definition [14.]]
may fail. Hence the following lemma applies to the first example, but not to the
second.

Lemmal 20.5. Let C and D be sites. Let u: C — D be a functor. Assume that
(a) u is cocontinuous, and
(b) w is continuous.

Let g : Sh(C) — Sh(D) be the associated morphism of topoi. Then
(1) sheafification in the formula g=' = (uP )# is unnecessary, in other words

979 U) = G(u(V)),
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(2) g7 has a left adjoint g = (u, )#, and
(3) g~ commutes with arbitrary limits and colimits.

Proof. By Lemma for any sheaf G on D the presheaf uPG is a sheaf on C. And
then we see the adjointness by the following string of equalities

Morgey(F,97'G) = Morpgpyc)(F,u’G)
= Morpgy(p) (upF,G)
= Morgyp) (91 F,G)

The statement on limits and colimits follows from the discussion in Categories,
Section 241 O

In the situation of Lemma [20.5 above we see that we have a sequence of adjoint
functors
9 9 ge

The functor gy is not exact in general, because it does not transform a final object
of Sh(C) into a final object of Sh(D) in general. See Sheaves, Remark On
the other hand, in the topological setting of Example [20.3] the functor ji is ex-
act on abelian sheaves, see Modules, Lemma The following lemma gives the
generalization to the case of sites.

Lemma) 20.6. Let C and D be sites. Let u:C — D be a functor. Assume that

(a) u is cocontinuous,
(b) u is continuous, and
(¢) fibre products and equalizers exist in C and u commutes with them.

In this case the functor gi above commutes with fibre products and equalizers (and
more generally with finite connected limits).

Proof. Assume (a), (b), and (c). We have g = (u, )#. Recall (Lemma
that limits of sheaves are equal to the corresponding limits as presheaves. And
sheafification commutes with finite limits (Lemma [10.14). Thus it suffices to show
that u, commutes with fibre products and equalizers. To do this it suffices that
colimits over the categories (Z{+)°PP of Section [5| commute with fibre products and
equalizers. This follows from Lemma and Categories, Lemma [19.8 (I

The following lemma deals with a case that is even more like the morphism associ-
ated to an open immersion of topological spaces.

Lemmal 20.7. Let C and D be sites. Let u: C — D be a functor. Assume that

(a) u is cocontinuous,

(b) w is continuous, and

(c) w is fully faithful.
For g1,g7 1, g« as above the canonical maps F — g ‘qF and g~ 1g.F — F are
isomorphisms for all sheaves F on C.

Proof. Let X be an object of C. In Lemmas and we have seen that
sheafification is not necessary for the functors g=! = (u? )# and g, = (,u )¥. We
may compute (g7 1. F)(X) = g.F(u(X)) = lim F(Y). Here the limit is over the
category of pairs (Y, u(Y) — w(X)) where the morphisms u(Y) — u(X) are not
required to be of the form u(a) with o a morphism of C. By assumption (c) we see
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that they automatically come from morphisms of C and we deduce that the limit
is the value on (X,u(idx)), i.e., F(X). This proves that g~ 'g.F = F.

On the other hand, (¢~ g F)(X) = g F(u(X)) = (upF)# (u(X)), and u, F(u(X)) =
colim F(Y'). Here the colimit is over the category of pairs (Y, u(X) — u(Y")) where
the morphisms u(X) — u(Y) are not required to be of the form u(«) with « a
morphism of C. By assumption (¢) we see that they automatically come from
morphisms of C and we deduce that the colimit is the value on (X, u(idx)), i.e.,
F(X). Thus for every X € Ob(C) we have u,F(u(X)) = F(X). Since u is co-
continuous and continuous any covering of «(X) in D can be refined by a covering
(N {u(X;) = u(X)} of D where {X; — X} is a covering in C. This implies that
(upF) T (u(X)) = F(X) also, since in the colimit defining the value of (u,F)™ on
u(X) we may restrict to the cofinal system of coverings {u(X;) — u(X)} as above.
Hence we see that (u,F)" (u(X)) = F(X) for all objects X of C as well. Repeat-
ing this argument one more time gives the equality (u,F)# (u(X)) = F(X) for all
objects X of C. This produces the desired equality ¢~ 'gi.F = F. O

Finally, here is a case that does not have any corresponding topological example.
We will use this lemma to see what happens when we enlarge a “partial universe”
of schemes keeping the same topology. In the situation of the lemma, the morphism
of topoi g : SK(C) — Sh(D) identifies Sh(C) as a subtopos of Sh(D) (Section
and moreover, the given embedding has a retraction.

Lemmal 20.8. Let C and D be sites. Let u: C — D be a functor. Assume that

(a) w is cocontinuous,

(b) w is continuous,

(¢c) w is fully faithful,

(d) fibre products exist in C and u commutes with them, and

(e) there exist final objects ec € Ob(C), ep € Ob(D) such that u(ec) = ep.
Let gi,g7 ', gs be as above. Then, u defines a morphism of sites f : D — C with
fo=g7t, f~1 = q. The composition

Sh(C) —2> SK(D) —L~ sn(C)

is isomorphic to the identity morphism of the topos Sh(C). Moreover, the functor
=Y is fully faithful.

Proof. By assumption the functor u satisfies the hypotheses of Proposition [15.6
Hence u defines a morphism of sites and hence a morphism of topoi f as in Lemma
16.2l The formulas f, = g~! and f=! = g are clear from the lemma cited and
Lemma [20.5] We have f,0g. = g 'og. =id, and g ' o f! =g 1 og =id by
Lemma

We still have to show that f~! is fully faithful. Let F,G € Ob(Sh(C)). We have to
show that the map

Mor gi(c)(F,G) — Morgyp) (f ' F, f7'G)
is bijective. But the right hand side is equal to
Morgyp)(f ' F, f7'G) = Morgye)(f«f ' F, G)
= Morgycy (g~ f ' F,G)
= Morgyey (F,G)
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(the first equality by adjunction) which proves what we want. O

Example 20.9. Let X be a topological space. Let i : Z — X be the inclusion
of a subset (with induced topology). Consider the functor v : Xz. — Zzar,
Uw—u(U)=2ZnNU. At first glance it may appear that this functor is cocontinuous
as well. After all, since Z has the induced topology, shouldn’t any covering of UNZ
it come from a covering of U in X? Not so! Namely, what if UNZ = (7 In that case,
the empty covering is a covering of UNZ, and the empty covering can only be refined
by the empty covering. Thus we conclude that u cocontinuous = every nonempty
open U of X has nonempty intersection with Z. But this is not sufficient. For
example, if X = R the real number line with the usual topology, and Z = R\ {0},
then there is an open covering of Z, namely Z = {z < 0} UJ,,{1/n < z} which
cannot be refined by the restriction of any open covering of X.

21. Cocontinuous functors which have a right adjoint

It may happen that a cocontinuous functor u has a right adjoint v. In this case it
is often the case that v is continuous, and if so, then it defines a morphism of topoi
(which is the same as the one defined by u).

Lemmal 21.1. Let C and D be sites. Let u: C — D, and v : D — C be functors.
Assume that u is cocontinuous, and that v is a right adjoint to u. Let g : Sh(C) —
Sh(D) be the morphism of topoi associated to u, see Lemma W Then g.F is
equal to the presheaf vPF, in other words, (g.F)(V) = F(v(V)).

Proof. We have u?hy = hy(y) by Lemma([I8.3] By Lemma this implies that

gfl(h"%) = (u”hﬁ)# = (uPhy)# = hv#(V)' Hence for any sheaf 7 on C we have

(g F)V) = MorSh(D)(h?/&7g*f)
= Morgy ) (gfl(h\#/ﬁ)v]:)
= MOTSh(c)(hf(V),f)
= F)
which proves the lemma. O

In the situation of Lemma RI.I] we see that vP transforms sheaves into sheaves.
Hence we can define v = vP restricted to sheaves. Just as in Lemma we see
that vg : G — (vpg)# is a left adjoint to v*. On the other hand, we have v® = g,
and g~ is a left adjoint of g, as well. We conclude that ¢~ = v, is exact.

Lemma 21.2. In the situation of Lemma [21.1, We have g, = v¥ = vP and
g =y = (v, Y#. If v is continuous then v defines a morphism of sites f from
C to D whose associated morphism of topoi is equal to the morphism g associated
to the cocontinuous functor w. In other words, a continuous functor which has a

cocontinuous left adjoint defines a morphism of sites.

Proof. Clear from the discussion above the lemma and Definitions[I5.1]and Lemma
116.2 O
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22. Cocontinuous functors which have a left adjoint

It may happen that a cocontinuous functor u has a left adjoint w.

Lemma 22.1. Let C and D be sites. Let g : Sh(C) — Sh(D) be the morphism of
topoi associated to a continuous and cocontinuous functor u : C — D, see Lemmas
[20.1 and[20.5
(1) If w:D — C is a left adjoint to u, then
(a) g F is the sheaf associated to the presheaf wPF, and
(b) g is ezxact.
(2) if w is a continuous left adjoint, then g has a left adjoint.
(3) If w is a cocontinuous left adjoint, then gy = h™! and g~' = h, where
h: Sh(D) — Sh(C) is the morphism of topoi associated to w.

Proof. Recall that gi.F is the sheafification of u,F. Hence (1)(a) follows from the
fact that u, = w? by Lemma [I8.3]

To see (1)(b) note that gr commutes with all colimits as g is a left adjoint (Cat-
egories, Lemma 24.4). Let ¢ — F; be a finite diagram in Sh(C). Then lim F; is
computed in the category of presheaves (Lemma . Since w? is a right ad-
joint (Lemma we see that wP lim F; = limwPF;. Since sheafification is exact
(Lemma [10.14)) we conclude by (1)(a).

Assume w is continuous. Then g = (w? )# = w® but sheafification isn’t necessary
and one has the left adjoint ws, see Lemmas [14.2] and [I4.3]

Assume w is cocontinuous. The equality g1 = h~! follows from (1)(a) and the defi-
nitions. The equality g~ = h, follows from the equality gy = h~' and uniqueness
of adjoint functor. Alternatively one can deduce it from Lemma [21.1 (Il

23. Existence of lower shriek

In this section we discuss some cases of morphisms of topoi f for which f~! has a
left adjoint fi.

Lemma 23.1. Let C, D be two sites. Let f : Sh(D) — Sh(C) be a morphism of
topoi. Let E C Ob(D) be a subset such that

(1) forV € E there exists a sheaf G on C such that f 1 F(V) = Mor gp,(¢) (G, F)
functorially for F in Sh(C),
(2) every object of D has a covering by objects of E.

Then f~1 has a left adjoint fi.

Proof. By the Yoneda lemma (Categories, Lemma the sheaf Gy correspond-
ing to V € E is defined up to unique isomorphism by the formula f=*F(V) =
Morgpc)(Gv, F). Recall that f~'F(V') = Morgp) (hj, f~1F). Denote iy : hj; —
f71Gy the map corresponding to id in Mor(Gy, Gy/). Functoriality in (1) implies
that the bijection is given by

Morgy(e)(Gv, F) = Morgypy (he, f71F), ¢ flpoiy

For any Vi, V5 € E there is a canonical map

Morgy(p) (i, 1) = Homguey (G, Gva)s ¢+ fil)

which is characterized by f=1(fi(p)) o iy, = iy, o ¢. Note that ¢ — fi(p) is
compatible with composition; this can be seen directly from the characterization.
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Hence hfﬁ — Gy and ¢ — fip is a functor from the full subcategory of Sh(D) whose
objects are the h‘%

Let J be a set and let J — E, j — V; be a map. Then we have a functorial bijection

Morsey( [ v, F) — Morsieoy (] | h?/ﬁj JJTHF)

using the product of the bijections above. Hence we can extend the functor f; to
the full subcategory of Sh(D) whose objects are coproducts of hff with V € F.

Given an arbitrary sheaf H on D we choose an coequalizer diagram

Hi S Ho——H

where H; =[] h?,i _is a coproduct with V; ; € E. This is possible by assumption
(2), see Lemma (for those worried about set theoretical issues, note that the
construction given in Lemma [13.5]is canonical). Define fi(#) to be the sheaf on C
which makes

fiHy —Z frHo — il

Then
Mor( fiH, F) = Equalizer( Mor(fiHo, F) ____ Mor(fiH1,F) )
= Equalizer( Mor(Ho, f~1F) :: Mor(Hy, f71F))
= Hom(H, f~1F)
Hence we see that we can extend fi to the whole category of sheaves on D. [

24. Localization

Let C be a site. Let U € Ob(C). See Categories, Example for the definition of
the category C/U of objects over U. We turn C/U into a site by declaring a family
of morphisms {V; — V'} of objects over U to be a covering of C/U if and only if it
is a covering in C. Consider the forgetful functor

ju:C/U —C.
This is clearly cocontinuous and continuous. Hence by the results of the previous
sections we obtain a morphism of topoi
ju : SWC/U) — Sh(C)
given by j;;' and jir., as well as a functor jin.

Definition 24.1. Let C be a site. Let U € Ob(C).

(1) The site C/U is called the localization of the site C at the object U.

(2) The morphism of topoi jy : Sh(C/U) — Sh(C) is called the localization
morphism.

(3) The functor jy. is called the direct image functor.

(4) For a sheaf F on C the sheaf j;;' F is called the restriction of F to C/U.

(5) For a sheaf G on C/U the sheaf jiG is called the extension of G by the
empty set.

The restriction j;'F is the sheaf defined by the rule j;'F(X/U) = F(X) as
expected. The extension by the empty set also has a very easy description in this
case; here it is.
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Lemma 24.2. Let C be a site. Let U € Ob(C). Let G be a presheaf on C/U. Then
Ju1(G7) is the sheaf associated to the presheaf

Vi— GV 5 0)

HSDEMOTC(V,U)
with obvious restriction mappings.

Proof. By Lemma we have ji1(G#) = ((ju)pG#)*. By Lemma this is
equal to ((ji),G)*. Hence it suffices to prove that (ji), is given by the formula

above for any presheaf G on C/U. OK, and by the definition in Section |5 we have

(jU)pg(V) = COhm(W/U,V—)W) G(w)
Now it is clear that the category of pairs (W/U,V — W) has an object O, = (¢ :

V - U,id: V = V) for every ¢ : V — U, and moreover for any object there is a
unique morphism from one of the O, into it. The result follows. ([

Lemma 24.3. Let C be a site. Let U € Ob(C). Let X/U be an object of C/U.
Then we have jUg(hﬁ/U) = hﬁ.

Proof. Denote p : X — U the structure morphism of X. By Lemma we see
jUg(hﬁ/U) is the sheaf associated to the presheaf

{: V= X|pod =y}

This is clearly the same thing as Mor¢(V, X). Hence the lemma follows. (]

Vi— HgoeMorc(V,U)

We have jyi(x) = hﬁ by either of the two lemmas above. Hence for every sheaf
G over C/U there is a canonical map of sheaves ji1G — hﬁ This characterizes
sheaves in the essential image of jy.

Lemma 24.4. Let C be a site. Let U € Ob(C). The functor jy gives an equivalence

of categories
Sh(C/U) — Sh(C)/hi

Proof. We explain how to get a functor from Sh(C)/hﬁ to Sh(C/U). Suppose
that ¢ : F — h?}ﬁ is given. For any object @ : X — U of C/U we consider
the set F,(X — U) of elements s € F(X) which under ¢ map to the image of
a € More(X,U) = hy(X) in h?}’&(X). It is easy to see that (X — U) — F,(X — U)
is a sheaf on C/U. The verification that (F,¢) — F, is an inverse to the functor
Jun is omitted. O

The lemma says the functor jy is the composition

Sh(C/U) — Sh(C)/hi — Sh(C)
where the first arrow is an equivalence.
Lemma 24.5. Let C be a site. Let U € Ob(C). The functor jin commutes with
with fibre products and equalizers (and more generally finite connected limits). In
particular, if F C F' in SW(C/U), then jinF C jinF.
Proof. This follows from the fact that an isomorphism of categories commutes
with all limits and the functor Sh(C)/ hﬁ — Sh(C) commutes with fibre products
and equalizers. Alternatively, one can prove this directly using the description of

jun in Lemma using that sheafification is exact. (Also, in case C has fibre
products and equalizers, the result follows from Lemma M) O


http://localhost:8080/tag/03CD
http://localhost:8080/tag/03HU
http://localhost:8080/tag/00Y1
http://localhost:8080/tag/04BB

42 SITES AND SHEAVES

Lemma 24.6. Let C be a site. Let U € Ob(C). For any sheaf F on C we have
juiip ' F = F x h;.

Proof. This is clear from the description of jy in Lemma [24.2 O

Lemmal 24.7. Let C be a site. Let f : V. — U be a morphism of C. Then there
exists a commutative diagram

e/ ———=c/U

N, A

of cocontinuous functors. Here j : C/V — C/U, (a: W = V) (foa: W — U)
is identified with the functor jy,u : (C/U)/(V/U) — C/U wia the identification
(C/U)/(V/U) = C/V. Moreover we have jy1 = jin o ji, ji,* = j ' oj;', and
JVs = JuUs © Jx-

Proof. The commutativity of the diagram is immediate. The agreement of j with

Jv,u follows from the definitions. By Lemma we see that the following diagram
of morphisms of topoi

Sh(C/V)
(24.7.1) \ /

1

Sh(C/U)

is commutative. This proves that j‘j =4~ ojl} and jy« = ju« o j«. The equality
Jvi = jur o 4 follows formally from adjointness properties. O

Lemma 24.8. Notation C, f : V — U, ju, jv, and j as in Lemma[24.7 Via the
identifications Sh(C/V') = Sh(C)/h}: and Sh(C/U) = SK(C)/hf; of Lemmal[24.4] the

functor 571 has the following description
JTHH S Rl = (H X ot s hi — ).
Proof. Suppose that ¢ : H — hﬁ is an object of Sh(C)/hﬁ. By the proof of
Lemma this corresponds to the sheaf #, on C/U defined by the rule
(a:W—=U)—{seHW) | p(s) =a}
on C/U. The pullback j~'H, to C/V is given by the rule
(a:W—=>V)r—{seHW)|p(s)=foa}
by the description of j7! = j(;/lv as the restriction of H, to C/V. On the other
hand, applying the rule to the object

_ # ¢ #
7‘[/ — H ti,hﬁ,f hV %—hv

of Sh(C)/h# we get H(,, given by
(a:W = V)r—{s eHW)| ) =a}
={(s,a’) € H(W) x hf}(W) |’ = a and ¢(s) = foa'}

which is exactly the same rule as the one describing jfl’H@ above. [
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Remark| 24.9. Localization and presheaves. Let C be a category. Let U be an
object of C. Strictly speaking the functors jljl, jus and jy1 have not been defined
for presheaves. But of course, we can think of a presheaf as a sheaf for the chaotic
topology on C (see Example . Hence we also obtain a functor

gt PSh(C) — PSh(C/U)
and functors
jU*,jUg : PSh(C/U) — PSh(C)
which are right, left adjoint to j;;'. By Lemma we see that jinG is the presheaf

@
V—s ]_[%Morc(w) gV &)
In addition the functor jy; commutes with fibre products and equalizers.

Remark|24.10. Let C be asite. Let U — V be a morphism of C. The cocontinuous
functors C/U — C and j : C/U — C/V (Lemma [24.7) satisfy property P of Remark
19.5] For example, if we have objects (X/U), (W/V), a morphism g : j(X/U) —
(W/V), and a covering {f; : (W;/V) — (W/V)} then (X xw W;/U) is an avatar of
(X/U) % g, (wyv),5: (Wi/V) and the family {(X xw W;/U) — (X/U)} is a covering
of C/U.

25. Glueing sheaves

This section is the analogue of Sheaves, Section

Lemma 25.1. Let C be a site. Let {U; — U} be a covering of C. Let F, G be
sheaves on C. Given a collection

wi : Fleyu, — Gleyu,

of maps of sheaves such that for all i,5 € I the maps ;,p; restrict to the same
map ]-'|C/UiXUUj — Q|C/UiXUUj then there exists a unique map of sheaves

¢ : Fleyy — Gleyu
whose restriction to each C/U; agrees with ¢;.

Proof. Omitted. Note that the restrictions are always those of Lemma 247 O

The previous lemma implies that given two sheaves F, G on a site C the rule
U — Morguc vy (Fleyu, Gleyv)

defines a sheaf. This is a kind of internal hom sheaf. It is seldom used in the
setting of sheaves of sets, and more usually in the setting of sheaves of modules,
see Modules on Sites, Section

Let C be a site. Let {U; — U};er be a covering of C. For each i € I let F; be a
sheaf of sets on C/U;. For each pair i,j € I, let

Pij - ]‘-z'|C/UixUUj — ]'_j|C/UixUUj
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be an isomorphism of sheaves of sets. Assume in addition that for every triple of
indices 7, j, k € I the following diagram is commutative

File/vixpu;x Uy Frle/vix v, xu Uy
fj|c/Ui><UUj><UUk

We will call such a collection of data (F;, ;) a glueing data for sheaves of sets with
respect to the covering {U; — U}ier.

Lemma 25.2. Let C be a site. Let {U; — Ulier be a covering of C. Given any
glueing data (F;, ;) for sheaves of sets with respect to the covering {U; — U}ier
there exists a sheaf of sets F on C/U together with isomorphisms

@i Fleyu, = Fi

such that the diagrams
]:|C/Ui><UUj ©; filC/UiXUUj
®j
‘F|C/U11><UU]' ]:j|C/Ui><UUj
are commutative.

Proof. Let us describe how to construct the sheaf 7 on C/U. Let a : V — U be
an object of C/U. Then

FV/U) = {(si)ier € [[ Fi(Ui xv V/U;) | @i(si

i€l

UiXUU]‘XUV) - Sj UiXUU]’XUV}

We omit the construction of the restriction mappings. We omit the verification
that this is a sheaf. We omit the construction of the isomorphisms ¢;, and we omit
proving the commutativity of the diagrams of the lemma. [

Let C be a site. Let {U; — U}ier be a covering of C. Let F be a sheaf on C/U.
Associated to F we have its canonical glueing data given by the restrictions ¢/,
and the canonical isomorphisms

(‘F|C/Ul) |C/U7;XUU]' = (‘F|C/UJ) |C/Ui><UUj

coming from the fact that the composition of the functors C/U; xy U; — C/U; —
C/U and C/U; xy U; = C/U; — C/U are equal.

Lemma 25.3. Let C be a site. Let {U; — U}ier be a covering of C. The category
Sh(C/U) is equivalent to the category of glueing data via the functor that associates
to F on C/U the canonical glueing data.

Proof. In Lemma|25.1]we saw that the functor is fully faithful, and in Lemma[25.2
we proved that it is essentially surjective (by explicitly constructing a quasi-inverse
functor). O
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26. More localization

In this section we prove a few lemmas on localization where we impose some addi-
tional hypotheses on the site on or the object we are localizing at.

Lemma 26.1. Let C be a site. Let U € Ob(C). If the topology on C is subcanonical,
see Deﬁm’tion and if G is a sheaf on C/U, then

Ju(G)(V) = G(v 5 U),

in other words sheafification is not necessary in Lemma[24.3

HQPGMOrc (V,U)

Proof. Let V = {V; = V},cr be a covering of V' in the site C. We are going to check
the sheaf condition for the presheaf H of Lemma directly. Let (s;,:)icr €
[T, H(V;), This means ¢; : V; — U is a morphism in C, and s; € G(V; 2% U). The
restriction of the pair (s;, ;) to Vi xy V; is the pair (si|v,x, v, v, Pry © ¢i), and
likewise the restriction of the pair (sj, ¢;) to Vi xy Vj is the pair (s;|v, x v, /v, Prao
¢;). Hence, if the family (s;, ;) lies in H°(V,H), then we see that pr; o ¢; =
pryow;. The condition that the topology on C is weaker than the canonical topology
then implies that there exists a unique morphism ¢ : V' — U such that ¢; is the
composition of V; — V with ¢. At this point the sheaf condition for G guarantees
that the sections s; glue to a unique section s € G(V % U). Hence (s, ) € H(V)
as desired. |

Lemma 26.2. Let C be a site. Let U € Ob(C). Assume C has products of pairs of
objects. Then

(1) the functor jy has a continuous right adjoint, namely the functor v(X) =
X x U/U,

(2) the functor v defines a morphism of sites C/U — C whose associated mor-
phism of topoi equals jy : SK(C/U) — Sh(C), and

(3) we have ju.F(X)=F(X xU/U).

Proof. The functor v being right adjoint to jy means that given Y/U and X we
have

More (Y, X)) = Mor¢,y(Y/U, X x U/U)
which is clear. To check that v is continuous let {X; — X} be a covering of C. By
the third axiom of a site (Definition we see that

{Xixx (X xU) > X xx (X xU)}={X; xU—->XxU}

is a covering of C also. Hence v is continuous. The other statements of the lemma
follow from Lemmas 21.1] and RT.2 (I

Lemmal 26.3. Let C be a site. Let U — V be a morphism of C. Assume C has
fibre products. Let j be as in Lemma[2].71 Then
(1) the functor j : C/U — C/V has a continuous right adjoint, namely the
functor v: (X/V)— (X xy U/U),
(2) the functor v defines a morphism of sites C/U — C/V whose associated
morphism of topoi equals j, and
(3) we have 7. F(X/U) = F(X xyv U/U).

Proof. Follows from Lemma [26.2] since j may be viewed as a localization functor
by Lemma [24.7 (]
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A fundamental property of an open immersion is that the restriction of the push-
forward and the restriction of the extension by the empty set produces back the
original sheaf. This is not always true for the functors associated to ji above. It
is true when U is a “subobject of the final object”.

Lemma 26.4. Let C be a site. Let U € Ob(C). Assume that every X in C has
at most one morphism to U. Let F be a sheaf on C/U. The canonical maps
F = jljljm]—' and jgljU*]: — F are isomorphisms.

Proof. If C has fibre products, then this is a special case of Lemma In general
we have the following direct proof.

Let X/U be an object over U. In Lemmas and we have seen that sheafi-
fication is not necessary for the functors j;,* = (u? )# and jy. = (u)#. We may
compute (j; ' jusF)(X/U) = ju.F(X) = lim F(Y/U). Here the limit is over the
category of pairs (Y/U,Y — X) where the morphisms ¥ — X are not required to
be over U. By our assumption however we see that they are automatically mor-
phisms over U and we deduce that the limit is the value on idx, i.e., F(X/U). This
proves that j;; ' jui.F = F.

On the other hand, (j;'juinF)(X/U) = jinF(X) = (upF)#(X), and u,F(X) =
colim F(Y/U). Here the colimit is over the category of pairs (Y/U, X — Y) where
the morphisms X — Y are not required to be over U. By our assumption however
we see that they are automatically morphisms over U and we deduce that the
colimit is the value on idx, i.e., F(X/U). This shows that the sheafification is not
necessary (since any object over X is automatically in a unique way an object over
U) and the result follows. O

27. Localization and morphisms

The following lemma is important in order to understand relation between local-
ization and morphisms of sites and topoi.

Lemma 27.1. Let f : C — D be a morphism of sites corresponding to the con-
tinuous functor v : D — C. Let V € Ob(D) and set U = w(V). Then the
functor v’ : D/V — CJU, V'/V — w(V')JU determines a morphism of sites
f':C/U = D/V. The morphism f’ fits into a commutative diagram of topoi

Sh(C/U) — Sh(C)
U
I’ f

SK(D/V) -~ Sh(D).
Using the identifications Sh(C/U) = Sh(C)/hff and SW(D/V) = Sh(D)/h‘?‘;/ﬁ of Lemma
the functor (f')~! is described by the rule

)7 H L) = (0 b,

Finally, we have flj;" = iy fe.

Proof. It is clear that v’ is continuous, and hence we get functors f, = (u’)* = (u/)?
(see Sections [5 and and an adjoint (f')~! = (v')s = ((v'), )#. The assertion
fligt = jit f« follows as

Gy IV V) = LF V) = F(V) = (g F)((V)/U) = (flig F)V'/V)
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1

which holds even for presheaves. What isn’t clear a priori is that (f')~' is exact,

that the diagram commutes, and that the description of (f’)~! holds.

Let H be a sheaf on D/V. Let us compute jin(f') " H. We have
Jur(f)THH = (Go)p(u,H)#)*
= ((v)puyH)*
= (“p(jV)pH)#
= fliviH

The first equality by unwinding the definitions. The second equality by Lemma
The third equality because u o jiy = jy o u/. The fourth equality by Lemma
again. All of the equalities above are isomorphisms of functors, and hence we

may interpret this as saying that the following diagram of categories and functors
is commutative

Sh(C/U) ——= Sh(C) /h¥ —— Sh(C)

o] fly -]

SWD/V) Y~ SWD)/h¥; — Sh(D)

The middle arrow makes sense as f_lh‘#f = (hu(V))# = hU7 see Lemma m In
particular this proves the description of (f’)~! given in the statement of the lemma.
Since by Lemma the left horizontal arrows are equivalences and since f~1! is
exact by assumption we conclude that (f/)~! = v/, is exact. Namely, because it is
a left adjoint it is already right exact (Categories, Lemma . Hence we only
need to show that it transforms a final object into a final object and commutes with
fibre products (Categories, Lemma [23.2). Both are clear for the induced functor
1t Sh(D)/h‘?‘ié — Sh(C)/h#. This proves that f’ is a morphism of sites.

We still have to verify that (f’)_ljv = lef 1. To see this use the formula above
and the description in Lemma [24.6] Namely, combmed these give, for any sheaf G
on D, that

GG = f v G = fTHG x ) = £71G x = oy 6.
Since the functor jy induces an equivalence Sh(C/U) — Sh(C)/ hf]& we conclude. [

The following lemma is a special case of the more general Lemma above.
Lemma 27.2. Let C, D be sites. Let u: D — C be a functor. Let V € Ob(D). Set
U=u(V). Assume that

(1) C and D have all finite limits,
(2) u is continuous, and
(3) u commutes with finite limits.

There exists a commutative diagram of morphisms of sites

C/U——C

|l

D)V D
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where the right vertical arrow corresponds to u, the left vertical arrow corresponds
to the functor v’ : D)V — C/U, V'/V — w(V')/u(V) and the horizontal arrows
correspond to the functors C - C/U, X — X XU and D - D/V, Y - Y XV as
in Lemma [26.3 Moreover, the associated diagram of morphisms of topoi is equal
to the diagram of Lemma . In particular we have fijal = j‘;lf*.

Proof. Note that u satisfies the assumptions of Proposition [15.6|and hence induces
a morphism of sites f : C — D by that proposition. It is clear that u induces a
functor v’ as indicated. It is clear that this functor also satisfies the assumptions of
Proposition[15.6] Hence we get a morphism of sites f' : C/U — D/V. The diagram
commutes by our definition of composition of morphisms of sites (see Definition

15.4) and because

u¥ xV)=ul) xu(V)=ul)xU
which shows that the diagram of categories and functors opposite to the diagram
of the lemma commutes. (]

At this point we can localize a site, we know how to relocalize, and we can localize
a morphism of sites at an object of the site downstairs. If we combine these then
we get the following kind of diagram.

Lemmal 27.3. Let f : C — D be a morphism of sites corresponding to the continu-
ous functor u:D — C. Let V € Ob(D), U € Ob(C) and ¢ : U — u(V) a morphism
of C. There exists a commutative diagram of topoi

Sh(C/U) ——= Sh(C)

A

SK(D/V) L= Sh(D).
We have f. = f" o jujuy where f': SK(C/u(V)) — SK(D/V) is as in Lemma
and jy vy : SMC/U) — Sh(C/u(V)) is as in Lemma . Using the identifica-
tions Sh(C/U) = Sh(C)/hﬁ and SW(D/V) = Sh(D)/h‘#/ of Lemma the functor
(fo)~! is described by the rule
(F)TH 5 W) = (FH X o BT = BE).

Finally, given any morphisms b: V' =V, a:U — U and ¢ : U — u(V’) such
that
U/ — U(V’)

al lu(b)
U—"=u(V)
commutes, then the diagram
Sh(C/U") —— Sh(C/U)

Ju’ju
fC/\L ifc

Iviyv

ShD/V') L SWD/V).

commutes.
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Proof. This lemma proves itself, and is more a collection of things we know at
this stage of the development of theory. For example the commutativity of the first
square follows from the commutativity of Diagram (24.7.1) and the commutativity
of the diagram in Lemma The description of f. ! follows on combining Lemma
with Lemma The commutativity of the last square then follows from the
equality
-1 # # _ -1 # #
foH ><hj‘f(v)’C hi; Xh?; hi == (H Xht hvl) th(v/),cl hi:
which is formal using that fflhf,ﬁ = hf(v) and f’lhﬁ/ = hf(v,), see Lemma
114.5 [

In the following lemma we find another kind of functoriality of localization, in case
the morphism of topoi comes from a cocontinuous functor. This is a kind of diagram

which is different from the diagram in Lemma and in particular, in general
the equality fijl}l = j;lf* seen in Lemma does not hold in the situation of

the following lemma.

Lemma 27.4. Let C, D be sites. Let u:C — D be a cocontinuous functor. Let U
be an object of C, and set V = u(U). We have a commutative diagram

|
D)V -2oD

where the left vertical arrow is v’ : C/U — DJV, U'JU — V'/V. Then u' is
cocontinuous also and we get a commutative diagram of topoi

Sh(C/U) —— Sh(C)

f/l lf
Sh(D/V) —¥ = Sh(D)

where [ (resp. f') corresponds to u (resp. u’).

Proof. The commutativity of the first diagram is clear. It implies the commuta-
tivity of the second diagram provided we show that «’ is cocontinuous.

Let U’ /U be an object of C/U. Let {V;/V — w(U")/V };es be a covering of u(U")/V
in D/V. Since u is cocontinuous there exists a covering {U; — U’};¢; such that the
family {u(U]) — w(U’)} refines the covering {V; — w(U’)} in D. In other words,
there exists a map of index sets o : I — .J and morphisms ¢; : u(Uj) — Vy;) over
U’. Think of U] as an object over U via the composition U] — U’ — U. Then
{U!/U — U'/U} is a covering of C/U such that {u(U})/V — w(U’)/V} refines
{V;/V = w(U")/V} (use the same « and the same maps ¢;). Hence v’ : C/U —
D/V is cocontinuous. O

28. Morphisms of topoi

In this section we show that any morphism of topoi is equivalent to a morphism of
topoi which comes from a morphism of sites.

Lemmal 28.1. Let C, D be sites. Let u:C — D be a functor. Assume that
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(1) u is cocontinuous,

(2) u is continuous,

(3) given a,b:U" — U in C such that u(a) = u(b), then there exists a covering
{fi : U = U’} in C such that ao f; =bo f;,

(4) given U',U € Ob(C) and a morphism ¢ : w(U'") — u(U) in D there exists
a covering {f; : Ul — U’} in C and morphisms ¢; : Ul — U such that
u(e;) = coul(fy), and

(5) given V € Ob(D) there exists a covering of V in D of the form {u(U;) —
V}ier.

Then the morphism of topoi
g : Sh(C) — Sh(D)
associated to the cocontinuous functor u by Lemma|20.1] is an equivalence.

Proof. Assume u satisfies properties (1) — (5). We will show that the adjunction
mappings

G—g.9'G and ¢ l'g.F — F
are isomorphisms.

Note that Lemma applies and we have ¢g7'G(U) = G(u(U)) for any sheaf G on
D. Next, let F be a sheaf on C, and let V' be an object of D. By definition we have
g+ F (V) = limy )y F(U). Hence

g_lg*]:(U) = 1iInU’,u(U’)—m(U) f(U/)

where the morphisms ¢ : w(U’) = u(U) need not be of the form u(«). The category
of such pairs (U’, ) has a final object, namely (U, id), which gives rise to the map
from the limit into F(U). Let (s y)) be an element of the limit. We want to
show that sy ) is uniquely determined by the value sy iqy € F(U). By property
(4) given any (U’,v) there exists a covering {U; — U’} such that the compositions
w(U]) = uw(U’) = u(U) are of the form u(c;) for some ¢; : U/ — U in C. Hence

s lor = ¢ (3w,ia))-
Since F is a sheaf it follows that indeed s ) is determined by s(iq). This
proves uniqueness. For existence, assume given any s € F(U), ¥ : u(U’) — w(U),
{fi 1 U/ = U'} and ¢; : U] — U such that ¢ o u(f;) = u(c;) as above. We claim
there exists a (unique) element sy ) € F(U’) such that
swrwlu; = ¢ (5)-

Namely, a priori it is not clear the elements c;-‘(s)|UiIXU,UJ/_ and C;(S)|U;><U/UJ'. agree,
since the diagram

! ! /
Ui Xy Uj YU]

prll l

vy
need not commute. But condition (3) of the lemma guarantees that there exist
coverings { fijx Ui’jk = Ul xys UJ/‘}keKij such that ¢; o pry o fijxr = ¢;j o pry o fijk.
Hence

* *
U;xU,U]/.) = fijk; (CjS\ngU,U]()

Fie (cis
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Hence ¢} (s)|vrx,, U = C;(3)|U{XU/U; by the sheaf condition for F and hence the
existence of s(y ) also by the sheaf condition for F. The uniqueness guarantees
that the collection (s y)) so obtained is an element of the limit with sy ) = s.
This proves that g~ 'g,F — F is an isomorphism.

Let G be a sheaf on D. Let V be an object of D. Then we see that
9:9~'G(V) = limy,y.uwy—v G(u(U))

By the preceding paragraph we see that the value of the sheaf g.g~'G on an object
V of the form V = «(U) is equal to G(u(U)). (Formally, this holds because we
have g~ 'g.g~! = ¢!, and the description of g~! given at the beginning of the
proof; informally just by comparing limits here and above.) Hence the adjunction
mapping G — ¢.g~'G has the property that it is a bijection on sections over any
object of the form u(U). Since by axiom (5) there exists a covering of V' by objects

of the form u(U) we see easily that the adjunction map is an isomorphism. O
It will be convenient to give cocontinuous functors as in Lemma [28.1] a name.

Definition 28.2. Let C, D be sites. A special cocontinuous functor u from C to D
is a cocontinuous functor u : C — D satisfying the assumptions and conclusions of
Lemma [28.1]

Lemmal 28.3. Let C, D be sites. Let u:C — D be a special cocontinuous functor.
For every object U of C we have a commutative diagram

/U ———=C

|k

Ju(U)

D/u(U) 2D

as in Lemma|27.4. The left vertical arrow is a special cocontinuous functor. Hence
in the commutative diagram of topoi

SH(C/U) —— SH(C)
Sh(DJu(U)) 2% Sh(D)

the vertical arrows are equivalences.

Proof. We have seen the existence and commutativity of the diagrams in Lemma
We have to check hypotheses (1) — (5) of Lemma for the induced functor
u:C/U — D/u(U). This is completely mechanical.

Property (1). This is Lemma

Property (2). Let {U//U — U’/U}ier be a covering of U’ /U in C/U. Because u is
continuous we see that {w(U])/u(U) = w(U")/u(U)}icr is a covering of u(U") /u(U)
in D/u(U). Hence (2) holds for u : C/U — D/u(U).

Property (3). Let a,b: U"” /U — U’ /U in C/U be morphisms such that u(a) = u(b)
in D/u(U). Because u satisfies (3) we see there exists a covering {f; : U’ — U"}
in C such that ao f; = bo f;. This gives a covering {f; : U/'/U — U"/U} in C/U
such that a o f; = bo f;. Hence (3) holds for u : C/U — D/u(U).
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Property (4). Let U”/U,U’/U € Ob(C/U) and a morphism ¢ : u(U")/u(U) —
w(U")/u(U) in D/u(U) be given. Because u satisfies property (4) there exists a
covering {f; : U — U"} in C and morphisms ¢; : U/ — U’ such that u(c;) =
cou(f;). We think of U/” as an object over U via the composition U/’ — U" — U.
It may not be true that ¢; is a morphism over U! But since u(c;) is a morphism over
u(U) we may apply property (3) for u and find coverings {fir : U/, — U/} such
that ¢ = ¢; o fix : Uj, = U’ are morphisms over U. Hence {f; o fir : U./U —
U”/U} is a covering in C/U such that u(c;,) = ¢ o u(fix). Hence (4) holds for
u:C/U — D/u(U).

Property (5). Let h : V — u(U) be an object of D/u(U). Because u satisfies
property (5) there exists a covering {c¢; : u(U;) — V} in D. By property (4)
we can find coverings {f;; : U;; — U;} and morphisms ¢;; : U;; — U such that
u(cij) = hocjou(fi;). Hence {u(Ui;)/uw(U) = V/u(U)} is a covering in D/u(U) of
the desired shape and we conclude that (5) holds for u: C/U — D/u(U). O

Lemma 28.4. Let C be a site. Let C' C Sh(C) be a full subcategory (with a set of
objects) such that
(1) b, € Ob(C') for all U € Ob(C), and
(2) C' is preserved under fibre products in Sh(C).
Declare a covering of C' to be any family {F; — F }icr of maps such that ||
F is a surjective map of sheaves. Then
(1) C' is a site (after choosing a set of coverings, see Sets, Lemma[11.1]),
(2) representable presheaves on C' are sheaves (i.e., the topology on C' is sub-
canonical, see Definition ,
(3) the functor v:C — C', U — hf,& is a special cocontinuous functor, hence
induces an equivalence g : Sh(C) — Sh(C'),
(4) for any F € Ob(C') we have g~ hx = F, and
(5) for any U € Ob(C) we have g hf, = hyuy = hhﬁ'

ielfi_>

Proof. Warning: Some of the statements above may look be a bit confusing at
first; this is because objects of C’ can also be viewed as sheaves on C! We omit the
proof that the coverings of C’ as described in the lemma satisfy the conditions of
Definition [6.2]

Suppose that {F; — F} is a surjective family of morphisms of sheaves. Let G be
another sheaf. Part (2) of the lemma says that the equalizer of

Morgpc) (Lier Fis G) —— Morsne) (L ig i1yerxr Fio XF Fir» G)

is Morgycy(F,G). This is clear (for example use Lemma [12.3)).

To prove (3) we have to check conditions (1) — (5) of Lemma [28.1] The fact that
v is cocontinuous is equivalent to the description of surjective maps of sheaves
in Lemma The functor v is continuous because U +— hﬁ commutes with
fibre products and transforms coverings into coverings (see Lemma and
Lemma [[3.4). Properties (3), (4) of Lemma [28.1] are statements about morphisms
f = h¥ — h¥. Such a morphism is the same thing as an element of h},(U"’). Hence
(3) and (4 ) are immediate from the construction of the sheafification. Property (5)
of Lemma [28.1]is Lemma [13.5 Denote g : Sh(C) — Sh(C’) the equivalence of topoi
associated with v by Lemma [28.1
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Let F be as in part (4) of the lemma. For any U € Ob(C) we have
g~ hz(U) = hz(u(U)) = Morgy ) (hf:, F) = F(U)
The first equality by Lemma Thus part (4) holds.
Let F € Ob(C’). Let U € Ob(C). Then
g<his (F) = Morgyer)(hr, ghir)
= Morgy(c) (9~ hr, hir)
= Morgy(c)(F, hir)
= Mor¢/ (F, hﬁ)
as desired (where the third equality was shown above). O

Using this we can massage any topos to live over a site having all finite limits.

Lemma 28.5. Let Sh(C) be a topos. Let {F;}icr be a set of sheaves on C. There
exists an equivalence of topoi g : Sh(C) — Sh(C') induced by a special cocontinuous
functor u : C — C' of sites such that

(1) C' has a subcanonical topology,

(2) a family {V; — V'} of morphisms of C' is (combinatorially equivalent to) a
covering of C' if and only if [] hy, — hy is surjective,

(3) C’ has fibre products and a final object (i.e., C' has all finite limits),

4) every subsheaf of a representable sheaf on C' is representable, and

(5) each g.F; is a representable sheaf.

Proof. Consider the full subcategory C; C Sh(C) consisting of all hﬁ for all U €
Ob(C), the given sheaves F; and the final sheaf * (see Example[10.2)). We are going
to inductively define full subcategories

CiCCCCyC...CSHC)

Namely, given C,, let C,,41 be the full subcategory consisting of all fibre products and
subsheaves of objects of C,,. (Note that C,,41 has a set of objects.) Set C' = J,,~ Cn-
A covering in C’ is any family {G; — G} ;e of morphisms of objects of C’ such that
11G; — G is surjective as a map of sheaves on C. The functor v : C — C' is given
by U — hﬁ Apply Lemma |

Here is the goal of the current section.

Lemma 28.6. Let C, D be sites. Let [ : Sh(C) — Sh(D) be a morphism of topoi.
Then there exists a site C' and a diagram of functors

C—C~<~—D
such that

(1) the functor v is a special cocontinuous functor,

(2) the functor u commutes with fibre products, is continuous and defines a
morphism of sites C' — D, and

(3) the morphism of topoi f agrees with the composition of morphisms of topoi

Sh(C) — Sh(C') — Sh(D)

where the first arrow comes from v via Lemma [28.]] and the second arrow

from w via Lemma[16.3
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Proof. Consider the full subcategory C; C Sh(C) consisting of all hﬁ and all f ’Uﬂ%
for all U € Ob(C) and all V€ Ob(D). Let C,,41 be a full subcategory consisting
of all fibre products of objects of C,. Set C' = |J,,~;Cn. A covering in C’ is any
family {F; — F}ier such that [[,.; Fi — F is surjective as a map of sheaves on
C. The functor v : C — C’ is given by U — hﬁ. The functor u : D — C’ is given by
Vs fTUE

Part (1) follows from Lemma

Proof of (2) and (3) of the lemma. The functor u commutes with fibre products
as both V h‘#; and f~!' do. Moreover, since f~! is exact and commutes with
arbitrary colimits we see that it transforms a covering into a surjective family of
morphisms of sheaves. Hence u is continuous. To see that it defines a morphism
of sites we still have to see that u, is exact. In order to do this we will show that
g tous, = f~1. Namely, then since g~! is an equivalence and f~! is exact we will
conclude. Because g~ ! is adjoint to g¢., and u, is adjoint to u°, and f~! is adjoint
to f. it also suffices to prove that u® o g. = f.. Let U be an object of C and let V'
be an object of D. Then

(W g b ) (V) = goh (F71RF)
= Morgpe)(f hi, hfy)
= Morgypy (hir, fuhi)
= f (V)

The first equality because u® = uP. The second equality by Lemma (5). The
third equality by adjointness of f, and f~! and the final equality by properties of
sheafification and the Yoneda lemma. We omit the verification that these identities
are functorial in U and V. Hence we see that we have u® o g, = f, for sheaves of
the form hﬁ. This implies that u®og, = f. and we win (some details omitted). O

Remark| 28.7. Notation and assumptions as in Lemma If the site D has
a final object and fibre products then the functor v : D — C’ satisfies all the
assumptions of Proposition [I5.6] Namely, in addition to the properties mentioned
in the lemma u also transforms the final object of D into the final object of C'.
This is clear from the construction of u. Hence, if we first apply Lemmas to
D and then Lemma to the resulting morphism of topoi Sh(C) — Sh(D’) we
obtain the following statement: Any morphism of topoi f : Sh(C) — Sh(D) fits into
a commutative diagram

Sh(c') L~ sn(D)

where the following properties hold:

(1) the morphisms e and g are equivalences given by special cocontinuous func-
tors C =+ C' and D — D/,

(2) the sites C" and D’ have fibre products, final objects and have subcanonical
topologies,
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(3) the morphism f’: C" — D’ comes from a morphism of sites corresponding
to a functor u : D' — C’ to which Proposition applies, and

(4) given any set of sheaves F; (resp. G;) on C (resp. D) we may assume each
of these is a representable sheaf on C’ (resp. D’).

It is often useful to replace C and D by C’ and D’.

Remark| 28.8. Notation and assumptions as in Lemma Suppose that in
addition the original morphism of topoi Sh(C) — Sh(D) is an equivalence. Then
the construction in the proof of Lemma gives two functors

C—»C «D

which are both special cocontinuous functors. Hence in this case we can actually
factor the morphism of topoi as a composition

Sh(C) — SK(C") = SWD') < SK(D)
as in Remark [2877 but with the middle morphism an identity.

29. Localization of topoi

We repeat some of the material on localization to the apparently more general
case of topoi. In reality this is not more general since we may always enlarge the
underlying sites to assume that we are localizing at objects of the site.

Lemma 29.1. Let C be a site. Let F be a sheaf on C. Then the category Sh(C)/F
is a topos. There is a canonical morphism of topoi

jr : Sh(C)/F — Sh(C)
which is a localization as in Section[2]] such that

(1) the functor j;-l is the functor H — H x F/F, and
(2) the functor jr is the forgetful functor G/F — G.

Proof. Apply Lemmal[28.5 This means we may assume C is a site with subcanoni-
cal topology, and F = hy = hﬁ for some U € Ob(C). Hence the material of Section
applies. In particular, there is an equivalence Sh(C/U) = Sh(C)/ hﬁ such that
the composition
Sh(C/U) — Sh(C)/h# — Sh(C)

is equal to jyi, see Lemma m Denote a : Sh(C)/hﬁ — Sh(C/U) the inverse
functor, so jr = jyioa, j;l =q! ojl;l, and jr . = ju,« o a. The description of
jri follows from the above. The description of j;-l follows from Lemma O

Remarkl 29.2. In the situation of Lemma [29.1] we can also describe the functor
Jr.« It is the functor which associates to ¢ : G — F the sheaf

U+— {oa: Fluy = G|y such that « is a right inverse to |y}
In order to prove that this works the introduction of Hom-sheaves is desirable,

hence we postpone this to a later time.

Lemma 29.3. Let C be a site. Let F be a sheaf on C. Let C/F be the category of
pairs (U, s) where U € Ob(C) and s € F(U). Let a covering in C/F be a family
{(Ui,s;) = (U,s)} such that {U; — U} is a covering of C. Then j : C/F — C is
a continuous and cocontinuous functor of sites which induces a morphism of topoi
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j:SMC/F) — Sh(C). In fact, there is an equivalence Sh(C/F) = Sh(C)/F which
turns j into jr.

Proof. We omit the verification that C/F is a site and that j is continuous and
cocontinuous. By Lemma[20.5] there exists a morphism of topoi j as indicated, with
j71G(U,s) = G(U), and there is a left adjoint j; to 77!. A morphism ¢ : * — j~1G
on C/F is the same thing as a rule which assigns to every pair (U, s) a section
©(s) € G(U) compatible with restriction maps. Hence this is the same thing as a
morphism ¢ : F — G over C. We conclude that jix = F. In particular, for every
H € Sh(C/F) there is a canonical map

_]IH—>]|*:]:

i.e., we obtain a functor j/ : Sh(C/F) — Sh(C)/F. An inverse to this functor is the
rule which assigns to an object ¢ : G — F of Sh(C)/F the sheaf

a(G/F): (U,s) — {t € G(U) | o(t) = s}
We omit the verification that a(G/F) is a sheaf and that a is inverse to j. O

Definition 29.4. Let C be a site. Let F be a sheaf on C.
(1) The topos Sh(C)/F is called the localization of the topos Sh(C) at F.

(2) The morphism of topoi jr : Sh(C)/F — Sh(C) of Lemma is called the
localization morphism.

We are going to show that whenever the sheaf F is equal to hf; for some object
U of the site, then the localization of the topos is equal to the category of sheaves
on the localization of the site at U. Moreover, we are going to check that any
functorialities are compatible with this identification.

Lemma 29.5. Let C be a site. Let F = h?j for some object U of C. Then jr :
Sh(C)/F — Sh(C) constructed in Lemma agrees with the morphism of topoi
Ju : SK(C/U) — Sh(C) constructed in Section (24| via the identification Sh(C/U) =
Sh(C)/hﬁ of Lemma

Proof. We have seen in Lemma that the composition Sh(C/U) — Sh((:’)/h?}E —
Sh(C) is jur. The functor SK(C)/h; — Sh(C) is jz1 by Lemma[29.1} Hence jz = jin
via the identification. So j;-l = j,}l (by adjointness) and so jr. = jus (by
adjointness again). O
Lemma) 29.6. Let C be a site. If s : G — F is a morphism of sheaves on C then
there exists a natural commutative diagram of morphisms of topoi

sh(c)/a j Sh(C)/F
SH(C)

where j = jg,F is the localization of the topos Sh(C)/F at the object G/F. In
particular we have

JTYH = F)=Hx5G—G)
and
HESF)=(250).
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Proof. The description of ;=1 and j; comes from the description of those functors
in Lemma The equality of functors jg1 = jri07i is clear from the description of
these functors (as forgetful functors). By adjointness we also obtain the equalities

gt =it ez and jg . = jF . © - O

Lemma 29.7. Assume C and s : G — F are as in Lemma . If G = h‘#/

and F = hﬁ and s : G — F comes from a morphism V. — U of C then the

diagram in Lemma is identified with diagram (24.7.1) via the identifications
Sh(C/V') = Sh(C)/hF: and SK(C/U) = S(C)/h: of Lemma|24.4

Proof. This is true because the descriptions of j~! agree. See Lemma and
Lemma [29.0) O

30. Localization and morphisms of topoi
This section is the analogue of Section [27] for morphisms of topoi.

Lemma 30.1. Let f: Sh(C) — Sh(D) be a morphism of topoi. Let G be a sheaf on
D. Set F = f~'G. Then there exists a commutative diagram of topoi

Sh(C)/F —— Sh(C)
JIF
f'l if
Sh(D)/G —2% = SW(D).
The morphism [’ is characterized by the property that
(7 HE G = (FTH IS )
and we have fljz" = jg_lf*.

Proof. Since the statement is about topoi and does not refer to the underlying sites
we may change sites at will. Hence by the discussion in Remark [28.7] we may assume
that f is given by a continuous functor u : D — C satisfying the assumptions of
Proposition between sites having all finite limits and subcanonical topologies,
and such that G = hy for some object V of D. Then F = f~'hy = huvy by
Lemma By Lemma we obtain a commutative diagram of morphisms of
topoi

Sh(C/U) ——> Sh(C)

vl |1

SK(D/V) -~ SK(D),

and we have f;jal = j;lf*. By Lemma we may identify jr and jy and jg
and jy. The description of (f/)~! is given in Lemma O

Lemma 30.2. Let f : C — D be a morphism of sites given by the continuous
functor w : D — C. Let V be an object of D. Set U = u(V). Set G = hi, and
F = hﬁ = f‘lhﬁ (see Lemma m Then the diagram of morphisms of topoi of
Lemma[30.1] agrees with the diagram of morphisms of topoi of Lemma[27 1] via the
identifications jr = ju and jg = jv of Lemma[29.5
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Proof. This is not a complete triviality as the choice of morphism of sites giving
rise to f made in the proof of Lemma [30.1| may be different from the morphisms of
sites given to us in the lemma. But in both cases the functor (f’)~! is described
by the same rule. Hence they agree and the associated morphism of topoi is the
same. Some details omitted. O

Lemma 30.3. Let f : Sh(C) — Sh(D) be a morphism of topoi. Let G € Sh(D),
F € Sh(C) and s : F — f~1G a morphism of sheaves. There exists a commutative
diagram of topoi

Sh(C)/F — Sh(C)

JF
| |1
Sh(D)/G —2%~ Sh(D).
We have fs = f'0jr/s-1g where f': Sh(C)/f~'G — Sh(D)/F is as in Lemma|30.1

and jF p-1g : Sh(C)/F — SMC)/f~1G is as in Lemma. The functor (fs)~" is
described by the rule

(F)7' M5 G) = (J M xprppigs F = F).
Finally, given any morphisms b : G — G, a : F' — F and s’ : F' — f~1G’ such
that
]_-/ - f—lgl
S

ai lflb
F—=/¢
commutes, then the diagram
Sh(C)/F" —— Sh(C)/F
JIFr)F
fs’ fs
Sh(D) /G’ 2% SW(D)/g.

commutes.

Proof. The commutativity of the first square follows from the commutativity of
the diagram in Lemma and the commutativity of the diagram in Lemma [30.1

The description of f;! follows on combining the descriptions of (f/)~! in Lemma
with the description of (jz/;-1g) " in Lemmam The commutativity of the
last square then follows from the equality

ST o X poag s FxpF = ' (H xgG') Xp1g 9 F'
which is formal. O

Lemma 30.4. Let f : C — D be a morphism of sites given by the continuous
functor uw : D — C. Let V be an object of D. Let ¢ : U — u(V) be a morphism.
Set G = hit and F = hiy = f~'hi. Let s : F — f~'G be the map induced by c.
Then the diagram of morphisms of topoi of Lemma|27.5 agrees with the diagram of
morphisms of topoi of Lemma|30.5 via the identifications jr = ju and jg = jy of
Lemma[29.4.

Proof. This follows on combining Lemmas and O
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31. Points

Definition 31.1. Let C be a site. A point of the topos Sh(C) is a morphism of
topoi p from Sh(pt) to Sh(C).

We will define a point of a site in terms of a functor v : C — Sets. It will turn out
later that v will define a morphism of sites which gives rise to a point of the topos
associated to C, see Lemma [31.8

Let C be a site. Let p = u be a functor v : C — Sets. This curious language is
introduced because it seems funny to talk about neighbourhoods of functors; so we
think of a “point” p as a geometric thing which is given by a categorical datum,
namely the functor u. The fact that p is actually equal to u does not matter. A
neighbourhood of p is a pair (U,z) with U € Ob(C) and x € u(U). A morphism of
neighbourhoods (V,y) — (U, x) is given by a morphism « : V' — U of C such that
u(a)(y) = . Note that the category of neighbourhoods isn’t a “big” category.

We define the stalk of a presheaf F at p as
(3111) fp = COlim{(U7$)}npp .F(U)

The colimit is over the opposite of the category of neighbourhoods of p. In other
words, an element of F,, is given by a triple (U, z, s), where (U, ) is a neighbourhood
of pand s € F(U). Equality of triples is the equivalence relation generated by
(U,z,s) ~ (V,y,a*s) when « is as above.

Note that if ¢ : F — G is a morphism of presheaves of sets, then we get a canonical
map of stalks ¢, : F, = G,. Thus we obtain a stalk functor

PSh(C) — Sets, F +— Fp.

We have defined the stalk functor using any functor p = u : C — Sets. No conditions
are necessary for the definition to Worlﬂ On the other hand, it is probably better
not to use this notion unless p actually is a point (see definition below), since in
general the stalk functor does not have good properties.

Definition 31.2. Let C be a site. A point p of the site C is given by a functor
uw : C — Sets such that
(1) For every covering {U; — U} of C the map [Ju(U;) — u(U) is surjective.
(2) For every covering {U; — U} of C and every morphism V' — U the maps
w(U; xu V) = u(Us) Xy u(V') are bijective.
(3) The stalk functor Sh(C) — Sets, F — F, is left exact.

The conditions should be familiar since they are modeled after those of Definitions

and Note that (3) implies that %, = {x}, see Example [10.2] Hence

u(U) # () for at least some U (because the empty colimit produces the empty set).
We will show below (Lemma [31.7) that this does give rise to a point of the topos
Sh(C). Before we do so, we prove some lemmas for general functors u.

Lemma 31.3. Let C be a site. Let p = u : C — Sets be a functor. There are
functorial isomorphisms (hy ), = w(U) for U € Ob(C).

50ne should try to avoid the case where u(U) = @ for all U.
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Proof. An element of (hy), is given by a triple (V,y, f), where V € Ob(C), y €
w(V) and f € hy(V) = More(V,U). Two such (V,y, f), (V',y/, f") determine the
same object if there exists a morphism ¢ : V' — V’ such that u(¢)(y) = 3’ and
f'o¢ = f, and in general you have to take chains of identities like this to get
the correct equivalence relation. In any case, every (V,y, f) is equivalent to the
element (U, u(f)(y),idy). If ¢ exists as above, then the triples (V,y, f), (V', ¢/, )
determine the same triple (U, u(f)(y),idy) = (U,u(f")(y’),idy). This proves that
the map w(U) — (hy)p, © — class of (U, z,idy) is bijective. O

Let C be asite. Let p = u : C — Setsbe a functor. In analogy with the constructions
in Section [f] given a set E we define a presheaf u?E by the rule

(31.3.1) Uvr— wPE(U) = Morges(w(U), E) = Map(u(U), E).
This defines a functor u? : Sets — PSh(C), E — wPE.

Lemmal 31.4. For any functor u : C — Sets. The functor uP is a right adjoint to
the stalk functor on presheaves.

Proof. Let F be a presheaf on C. Let E be a set. A morphism F — uPE is given
by a compatible system of maps F(U) — Map(u(U), E), i.e., a compatible system
of maps F(U) x w(U) — E. And by definition of 7, a map F, — E is given by
a rule associating with each triple (U, z,0) an element in E such that equivalent
triples map to the same element, see discussion surrounding Equation . This
also means a compatible system of maps F(U) x uw(U) — E. O

In analogy with Section [I4] we have the following lemma.

Lemma 31.5. Let C be a site. Let p=u:C — Sets be a functor. Suppose that for
every covering {U; — U} of C

(1) the map [Juw(U;) = w(U) is surjective, and

(2) the maps w(U; xy U;) — w(U;) Xy u(Uj) are surjective.
Then we have

(1) the presheaf uPE is a sheaf for all sets E, denote it u*E,

(2) the stalk functor Sh(C) — Sets and the functor u® : Sets — Sh(C) are

adjoint, and
(3) we have F, = }"# for every presheaf of sets F.

Proof. The first assertion is immediate from the definition of a sheaf, assumptions
(1) and (2), and the definition of u? E. The second is a restatement of the adjointness
of u? and the stalk functor (but now restricted to sheaves). The third assertion
follows as, for any set F, we have

Map(F,, E) = Mor pgyc) (F, uPE) = Morgycy(F# ,u*E) = Map(]:f’ E)
by the adjointness property of sheafification. ([

In particular Lemma holds when p = u is a point. In this case we think of the
sheaf u®F as the “skyscraper” sheaf with value E at p.

Definition 31.6. Let p be a point of the site C given by the functor u. For a set
E we define p,E = uE the sheaf described in Lemma [31.5] above. We sometimes
call this a skyscraper sheaf.
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In particular we have the following adjointness property of skyscraper sheaves and
stalks:

Morgycy (F, p« E) = Map(Fy, E)
This motivates the notation p~'F = F, which we will sometimes use.

Lemma 31.7. Let C be a site.

(1) Let p be a point of the site C. Then the pair of functors (p.,p~ ') introduced
above define a morphism of topoi Sh(pt) — Sh(C).

(2) Let p = (p«,p~ 1Y) be a point of the topos Sh(C). Then the functor u : U
p_l(hﬁ) gives rise to a point p’ of the site C whose associated morphism of
topoi (pl., (p')~1) is equal to p.

Proof. Proof of (1). By the above the functors p, and p~! are adjoint. The functor

p~ ! is required to be exact by Definition Hence the conditions imposed in
Definition are all satisfied and we see that (1) holds.

Proof of (2). Let {U; — U} be a covering of C. Then [[(hy,)* — h’g is surjective,
see Lemma @ Since p~! is exact (by definition of a morphism of topoi) we
conclude that [Ju(U;) — w(U) is surjective. This proves part (1) of Definition
Sheafification is exact, see Lemma [10.14] Hence if U xy W exists in C, then

# _ p #
hsww = his X hiy

and we see that w(U xy W) = u(U) X, u(W) since p~! is exact. This proves
part (2) of Definition Let p' = u, and let F,, be the stalk functor defined
by Equation using u. There is a canonical comparison map ¢ : Fpy —
Fp, = p~'F. Namely, given a triple (U, z,0) representing an element ¢ of F,
we think of o as a map o : hﬁ — F and we can set ¢(§) = p~l(o)(z) since
zeulU) = p‘l(hﬁ). By Lemma we see that (hy), = w(U). Since conditions
(1) and (2) of Definition hold for p’ we also have (h};), = (hy), by Lemma
BTl Hence we have

(h)y = (hu)p = u(U) = p~' (hf7)

We claim this bijection equals the comparison map c : (hﬁ)p/ — pil(hﬁ) (verifi-
cation omitted). Any sheaf on C is a coequalizer of maps of coproducts of sheaves
of the form hﬁ, see Lemma The stalk functor F — F,, and the functor p~—!
commute with arbitrary colimits (as they are both left adjoints). We conclude ¢ is
an isomorphism for every sheaf 7. Thus the stalk functor F ~ F,/ is isomorphic to
p~! and we in particular see that it is exact. This proves condition (3) of Definition
holds and p’ is a point. The final assertion has already been shown above,
since we saw that p=1 = (p/)~L. O

Actually a point always corresponds to a morphism of sites as we show in the
following lemma.

Lemmal 31.8. Let C be a site. Let p be a point of C given by u : C — Sets. Let
So be an infinite set such that w(U) C Sy for all U € Ob(C). Let S be the site
constructed out of the powerset S = P(Sy) in Remark[16.3 Then

(1) there is an equivalence i : Sh(pt) — Sh(S),

(2) the functor u:C — S induces a morphism of sites f : S — C, and
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(3) the composition

Sh(pt) — Sh(S) — Sh(C)
is the morphism of topoi (p.«,p~') of Lemma .

Proof. Part (1) we saw in Remark Moreover, recall that the equivalence
associates to the set F the sheaf i, E on S defined by the rule V +— Morge:(V, E).
Part (2) is clear from the definition of a point of C (Definition[31.2)) and the definition
of a morphism of sites (Definition . Finally, consider f.i.FE. By construction
we have

fxtx B(U) = i, E(uw(U)) = Morgess(u(U), E)
which is equal to p,E(U), see Equation (31.3.1). This proves (3). O

Contrary to what happens in the topological case it is not always true that the
stalk of the skyscraper sheaf with value E is E. Here is what is true in general.

Lemma 31.9. Let C be a site. Let p : Sh(pt) — Sh(C) be a point of the topos
associated to C. For any set E there are canonical maps

E — (p.E), — E
whose composition is idg.

Proof. There is always an adjunction map (p.E), = p~'p.E — E. This map
is an isomorphism when E = {*} because p, and p~! are both left exact, hence
transform the final object into the final object. Hence given e € FE we can consider
the map 4. : {*} — E which gives

p—lp*{*} ﬁp_lp*E
{x) B
whence the map E — (p.FE), = p~'p.E as desired. 0

Lemma 31.10. Let C be a site. Let p : Sh(pt) — Sh(C) be a point of the topos
associated to C. The functor p. : Sets — Sh(C) has the following properties: It
commutes with arbitrary limits, it is left exact, it is faithful, it transforms surjec-
tions into surjections, it commutes with coequalizers, it reflects injections, it reflects
surjections, and it reflects isomorphisms.

Proof. Because p, is a right adjoint it commutes with arbitrary limits and it is
left exact. The fact that p~'p.E — F is a canonically split surjection implies that
p+ is faithful, reflects injections, reflects surjections, and reflects isomorphisms.
By Lemma we may assume that p comes from a point u : C — Sets of the
underlying site C. In this case the sheaf p. F is given by

P« E(U) = Morges(u(U), E)
see Equation (31.3.1]) and Definition It follows immediately from this formula

that p, transforms surjections into surjections and coequalizers into coequalizers.

O
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32. Constructing points

In this section we give criteria for when a functor from a site to the category of sets
defines a point of that site.

Lemmal 32.1. Let C be a site. Assume that C has a final object X and fibred
products. Let p=u :C — Sets be a functor such that
(1) w(X) is a singleton set, and
(2) for every pair of morphisms U — W and V. — W with the same target the
map w(U xw V) = u(U) Xy u(V) is bijective.
Then the opposite of the category of neighbourhoods of p is filtered. Moreover, the
stalk functor Sh(C) — Sets, F — F, commutes with finite limits.

Proof. This is analogous to the proof of Lemma [5.2] above. The assumptions
on C imply that C has finite limits. See Categories, Lemma Assumption
(1) implies that the category of neighbourhoods is nonempty. Suppose (U, z) and
(V,y) are neighbourhoods. Then u(U x V) = w(U xx V) = u(U) xyx) u(V) =
w(U) x w(V) by (2). Hence there exists a neighbourhood (U X x V, z) mapping to
both (U, z) and (V,y). Let a,b: (V,y) — (U, x) be two morphisms in the category
of neighbourhoods. Let W be the equalizer of a,b : V' — U. As in the proof of
Categories, Lemma [I8.4] we may write W in terms of fibre products:

W = (V ><a,U,b V) X(prl,prg),VXV,A V

The bijectivity in (2) guarantees there exists an element z € u(W) which maps to
((y,9),y). Then (W, z) — (V,y) equalizes a,b as desired.

Let T — Sh(C), i — F; be a finite diagram of sheaves. We have to show that the
stalk of the limit of this system agrees with the limit of the stalks. Let F be the
limit of the system as a presheaf. According to Lemma[I0.1] this is a sheaf and it is
the limit in the category of sheaves. Hence we have to show that F, = limz F; ;.
Recall also that F has a simple description, see Section [4f Thus we have to show
that
limi Colim{(U7$)}opp fl(U) = Colim{(U7w)}npp hHlZ ]:z(U)

This holds, by Categories, Lemma[19.2] because we just showed the opposite of the
category of neighbourhoods is filtered. O

Proposition| 32.2. Let C be a site. Assume that finite limits exist in C. (Le.,
C has fibre products, and a final object.) A point p of such a site C is given by a
functor u : C — Sets such that

(1) w commutes with finite limits, and

(2) if {U; = U} is a covering, then [, u(U;) = w(U) is surjective.

Proof. Suppose first that p is a point (Definition given by a functor u. Con-
dition (2) is satisfied directly from the definition of a point. By Lemma we
have (hy), = w(U). By Lemma we have (hf;)p = (hy)p. Thus we see that u
is equal to the composition of functors

#
¢ psnc) Ls sne) Lz Sets
Each of these functors is left exact, and hence we see u satisfies (1).

Conversely, suppose that u satisfies (1) and (2). In this case we immediately see
that u satisfies the first two conditions of Definition [B1.21 And its stalk functor is
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exact, because it is a left adjoint by Lemma[31.5 and it commutes with finite limits
by Lemma [32.1 (]

Remark| 32.3. In fact, let C be a site. Assume C has a final object X and fibre
products. Let p =u : C — Sets be a functor such that

(1) u(X) = {x} a singleton, and

(2) for every pair of morphisms U — W and V' — W with the same target the

map w(U xw V) = u(U) Xy u(V) is surjective.

(3) for every covering {U; — U} the map [[u(U;) — u(U) is surjective.
Then, in general, p is not a point of C. An example is the category C with two
objects {U, X} and exactly one non-identity arrow, namely U — X. We endow
C with the trivial topology, i.e., the only coverings are {U — U} and {X — X}.
A sheaf F is the same thing as a presheaf and consists of a triple (4, B, A — B):
namely A = F(X), B= F(U) and A — B is the restriction mapping corresponding
to U — X. Note that U xx U = U so fibre products exist. Consider the functor
u = p with u(X) = {*} and w(U) = {x1,*2}. This satisfies (1), (2), and (3), but
the corresponding stalk functor is the functor

(A,B,A%B)»—>BHAB

which isn’t exact. Namely, consider (0,{1},0 — {1}) — ({1},{1},{1} — {1})
which is an injective map of sheaves, but is transformed into the noninjective map

of sets
WIT — W,
by the stalk functor.

Example| 32.4. Let X be a topological space. Let Xz, be the site of Example
Let z € X be a point. Consider the functor

0 if z¢gU
xp if zelU

This functor commutes with product and fibred products, and turns coverings into
surjective families of maps. Hence we obtain a point p of the site Xz,-. It is
immediately verified that the stalk functor agrees with the stalk at x defined in
Sheaves, Section

u: Xgar — Sets, Ul—>{{

Example| 32.5. Let X be a topological space. What are the points of the topos
Sh(X)? To see this, let Xz, be the site of Example By Lemma a point
of Sh(X) corresponds to a point of this site. Let p be a point of the site Xz4
given by the functor u : Xz, — Sets. We are going to use the characterization
of such a u in Proposition This implies immediately that «(@) = ( and
w(UNV) =ulU) xu(V). In particular we have w(U) = u(U) x u(U) via the
diagonal map which implies that u(U) is either a singleton or empty. Moreover, if
U = JU; is an open covering then
wlU)=0=Vi, w(U;) =0 and w(U) # 0= 3i, w(U;) # 0.

We conclude that there is a unique largest open W C X with u(W) = 0, namely
the union of all the opens U with u(U) =0. Let Z = X \W. If Z = Z; U Z, with
Z; C Z closed, then W = (X \ Z1)N (X \ Z2) s0 0 = u(W) = u(X \ Z1) x u(X \ Z2)
and we conclude that w(X \ Z;) = 0 or that w(X \ Z3) = 0. This means that
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X\ Zy =W or that X \ Z2 = W. In other words, Z is irreducible. Now we see
that u is described by the rule

0 if ZnNnU=10

u: Xgzar — Sets, U»—>{{*} it 20U £0

Note that for any irreducible closed Z C X this functor satisfies assumptions (1),
(2) of Proposition and hence defines a point. In other words we see that points
of the site X ., are in one-to-one correspondence with irreducible closed subsets of
X. In particular, if X is a sober topological space, then points of X z,, and points
of X are in one to one correspondence, see Example [32.4

Example| 32.6. Consider the site T described in Example and Section [0} The
forgetful functor u : Tg — Sets commutes with products and fibred products and
turns coverings into surjective families. Hence it defines a point of To. We identify
Sh(Tg) and G-Sets. The stalk functor

p~': SW(Tg) = G-Sets — Sets
is the forgetful functor. The pushforward p, is the functor
Sets — Sh(Tc) = G-Sets

which maps a set S to the G-set Map(G, S) with action g -1 = ¢ o R, where R, is
right multiplication. In particular we have p~1p,S = Map(G, S) as a set and the
maps S — Map(G, S) — S of Lemma are the obvious ones.

Example 32.7. Let C be a category endowed with the chaotic topology (Example
. For every object Uy of C the functor w : U + More(Uy, U) defines a point p
of C. Namely, conditions (1) and (2) of Definition are immediate as the only
coverings are given by identity maps. Condition (2) holds because F,, = F(Up) and
since the topology is discrete taking sections over Uy is an exact functor.

33. Points and morphisms of topoi

In this section we make a few remarks about points and morphisms of topoi.
Lemma 33.1. Let f : D — C be a morphism of sites given by a continuous functor
u:C — D. Let p be a point of D given by the functor v : D — Sets, see Definition

[51.3 Then the functor vou : C — Sets defines a point q of C and moreover there
is a canonical identification

(fT'F)p=Fq
for any sheaf F on C.

First proof Lemma Note that since u is continuous and since v defines a
point, it is immediate that v o u satisfies conditions (1) and (2) of Definition
Let us prove the displayed equality. Let F be a sheaf on C. Then

Fq = colimy 5 F(U)
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where the colimit is over objects U in C and elements z € v(u(U)). Similarly, we
have

(F71F)p = (wpF)p
= colimy, ;) colimy, v () F (U)
= colim(y,z.17,¢:v —su(U)) F(U)
= colimy, ) F(U)
= F,

Explanation: The first equality holds because f~'F = (u,F)# and because G, =
Qf for any presheaf G, see Lemma The second equality holds by the definition
of up. In the third equality we simply combine colimits. To see the fourth equality
we apply Categories, Lemma to the functor F' of diagram categories defined
by the rule F((V,z,U,¢ : V = u(U))) = (U,v(¢)(x)). The lemma applies, because
F has a right inverse, namely (U, z) — (u(U),z,U,id : w(U) — w(U)) and because
there is always a morphism

Vo2, U,¢: V = u(U)) — (w(U),v(¢)(x), U, id : uw(U) — u(U))

in the fibre category over (U,x) which shows the fibre categories are connected.
The fifth equality is clear. Hence now we see that ¢ also satisfies condition (3)
of Definition [31.2] because it is a composition of exact functors. This finishes the
proof. [

Second proof Lemma By Lemma we may factor (p.,p~!) as
Sh(pt) = Sh(S) L Sh(D)

where the second morphism of topoi comes from a morphism of sites h : S — D
induced by the functor v : D — S (which makes sense as S C Sets is a full subcat-
egory containing every object in the image of v). By Lemma the composition
vowu :C — § defines a morphism of sites g : S — C. In particular, the functor
vou : C — § is continuous which by the definition of the coverings in S, see Remark
means that v o u satisfies conditions (1) and (2) of Definition On the
other hand, we see that

90 E(U) = i, E(v(u(U)) = Morgets(v(u(U)), E)

by the construction of ¢ in Remark Note that this is the same as the formula
for which is equal to (v o u)PE, see Equation . By Lemma the functor
guix = (vou)? = (vou)?® is right adjoint to the stalk functor F — F,. Hence we see
that the stalk functor ¢—! is canonically isomorphic to i~ o g—!. Hence it is exact
and we conclude that ¢ is a point. Finally, as we have g = f o h by construction we
seethat ¢! =i toh lof ' =p Lo f ! ie., we have the displayed formula of
the lemma. (]

Lemma 33.2. Let f : Sh(D) — Sh(C) be a morphism of topoi. Let p : Sh(pt) —
Sh(D) be a point. Then q = f op is a point of the topos Sh(C) and we have a
canonical identification

(f'F)p=Fy
for any sheaf F on C.
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Proof. This is immediate from the definitions and the fact that we can compose
morphisms of topoi. ([

34. Localization and points

In this section we show that points of a localization C/U are constructed in a simple
manner from the points of C.

Lemmal 34.1. Let C be a site. Let p be a point of C given by u : C — Sets. Let U
be an object of C and let x € w(U). The functor

v:C/U — Sets, (p:V =U)—{y€ulV) |ulp)(y) =}
defines a point q of the site C/U such that the diagram

Sh(pt)
Sh(C/U) Y~ Sh(C)

commutes. In other words F, = (j;'F)y for any sheaf on C.

Proof. Choose S and S as in Lemma We may identify Sh(pt) = Sh(S) as in
that lemma, and we may write p = f : Sh(S) — Sh(C) for the morphism of topoi
induced by u. By Lemma [27.1] we get a commutative diagram of topoi

SH(S Ju(U)) — Sh(S)

Ju(U)
’
3 l \L

Sh(C/U) 22~ SK(C),

where p’ is given by the functor v’ : C/U — S/u(U), V/U — w(V)/u(U). Consider
the functor j, : S = §/x obtained by assigning to a set F the set F endowed with
the constant map E — w(U) with value z. Then j, is a fully faithful cocontinuous
functor which has a continuous right adjoint v, : (¢ : E — w(U)) = ¥~ 1({x}).
Note that j,(r) © j» = ids, and v, ou’ = v. These observations imply that we have
the following commutative diagram of topoi

Sh(S)
N

Sh(S/u(U)) —= Sh(S) P

Ju(U)
J/pl lp

Sh(C/U) Sh(C)

q

Namely:

(1) The morphism a : Sh(S) — Sh(S/u(U)) is the morphism of topoi associated
to the cocontinuous functor j,, which equals the morphism associated to
the continuous functor v,, see Lemma [20.1] and Section [21]

(2) The composition p o j, ) 0 a = p since j, ) © j = ids.
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(3) The composition p’ o a gives a morphism of topoi. Moreover, it is the
morphism of topoi associated to the continuous functor v, o v’ = v. Hence
v does indeed define a point ¢ of C/U which fits into the diagram above by
construction.

This ends the proof of the lemma. O

Lemmal 34.2. Let C, p, u, U be as in Lemmal3/.1 The construction of Lemma
gives a one to one correspondence between points q of C/U lying over p and
elements © of u(U).

Proof. Let g be a point of C/U given by the functor v : C/U — Sets such that
ju o q = p as morphisms of topoi. Recall that u(V) = pil(h"%) for any object V
of C, see Lemma Similarly v(V/U) = q_l(hi/U) for any object V/U of C/U.
Consider the following two diagrams

Morc, (W/U, V/U) —=Morc(W, V) hiryy —= g (h})

! L

More,y(W/U,U/U) —— Morc(W,U) ~ p#

U/U ngl(hﬁ)

The right hand diagram is the sheafification of the diagram of presheaves on C/U

which maps W/U to the left hand diagram of sets. (There is a small technical
point to make here, namely, that we have (j;'hy)# = jgl(hfﬁ) and similarly for
hy, see Lemma ) Note that the left hand diagram of sets is cartesian. Since
sheafification is exact (Lemma we conclude that the right hand diagram is

cartesian.

Apply the exact functor ¢! to the right hand diagram to get a cartesian diagram
v(V/U) ——u(V)

.

v(U/U) —u(U)

of sets. Here we have used that ¢~ o j~! = p~!. Since U/U is a final object of
C/U we see that v(U/U) is a singleton. Hence the image of v(U/U) in u(U) is an
element z, and the top horizontal map gives a bijection v(V/U) — {y € w(V) | y —
x in u(U)} as desired. O

Lemma) 34.3. Let C be a site. Let p be a point of C given by u : C — Sets. Let U
be an object of C. For any sheaf G on C/U we have

(JuG)p = Hq Yy

where the coproduct is over the points q of C/U associated to elements x € uw(U) as
in Lemma[37.1]

Proof. We use the description of jinG as the sheaf associated to the presheaf

V= Hoemore vy 9(V/oU) of Lemma Also, the stalk of jinG at p is equal
to the stalk of this presheaf, see Lemma [31.5] Hence we see that

(jn@)p = colimqvyy [T G(V/eU)
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To each element (V,y,p,s) of this colimit, we can assign x = u(p)(y) € u(U).
Hence we obtain

(Ju1G)p = H$Eu(U) colim v u,y), u(e)(y)== G(V/oU).
This is equal to the expression of the lemma by our construction of the points ¢. [

Remark 34.4. Warning: The result of Lemma has no analogue for jy ..

35. 2-morphisms of topoi

This is a brief section concerning the notion of a 2-morphism of topoi.

Definition 35.1. Let f,g : Sh(C) — Sh(D) be two morphisms of topoi. A 2-
morphism from f to g is given by a transformation of functors t: f, — gx.

Pictorially we sometimes represent ¢ as follows:

f
— T

Sh(C) t Sh(D)
g
Note that since f~! is adjoint to f, and ¢~ ! is adjoint to ¢. we see that ¢t induces

also a transformation of functors t : g=! — f~! (usually denoted by the same
symbol) uniquely characterized by the condition that the diagram

Mor gi(c) (G, f+F) === Morgpc)(f G, F)
to—l l_ot
MOTSh(C)(g,g*}') — MorSh(C)(gflg, F)

commutes. Because of set theoretic difficulties (see Remark we do not obtain
a 2-category of topoi. But we can still define horizontal and vertical composition
and show that the axioms of a strict 2-category listed in Categories, Section[27/hold.
Namely, vertical composition of 2-morphisms is clear (just compose transformations
of functors), composition of 1-morphisms has been defined in Definition and
horizontal composition of

I N
Sh(C) It SWD) {s Sh(E)

is defined by the transformation of functors s+t introduced in Categories, Definition
Explicitly, s x t is given by

fit

/ / S / / s ’ gt /

(these maps are equal). Since these definitions agree with the ones in Categories,
Section it follows from Categories, Lemma that the axioms of a strict 2-
category hold with these definitions.
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36. Morphisms between points

Lemma 36.1. Let C be a site. Let u,u’ : C — Sets be two functors, and let t : u' —
u be a transformation of functors. Then we obtain a canonical transformation of
stalk functors tsiq + Fpr — Fp which agrees with t via the identifications of Lemma

[F73
Proof. Omitted. |

Definition 36.2. Let C be a site. Let p,p’ be points of C given by functors u, v’ :
C — Sets. A morphism f :p — p' is given by a transformation of functors

fuit — u.

Note how the transformation of functors goes the other way. This makes sense, as
we will see later, by thinking of the morphism f as a kind of 2-arrow pictorially as

follows:
p

Sets = Sh(pt) E Sh(C)

’

p

Namely, we will see later that f, induces a canonical transformation of functors
px — Pl between the skyscraper sheaf constructions.

This is a fairly important notion, and deserves a more complete treatment here.
List of desiderata
(1) Describe the automorphisms of the point of T described in Example
(2) Describe Mor(p,p’) in terms of Mor(p., pl,).
(3) Specialization of points in topological spaces. Show that if 2’ € {z} in the
topological space X, then there is a morphism p — p’, where p (resp. p’) is
the point of Xz, associated to = (resp. z').

37. Sites with enough points

Definition 37.1. Let C be a site.

(1) A family of points {p; }ier is called conservative if for every map of sheaves
¢ : F — G which is an isomorphism on all the fibres F,, — G,, is an
isomorphism.

(2) We say that C has enough points if there exists a conservative family of
points.

It turns out that you can then check “exactness” at the stalks.

Lemma 37.2. Let C be a site and let {p;}icr be a conservative family of points.
Then
(1) Given any map of sheaves ¢ : F — G we have Yi, p,, injective implies ¢
mjective.
(2) Given any map of sheaves ¢ : F — G we have Yi, pp, surjective implies ¢
surjective.
(3) Given any pair of maps of sheaves v1,p2 : F — G we have Vi, o1, = @2,
mmplies o1 = @s.
(4) Given a finite diagram G : J — Sh(C), a sheaf F and morphisms q; : F —
G; then (F,q;) is a limit of the diagram if and only if for each i the stalk
(‘qu‘,7 (QJ')IH) is one.
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(5) Given a finite diagram F : J — Sh(C), a sheaf G and morphisms e; : F; —
G then (G,e;) is a colimit of the diagram if and only if for each i the stalk
(gpz‘v (ej)Pi) is one.

Proof. We will use over and over again that all the stalk functors commute with
any finite limits and colimits and hence with products, fibred products, etc. We
will also use that injective maps are the monomorphisms and the surjective maps
are the epimorphisms. A map of sheaves ¢ : F — G is injective if and only if
F — F xg F is an isomorphism. Hence (1). Similarly, ¢ : F — G is surjective if
and only if G lIx G — G is an isomorphism. Hence (2). The maps a,b: F — G
are equal if and only if F x4¢gp F — F x F is an isomorphism. Hence (3). The
assertions (4) and (5) follow immediately from the definitions and the remarks at
the start of this proof. ([

Lemma 37.3. Let C be a site and let {(p;,u;)}icr be a family of points. The family
is conservative if and only if for every sheaf F and every U € Ob(C) and every pair
of distinct sections s,s' € F(U), s # s there exists an i and x € u;(U) such that
the triples (U, x, s) and (U, x,s") define distinct elements of Fp,.

Proof. Suppose that the family is conservative and that F, U, and s, s’ are as in the
lemma. The sections s, s’ define maps a,a’ : (hy)# — F which are distinct. Hence,
by Lemma there is an i such that a,, # a;, . Recall that (hU)Z;f, = u;(U), by
Lemmas and Hence there exists an = € u;(U) such that a,, () # a;,, ()
in F,,. Unwinding the definitions you see that (U,z,s) and (U, z,s’) are as in the
statement of the lemma.

To prove the converse, assume the condition on the existence of points of the lemma.
Let ¢ : F — G be a map of sheaves which is an isomorphism at all the stalks. We
have to show that ¢ is both injective and surjective, see Lemma [12.2] Injectivity
is an immediate consequence of the assumption. To show surjectivity we have to
show that G ITx G — G is an isomorphism (Categories, Lemma . Since this
map is clearly surjective, it suffices to check injectivity which follows as GIIxG — G
is injective on all stalks by assumption. O

In the following lemma the points ¢; , are exactly all the points of C/U lying over
the point p; according to Lemma [34.2

Lemma 37.4. Let C be a site. Let U be an object of C. let {(pi,w;)}icr be a
family of points of C. For x € w;(U) let q;, be the point of C/U constructed in

Lemma|34.1, If {p:} is a conservative family of points, then {qi s }ier,zeu (v 5 @
conservative family of points of C/U. In particular, if C has enough points, then so
does every localization C/U.

Proof. We know that jy induces an equivalence jyi : SK(C/U) — Sh(C)/hﬁ, see
Lemma Moreover, we know that (jinG)p, = [, G, ., see Lemma Hence
the result follows formally. |

The following lemma tells us we can check the existence of points locally on the
site.

Lemma 37.5. Let C be a site. Let {U;}icr be a family of objects of C. Assume

1) 11 h?]i_ — % 1s a surjective map of sheaves, and
(2) each localization C/U; has enough points.
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Then C has enough points.

Proof. For each ¢ € I let {p;}jecs, be a conservative family of points of C/U;.
For j € J; denote g¢; : Sh(pt) — Sh(C) the composition of p; with the localization
morphism Sh(C/U;) — Sh(C). Then g; is a point, see Lemma [33.2] We claim
that the family of points {g;};c17s, is conservative. Namely, let 7 — G be a
map of sheaves on C such that F,, — G, is an isomorphism for all j € J].J;.
Let W be an object of C. By assumption (1) there exists a covering {W, — W}
and morphisms W, — Uj). Since (F‘C/Ui(a) )p; = Fq; and (g|C/Ui(a>)pj = Gy,
by Lemma we see that Fl|y,, — Glu,,, is an isomorphism since the family
of points {p;};jes,.,, is conservative. Hence F(W,) — G(W,) is bijective for each
a. Similarly F(W, xw W) — G(W, xw W,) is bijective for each a,b. By the
sheaf condition this shows that F(W) — G(W) is bijective, i.e., F — G is an
isomorphism. ([l

38. Criterion for existence of points

This section corresponds to Deligne’s appendix to [AGVT7I, Exposé VI]. In fact it
is almost literally the same.

Let C be a site. Suppose that (I,>) is a directed partially ordered set, and that
(Us, fiir) is an inverse system over I, see Categories, Definition Given the data
(I,>,U;, fiir) we define

u:C — Sets, u(V) = colim; Mor¢(U;, V)

Let F +— F, be the stalk functor associated to u as in Section It is direct from
the definition that actually

Fp = colim; F(U;)
in this special case. Note that u commutes with all finite limits (I mean those

that are representable in C) because each of the functors V' — Mor¢(U;, V) do, see
Categories, Lemma [19.2

We say that a system (I,>,U;, fir) is a refinement of (J,>,V}, g;;) if J C I, the
ordering on J induced from that of I and V; = Uj, g;;» = f;;» (in words, the
inverse system over J is induced by that over I'). Let u be the functor associated to
(I,>,U;, fiir) and let u' be the functor associated to (J, >, V}, g;;). This induces a
transformation of functors

w —u
simply because the colimits for v’ are over a subsystem of the systems in the colimits

for u. In particular we get an associated transformation of stalk functors 7,y — F,,
see Lemma [36.1]

Lemma 38.1. Let C be a site. Let (J,>,V;,g,57) be a system as above with asso-
ciated pair of functors (u',p"). Let F be a sheaf on C. Let s,s" € F, be distinct
elements. Let {Wj, — W} be a finite covering of C. Let f € u'(W). There exists a
refinement (I,>,U;, fiir) of (J,>,V},g;5) such that s,s" map to distinct elements
of Fp and that the image of f in w(W) is in the image of one of the u(Wy,).

Proof. There exists a jo € J such that f is defined by f' : V;, — W. For j > jo
we set Vig = Vj Xpop; w Wi. Then {V;x — V;} is a finite covering in the site C.
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Hence F(V;) C [1, F(Vj ). By Categories, Lemma once again we see that
Fp = colim; F(V;) — Hk colim; F(V; 1)

is injective. Hence there exists a k such that s and s’ have distinct image in
colim; F(Vj ). Let Jo = {j € J,j > jo} and I = JII Jy. We order I so that
no element of the second summand is smaller than any element of the first, but
otherwise using the ordering on J. If j € I is in the first summand then we use Vj
and if j € I is in the second summand then we use V; . We omit the definition of
the transition maps of the inverse system. By the above it follows that s,s’ have
distinct image in F,,. Moreover, the restriction of f’ to Vjj factors through Wy by
construction. (]

Lemma 38.2. Let C be a site. Let (J,>,V;,g;5:) be a system as above with asso-
ciated pair of functors (u',p’). Let F be a sheaf on C. Let s,s" € Fy be distinct
elements. There exists a refinement (I,>,U;, fir) of (J,>,Vj,gj5:) such that s, s’
map to distinct elements of F, and such that for every finite covering {W, — W}
of the site C, and any [ € «' (W) the image of f in w(W) is in the image of one of
the u(Wy).

Proof. Let E be the set of pairs ({W, — W}, f € «/(W)). Consider pairs (E' C
E,(I,>,U;, fii7)) such that
(1) (I,>,U;,giir) is a refinement of (J,>,V}, g;5),
(2) s,s’ map to distinct elements of F,, and
(3) for every pair ({Wy, — W}, f € v/ (W)) € E' we have that the image of f
in (W) is in the image of one of the u(Wy).
We order such pairs by inclusion in the first factor and by refinement in the second.
Denote S the class of all pairs (E' C E, (I,>,U;, fir)) as above. We claim that
the hypothesis of Zorn’s lemma holds for §. Namely, suppose that (E’, (I, >
, Ui, fiir))aca is a totally ordered subset of S. Then we can define E" = | J,,. 4 £, and
we can set I = (J,c 4 la- We claim that the corresponding pair (E', (1,>,Us, fiir))
is an element of S. Conditions (1) and (3) are clear. For condition (2) you note
that
u = colim,ec 4 u, and correspondingly F,, = colimgea Fp,
The distinctness of the images of s,s’ in this stalk follows from the description
of a directed colimit of sets, see Categories, Section We will simply write
(E',(1,...)) = Upea(Ey, (Ia,...)) in this situation.

OK, so Zorn’s Lemma would apply if S was a set, and this would, combined with
Lemma above easily prove the lemma. It doesn’t since S is a class. In order
to circumvent this we choose a well ordering on E. For e € E set E, = {¢' € E |
¢/ < e}. By transfinite induction we construct pairs (EZ, (I.,...)) € S such that
e1 <ex = (E.,(Ie,,...)) <(E.,,(Ic,,...)). Let e € E,say e = ({W), = W}, f €
u'(W)). If e has a predecessor e—1, then we let (I, ...) be a refinement of (I,_1,...)
as in Lemma with respect to the system e = ({W, — W}, f € «/(W)). If e
does not have a predecessor, then we let (Ic,...) be a refinement of (J,, _ (Ie/, .. .)
with respect to the system e = ({Wy, — W}, f € «/(W)). Finally, the union
Uecp e will be a solution to the problem posed in the lemma. O

Proposition 38.3. Let C be a site. Assume that
(1) finite limits exist in C, and
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(2) every covering {U; — U}icr has a refinement by a finite covering of C.

Then C has enough points.

Proof. We have to show that given any sheaf F on C, any U € Ob(C), and any
distinct sections s,s’ € F(U), there exists a point p such that s,s have distinct
image in F,. See Lemma Consider the system (J,>,V;,g;;/) with J = {1},
Vi =U, g11 = idy. Apply Lemma [38.2] By the result of that lemma we get a
system (I, >, Uj, fiir) refining our system such that s, # s}, and such that moreover
for every finite covering {Wj — W} of the site C the map [[, u(Wy) — w(W) is
surjective. Since every covering of C can be refined by a finite covering we conclude
that [, w(Wy) — w(W) is surjective for any covering {Wj, — W} of the site C.
This implies that w = p is a point, see Proposition (and the discussion at the
beginning of this section which guarantees that u commutes with finite limits). O

39. Weakly contractible objects

A weakly contractible object of a site is one that satisfies the equivalent conditions
of the following lemma.

Lemmal 39.1. Let C be a site. Let U be an object of C. The following conditions
are equivalent

(1) For every covering {U; — U} there exists a map of sheaves hf]é — ]_[h#i
inverse to the sheafification of || hy, — hu.

(2) For every surjection of sheaves of sets F — G the map F(U) — G(U) is
surjective.

Proof. Assume (1) and let F — G be a surjective map of sheaves of sets. For
s € G(U) there exists a covering {U; — U} and t; € F(U;) mapping to s|y,, see
Definition Think of t; as a map ¢; : h# — F via (|13.3.1). Then precomposing
[1t: : [1hi; — F with the map hif — Hhﬁ we get from (1) we obtain a section

i

t € F(U) mapping to s. Thus (2) holds.

Assume (2) holds. Let {U; — U} be a covering. Then ]_[hﬁ — hﬁ is surjective
(Lemma . Hence by (2) there exists a section s of Hh’g mapping to the

section idy of hf,&. This section corresponds to a map hﬁ - 11 hﬁi inverse to the
sheafification of [ hy, — hy which proves (1). O

Definition 39.2. Let C be a site.

(1) We say an object U of C is weakly contractible if the equivalent conditions
of Lemma hold.

(2) We say a site has enough weakly contractible objects if every object U of C
has a covering {U; — U} with U; weakly contractible for all i.

(3) More generally, if P is a property of objects of C we say that C has enough
P objects if every object U of C has a covering {U; — U} such that U; has
P for all s.

The small étale site of Ag does not have any weakly contractible objects. On the
other hand, the small pro-étale site of any scheme has enough contractible objects.
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40. Exactness properties of pushforward

Let f be a morphism of topoi. The functor f, in general is only left exact. There are
many additional conditions one can impose on this functor to single out particular
classes of morphisms of topoi. We collect them here and note some of the logical
dependencies. Some parts of the following lemma are purely category theoretical
(i.e., they do not depend on having a morphism of topoi, just having a pair of
adjoint functors is enough).

Lemma 40.1. Let f : Sh(C) — Sh(D) be a morphism of topoi. Consider the
following properties (on sheaves of sets):

[+ is faithful,
[« is fully faithful,
fYfoF — F is surjective for all F in Sh(C),
[« transforms surjections into surjections,
f+« commutes with coequalizers,
f+« commutes with pushouts,
fYfoF — F is an isomorphism for all F in Sh(C),
[+ reflects injections,
[+ reflects surjections,
[+ reflects bijections, and
for any surjection F — f~'G there exists a surjection G' — G such that
=G — f~'G factors through F — f~1G.

(1)
(2)
(3) f
(4)
()
(6)
(1) f
(8)
(9)
(10)
(11)

Then we have the following implications

(2) = (1),
(3) = (1),
(7) = (1), (2), (3), (8), (9), (10).

(6) = (4) and (5) = (4),
(4) = (11),

(9) = (8), (10), and
(2) < (7).

(6) (9) == (8)
N\ VAR
(4) <= (11) (2) =) (10)
/ N\
(5) 3) —=(1)

Proof. Proof of (a): This is immediate from the definitions.
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Proof of (b). Suppose that a,b: F — F’ are maps of sheaves on C. If f.a = f.b,
then f~!f.a = f~1f.b. Consider the commutative diagram

fUF T

If the bottom two arrows are equal and the vertical arrows are surjective then the
top two arrows are equal. Hence (b) follows.

Proof of (¢). Suppose that a : F — F’ is a map of sheaves on C. Consider the
commutative diagram

F—F

]

filf*}-*)filf*]:/

If (7) holds, then the vertical arrows are isomorphisms. Hence if f.a is injective
(resp. surjective, resp. bijective) then the bottom arrow is injective (resp. surjective,
resp. bijective) and hence the top arrow is injective (resp. surjective, resp. bijective).
Thus we see that (7) implies (8), (9), (10). It is clear that (7) implies (3). The
implications (7) = (2), (1) follow from (a) and (h) which we will see below.

Proof of (d). Assume (3). Suppose that a : F — F’ is a map of sheaves on C
such that f.a is surjective. As f~! is exact this implies that f~!f.a: f~ ' fu. F —
f~Lf.F' is surjective. Combined with (3) this implies that a is surjective. This
means that (9) holds. Assume (9). Let F be a sheaf on C. We have to show that
the map f~!f.F — F is surjective. It suffices to show that f,f 1 f.F — f.F is
surjective. And this is true because there is a canonical map f.F — fof LfuF
which is a one-sided inverse.

Proof of (e). We use Categories, Lemma without further mention. If ¥ — F’
is surjective then F' 11z 7/ — F’ is an isomorphism. Hence (6) implies that

LF Uy 5 foF = fo(F Up F) — f.F

is an isomorphism also. And this in turn implies that f.F — f.F’ is surjective.
Hence we see that (6) implies (4). If F — F’ is surjective then F’ is the coequalizer
of the two projections F X z F — F by Lemma [12.3] Hence if (5) holds, then f,F’
is the coequalizer of the two projections

f(F xp F) = [ F Xpor [« F — o F
which clearly means that f.JF — f.F' is surjective. Hence (5) implies (4) as well.

Proof of (f). Assume (4). Let F — f~1G be a surjective map of sheaves on C. By
(4) we see that f.F — f.f~'G is surjective. Let G’ be the fibre product

f*fﬂf*filg

]

g ——G
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so that G" — G is surjective also. Consider the commutative diagram

F——77g

| T

e A

T T

f—lg/ - o fflg
and we see the required result. Conversely, assume (11). Let a : F — F' be

surjective map of sheaves on C. Consider the fibre product diagram

F F

]

]:// f— 1 f*]:/

Because the lower horizontal arrow is surjective and by (11) we can find a surjection
~v:G" = f.F' such that f~'y factors through F" — f~'f.F"

F F

]

fflg/ .T"” f—l f*]:/
Pushing this down using f, we get a commutative diagram

foF —— [.F

]

ff VG f T —— £ T

| T

g/ f*]_-/
which proves that (4) holds.
Proof of (g). Assume (9). We use Categories, Lemma without further mention.
Let a : F — F’ be a map of sheaves on C such that f.a is injective. This means
that f. F — fuF s, 7 foF = fo(F xz F) is an isomorphism. Thus by (9) we see
that F — F Xz F is surjective, i.e., an isomorphism. Thus a is injective, i.e., (8)
holds. Since (10) is trivially equivalent to (8) 4+ (9) we are done with (g).

Proof of (h). This is Categories, Lemma O

Here is a condition on a morphism of sites which guarantees that the functor f,
transforms surjective maps into surjective maps.

Lemma 40.2. Let f : D — C be a morphism of sites associated to the continuous
functor u : C — D. Assume that for any object U of C and any covering {V; —
w(U)} in D there exists a covering {U; — U} in C such that the map of sheaves

# #
7w, = bl
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factors through the map of sheaves
H hffj — hf(U).

Then f. transforms surjective maps of sheaves into surjective maps of sheaves.

Proof. Let a : F — G be a surjective map of sheaves on D. Let U be an object of C
and let s € £,.G(U) = G(u(U)). By assumption there exists a covering {V; — w(U)}
and sections s; € F(Vj) with a(s;) = s|y;. Now we may think of the sections s, s;
and a as giving a commutative diagram of maps of sheaves

By assumption there exists a covering {U; — U} such that we can enlarge the
commutative diagram above as follows

[, -7
# # s l
A, haw) g

Because F is a sheaf the map from the left lower corner to the right upper corner
corresponds to a family of sections s; € F(u(U;)), i.e., sections s; € f.F(U;). The
commutativity of the diagram implies that a(s;) is equal to the restriction of s to
U;. In other words we have shown that f.a is a surjective map of sheaves. O

Example| 40.3. Assume f : D — C satisfies the assumptions of Lemma
Then it is in general not the case that f, commutes with coequalizers or pushouts.
Namely, suppose that f is the morphism of sites associated to the morphism of
topological spaces X = {1,2} — Y = {x} (see Example [15.2), where Y is a
singleton space, and X = {1,2} is a discrete space with two points. A sheaf F on
X is given by a pair (A;, Ag) of sets. Then f.F corresponds to the set A; x As.
Hence if a = (a1,a2),b = (b1,b2) : (A1, As) — (B1, Ba) are maps of sheaves on X,
then the coequalizer of a,b is (C1,Cs) where C; is the coequalizer of a;, b;, and the
coequalizer of f.a, fib is the coequalizer of

alxag,blxbngl XA2—>Bl><BQ
which is in general different from C7 x Cy. Namely, if Ay = () then A; x A3 = ), and

hence the coequalizer of the displayed arrows is By X B, but in general C # B;.
A similar example works for pushouts.

The following lemma gives a criterion for when a morphism of sites has a functor
f+ which reflects injections and surjections. Note that this also implies that f, is
faithful and that the map f~!f,F — F is always surjective.

Lemma 40.4. Let f : D — C be a morphism of sites given by the functoru : C — D.
Assume that for every object V. of D there exist objects U; of C and morphisms
w(U;) = V such that {uw(U;) — V} is a covering of D. In this case the functor
fi 2 SK(D) — Sh(C) reflects injections and surjections.
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Proof. Let a : F — G be maps of sheaves on D. By assumption for every object
V of D we get F(V) C [[F(uw(U;)) =[] f+F(U;) by the sheaf condition for some
U; € Ob(C) and similarly for G. Hence it is clear that if f.« is injective, then « is
injective. In other words f, reflects injections.

Suppose that f.a is surjective. Then for V,U;,u(U;) — V as above and a section
s € G(V), there exist coverings {U;; — U} such that s|,,,) is in the image of
F(u(Usj)). Since {u(U;;) — V'} is a covering (as u is continuous and by the axioms
of a site) we conclude that s is locally in the image. Thus « is surjective. In other
words f, reflects surjections. O

Example| 40.5. We construct a morphism f : D — C satisfying the assumptions of
Lemma [40.4] Namely, let ¢ : G — H be a morphism of finite groups. Consider the
sites D = T and C = Ty of countable G-sets and H-sets and coverings countable
families of jointly surjective maps (Example . Let u : Tw — T be the functor
described in Section [I7)and f : Tg — Ty the corresponding morphism of sites. If
 is injective, then every countable G-set is, as a G-set, the quotient of a countable
H-set (this fails if ¢ isn’t injective). Thus f satisfies the hypothesis of Lemma
If the sheaf F on T corresponds to the G-set S, then the canonical map

T —F
corresponds to the map
Maps(H,S) — S, av+— a(ly)

If o is injective but not surjective, then this map is surjective (as it should according
to Lemma [40.4) but not injective in general (for example take G = {1}, H = {1,0},
and S = {1,2}). Moreover, the functor f. does not commute with coequalizers or
pushouts (for G = {1} and H = {1,0}).

41. Almost cocontinuous functors

Let C be a site. The category PSh(C) has an initial object, namely the presheaf
which assigns the empty set to each object of C. Let us denote this presheaf by (.
It follows from the properties of sheafification that the sheafification 0# of (§ is an
initial object of the category Sh(C) of sheaves on C.

Definition 41.1. Let C be a site. We say an object U of C is sheaf theoretically
empty if 0% — h# is an isomorphism of sheaves.

The following lemma makes this notion more explicit.

Lemma/41.2. Let C be a site. Let U be an object of C. The following are equivalent:

(1) U is sheaf theoretically empty,

(2) F(U) is a singleton for each sheaf F,

(3) 0#(U) is a singleton,

(4) 0% (U) is nonempty, and

(5) the empty family is a covering of U in C.

Moreover, if U is sheaf theoretically empty, then for any morphism U — U of C
the object U’ is sheaf theoretically empty.
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Proof. For any sheaf F we have F(U) = MorSh(c)(hﬁ, F). Hence, we see that (1)
and (2) are equivalent. It is clear that (2) implies (3) implies (4). If every covering
of U is given by a nonempty family, then @7 (U) is empty by definition of the plus
construction. Note that 7 = (% as ) is a separated presheaf, see Theorem
Thus we see that (4) implies (5). If (5) holds, then F(U) is a singleton for every
sheaf F by the sheaf condition for F, see Remark[7.2] Thus (5) implies (2) and (1)
— () are equivalent. The final assertion of the lemma follows from Axiom (3) of
Definition [6.2] applied the empty covering of U. O

Definition 41.3. Let C, D be sites. Let u : C — D be a functor. We say u is
almost cocontinuous if for every object U of C and every covering {V; — w(U)}jes
there exists a covering {U; — U}ier in C such that for each ¢ in I we have at least
one of the following two conditions

(1) u(Uy;) is sheaf theoretically empty, or

(2) the morphism u(U;) — u(U) factors through V; for some j € J.

The motivation for this definition comes from a closed immersion ¢ : Z — X of
topological spaces. As discussed in Example 20.9] the continuous functor Xz, —
Zgar, U — Z N U is not cocontinuous. But it is almost cocontinuous in the sense
defined above. We know that i, while not exact on sheaves of sets, is exact on
sheaves of abelian groups, see Sheaves, Remark And this holds in general for

continuous and almost cocontinuous functors.

Lemmal 41.4. Let C, D be sites. Let u: C — D be a functor. Assume that u is
continuous and almost cocontinuous. Let G be a presheaf on D such that G(V) is a
singleton whenever V is sheaf theoretically empty. Then (uPG)# = uP(G#).

Proof. Let U € Ob(C). We have to show that (u?G)#(U) = uP(G#)(U). It suffices
to show that (uPG)T(U) = uP(GT)(U) since GT is another presheaf for which the
assumption of the lemma holds. We have
u?(GH)(U) = G (u(U)) = colimy H(V,G)
where the colimit is over the coverings V of «(U) in D. On the other hand, we see
that
uP (G)F(U) = colimy H(u(ld), G)
where the colimit is over the category of coverings Y = {U; — U}y of U in C and

w(U) = {u(U;) = u(U)}ier. The condition that u is continuous means that each
u(U) is a covering. Write I = I II I, where

I, = {i € I | u(U;) is sheaf theoretically empty}

Then u(U) = {uw(U;) — w(U)}ier, is still a covering of because each of the other
pieces can be covered by the empty family and hence can be dropped by Axiom (2)
of Definition Moreover, HO(u(U),G) = H(u(U)’,G) by our assumption on G.
Finally, the condition that w is almost cocontinuous implies that for every covering
V of u(U) there exists a covering U of U such that u(U)’ refines V. It follows that
the two colimits displayed above have the same value as desired. (I

Lemmal 41.5. Let C, D be sites. Let u : C — D be a functor. Assume that u is
continuous and almost cocontinuous. Then u® = uP : Sh(D) — Sh(C) commutes
with pushouts and coequalizers (and more generally finite connected colimits).
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Proof. Let T be a finite connected index category. Let Z — Sh(D), i — G; by a
diagram. We know that the colimit of this diagram is the sheafification of the colimit
in the category of presheaves, see Lemma [10.13] Denote colim”*" the colimit in
the category of presheaves. Since Z is finite and connected we see that colimf) sh g,
is a presheaf satisfying the assumptions of Lemma (because a finite connected
colimit of singleton sets is a singleton). Hence that lemma gives
u® (colim; G;) = u® ((colim?™*" G;)#)

= (uP(colim?*" G;))*

= (colim? " uP(G;))#

= colim; u*(G;)
as desired. 0O
Lemma 41.6. Let f : D — C be a morphism of sites associated to the continuous

functor u : C — D. If u is almost cocontinuous then f. commutes with pushouts
and coequalizers (and more generally finite connected colimits).

Proof. This is a special case of Lemma O

42. Subtopoi
Here is the definition.

Definition 42.1. Let C and D be sites. A morphism of topoi f : Sh(D) — Sh(C)
is called an embedding if f. is fully faithful.

According to Lemma this is equivalent to asking the adjunction map f~! f..F —
F to be an isomorphism for every sheaf F on D.

Definition 42.2. Let C be a site. A strictly full subcategory E C Sh(C) is a
subtopos if there exists an embedding of topoi f : Sh(D) — Sh(C) such that E is
equal to the essential image of the functor f..

The subtopoi constructed in the following lemma will be dubbed ”open” in the
definition later on.

Lemmal 42.3. Let C be a site. Let F be a sheaf on C. The following are equivalent
(1) F is a subobject of the final object of C, and
(2) the topos Sh(C)/F is a subtopos of Sh(C).

Proof. We have seen in Lemma [29.1] that Sh(C)/F is a topos. In fact, we recall
the proof. First we apply Lemma [28.5] to see that we may assume C is a site with a
subcanonical topology, fibre products, a final object X, and an object U with F =
hy. The proof of Lemma shows that the morphism of topoi jr : Sh(C)/F —
Sh(C) is equal (modulo certain identifications) to the localization morphism jy :

Sh(C/U) — Sh(C).

Assume (2). This means that j;; ! juxG — G is an isomorphism for all sheaves G on
C/U. For any object Z/U of C/U we have

(ju,xhz/w)(U) = More,u (U xx U/U, Z/U)
by Lemma [26.2] Setting G = hz,y in the equality above we obtain
MorC/U(U Xx U/U, Z/U) = MorC/U(U, Z/U)
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for all Z/U. By Yoneda’s lemma (Categories, Lemma3.5) this implies U x x U = U.
By Categories, Lemma U — X is a monomorphism, in other words (1) holds.

Assume (1). Then j;'ju . = id by Lemmam d

Definition 42.4. Let C be a site. A strictly full subcategory E C Sh(C) is an open
subtopos if there exists a subsheaf F of the final object of Sh(C) such that E is the
subtopos Sh(C)/F described in Lemma [12.3]

This means there is a bijection between the collection of open subtopoi of Sh(C)
and the set of subobjects of the final object of Sh(C). Given an open subtopos there
is a ”"closed” complement.

Lemma 42.5. Let C be a site. Let F be a subsheaf of the final object * of Sh(C).
The full subcategory of sheaves G such that F x G — F is an isomorphism is a
subtopos of Sh(C).

Proof. We apply Lemma to see that we may assume C is a site with the
properties listed in that lemma. In particular C has a final object X (so that
* = hy) and an object U with F = hy.

Let D = C as a category but a covering is a family {V; — V} of morphisms such
that {V; - V} U{U xx V — V} is a covering. By our choice of C this means

exactly that

hUXXVHHhVi — hv
is surjective. We claim that D is a site, i.e., the coverings satisfy the conditions
(1), (2), (3) of Definition[6.2] Condition (1) holds. For condition (2) suppose that
{Vi = V} and {V;; — V;} are coverings of D. Then the composition

H(hUXX‘/i, HHhVW) HhUXXVHHh‘/i —)hv

is surjective. Since each of the morphisms U x x V; — V factors through U xx V'

we see that
hosoev [T v, — hv

is surjective, i.e., {V;; = V'} is a covering of V in D. Condition (3) follows similarly
as a base change of a surjective map of sheaves is surjective.

Note that the (identity) functor u : C — D is continuous and commutes with
fibre products and final objects. Hence we obtain a morphism f : D — C of sites
(Proposition. Observe that f, is the identity functor on underlying presheaves,
hence fully faithful. To finish the proof we have to show that the essential image
of f is the full subcategory E C Sh(C) singled out in the lemma. To do this, note
that G € Ob(Sh(C)) is in E if and only if G(U x x V) is a singleton for all objects V'
of C. Thus such a sheaf satisfies the sheaf property for all coverings of D (argument
omitted). Conversely, if G satisfies the sheaf property for all coverings of D, then
G(U xx V) is a singleton, as in D the object U xx V is covered by the empty
covering. O

Definition 42.6. Let C be a site. A strictly full subcategory E C Sh(C) is an
closed subtopos if there exists a subsheaf F of the final object of Sh(C) such that E
is the subtopos described in Lemma [42.5]

All right, and now we can define what it means to have a closed immersion and an
open immersion of topoi.
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Definition 42.7. Let f : Sh(D) — Sh(C) be a morphism of topoi.

(1) We say f is an open immersion if f is an embedding and the essential image
of f, is an open subtopos.

(2) Wesay fis a closed immersion if f is an embedding and the essential image
of f. is a closed subtopos.

Lemma 42.8. Let i : SK(D) — Sh(C) be a closed immersion of topoi. Then i,
is fully faithful, transforms surjections into surjections, commutes with coequaliz-
ers, commutes with pushouts, reflects injections, reflects surjections, and reflects
bijections.

Proof. Let F be a subsheaf of the final object * of Sh(C) and let E C Sh(C) be the
full subcategory consisting of those G such that F x G — F is an isomorphism. By
Lemma the functor i, is isomorphic to the inclusion functor ¢ : E — Sh(C).

Let jr : SW(C)/F — Sh(C) be the localization functor (Lemma [29.1). Note that E
can also be described as the collection of sheaves G such that j- G = *.

Let a,b : G; — G be two morphism of E. To prove ¢« commutes with coequalizers it
suffices to show that the coequalizer of a, b in Sh(C) lies in E. This is clear because
the coequalizer of two morphisms * — % is * and because j;-l is exact. Similarly
for pushouts.

Thus i, satisfies properties (5), (6), and (7) of Lemma and hence the morphism
1 satisfies all properties mentioned in that lemma, in particular the ones mentioned
in this lemma. (]

43. Sheaves of algebraic structures

In Sheaves, Section we introduced a type of algebraic structure to be a pair
(A, s), where A is a category, and s : A — Sets is a functor such that

(1) s is faithful,

(2) A has limits and s commutes with limits,

(3) A has filtered colimits and s commutes with them, and
(4) s reflects isomorphisms.

For such a type of algebraic structure we saw that a presheaf F with values in A on a
space X is a sheaf if and only if the associated presheaf of sets is a sheaf. Moreover,
we worked out the notion of stalk, and given a continuous map f : X — Y we
defined adjoint functors pushforward and pullback on sheaves of algebraic structures
which agrees with pushforward and pullback on the underlying sheaves of sets. In
addition extending a sheaf of algebraic structures from a basis to all opens of a
space, works as expected.

Part of this material still works in the setting of sites and sheaves. Let (A, s) be a
type of algebraic structure. Let C be a site. Let us denote PSh(C,.A), resp. Sh(C,.A)
the category of presheaves, resp. sheaves with values in A on C.

(a) A presheaf with values in A is a sheaf if and only if its underlying presheaf
of sets is a sheaf. See the proof of Sheaves, Lemma [9.2

(3) Given a presheaf F with values in A the presheaf F# = (F¥)¥ is a sheaf.
This is true since the colimits in the sheafification process are filtered, and
even colimits over directed partially ordered sets (see Section especially
the proof of Lemma and since s commutes with filtered colimits.
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(v) We get the following commutative diagram

Sh(C, A) " PSh(C,A)

Sh(C) PSh(C)

-

() We have F = F7# if and only if F is a sheaf of algebraic structures.
(¢) The functor # is adjoint to the inclusion functor:

Mor psp(c,.4)(G, F) = Morgyc, 4)(G¥, F)

The proof is the same as the proof of Proposition [I0.12]
(¢) The functor F + F# is left exact. The proof is the same as the proof of
Lemma [[0.14

Definition 43.1. Let f : D — C be a morphism of sites given by a functor
u : C — D. We define the pushforward functor for presheaves of algebraic structures
by the rule u?F(U) = F(uU), and for sheaves of algebraic structures by the same
rule, namely f,.F(U) = F(uU).

The problem comes with trying the define the pullback. The reason is that the
colimits defining the functor u, in Section [5| may not be filtered. Thus the axioms
above are not enough in general to define the pullback of a (pre)sheaf of algebraic
structures. Nonetheless, in almost all cases the following lemma is sufficient to
define pushforward, and pullback of (pre)sheaves of algebraic structures.

Lemmal 43.2. Suppose the functor u : C — D satisfies the hypotheses of Proposi-
tion |15.6, and hence gives rise to a morphism of sites f : D — C. In this case the
pullback functor =1 (resp. u,) and the pushforward functor f. (resp. uP) extend
to an adjoint pair of functors on the categories of sheaves (resp. presheaves) of al-
gebraic structures. Moreover, these functors commute with taking the underlying
sheaf (resp. presheaf) of sets.

Proof. We have defined f. = uP above. In the course of the proof of Proposition
we saw that all the colimits used to define u,, are filtered under the assumptions
of the proposition. Hence we conclude from the definition of a type of algebraic
structure that we may define u, by exactly the same colimits as a functor on
presheaves of algebraic structures. Adjointness of u, and u? is proved in exactly the
same way as the proof of Lemmal[5.4] The discussion of sheafification of presheaves
of algebraic structures above then implies that we may define f~(F) = (u,F)*.

O

We briefly discuss a method for dealing with pullback and pushforward for a general
morphism of sites, and more generally for any morphism of topoi.

Let C be a site. In the case A = Ab, we may think of an abelian (pre)sheaf on C as
a quadruple (F,+,0,). Here the data are
(D1) F is a sheaf of sets,
(D2) +: F x F — F is a morphism of sheaves of sets,
(D3) 0:* — F is a morphism from the singleton sheaf (see Example[10.2)) to F,
and
(D4) i: F — F is a morphism of sheaves of sets.
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These data have to satisfy the following axioms

(A1) + is associative and commutative,

(A2) 0is a unit for +, and

(A3) +0(1,7) =00 (F — ).
Compare Sheaves, Lemma Let f: D — C be a morphism of sites. Note that
since f~1 is exact we have f~1x = x and f~1(F x F) = f~1F x f~LF. Thus we can
define f~1F simply as the quadruple (f~1F, f~1+, f~10, f~%i). The axioms are
going to be preserved because f~! is a functor which commutes with finite limits.
Finally it is not hard to check that f, and f~! are adjoint as usual.

In [AGVTI] this method is used. They introduce something called an “espéce the
structure algébrique < définie par limites projectives finie>". For such an espece
you can use the method described above to define a pair of adjoint functors f ' and
f+ as above. This clearly works for most algebraic structures that one encounters
in practice. Instead of formalizing this construction we simply list those algebraic
structures for which this method works (to be verified case by case). In fact, this
method works for any morphism of topoi.

Proposition 43.3. Let C, D be sites. Let f = (f~1, f.) be a morphism of topoi
from SWD) — Sh(C). The method introduced above gives rise to an adjoint pair
of functors (f=1, f.) on sheaves of algebraic structures compatible with taking the
underlying sheaves of sets for the following types of algebraic structures:

(1) pointed sets,

(2) abelian groups,

(3) groups,

(4) monoids,

(5) rings,

(6) modules over a fized ring, and
(7) lie algebras over a fized field.

Moreover, in each of these cases the results above labeled («), (B), (v), (9), (€),
and () hold.

Proof. The final statement of the proposition holds simply since each of the listed
categories, endowed with the obvious forgetful functor, is indeed a type of algebraic
structure in the sense explained at the beginning of this section. See Sheaves,

Lemma [15.21

Proof of (2). We think of a sheaf of abelian groups as a quadruple (F,+,0,%)
as explained in the discussion preceding the proposition. If (F,+,0,7) lives on
C, then its pullback is defined as (f~1F, f=t+, f10, f~1). If (G,+,0,i) lives
on D, then its pushforward is defined as (f.G, fi+, [0, f«i). This works because
f+(G x G) = f.G x f.G. Adjointness follows from adjointness of the set based
functors, since

. . M
MOI‘A()(C)((]:l, +,O,Z), (]:27 +7O77/)) = { ve O Sh(C) (F17F2) }

© is compatible with +,0, ¢
Details left to the reader.

This method also works for sheaves of rings by thinking of a sheaf of rings (with
unit) as a sixtuple (O, +,0,4,-, 1) satisfying a list of axioms that you can find in
any elementary algebra book.
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A sheaf of pointed sets is a pair (F,p), where F is a sheaf of sets, and p: x — F is
a map of sheaves of sets.

A sheaf of groups is given by a quadruple (F,-, 1,7) with suitable axioms.
A sheaf of monoids is given by a pair (F,-) with suitable axiom.

Let R be aring. An sheaf of R-modules is given by a quintuple (F,+,0,4, {\}rer),
where the quadruple (F,+,0,1) is a sheaf of abelian groups as above, and A, : F —
F is a family of morphisms of sheaves of sets such that A.o0 = 0, A\,o+ = +o(\, A;),
Argrr = F+ 0 X X A0 (id,1d), Appr = A0 Ay Ay = id, Ag = 00 (F — %). O

We will discuss the category of sheaves of modules over a sheaf of rings in Modules
on Sites, Section [I0]

Remark| 43.4. Let C, D be sites. Let u : D — C be a continuous functor which
gives rise to a morphism of sites C — D. Note that even in the case of abelian
groups we have not defined a pullback functor for presheaves of abelian groups.
Since all colimits are representable in the category of abelian groups, we certainly
may define a functor u;b on abelian presheaves by the same colimits as we have
used to define u;, on presheaves of sets. It will also be the case that u4” is adjoint
to uP on the categories of abelian presheaves. However, it will not always be the

case that ugb agrees with u, on the underlying presheaves of sets.

44. Pullback maps

It sometimes happens that a site C does not have a final object. In this case we
define the global section functor as follows.

Definition 44.1. The global sections of a presheaf of sets F over a site C is the set
I'(C, F) = Morpgp(c) (*, F)

where * is the final object in the category of presheaves on C, i.e., the presheaf
which associates to every object a singleton.

Of course the same definition applies to sheaves as well. Here is one way to compute
global sections.

Lemma 44.2. Let C be a site. Let a,b:V — U be objects of C such that

h#ﬂ
V — >

is a coequalizer in Sh(C). Then T'(C,F) is the equalizer of a*,b* : F(U) — F(V).

h#%*

Proof. Since Morgh(c)(hﬁ, F) = F(U) this is clear from the definitions. O

Now, let f : Sh(D) — Sh(C) be a morphism of topoi. Then for any sheaf F on C
there is a pullback map

LT, F) —T(D,f1F)

Namely, as f~! is exact it transforms * into *. We can generalize this a bit by
considering a pair of sheaves F,G on C,D together with a map f~'F — G. Then
we compose to get a map

I, F) —I(D,9)
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A slightly more general construction which occurs frequently in nature is the fol-
lowing. Suppose that we have a commutative diagram of morphisms of topoi

Sh(D) - Sh(C)

SN
Sh(B)
Next, suppose that we have a sheaf F on C. Then there is a pullback map
g F — hof'F
Namely, it is just the map coming from the identification h,f 'F = g.fof ' F
together with the canonical map F — f.f 'F pushed down to B. Again, if we

have a pair of sheaves F,G on C,D together with a map f~!F — G, then we
compose to get a map

Restricting to sections over an object of B one recovers the pullback map on global
sections in many cases, see (insert future reference here). A seemingly more general
situation is where we have a commutative diagram of topoi

Sh(D) —— Sh(C)

! |

Sh(B) —~ Sh(A)

and a sheaf G on C. Then there is a map e '¢.G — h.f~'G. Namely, this map is
adjoint to a map g.G — exh.f 'G = (e o h),f~'G which is the pullback map just
described.

45. Topologies

In this section we define what a topology on a category is as defined in [AGVTI].
One can develop all of the machinery of sheaves and topoi in this language. A
modern exposition of this material can be found in [KS06]. However, the case
of most interest for algebraic geometry is the topology defined by a site on its
underlying category. Thus we strongly suggest the first time reader skip this
section and all other sections of this chapter!

Definition 45.1. Let C be a category. Let U € Ob(C). A sieve S on U is a
subpresheaf S C hy.

In other words, a sieve on U picks out for each object T € Ob(C) a subset S(T') of
the set of all morphisms 7" — U. In fact, the only condition on the collection of
subsets S(T") C hy(T') = Mor¢(T, U) is the following rule

(a: T —=U)eS(T)
g: 7' —T

A good mental picture to keep in mind is to think of the map S — hy as a

“morphism from S to U”.

(45.1.1) }=>(aog:T’—>U)€S(T’)

Lemma 45.2. Let C be a category. Let U € Ob(C).

(1) The collection of sieves on U is a set.
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(2) Inclusion defines a partial ordering on this set.

(3) Unions and intersections of sieves are sieves.

(4) Given a family of morphisms {U; — U}ier of C with target U there exists
a unique smallest sieve S on U such that each U; — U belongs to S(U;).

(5) The sieve S = hy is the mazimal sieve.

(6) The empty subpresheaf is the minimal sieve.

Proof. By our definition of subpresheaf, the collection of all subpresheaves of a
presheaf F is a subset of [Jy;cope) P(F(U)). And this is a set. (Here P(A)
denotes the powerset of A.) Hence the collection of sieves on U is a set.

The partial ordering is defined by: S < S’ if and only if S(T) C S(T) for all
T — U. Notation: S C S’.

Given a collection of sieves S;, i € I on U we can define |J.S; as the sieve with

values (| S;)(T) = U Si(T) for all T € Ob(C). We define the intersection [)S; in
the same way.

Given {U; — U}ier as in the statement, consider the morphisms of presheaves
hy, — hy. We simply define S as the union of the images (Definition [3.5) of these
maps of presheaves.

The last two statements of the lemma are obvious. O

Definition 45.3. Let C be a category. Given a family of morphisms {f; : U; —
Ulier of C with target U we say the sieve S on U described in Lemma part
(4) is the sieve on U generated by the morphisms f;.

Definition 45.4. Let C be a category. Let f : V — U be a morphism of C. Let
S C hy be a sieve. We define the pullback of S by f to be the sieve S xy V of V
defined by the rule

(a:T—->V)e(SxyV)T) & (foa:T—-U)eS(T)

We leave it to the reader to see that this is indeed a sieve (hint: use Equation
45.1.1). We also sometimes call S X V' the base change of S by f:V — U.

Lemma 45.5. Let C be a category. Let U € Ob(C). Let S be a sieve on U. If
f:V—=Udisin S, then S xy V = hy is mazimal.

Proof. Trivial from the definitions. O

Definition 45.6. Let C be a category. A topology on C is given by a rule which
assigns to every U € Ob(C) a subset J(U) of the set of all sieves on U satisfying
the following conditions
(1) For every morphism f : V — U in C, and every element S € J(U) the
pullback S xy V is an element of J(V).
(2) If S and S’ are sieves on U € Ob(C), if S € J(U), and if for all f € S(V)
the pullback S’ x¢ V' belongs to J(V), then S’ belongs to J(U).
(3) For every U € Ob(C) the maximal sieve S = hy belongs to J(U).

In this case, the sieves belonging to J(U) are called the covering sieves.

Lemma 45.7. Let C be a category. Let J be a topology on C. Let U € Ob(C).

(1) Flinite intersections of elements of J(U) are in J(U).
(2) If Se JWU) and 8" D S, then S’ € J(U).
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Proof. Let S,S" € J(U). Consider S = SN S’. For every V — U in S(U) we
have

S/XUV:SHXUV

simply because V' — U already is in S. Hence by the second axiom of the definition
we see that S” € J(U).

Let S € J(U) and S D S. For every V. — U in S(U) we have S xy V = hy by
Lemma Thus S’ xy V € J(V) by the third axiom. Hence S’ € J(U) by the

second axiom. O

Definition 45.8. Let C be a category. Let J, J' be two topologies on C. We say
that J is finer than J' if and only if for every object U of C we have J'(U) C J(U).

In other words, any covering sieve of .J' is a covering sieve of J. There exists a finest
topology on C, namely that topology where any sieve is a covering sieve. This is
called the discrete topology of C. There also exists a coarsest topology. Namely,
the topology where J(U) = {hy} for all objects U. This is called the chaotic or
indiscrete topology.

Lemma 45.9. Let C be a category. Let {J;}ier be a set of topologies.
(1) The rule J(U) = (J;(U) defines a topology on C.
(2) There is a coarsest topology finer than all of the topologies J;.

Proof. The first part is direct from the definitions. The second follows by taking
the intersection of all topologies finer than all of the J;. O

At this point we can define without any motivation what a sheaf is.

Definition 45.10. Let C be a category endowed with a topology J. Let F be a
presheaf of sets on C. We say that F is a sheaf on C if for every U € Ob(C) and for
every covering sieve S of U the canonical map

Mor pgi(c)(hu, F) — Mor pgpc) (S, F)
is bijective.

Recall that the left hand side of the displayed formula equals F(U). In other words,
F is a sheaf if and only if a section of F over U is the same thing as a compatible
collection of sections sy, € F(T) parametrized by (o : T — U) € S(T'), and this
for every covering sieve S on U.

Lemma 45.11. Let C be a category. Let {F;};cr be a collection of presheaves of
sets on C. For each U € Ob(C) denote J(U) the set of sieves S with the following
property: For every morphism V. — U, the maps

Mor pgp(cy (hv, Fi) — Morpgpc) (S xu V, Fi)

are bijective for all i € I. Then J defines a topology on C. This topology is the
finest topology in which all of the F; are sheaves.

Proof. If we show that J is a topology, then the last statement of the lemma
immediately follows. The first and second axioms of a topology are immediately
verified. Thus, assume that we have an object U, and sieves S, S’ of U such that
S e JWU),and for all V — U in S(V) we have S' xy V € J(V). We have to show
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that S’ € J(U). In other words, we have to show that for any f : W — U, the
maps

Fi(W) = Mor pgi(c) (hw, Fi) — Mor pgpey (S" xu W, F;)
are bijective for all ¢ € I. Pick an element ¢ € I and pick an element ¢ €
Mor pgp(ey (S” xu W, F;). We will construct a section s € F;(W) mapping to ¢.

Suppose a : V. — W is an element of S xy W. According to the definition of
pullbacks we see that the composition foa:V — W — U is in S. Hence S’ xy V
is in J(W) by assumption on the pair of sieves S, 5’. Now we have a commutative
diagram of presheaves

S/XUV4>]’LV

|

S/XUWHIZW

The restriction of ¢ to S” x V' corresponds to an element sy, € F;(V). This we see
from the definition of J, and because S’ xy V is in J(W). We leave it to the reader
to check that the rule (V, a) + sy, defines an element 1) € Mor pgp(cy (S xv W, F5).
Since S € J(U) we see immediately from the definition of J that ) corresponds to
an element s of F;(W).

We leave it to the reader to verify that the construction ¢ +— s is inverse to the
natural map displayed above. [l

Definition 45.12. Let C be a category. The finest topology on C such that all rep-
resentable presheaves are sheaves, see Lemma, is called the canonical topology
of C.

46. The topology defined by a site

Suppose that C is a category, and suppose that Covy(C) and Covy(C) are sets of
coverings that define the structure of a site on C. In this situation it can happen
that the categories of sheaves (of sets) for Covy(C) and Covy(C) are the same, see
for example Lemma [8.5

It turns out that the category of sheaves on C with respect to some topology J
determines and is determined by the topology J. This is a nontrivial statement
which we will address later, see Theorem (8.2}

Accepting this for the moment it makes sense to study the topology determined by
a site.

Lemma 46.1. Let C be a site with coverings Cov(C). For every object U of C, let
J(U) denote the set of sieves S on U with the following property: there exists a
covering {f; : Uy = Ulier € Cov(C) so that the sieve S’ generated by the f; (see
Deﬁm’tion is contained in S.

(1) This J is a topology on C.

(2) A presheaf F is a sheaf for this topology (see Definition if and only
if it is a sheaf on the site (see Definition .

Proof. To prove the first assertion we just note that axioms (1), (2) and (3) of the
definition of a site (Definition [6.2) directly imply the axioms (3), (2) and (1) of the
definition of a topology (Definition [45.6)). As an example we prove J has property
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(2). Namely, let U be an object of C, let S, S’ be sieves on U such that S € J(U),
and such that for every V' — U in S(V) we have S’ xy V € J(V). By definition
of J(U) we can find a covering {f; : U; — U} of the site such that S the image of
hy, — hy is contained in S. Since each S’ xy U; is in J(U;) we see that there are
coverings {U;; — U;} of the site such that hy,, — hy, is contained in S" xy Uj.
By definition of the base change this means that hy,, — hy is contained in the
subpresheaf S’ C hy. By axiom (2) for sites we see that {U;; — U} is a covering
of U and we conclude that S’ € J(U) by definition of J.

Let F be a presheaf. Suppose that F is a sheaf in the topology J. We will show
that F is a sheaf on the site as well. Let {f; : U; — U};er be a covering of the site.
Let s; € F(U;) be a family of sections such that s;|y,x,v, = sj|v,x, v, for all i, j.
We have to show that there exists a unique section s € F(U) restricting back to
the s; on the U;. Let S C hy be the sieve generated by the f;. Note that S € J(U)
by definition. In stead of constructing s, by the sheaf condition in the topology, it
suffices to construct an element

@ € Mor pgpc) (S, F).

Take a € S(T) for some object T' € U. This means exactly that o : T — U is
a morphism which factors through f; for some i € I (and maybe more than 1).
Pick such an index i and a factorization o = f; o ;. Define p(a) = afs;. If ¢/,
a = f;oal, is a second choice, then af's; = (o, )*s; exactly because of our condition
siluixpu; = Sjlusxpu; for all i,5. Thus p(a) is well defined. We leave it to the
reader to verify that ¢, which in turn determines s is correct in the sense that s
restricts back to s;.

Let F be a presheaf. Suppose that F is a sheaf on the site (C, Cov(C)). We will
show that F is a sheaf for the topology J as well. Let U be an object of C. Let S
be a covering sieve on U with respect to the topology J. Let

@ € Mor pgp ey (S, F).

We have to show there is a unique element in F(U) = Mor pgy(cy(hv, F) which
restricts back to . By definition there exists a covering {f; : U; — U};er € Cov(C)
such that f; : U; € U belongs to S(U;). Hence we can set s; = ¢(f;) € F(U;).
Then it is a pleasant exercise to see that si\Ul.XUUj = sj\UiXUUj for all 4,j. Thus
we obtain the desired section s by the sheaf condition for F on the site (C, Cov(C)).
Details left to the reader. d

Definition 46.2. Let C be a site with coverings Cov(C). The topology associated
to C is the topology J constructed in Lemma above.

Let C be a category. Let Covy(C) and Cova(C) be two coverings defining the struc-
ture of a site on C. It may very well happen that the topologies defined by these
are the same. If this happens then we say Covy(C) and Cova(C) define the same
topology on C. And if this happens then the categories of sheaves are the same, by
Lemma F6.11

It is usually the case that we only care about the topology defined by a collection
of coverings, and we view the possibility of choosing different sets of coverings as a
tool to study the topology.
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Remark 46.3. Enlarging the class of coverings. Clearly, if Cov(C) defines the
structure of a site on C then we may add to C any set of families of morphisms with
fixed target tautologically equivalent (see Definition to elements of Cov(C)
without changing the topology.

Remark| 46.4. Shrinking the class of coverings. Let C be a site. Consider the
power set S = P(Arrow(C)) (power set) of the set of morphisms, i.e., the set of
all sets of morphisms. Let S; C S be the subset consisting of those T' € S such
that (a) all ¢ € T have the same target, (b) the collection {¢},cr is tautologically
equivalent (see Definition to some covering in Cov(C). Clearly, considering the
elements of S; as the coverings, we do not get exactly the notion of a site as defined
in Definition[6.2] The structure (C, S,) we get satisfies slightly modified conditions.
The modified conditions are:
(0’) Cov(C) C P(Arrow(C)),
(I") If V — U is an isomorphism then {V — U} € Cov(C).
(2”) It {U; — U}ier € Cov(C) and for each ¢ we have {V;; — U, }jes, € Cov(C),
then {V;; — U}icr jeu, is tautologically equivalent to an element of Cov(C).
(3") It {U; = U}ier € Cov(C) and V — U is a morphism of C then U; xy V
exists for all ¢ and {U; xy V — V}ier is tautologically equivalent to an
element of Cov(C).

And it is easy to verify that, given a structure satisfying (0’) — (3’) above, then
after suitably enlarging Cov(C) (compare Sets, Section we get a site. Obviously
there is little difference between this notion and the actual notion of a site, at least
from the point of view of the topology. There are two benefits: because of condition
(0’) above the coverings automatically form a set, and because of (0’) the totality
of all structures of this type forms a set as well. The price you pay for this is that
you have to keep writing “tautologically equivalent” everywhere.

47. Sheafification in a topology

In this section we explain the analogue of the sheafification construction in a topol-
ogy.

Let C be a category. Let J be a topology on C. Let F be a presheaf of sets. For
every U € Ob(C) we define

LF(U) = colimge j(tryorr Mor pgp(c) (S, F)

as a colimit. Here we think of J(U) as a partially ordered set, ordered by inclusion,
see Lemma The transition maps in the system are defined as follows. If
S C S8 are in J(U), then S — S’ is a morphism of presheaves. Hence there is a
natural restriction mapping

MOYPSh(C) (S, ]:) — MorPSh(C) (Sl7 .7:)

Thus we see that S+ Morpgpc)(S, F) is a directed system as in Categories, Defi-
nitionm provided we reverse the ordering on J(U) (which is what the superscript
°PP is supposed to indicate). In particular, since hy € J(U) there is a canonical
map
¢: F(U)— LFU)

coming from the identification F(U) = Morpgpc)(hy, F). In addition, the colimit
defining LF(U) is directed since for any pair of covering sieves S, S’ on U the sieve
S NS’ is a covering sieve too, see Lemma [45.2
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Let f : V — U be a morphism in C. Let S € J(U). There is a commutative
diagram
SxyV ——=hy

L

S—=hy
We can use the left vertical map to get canonical restriction maps
Mor psp(e) (S, F) — Morpgpey (S xu V, F).

Base change S +— S Xy V induces an order preserving map J(U) — J(V). And
the restriction maps define a transformation of functors as in Categories, Lemma
categories-lemma-functorial-colimit. Hence we get a natural restriction map

LF(U) — LF(V).

Lemma 47.1. In the situation above.

(1) The assignment U — LF(U) combined with the restriction mappings de-
fined above is a presheaf.
The maps € glue to give a morphism of presheaves ¢ : F — LJF.

(2)

(3) The rule F — (F RN LF) is a functor.

(4) If F is a subpresheaf of G, then LF is a subpresheaf of LG.

(5) The map ¢ : F — LJF has the following property: For every section
s € LF(U) there exists a covering sieve S on U and an element ¢ €
Mor pgucy (S, F) such that £(p) equals the restriction of s to S.

2

Proof. Omitted. O

Definition 47.2. Let C be a category. Let J be a topology on C. We say that a
presheaf of sets F is separated if for every object U and every covering sieve S on
U the canonical map F(U) — Mor pgyc) (S, F) is injective.

Theorem 47.3. Let C be a category. Let J be a topology on C. Let F be a presheaf
of sets.

(1) The presheaf LF is separated.

(2) If F is separated, then LF is a sheaf and the map of presheaves F — LF
18 injective.

(3) If F is a sheaf, then F — LF is an isomorphism.

(4) The presheaf LLF is always a sheaf.

Proof. Part (3) is trivial from the definition of L and the definition of a sheaf
(Definition 45.10). Part (4) follows formally from the others.

We sketch the proof of (1). Suppose S is a covering sieve of the object U. Suppose
that ¢; € LF(U), i = 1,2 map to the same element in Morpgp(c) (S, LF). We may
find a single covering sieve S’ on U such that both ; are represented by elements
@i € Morpgpc)(S', F). We may assume that S’ = S by replacing both S and S’
by S’ NS which is also a covering sieve, see Lemma Suppose V' € Ob(C),
and a : V. — U in S(V). Then we have S xy V = hy, see Lemma [45.5] Thus
the restrictions of ¢; via V' — U correspond to sections s; v, of F over V. The
assumption is that there exist a covering sieve Sy, of V such that s; v . restrict
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to the same element of Mor pgy(cy(Sv,a, F). Consider the sieve S” on U defined by
the rule

(f:T—=U)eS(T) & 3V, a:V U, acS(V),
(47.3.1) 3g:T >V, g€ Sva(T),
f=aog

By axiom (2) of a topology we see that S is a covering sieve on U. By construction
we see that ¢ and s restrict to the same element of Mor pgyc)(S”, LF) as desired.

We sketch the proof of (2). Assume that F is a separated presheaf of sets on C with
respect to the topology J. Let S be a covering sieve of the object U of C. Suppose
that ¢ € Morc(S, LF). We have to find an element s € LF(U) restricting to ¢.
Suppose V € Ob(C), and o : V — U in S(V'). The value p(a) € LF(V) is given by
a covering sieve Sy, of V and a morphism of presheaves ¢y o : Sy, = F. Asin
the proof above, define a covering sieve S” on U by Equation . We define

oS8 — F

by the following simple rule: For every f: T — U, f € S”(T) choose V,a, g as in

Equation (47.3.1). Then set
¢"(f) = pv.alg)-
We claim this is independent of the choice of V,a,g. Consider a second such

choiceV’, &/, ¢’. The restrictions of ¢y, and @y’ o to the intersection of the fol-
lowing covering sieves on T’

(SV@[ XV,g T) N (Svlva/ XV’,g/ T)

agree. Namely, these restrictions both correspond to the restriction of ¢ to T' (via
f) and the desired equality follows because F is separated. Denote the common
restriction ¥. The independence of choice follows because ¢y o(g) = ¥(idr) =
oy, (g'). OK, so now ¢” gives an element s € LF(U). We leave it to the reader
to check that s restricts to ¢. O

Definition 47.4. Let C be a category endowed with a topology J. Let F be a
presheaf of sets on C. The sheaf F# := LLF together with the canonical map
F — F7# is called the sheaf associated to F.

Proposition| 47.5. Let C be a category endowed with a topology. Let F be a
presheaf of sets on C. The canonical map F — F# has the following universal
property: For any map F — G, where G is a sheaf of sets, there is a unique map
F# — G such that F — F#* — G equals the given map.

Proof. Same as the proof of Proposition [10.12] O

48. Topologies and sheaves
Lemmal 48.1. Let C be a category endowed with a topology J. Let U be an object
of C. Let S be a sieve on U. The following are equivalent

(1) The sieve S is a covering sieve.
2) The sheafification S* — h¥: of the map S — hy is an isomorphism.
U
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Proof. First we make a couple of general remarks. We will use that S# = LLS,
and hﬁ = LLhy. In particular, by Lemma we see that S# — hf; is injective.

Note that idy € hy(U). Hence it gives rise to sections of Lhy and hﬁ = LLhy
over U which we will also denote idy .

Suppose S is a covering sieve. It clearly suffices to find a morphism hy — S#
such that the composition hy — hﬁ is the canonical map. To find such a map it
suffices to find a section s € S#(U) wich restricts to idy;. But since S is a covering
sieve, the element ids € Mor pgp(c) (S, S) gives rise to a section of LS over U which
restricts to idy in Lhy. Hence we win.

Suppose that S# — h# is an isomorphism. Let 1 € S#(U) be the element corre-
sponding to idy in hﬁ(U). Because S# = LLS there exists a covering sieve S’ on
U such that 1 comes from a

@ € Morpgi(c) (S, LS).

This in turn means that for every oo : V- — U, o € S’(V') there exists a covering sieve
Sv,e on V such that ¢(idy) corresponds to a morphism of presheaves Sy, — S.
In other words Sy, is contained in S x¢; V. By the second axiom of a topology we
see that S is a covering sieve. (]

Theorem 48.2. Let C be a category. Let J, J' be topologies on C. The following
are equivalent

(1) J=0,

(2) sheaves for the topology J are the same as sheaves for the topology J'.

Proof. It is a tautology that if J = J’ then the notions of sheaves are the same.
Conversely, Lemma characterizes covering sieves in terms of the sheafification
functor. But the sheafification functor PSh(C) — Sh(C,J) is the right adjoint of
the inclusion functor Sh(C,J) — PSh(C). Hence if the subcategories Sh(C,J) and
Sh(C, J') are the same, then the sheafification functors are the same and hence the
collections of covering sieves are the same. O

Lemma 48.3. Assumption and notation as in Theorem . Then J C J' if and
only if every sheaf for the topology J' is a sheaf for the topology J.

Proof. One direction is clear. For the other direction suppose that Sh(C,J") C
Sh(C,J). By formal nonsense this implies that if F is a presheaf of sets, and
F — F#, resp. F — F7' is the sheafification wrt .J, resp. .J’ then there is a
canonical map F# — F#/ such that F — F# — F#/ equals the canonical map
F — F#'_ Of course, F# — F#' identifies the second sheaf as the sheafification
of the first with respect to the topology J'. Apply this to the map S — hy of
Lemma [48:1] We get a commutative diagram

S —— S§# — G/
hyy — hi, —— hit’

And clearly, if S is a covering sieve for the topology J then the middle vertical map
is an isomorphism (by the lemma) and we conclude that the right vertical map is
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an isomorphism as it is the sheafification of the one in the middle wrt J’. By the
lemma again we conclude that S is a covering sieve for J' as well. O

49. Topologies and continuous functors

Explain how a continuous functor gives an adjoint pair of functors on sheaves.

50. Points and topologies

Recall from Section [31] that given a functor p = u : C — Sets we can define a stalk
functor
PSh(C) — Sets, F — Fp.

Definition 50.1. Let C be a category. Let J be a topology on C. A point p of the
topology is given by a functor u : C — Sets such that

(1) For every covering sieve S on U the map S, — (hy), is surjective.
(2) The stalk functor Sh(C) — Sets, F — F, is exact.
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