COHOMOLOGY OF SCHEMES

Contents

(1.__Introductionl 1
[2. Cech cohomology ot quasi-coherent sheaves| 1
3. Vanishing of cohomology| 3
4. Quasi-coherence of higher direct images| 4
7
9

.  Cohomology and base change, ||

[6. Colimits and higher direct images|

. Cohomology and base change 9
[8-Cohomology of projective space] 11
9. Coherent sheaves on locally Noetherian schemes| 17
10. Coherent sheaves on Noetherian schemes| 19
11. ept 21
12. evissage of coherent sheaves 22
13. inite morphisms and afiines 27
114.  Ample invertible sheaves and cohomology| 28
|115.  Coherent sheaves and projective morphisms| 31
16. Chow’s Lemimal 35
[17.  Higher direct images of coherent sheaves| 37
[I8 __The theorem on formal Tunctions 39
119.  Applications of the theorem on formal functions| 44
120.  Cohomology and base change, 11| 45
|21. Grothendieck’s existence theorem, | 46
[22. Grothendieck’s existence theorem, 1l 49
23. rothendieck’s algebraization theore 55
[24. " Other chapters| 58
[References] 59

1. Introduction

In this chapter we first prove a number of results on the cohomology of quasi-
coherent sheaves. A fundamental reference is [DG67]. Having done this we will
elaborate on cohomology of coherent sheaves in the Noetherian setting. See [Ser55].

2. Cech cohomology of quasi-coherent sheaves

Let X be a scheme. Let U C X be an affine open. Recall that a standard open
covering of U is a covering of the form U : U = (J;_, D(f;) where fi,...,f, €
I'(U, Ox) generate the unit ideal, see Schemes, Definition
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2 COHOMOLOGY OF SCHEMES

Lemma 2.1. Let X be a scheme. Let F be a quasi-coherent Ox-module. Let
U:U =", D(fi) be a standard open covering of an affine open of X. Then
HP(U,F) =0 for all p > 0.

Proof. Write U = Spec(A) for some ring A. In other words, fi, ..., f, are elements
of A which generate the unit ideal of A. Write F |y = M for some A-module M.
Clearly the Cech complex C*® (U, F) is identified with the complex

Hio Mfio - H Mfiofz‘l — H
We are asked to show that the extended complex
CARVEN S e | B US| B |

(whose truncation we have studied in Algebra, Lemma [22.2) is exact. It suffices to
show that (2.1.1) is exact after localizing at a prime p, see Algebra, Lemma
In fact we will show that the extended complex localized at p is homotopic to zero.

Mfiofilfi2 ..

i0t1 ioi1t2

Mfigfilfiz e

There exists an index i such that f; € p. Choose and fix such an element ig,. Note
that My, , = My. Similarly for a localization at a product f;, ... f;, and p we
can drop any fij for which i; = igx. Let us define a homotopy

h: Hio___ip+1 Myiy . gy 0 — Hio__ip Myiq...ti,
by the rule
h(s)io...ip = Sigixio...ip
(This is “dual” to the homotopy in the proof of Cohomology, Lemma [11.4]) In
other words, h : Hio My, » — M is projection onto the factor Mff,ﬁ p = M,
and in general the map h equal projection onto the factors M Fign iy i
My, ¢ p- We compute
1 p+1?

(dh+Rd)()ig..i, = 3 (1 h()sy 5, s, + AS)inionniy

jetp

prP T

P : P .
— +1
= jzo(_l)Jsiﬁxig...%J...ip + Sig.ip T ijo(—l)] Sitixion iy ey
_Sio...ip

This proves the identity map is homotopic to zero as desired. O

The following lemma says in particular that for any affine scheme X and any quasi-
coherent sheaf F on X we have

HP(X,F)=0
for all p > 0.

Lemmal 2.2. Let X be a scheme. Let F be a quasi-coherent Ox-module. For any
affine open U C X we have HP(U,F) =0 for all p > 0.

Proof. We are going to apply Cohomology, Lemma As our basis B for the
topology of X we are going to use the affine opens of X. As our set Cov of open
coverings we are going to use the standard open coverings of affine opens of X.
Next we check that conditions (1), (2) and (3) of Cohomology, Lemma hold.
Note that the intersection of standard opens in an affine is another standard open.
Hence property (1) holds. The coverings form a cofinal system of open coverings
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of any element of B, see Schemes, Lemma Hence (2) holds. Finally, condition
(3) of the lemma follows from Lemma O

Here is a relative version of the vanishing of cohomology of quasi-coherent sheaves
on affines.

Lemma 2.3. Let f: X — S be a morphism of schemes. Let F be a quasi-coherent
Ox-module. If f is affine then R'f.JF =0 for all i > 0.

Proof. According to Cohomology, Lemma the sheaf R'f,F is the sheaf asso-
ciated to the presheaf V — H'(f~1(V), F|;-1(v)). By assumption, whenever V is
affine we have that f~!(V) is affine, see Morphisms, Definition [13.1] By Lemma
2.2 we conclude that H*(f~*(V), F|;-1(v)) = 0 whenever V is affine. Since S has
a basis consisting of affine opens we win. O

Lemma 2.4. Let f : X — S be an affine morphism of schemes. Let F be a
quasi-coherent Ox-module. Then H'(X,F) = H(S, f.F) for alli > 0.

Proof. Follows from Lemmal[2-3]and the Leray spectral sequence. See Cohomology,
Lemma [T4.6 O

Lemma 2.5. Let X be a scheme. Let U : X = J;c; Us be an open covering such
that Uy,...s, is affine open for all p > 0 and all ig,...,i, € I. In this case for any
quasi-coherent sheaf F we have

H*U, F) = H"(X, F)
as T'(X, Ox)-modules for all p.

Proof. In view of Lemmal[2:2]this is a special case of Cohomology, Lemma O

3. Vanishing of cohomology

We have seen that on an affine scheme the higher cohomology groups of any quasi-
coherent sheaf vanish (Lemma [2.2). It turns out that this also characterizes affine
schemes. We give two versions.

Lemmal 3.1. Let X be a scheme. Assume that

(1) X is quasi-compact,

(2) for every quasi-coherent sheaf of ideals T C Ox we have H'(X,Z) = 0.
Then X 1is affine.

Proof. Let x € X be a closed point. Let U C X be an affine open neighbourhood
of z. Write U = Spec(A) and let m C A be the maximal ideal corresponding to x.
Set Z = X\U and Z’' = ZU{z}. By Schemes, Lemma/[12.4]there are quasi-coherent
sheaves of ideals Z, resp. 7’ cutting out the reduced closed subschemes Z, resp. Z'.
Consider the short exact sequence

07 -Z—-1Z/T' —0.

Since z is a closed point of X and x ¢ Z we see that Z/Z’ is supported at z. In
fact, the restriction of Z/Z’ to U corresponds to the A-module A/m. Hence we see
that I'(X,Z/Z') = A/m. Since by assumption H'(X,Z’) = 0 we see there exists
a global section f € I'(X,7Z) which maps to the element 1 € A/m as a section of
Z/T'. Clearly we have x € Xy C U. This implies that X; = D(f4) where f4 is the
image of f in A =T'(U, Ox). In particular Xy is affine.
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Consider the union W = (JX; over all f € T'(X,Ox) such that X; is affine.
Obviously W is open in X. By the arguments above every closed point of X is
contained in W. The closed subset X \ W of X is also quasi-compact (see Topology,
Lemma . Hence it has a closed point if it is nonempty (see Topology, Lemma
. This would contradict the fact that all closed points are in W. Hence we
conclude X = W.

Choose finitely many fi,..., fn € I'(X,Ox) such that X = Xy U... U Xy, and
such that each Xy, is affine. This is possible as we’ve seen above. By Properties,
Lemma to finish the proof it suffices to show that f1,..., f,, generate the unit
ideal in T'(X, Ox). Consider the short exact sequence

fiyeeoifn

0 F os" Ox 0

The arrow defined by fi,..., f, is surjective since the opens Xy, cover X. We let
F be the kernel of this surjective map. Observe that F has a filtration

0O=FCFH C...CF,=F

so that each subquotient JF;/JF;_; is isomorphic to a quasi-coherent sheaf of ideals.
Namely we can take F; to be the intersection of F with the first ¢ direct summands
of O%". The assumption of the lemma implies that H'(X, F;/F;—1) = 0 for all i.
This implies that H'(X, F2) = 0 because it is sandwiched between H!(X, F;) and
HY(X, Fy/F1). Continuing like this we deduce that H!(X,F) = 0. Therefore we
conclude that the map

fiyeeonfn

is surjective as desired. [l

Note that if X is a Noetherian scheme then every quasi-coherent sheaf of ideals is
automatically a coherent sheaf of ideals and a finite type quasi-coherent sheaf of
ideals. Hence the preceding lemma and the next lemma both apply in this case.

Lemmal 3.2. Let X be a scheme. Assume that

(1) X is quasi-compact,

(2) X is quasi-separated, and

(3) HY(X,Z) =0 for every quasi-coherent sheaf of ideals I of finite type.
Then X 1is affine.

Proof. By Properties, Lemma[20.3|every quasi-coherent sheaf of ideals is a directed
colimit of quasi-coherent sheaves of ideals of finite type. By Cohomology, Lemma
taking cohomology on X commutes with directed colimits. Hence we see that
H'(X,T) = 0 for every quasi-coherent sheaf of ideals on X. In other words we see
that Lemma [3.1] applies. O

4. Quasi-coherence of higher direct images

We have seen that the higher cohomology groups of a quasi-coherent module on an
affine is zero. For (quasi-)separated quasi-compact schemes X this implies vanishing
of cohomology groups of quasi-coherent sheaves beyond a certain degree. However,
it may not be the case that X has finite cohomological dimension, because that is
defined in terms of vanishing of cohomology of all O x-modules.


http://localhost:8080/tag/01XG

COHOMOLOGY OF SCHEMES 5

Lemma 4.1. Let X be a quasi-compact and quasi-separated scheme. Let P be a
property of the quasi-compact opens of X. Assume that

(1) P holds for every affine open of X,
(2) if U is quasi-compact open, V affine open, P holds for U, V, and UNV,
then P holds for UUV.

Then P holds for every quasi-compact open of X and in particular for X.

Proof. First we argue by induction that P holds for separated quasi-compact opens
W C X. Namely, such an open can be written as W = U; U...UU, and we can do
induction on n using property (2) with U = U; U...UU,—; and V = U,,. This is
allowed because UNV = (U;NU,)U...U(U,—1NU,) is also a union of n— 1 affine
open subschemes by Schemes, Lemma applied to the affine opens U; and U,
of W. Having said this, for any quasi-compact open W C X we can do induction
on the number of affine opens needed to cover W using the same trick as before
and using that the quasi-compact open U; N U, is separated as an open subscheme
of the affine scheme U,,. O

Lemma 4.2. Let X be a quasi-compact separated scheme. Let t = t(X) be the
minimal number of affine opens needed to cover X. Then H"(X,F) = 0 for all
n >t and all quasi-coherent sheaves JF.

Proof. First proof. By induction on ¢. If ¢ = 1 the result follows from Lemma[2.2]
If ¢t > 1 write X = UUYV with V affine open and U = Uy U ... U U;_; a union of
t — 1 open affines. Note that in this case UNV = (U NV)U... (U1 NV) is also
a union of ¢t — 1 affine open subschemes, see Schemes, Lemma We apply the
Mayer-Vietoris long exact sequence

0— HYX,F)— H(U,F)®e H (V,F) - H(UNV,F) - H' (X, F) — ...
see Cohomology, Lemma By induction we see that the groups H'(U,F),

HY(V,F), H(UNV,F) are zero for i > t— 1. It follows immediately that H*(X, F)
is zero for ¢ > ¢.

Second proof. Let U : X = U§:1 U; be a finite affine open covering. Since X is
separated the multiple intersections Uiy...i, are all affine, see Schemes, Lemma
By Lemma the Cech cohomology groups H? (U, F ) agree with the cohomology
groups. By Cohomology, Lemma the Cech cohomology groups may be com-
puted using the alternating Cech complex C®, (U, F). As the covering consists of
t elements we see immediately that Cglt(U,F) = 0 for all p > ¢. Hence the result

follows. U

Lemma 4.3. Let X be a quasi-compact quasi-separated scheme. Let X = U; U
...UU; be an affine open covering. Set

d = maxrcqi,...,t} \f\ + t(niel Ui)

where t(U) is the minimal number of affines needed to cover the scheme U. Then
H™(X,F) =0 for all n > d and all quasi-coherent sheaves F.

Proof. Note that since X is quasi-separated the numbers ¢((,.; U;) are finite. Let
U:X= Ule U;. By Cohomology, Lemma there is a spectral sequence

By = HP (U, H(F))
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6 COHOMOLOGY OF SCHEMES

converging to HPT4(U, F). By Cohomology, Lemma we have
By = HP(Co, (U, HY(F))

The alternating Cech complex with values in the presheaf H?(F) vanishes in high
degrees by Lemma more precisely E5'? = 0 for p + ¢ > d. Hence the result
follows. 0

Lemmal 4.4. Let f: X — S be a morphism of schemes. Assume that f is quasi-
separated and quasi-compact.

(1) For any quasi-coherent Ox-module F the higher direct images RP f.JF are
quasi-coherent on S.

(2) If S is quasi-compact, there exists an integer n = n(X,S, f) such that
RPf.F =0 for all p > n and any quasi-coherent sheaf F on X.

(3) In fact, if S is quasi-compact we can find n = n(X, S, f) such that for every
morphism of schemes S” — S we have RP(f").F' =0 for p > n and any
quasi-coherent sheaf F' on X'. Here f': X' = 5" xg X — S’ is the base
change of f.

Proof. We first prove (1). Note that under the hypotheses of the lemma the sheaf
RVf,F = f.F is quasi-coherent by Schemes, Lemma m Using Cohomology,
Lemma [7.4] we see that forming higher direct images commutes with restriction to
open subschemes. Since being quasi-coherent is local on S we may assume S is
affine.

Assume S is affine and f quasi-compact and separated. Let ¢ > 1 be the minimal
number of affine opens needed to cover X. We will prove this case of (1) by
induction on ¢. If ¢ = 1 then the morphism f is affine by Morphisms, Lemma [13.12]
and (1) follows from Lemma If t > 1 write X = U UV with V affine open
and U = Uy U...UU;_1 a union of t — 1 open affines. Note that in this case
UnNnV=UnNV)U... (U1 NV) is also a union of ¢ — 1 affine open subschemes,
see Schemes, Lemma We will apply the relative Mayer-Vietoris sequence

0 = fuF = a(Flu) ® b (Flv) = co(Floay) = R o F — ...

see Cohomology, Lemma 9.3l By induction we see that RPa.F, RPb,F and RPc,F
are all quasi-coherent. This implies that each of the sheaves RP f, F is quasi-coherent
since it sits in the middle of a short exact sequence with a cokernel of a map between
quasi-coherent sheaves on the left and a kernel of a map between quasi-coherent
sheaves on the right. Using the results on quasi-coherent sheaves in Schemes, Sec-
tion [24] we see conclude RP f,F is quasi-coherent.

Assume S is affine and f quasi-compact and quasi-separated. Let t > 1 be the
minimal number of affine opens needed to cover X. We will prove (1) by induction
on t. In case t = 1 the morphism f is separated and we are back in the previous
case (see previous paragraph). If ¢ > 1 write X = U UV with V affine open and U
a union of ¢ — 1 open affines. Note that in this case U NV is an open subscheme of
an affine scheme and hence separated (see Schemes, Lemma 21.6). We will apply
the relative Mayer-Vietoris sequence

0 = fuF = a.(Flu) ® b (Flv) = co(Floay) = R foF — ...
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see Cohomology, Lemma(9.3] By induction and the result of the previous paragraph
we see that RPa,F, RPb,F and RPc,F are quasi-coherent. As in the previous
paragraph this implies each of sheaves RP f.F is quasi-coherent.

Next, we prove (3) and a fortiori (2). Choose a finite affine open covering S =
U =1,...m Sj- For each i choose a finite affine open covering 2S5 = Uiy 1, Ujie
Let

dj = maxjcq,..¢,3 |+ t(miel Uji)
be the integer found in Lemma We claim that n(X, S, f) = maxd; works.

Namely, let S’ — S be a morphism of schemes and let 7’ be a quasi-coherent sheaf
on X' =5 xg X. We want to show that RP f.F' = 0 for p > n(X, S, f). Since this
question is local on S” we may assume that S’ is affine and maps into S; for some
j- Then X' = 5" xg, f~1(S5;) is covered by the open affines S" xg, Uji, i = 1,...t;
and the intersections

ﬂiel 5 xs; Uji = 5 s mie] Uji
are covered by the same number of affines as before the base change. Applying
Lemma we get HP(X',F') = 0. By the first part of the proof we already
know that each RYf.F’ is quasi-coherent hence has vanishing higher cohomology
groups on our affine scheme S’, thus we see that H°(S", RPf/F') = HP(X',F') =0
by Cohomology, Lemma Since RPf!F' is quasi-coherent we conclude that
RPfIF =0. O

Lemmal 4.5. Let f : X — S be a morphism of schemes. Assume that f is quasi-
separated and quasi-compact. Assume S is affine. For any quasi-coherent Ox -
module F we have

HYX,F)=HS,R.f.F)
for allq € Z.

Proof. Consider the Leray spectral sequence E5'? = HP(S, R1f,F) converging to
HPY9(X, F), see Cohomology, Lemma By Lemmawe see that the sheaves
R4 f,F are quasi-coherent. By Lemma [2.2| we see that EY'? = 0 when p > 0. Hence
the spectral sequence degenerates at Fy and we win. See also Cohomology, Lemma
(2) for the general principle. O

5. Cohomology and base change, I

Let f : X — S be a morphism of schemes. Let F be a quasi-coherent sheaf
on X. Suppose further that g : S — S is any morphism of schemes. Denote
X' = Xg = 8" xg X the base change of X and denote f’ : X’ — S’ the base
change of f. Also write ¢’ : X’ — X the projection, and set F' = (¢')*F. Here is
a diagram representing the situation:

F = () F X —>X F
g
(5.0.1) f’J/ J{f
Rf'F' s 259 Rf.F

Here is the simplest case of the base change property we have in mind.
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Lemma 5.1. Let f: X — S be a morphism of schemes. Let F be a quasi-coherent
Ox-module. Assume f is affine. In this case f.JF = Rf.F is a quasi-coherent
sheaf, and for every base change diagram we have
g foF = f;(g/)*]:
Proof. The vanishing of higher direct images is Lemma[2.3] The statement is local
on S and S’. Hence we may assume X = Spec(A), S = Spec(R), S’ = Spec(R’) and
F = M for some A-module M. We use Schemes, Lemmato describe pullbacks
and pushforwards of F. Namely, X’ = Spec(R’' ®g A) and F’ is the quasi-coherent
sheaf associated to (R’ ® g A) @4 M. Thus we see that the lemma boils down to
the equality
(RR@rA)®a M =R @ M
as R’-modules. O

In many situations it is sufficient to know about the following special case of coho-
mology and base change. It follows immediately from the stronger results in Section
but since it is so important it deserves its own proof.

Lemmal 5.2. Let f: X — S be a morphism of schemes. Let F be a quasi-coherent
sheaf on X. Let g: S’ — S be a morphism of schemes. Assume that g is flat and
that f is quasi-compact and quasi-separated. Then for any i > 0 we have

Rf.F =g R'[.F
with notation as in . Moreover, the induced isomorphism is the map given
by the base change map of Cohomology, Lemma [18.1]

Proof. The statement is local on S” and hence we may assume S and S’ are affine.
Say S = Spec(A) and S’ = Spec(B). In this case we are really trying to show that
the map

HYX,F)®s B — H'(Xp,Fp)
(given by the reference in the statement of the lemma) is an isomorphism where
XpB = Spec(B) Xgpec(a) X and Fp is the pullback of F to Xp.
In case X is separated, choose an affine open covering Y : X = U; U...UU; and
recall that

H"(U, F) = H"(X, F),

see Lemma IfUp : Xp = (U1)pU...U(U;)p we obtain by base change, then it
is still the case that each (U;)p is affine and that X is separated. Thus we obtain

H?(Ug, Fg) = H*(Xg, FB).
We have the following relation between the Cech complexes
C.(UB,.FB) = C'(U,]—') ®a B

as follows from Lemma Since A — B is flat, the same thing remains true on
taking cohomology.

In case X is quasi-separated, choose an affine open coveringf : X = Uy U...UU;.
We will use the Cech-to-cohomology spectral sequence Cohomology, Lemma m
The reader who wishes to avoid this spectral sequence can use Majer-Vietoris and
induction on ¢ as in the proof of Lemma [£:4] The spectral sequence has E>-page
EY = HP(U,H(F)) and converges to HPT9(X, F). Similarly, we have a spectral
sequence with Es-page E3'? = HP(Up, H?(Fp)) which converges to HPT4(X g, Fp).
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Since the intersections Uy, .. ;, are quasi-compact and separated, the result of the
second paragraph of the proof gives H?(Up, HY(Fp)) = HP(U, H'(F)) @4 B. Us-
ing that A — B is flat we conclude that HY(X,F) ®4 B — H'(Xp,Fp) is an
isomorphism for all ¢ and we win. O

6. Colimits and higher direct images

General results of this nature can be found in Cohomology, Section Sheaves,
Lemma and Modules, Lemma [11.6

Lemma 6.1. Let f : X — S be a quasi-compact and quasi-separated morphism
of schemes. Let F = colim F; be a filtered colimit of quasi-coherent sheaves on X.
Then for any p > 0 we have

RP f.F = colim R? f, F;.

Proof. Recall that RPf,F is the sheaf associated to U — HP(f~'U, F), see Coho-
mology, Lemma [7.3] Recall that the colimit is the sheaf associated to the presheaf
colimit (taking colimits over opens). Hence we can apply Cohomology, Lemma
to HP(f~'U, —) where U is affine to conclude. (Because the basis of affine opens
in f~1U satisfies the assumptions of that lemma.) [

7. Cohomology and base change, 11

Let f : X — S be a morphism of schemes and let F be a quasi-coherent Ox-
module. If f is quasi-compact and quasi-separated we would like to represent
Rf.F by a complex of quasi-coherent sheaves on S. This follows from the fact that
the sheaves R’ f,F are quasi-coherent if S is quasi-compact and has affine diagonal,
using that Dgeoon(S) is equivalent to D(QCoh(Og)), see Derived Categories of
Schemes, Proposition

In this section we will use a different approach which produces an explicit complex
having a good base change property. The construction is particularly easy if f and
S are separated, or more generally have affine diagonal. Since this is the case which
by far the most often used we treat it separately.

Lemma 7.1. Let f : X — S be a morphism of schemes. Let F be a quasi-coherent
Ox-module. Assume X is quasi-compact and X and S have affine diagonal (e.g.,
if X and S are separated). In this case we can compute Rf.F as follows:
(1) Choose a finite affine open coveringU : X =,—, Ui
(2) Forig,...,ip, € {1,...,n} denote fi,. i, : Ui,..i, — S the restriction of f
to the intersection Us,. i, = Uiy N ... NUj,.
(3) Set Fi,...i, equal to the restriction of F to U;
(4) Set

0--rip*

ép(ua fa -F) = @’LQ’L fio...’ip*ﬁg...ip

and define differentials d : CP(U, f, F) — CP*Y (U, f, F) as in Cohomology,
Equation (10.0.1)).

Then the complex é'(u, f,F) is a complex of quasi-coherent sheaves on S which
comes equipped with an isomorphism

C*(U,f,F) — Rf.F

in DT(S). This isomorphism is functorial in the quasi-coherent sheaf F.
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Proof. Consider the resolution F — &*(U, F) of Cohomology, Lemma We
have an equality of complexes C*(U, f,F) = f.€*(U,F) of quasi-coherent Og-
modules. The morphisms j,...;, : Ui,..;, — X and the morphisms f;, ; :
Ui...i, — S are affine by Morphisms, Lemma Hence RYjiq..i,«Fig...i, a8
well as R?f; i, +Fi,...i, are zero for ¢ > 0 (Lemma . Using f o jiy...i, =
fig...ip and the spectral sequence of Cohomology, Lemma we conclude that
RIf. (Ji...ipsFio...i,) = 0 for ¢ > 0. Since the terms of the complex €*(U, F) are
finite direct sums of the sheaves ji,...i,«Fi,...q, We conclude using Leray’s acyclicity
lemma (Derived Categories, Lemma that

Rf.F = [.CU,F) =C*U, [, F)
as desired. O
Next, we are going to consider what happens if we do a base change.

Lemmal 7.2. With notation as in diagram . Assume f : X — S and F
satisfy the hypotheses of Lemma[7.d Choose a finite affine open coveringU : X =
UJU;: of X. There is a canonical isomorphism

g C*U, f,F) — Rf.F
in DT(S"). Moreover, if S — S is affine, then in fact
ge U, fF)=cu, 1 F)
with U’ : X' = JU] where U} = (¢')~1(U;) = U;,s/ is also affine.

Proof. In fact we may define U/ = (¢')~'(U;) = U; s no matter whether S’ is
affine over S or not. Let U’ : X' = |J U] be the induced covering of X’. In this case
we claim that
g*é.(uv I ]:) = é.(ulv fl7]:l)
with C*(U’, f', F') defined in exactly the same manner as in Lemma This is
clear from the case of affine morphisms (Lemma by working locally on S’.
Moreover, exactly as in the proof of Lemma one sees that there is an isomor-
phism
c U, f,F) — Rf.F

in D*(S’) since the morphisms U] — X’ and U] — S’ are still affine (being base
changes of affine morphisms). Details omitted. O

The lemma above says that the complex
K =C'U. [, F)

is a bounded below complex of quasi-coherent sheaves on S which universally com-
putes the higher direct images of f : X — S. This is something about this particular
complex and it is not preserved by replacing C* (U, f,F) by a quasi-isomorphic com-
plex in general! In other words, this is not a statement that makes sense in the
derived category. The reason is that the pullback g*K*® is not equal to the derived
pullback Lg*KC® of K® in general!

Here is a more general case where we can prove this statement. We remark that
the condition of S being separated is harmless in most applications, since this is
usually used to prove some local property of the total derived image. The proof
is significantly more involved and uses hypercoverings; it is a nice example of how
you can use them sometimes.
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Lemma 7.3. Let f: X — S be a morphism of schemes. Let F be a quasi-coherent
sheaf on X. Assume that f is quasi-compact and quasi-separated and that S is
quasi-compact and separated. There exists a bounded below complex K® of quasi-
coherent Og-modules with the following property: For every morphism g : S" — S
the complex g*K*® is a representative for Rf.F' with notation as in diagram .

Proof. (If f is separated as well, please see Lemma ) The assumptions imply
in particular that X is quasi-compact and quasi-separated as a scheme. Let B
be the set of affine opens of X. By Hypercoverings, Lemma we can find a
hypercovering K = (I,{U;}) such that each I, is finite and each U; is an affine
open of X. By Hypercoverings, Lemma there is a spectral sequence with Fs-
page
EpY = HP(K, HY(F))

converging to HP+4(X, F). Note that H?(K, HY(F)) is the pth cohomology group
of the complex

arJ. a(J. ‘e
1L, #w.r =11, #w. =1, H'U.F) ...
Since each Uj; is affine we see that this is zero unless ¢ = 0 in which case we obtain

wop FU) = Hieh F(U;) — HZ_GIZ FU) = ...
Thus we conclude that RT'(X,F) is computed by this complex.

For any n and ¢ € I, denote f; : U; — S the restriction of f to U;. As S is separated
and U; is affine this morphism is affine. Consider the complex of quasi-coherent
sheaves

k=1, fi-Flo. =11, fieFloo =11, foeFloe =)

on S. As in Hypercoverings, Lemmawe obtain a map K* — Rf.F in D(Og) by
choosing an injective resolution of F (details omitted). Consider any affine scheme
V and a morphism g : V. — S. Then the base change Xy has a hypercovering
Ky = (I,{U;,v}) obtained by base change. Moreover, g* f; «+.F = fiv,«(9')* Flu, v -
Thus the arguments above prove that I'(V, g*K*®) computes RT'(Xv, (¢')*F). This
finishes the proof of the lemma as it suffices to prove the equality of complexes
Zariski locally on S’. O

8. Cohomology of projective space

In this section we compute the cohomology of the twists of the structure sheaf
on PY% over a scheme S. Recall that P was defined as the fibre product P§ =
S Xspec(z) Pz in Constructions, Definition It was shown to be equal to

g‘ = PI‘OjS(OS[To, s 7TnD
in Constructions, Lemma In particular, projective space is a particular case
of a projective bundle. If S = Spec(R) is affine then we have
% =P% = Proj(R[To, ..., Ty]).
All these identifications are compatible and compatible with the constructions of
the twisted structure sheaves Opz (d).

Before we state the result we need some notation. Let R be a ring. Recall that
R[Ty,...,T,] is a graded R-algebra where each T; is homogeneous of degree 1.
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Denote (R[Tp, . - .,Ty])q the degree d summand. It is a finite free R-module of rank

(”jd) when d > 0 and zero else. It has a basis consisting of monomials 7,° ... T¢"

with Y e, = d. We will also use the following notation: R[Ti07 ..., 7] denotes
the Z-graded ring with % in degree —1. In particular the Z-graded R[T%v ceey %]

module
1 1 1
——R[—,..., =]
To... T, Ty T,
which shows up in the statement below is zero in degrees > —n, is free on the
generator ﬁ in degree —n — 1 and is free of rank (—1)”(";”1) ford < —n—1.

Lemmal 8.1. Let R be a ring. Let n > 0 be an integer. We have

HY(P",Opy (d)) = 0 if ¢#0,n
(TO..l.T“R[TLDV"?j}n])d if g=n

as R-modules.

Proof. We will use the standard affine open covering

u:Pp=J_ DT

to compute the cohomology using the Cech complex. This is permissible by Lemma
since any intersection of finitely many affine D, (T}) is also a standard affine
open (see Constructions, Section . In fact, we can use the alternating or ordered
Cech complex according to Cohomology, Lemmas and

The ordering we will use on {0,...,n} is the usual one. Hence the complex we are
looking at has terms
cP

ora O (@) =D, _ . (RITo.- . T g ])a

Moreover, the maps are given by the usual formula

P+l ,
d(s)io---ierl = Z (_1)]Si0..‘%j.‘.ip+1

j=0
see Cohomology, Section Note that each term of this complex has a natural
Z" ! grading. Namely, we get this by declaring a monomial 75°...T¢" to be
homogeneous with weight (e, ..., e,) € Z"1. It is clear that the differential given
above respects the grading. In a formula we have

Co o, O () =D, ., C°(@)

where not all summand on the right hand side occur (see below). Hence in order
to compute the cohomology modules of the complex it suffices to compute the
cohomology of the graded pieces and take the direct sum at the end.

Fix €= (eg,...,e,) € Z""1. In order for this weight to occur in the complex above
we need to assume eg + ...+ e, = d (if not then it occurs for a different twist of
the structure sheaf of course). Assuming this set

NEG(&) = {i €{0,...,n} | e; < 0}.
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With this notation the weight & summand C*(€) of the Cech complex above has the
following terms

” = . T¢o en
@ @i0<.--<ip, NEG(é)C{,-OW_’ip}R 150 ... T

In other words, the terms corresponding to ig < ... < i, such that NEG(€) is not
contained in {4y ...y} are zero. The differential of the complex C*(€) is still given
by the exact same formula as above.

Suppose that NEG(€) = {0,...,n}, i.e., that all exponents e; are negative. In this
case the complex C*®(€) has only one term, namely C"(€) = R - m Hence
in this case

Se R'ﬁ if =N
H*(C (a){ ! 8T BT qelse

The direct sum of all of these terms clearly gives the value

1 1 1
(R[, o ])
To.. . Tn ‘T, T.'),

in degree n as stated in the lemma. Moreover these terms do not contribute to
cohomology in other degrees (also in accordance with the statement of the lemma).

Assume NEG(&) = (). In this case the complex C*(€) has a summand R correspond-
ing to all 49 < ... < ip. Let us compare the complex C*(€) to another complex.
Namely, consider the affine open open covering

V : Spec(R) = U

where V; = Spec(R) for all i. Consider the alternating Cech complex

i€{0,..,n} °

C;rd(v7 OSpec(R))
By the same reasoning as above this computes the cohomology of the structure
sheaf on Spec(R). Hence we see that HP(C3,;(V, Ospec(r))) = R if p = 0 and is
0 whenever p > 0. For these facts, see Lemma and its proof. Note that also
@;Td(V, Ospec(r)) has a summand R for every ig < ... < i, and has exactly the same
differential as C'(é’). In other words these complexes are isomorphic complexes and
hence have the same cohomology. We conclude that

Se R-Te . . Te» if g=0
HA(C*(@) = { 0 if qelse

in the case that NEG(€) = (. The direct sum of all of these terms clearly gives the
value

(R[To, ... Th])a
in degree O as stated in the lemma. Moreover these terms do not contribute to
cohomology in other degrees (also in accordance with the statement of the lemma).

To finish the proof of the lemma we have to show that the complexes C*(€) are
acyclic when NEG(€) is neither empty nor equal to {0,...,n}. Pick an index
inix € NEG(€) (such an index exists). Consider the map

h:CPT(e) — CP(e)
given by the rule

h(s)zozp = Sigixio...ip



14 COHOMOLOGY OF SCHEMES

(compare with the proof of Lemma [2.1]). It is clear that this is well defined since
NEG(@) C {io,....iy} & NEG(&) C {itix, 0. . ,ip}

Also Cvo(é') = 0 so that this formula does work for all p including p = —1. The exact
same (combinatorial) computation as in the proof of Lemma shows that

(hd + dh)(8)iy...i, = Sig...i,

Hence we see that the identity map of the complex C® (&) is homotopic to zero which

implies that it is acyclic. (I
In the following lemma we are going to use the pairing of free R-modules
1 1 1
R[Ty, ..., Thl X =—R|=,...,=—] — R
To, o Tl > o Rl oo 5,

which is defined by the rule

1
— flicient of ——— i .
(f,9) coefficient o To T, in fg

In other words, the basis element T5;° . .. T pairs with the basis element Téja ... Tn

to give 1 if and only if e; + d; = —1 for all ¢, and pairs to zero in all other cases.
Using this pairing we get an identification
1 1 1
——R[—,...,— =H R[Ty, ..., Th])—n-1-a, R

(gl 7)) = Homa((To. 1) i )

Thus we can reformulate the result of Lemma [8.1] as saying that
(R[To,- .-, Th])a if ¢=

(8.1.1)  HYP",0py(d) = 0 if ¢g#0,n

Homp((R[To,---,Tn])—n-1-a, R) i qg=n

Lemmal 8.2. The identifications of Equation are compatible with base
change w.r.t. ring maps R — R'. Moreover, for any f € R[Ty,...,T,] homoge-
neous of degree m the map multiplication by f

Op% (d) — OP% (d + m)

induces the map on the cohomology group via the identifications of Equation
which is multiplication by f for HO and the contragredient of multiplication by f

(R[TQ, . 7TnD—n—1—(d+m) — (R[T‘(], - ,Tn]),nflfd
on H™.

Proof. Suppose that R — R’ is a ring map. Let U be the standard affine open
covering of P%, and let U’ be the standard affine open covering of P’,. Note that
U’ is the pullback of the covering U under the canonical morphism P%, — P7%.
Hence there is a map of Cech complexes

v CoraU, Op (d)) — €30, Op, (d))

which is compatible with the map on cohomology by Cohomology, Lemma [16.1
It is clear from the computations in the proof of Lemma that this map of
Cech complexes is compatible with the identifications of the cohomology groups in
question. (Namely the basis elements for the Cech complex over R simply map to
the corresponding basis elements for the Cech complex over R’.) Whence the first
statement of the lemma.
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Now fix the ring R and consider two homogeneous polynomials f,g € R[Ty, ..., Ty]
both of the same degree m. Since cohomology is an additive functor, it is clear
that the map induced by multiplication by f + ¢ is the same as the sum of the
maps induced by multiplication by f and the map induced by multiplication by g.
Moreover, since cohomology is a functor a similar result holds for multiplication
by a product fg where f, g are both homogeneous (but not necessarily of the same
degree). Hence to verify the second statement of the lemma it suffices to prove
this when f = x € R or when f = T;. In the case of multiplication by an element
x € R the result follows since every cohomology groups or complex in sight has the
structure of an R-module or complex of R-modules. Finally, we consider the case
of multiplication by T; as a Opr -linear map

Opy (d) — Opr (d+1)

The statement on H is clear. For the statement on H™ consider multiplication by
T; as a map on Cech complexes

Corall, Op(d)) — C34(U, Op (d +1))

We are going to use the notation introduced in the proof of Lemma[8.1] We consider
the effect of multiplication by 7; in terms of the decompositions

CoraU, Op,(d) = P c*(@)

eezZn+1] Z e;=d

and

CoraU, Op,(d+1) =P ¢ (@)

It is clear that it maps the subcomplex C*(€) to the subcomplex C®(é+b;) where b; =
(0,...,0,1,0,...,0)) the i¢th basis vector. In other words, it maps the summand
of H™ corresponding to € with e; < 0 and Y e; = d to the summand of H"

gezZn+1, 3 e;=d+1

corresponding to €+ l_); (which is zero if e; + b; > 0). It is easy to see that this
corresponds exactly to the action of the contragredient of multiplication by T; as a
map

(R[T()a v 7Tn])fn717(d+1) — (R[T07 v aTn])fnflfd

This proves the lemma. O

Before we state the relative version we need some notation. Namely, recall that
Os[To, ..., Ty] is a graded Og-module where each T; is homogeneous of degree 1.
Denote (Og[Tp, - -, Tn])a the degree d summand. It is a finite locally free sheaf of

rank ("jd) on S.

Lemmal 8.3. Let S be a scheme. Let n > 0 be an integer. Consider the structure
morphism
f:P&— S.
We have
(OS[T(J?aTn])d Zf q:()
R1f.(Opy(d)) = 0 if q#0,n
Homos((OS[T‘Oa~'~7Tn])7n717da03) Zf qg=n

Proof. Omitted. Hint: This follows since the identifications in (8.1.1) are compat-
ible with affine base change by Lemma [8.2 (]
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Next we state the version for projective bundles associated to finite locally free
sheaves. Let S be a scheme. Let £ be a finite locally free Og-module of constant
rank n + 1, see Modules, Section In this case we think of Sym(€) as a graded
Og-module where £ is the graded part of degree 1. And Symd(é') is the degree
d summand. It is a finite locally free sheaf of rank (";d) on S. Recall that our
normalization is that

m: P(€) = Proj (Sym(€)) — S
and that there are natural maps Sym?(&£) — T.Op(g)(d).

Lemma 8.4. Let S be a scheme. Letn > 1. Let € be a finite locally free Og-module
of constant rank n + 1. Consider the structure morphism

m:P(E)— S
We have
Sym?(€) if ¢=0
Rim.(Ope)(d)) = 0 if q#0n

Homos (Sym " 174UE) @o. APTIE, Og) if q=n
These identifications are compatible with base change and isomorphism between

locally free sheaves.
Proof. Consider the canonical map
7 — Opg)(1)
and twist down by 1 to get
T (E)(=1) — Op(g)

This is a surjective map from a locally free rank n+1 sheaf onto the structure sheaf.
Hence the corresponding Koszul complex is exact (insert future reference here). In
other words there is an exact complex

0= 7" (A"TE)(—n—1) = ... 5 T (AE)(—i) = ... > T E(=1) = Opey — 0

We will think of the term 7*(A'€)(—i) as being in degree —i. We are going to
compute the higher direct images of this acyclic complex using the first spectral
sequence of Derived Categories, Lemmal[21.3] Namely, we see that there is a spectral
sequence with terms

EYY=HP(L*) with L™"7 = Rim, (x*(N'E)(—i))
converging to zero! By the projection formula ( Cohomology, Lemma we have
L7409 = NVE Rog Rir, (Op(g)(*l)) .
Note that locally on S the sheaf £ is trivial, i.e., isomorphic to (’)?"‘H, hence locally
on S the morphism P(£) — S can be identified with P% — S. Hence locally on S
we can use the result of Lemmas or It follows that L=%9 = 0 unless
i=qg=0o0ri=mn+1and ¢ =mn. This in turn implies that F5? = 0 unless
(p,q) = (0,0) or (p,q) = (—n — 1,n), and
Eg’o = W*Op(g) = 0g

Ey" 7N = ALE @0, R (Op(e)(—n — 1))
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Hence there can only be one nonzero differential in the spectral sequence namely
the map d, 11 inducing a map

A2V, 1 Og — A"TE @oy R, (Opgy(—n — 1))
which has to be an isomorphism (because the spectral sequence converges to the
0 sheaf). Since A"*T1€ is an invertible sheaf, this implies that R"m.Opg)(—n — 1)

is invertible as well and canonically isomorphic to the inverse of A"*1€. In other
words we have proved the case d = —n — 1 of the lemma.

Working locally on S we see immediately from the computation of cohomology
in Lemmas or the statements on vanishing of the lemma. Moreover
the result on R%m, is clear as well, since there are canonical maps Symd(E) —
7.Op(g)(d) for all d. It remains to show that the description of R"m,.Opg)(d) is
correct for d < —n — 1. In order to do this we consider the map

™ (Sym ™" H(E)) ®ope, Ope)(d) — Opey(—n — 1)
Applying R"m, and the projection formula (see above) we get a map
Sym™ " HE) ®og R (Ope)(d)) — R'"m.Op(g)(—n — 1) = (A"T1E)®~1
(the last equality we have shown above). Again by the local calculations of Lem-

mas B2 or B3 it follows that this map induces a perfect pairing between
R"7,(Op(g)(d)) and Sym™*"""1(£) @ A"1(E) as desired. O

9. Coherent sheaves on locally Noetherian schemes

We have defined the notion of a coherent module on any ringed space in Modules,
Section Although it is possible to consider coherent sheaves on non-Noetherian
schemes we will always assume the base scheme is locally Noetherian when we
consider coherent sheaves. Here is a characterization of coherent sheaves on locally
Noetherian schemes.

Lemmal 9.1. Let X be a locally Noetherian scheme. Let F be an Ox-module. The

following are equivalent

(1) F is coherent,

(2) F is a quasi-coherent, finite type Ox-module,

(3) F is a finitely presented Ox-module,

(4) for any affine open Spec(A) = U C X we have Fly = M with M a finite
A-module, and

(5) there exists an affine open covering X = \JU;, U; = Spec(A;) such that

each Flu, = Z\Z with M; a finite A;-module.

In particular Ox is coherent, any invertible O x -module is coherent, and more gen-

erally any finite locally free Ox -module is coherent.

Proof. The implications (1) = (2) and (1) = (3) hold in general, see Modules,
Lemma If F is finitely presented then F is quasi-coherent, see Modules,
Lemma [11.2] Hence also (3) = (2).

Assume F is a quasi-coherent, finite type Ox-module. By Properties, Lemma [16.1
we see that on any affine open Spec(A) = U C X we have Fly = M with M a
finite A-module. Since A is Noetherian we see that M has a finite resolution

AP™ 5 A 5 M 0.
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Hence F is of finite presentation by Properties, Lemma([16.2] In other words (2) =
(3).

By Modules, Lemma [12.5] it suffices to show that Ox is coherent in order to
show that (3) implies (1). Thus we have to show: given any open U C X and
any finite collection of sections f; € Ox(U), i = 1,...,n the kernel of the map
@1:17__ » Ou — Oy is of finite type. Since being of finite type is a local property
it suffices to check this in a neighbourhood of any x € U. Thus we may assume
U = Spec(A) is affine. In this case fi,...,f, € A are elements of A. Since A is
Noetherian, see Properties, Lemma the kernel K of the map P,_;, ,4— A
is a finite A-module. See for example Algebra, Lemma As the functor is
exact, see Schemes, Lemma we get an exact sequence

yeeey

and by Properties, Lemma again we see that K is of finite type. We conclude
that (1), (2) and (3) are all equivalent.

It follows from Properties, Lemma that (2) implies (4). It is trivial that (4)
implies (5). The discussion in Schemes, Section [24] show that (5) implies that F is
quasi-coherent and it is clear that (5) implies that F is of finite type. Hence (5)
implies (2) and we win. O

Lemma 9.2. Let X be a locally Noetherian scheme. The category of coherent Ox -
modules is abelian. More precisely, the kernel and cokernel of a map of coherent
Ox -modules are coherent. Any extension of coherent sheaves is coherent.

Proof. This is a restatement of Modules, Lemma [12.4] in a particular case. O

The following lemma does not always hold for the category of coherent O x-modules
on a general ringed space X.

Lemmal 9.3. Let X be a locally Noetherian scheme. Let F be a coherent Ox-
module. Any quasi-coherent submodule of F is coherent. Any quasi-coherent quo-
tient module of F is coherent.

Proof. We may assume that X is affine, say X = Spec(A). Properties, Lemma
implies that A is Noetherian. Lemma[0.1] turns this into algebra. The algebraic
counter part of the lemma is that a quotient, or a submodule of a finite A-module
is a finite A-module, see for example Algebra, Lemma [49.1] O

Lemmal 9.4. Let X be a locally Noetherian scheme. Let F, G be coherent Ox-
modules. The Ox-modules F ®oy G and Homo, (F,G) are coherent.

Proof. It is shown in Modules, Lemma that Homo, (F,G) is coherent. The
result for tensor products is Modules, Lemma [15.5 (Il

Lemma 9.5. Let X be a locally Noetherian scheme. Let F, G be coherent Ox-
modules. Let ¢ : G — F be a homomorphism of Ox-modules. Let x € X.

(1) If 7, = 0 then there exists an open neighbourhood U C X of x such that
Flu =0.

(2) If op : G — Fu is injective, then there exists an open neighbourhood U C X
of x such that ¢|y is injective.
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3) If ¢u : Go — F. is surjective, then there exists an open neighbourhood
U C X of x such that ¢|y is surjective.

(4) If o : G — Fy is bijective, then there exists an open neighbourhood U C X
of & such that |y is an isomorphism.

Proof. See Modules, Lemmas and O

Lemma 9.6. Let X be a locally Noetherian scheme. Let F, G be coherent Ox -
modules. Let x € X. Suppose ¢ : G, — F is a map of Ox z-modules. Then there
exists an open neighbourhood U C X of © and a map ¢ : Gly — Fl|u such that
Pr = ¢

Proof. In view of Lemma [9.1] this is a reformulation of Modules, Lemma, O

Lemmal 9.7. Let X be a locally Noetherian scheme. Let F be a coherent Ox-
module. Then Supp(F) is closed, and F comes from a coherent sheaf on the scheme
theoretic support of F, see Morphisms, Definition[5.5

Proof. Let i: Z — X be the scheme theoretic support of F and let G be the finite
type quasi-coherent sheaf on Z such that .G = F. Since Z = Supp(F) we see that
the support is closed. The scheme Z is locally Noetherian by Morphisms, Lemmas
and Finally, G is a coherent Oz-module by Lemma [9.1 O

Lemma 9.8. Leti: Z — X be a closed immersion of locally Noetherian schemes.
Let T C Ox be the quasi-coherent sheaf of ideals cutting out Z. The functor i,
induces an equivalence between the category of coherent Ox-modules annihilated by
T and the category of coherent O z-modules.

Proof. The functor is fully faithful by Morphisms, Lemma[4.1} Let F be a coherent
Ox-module annihilated by Z. By Morphisms, Lemma we can write F = i,G
for some quasi-coherent sheaf G on Z. By Modules, Lemma[13.3] we see that G is of
finite type. Hence G is coherent by Lemma[0.1] Thus the functor is also essentially
surjective as desired. O

Lemma 9.9. Let f : X — Y be a morphism of schemes. Let F be a quasi-coherent
Ox-module. Assume f is finite and Y locally Noetherian. Then RPf.F = 0 for
p >0 and f.F is coherent if F is coherent.

Proof. The higher direct images vanish by Lemma [2.3| and because a finite mor-
phism is affine (by definition). Note that the assumptions imply that also X is
locally Noetherian (see Morphisms, Lemma and hence the statement makes
sense. Let Spec(A) =V C Y be an affine open subset. By Morphisms, Definition
we see that f~1(V) = Spec(B) with A — B finite. Lemma turns the
statement of the lemma into the following algebra fact: If M is a finite B-module,
then M is also finite viewed as a A-module, see Algebra, Lemma O

In the situation of the lemma also the higher direct images are coherent since they
vanish. We will show that this is always the case for a proper morphism between
locally Noetherian schemes (insert future reference here).

10. Coherent sheaves on Noetherian schemes

In this section we mention some properties of coherent sheaves on Noetherian
schemes.
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Lemma 10.1. Let X be a Noetherian scheme. Let F be a coherent Ox-module.
The ascending chain condition holds for quasi-coherent submodules of F. In other
words, given any sequence

FiCFC...CF

of quasi-coherent submodules, then F, = Fp11 = ... for some n > 0.

Proof. Choose a finite affine open covering. On each member of the covering we
get stabilization by Algebra, Lemma [49.1] Hence the lemma follows. O

Lemma 10.2. Let X be a Noetherian scheme. Let F be a coherent sheaf on X.
Let T C Ox be a quasi-coherent sheaf of ideals corresponding to a closed subscheme
Z C X. Then there is some n > 0 such that I"F = 0 if and only if Supp(F) C Z
(set theoretically).

Proof. This follows immediately from Algebra, Lemma because X has a finite
covering by spectra of Noetherian rings. |

Lemma 10.3 (Artin-Rees). Let X be a Noetherian scheme. Let F be a coherent
sheaf on X. Let G C F be a quasi-coherent subsheaf. Let T C Ox be a quasi-
coherent sheaf of ideals. Then there exists a ¢ > 0 such that for all n > c we
have

I (I°FNG)=I"FNG

Proof. This follows immediately from Algebra, Lemma, because X has a finite
covering by spectra of Noetherian rings. ([l

Lemma 10.4. Let X be a Noetherian scheme. Let F be a quasi-coherent Ox -
module. Let G be coherent Ox-module. Let T C Ox be a quasi-coherent sheaf of
ideals. Denote Z C X the corresponding closed subscheme and set U = X \ Z.
There is a canonical isomorphism

colim,, Home, ("G, F) — Home,, (Glv, Flu)-
In particular we have an isomorphism
colim,, Homep, (", F) — T'(U, F).

Proof. We first prove the second map is an isomorphism. It is injective by Proper-
ties, Lemma Since F is the union of its coherent submodules, see Properties,
Lemma [20.3| (and Lemma we may and do assume that F is coherent to prove
surjectivity. Let F,, denote the quasi-coherent subsheaf of F consisting of sections
annihilated by Z™, see Properties, Lemma Since F1 C Fa C ... we see that
Fn = Fpy1 = ... for some n > 0 by Lemma [10.1] Set H = F,, for this n. By
Artin-Rees (Lemma there exists an ¢ > 0 such that Z"F NH C IT™ “H.
Picking m = n + ¢ we get Z"F NH C Z"H = 0. Thus if we set F/ = Z™F then
we see that 7' N JF, = 0 and F'|y = Flu. Note in particular that the subsheaf
(F')n of sections annihilated by Z% is zero for all N > 0. Hence by Properties,
Lemma[23.3| we deduce that the top horizontal arrow in the following commutative
diagram is a bijection:

colim, Home, (Z", F') ——=T'(U, F')

l |

colim, Homep, (Z", F) ——I'(U, F)
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Since also the right vertical arrow is a bijection we conclude that the bottom hori-
zontal arrow is surjective as desired.

Next, we prove the first arrow of the lemma is a bijection. By Lemma the sheaf
G is of finite presentation and hence the sheaf H = Homoe, (G, F) is quasi-coherent,
see Schemes, Section [24] By definition we have

H(U) = Homoy, (Glu, Flv)
Pick a ¢ in the right hand side of the first arrow of the lemma, i.e., ®» € H(U). The
result just proved applies to H and hence there exists ann > 0 and an ¢ : 7" — H
which recovers ¢ on restriction to U. By Modules, Lemma [I9.1] ¢ corresponds to a
map
@:I®"®oxg—>}'.
This is almost what we want except that the source of the arrow is the tensor

product of Z" and G and not the product. We will show that, at the cost of
increasing n, the difference is irrelevant. Consider the short exact sequence

0-K—-1I"®0, G§—>I"G -0

where KC is defined as the kernel. Note that Z"IC = 0 (proof omitted). By Artin-
Rees again we see that
KNI™ZI"®o, G)=0
for some m large enough. In other words we see that
IT™(I" @0y G) — I"t™G
is an isomorphism. Let ¢’ be the restriction of ¢ to this submodule thought of as
a map TG — F. Then ¢’ gives an element of the left hand side of the first

arrow of the lemma which maps to v via the arrow. In other words we have proved
surjectivity of the arrow. We omit the proof of injectivity. O

11. Depth

In this section we talk a little bit about depth and property (Sj) for coherent
modules on locally Noetherian schemes. Note that we have already discussed this
notion for locally Noetherian schemes in Properties, Section

Definition/ 11.1. Let X be a locally Noetherian scheme. Let F be a coherent
Ox-module. Let k£ > 0 be an integer.
(1) We say F has depth k at a point x of X if depthy (Fz) = k.
(2) We say X has depth k at a point x of X if depth(Ox ;) = k.
(3) We say F has property (Si) if
depthe, (Fz) > min(k, dim(Supp(Fz)))

for all x € X.
(4) We say X has property (Si) if Ox has property (S).

Any coherent sheaf satisfies condition (Sp). Condition (S;) is equivalent to having
no embedded associated points, see Divisors, Lemma (4.3

We have seen in Properties, Lemmal[I2.2]that a locally Noetherian scheme is Cohen-
Macaulay if and only if (Si) holds for all k. Thus it makes sense to introduce the
following definition, which is equivalent to the condition that all stalks are Cohen-
Macaulay modules.
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Definition 11.2. Let X be a locally Noetherian scheme. Let F be a coherent
Ox-module. We say F is Cohen-Macaulay if and only if (Sy) holds for all £ > 0.

12. Devissage of coherent sheaves

Let X be a Noetherian scheme. Consider an integral closed subscheme i : Z — X.
It is often convenient to consider coherent sheaves of the form .G where G is a
coherent sheaf on Z. In particular we are interested in these sheaves when G is a
torsion free rank 1 sheaf. For example G could be a nonzero sheaf of ideals on Z,
or even more specifically G = O.

Throughout this section we will use that a coherent sheaf is the same thing as a finite
type quasi-coherent sheaf and that a quasi-coherent subquotient of a coherent sheaf
is coherent, see Section [0 The support of a coherent sheaf is closed, see Modules,
Lemma [9.6

Lemma 12.1. Let X be a Noetherian scheme. Let F be a coherent sheaf on X.
Suppose that Supp(F) = ZU Z" with Z, Z' closed. Then there exists a short exact
sequence of coherent sheaves

0—-G —>F—=G—0
with Supp(G') C Z' and Supp(G) C Z.

Proof. Let 7 C Ox be the sheaf of ideals defining the reduced induced closed
subscheme structure on Z, see Schemes, Lemma Consider the subsheaves
G/, = I"™F and the quotients G, = F/Z"F. For each n we have a short exact
sequence

06, —-F—=G,—0

For every point z of Z’' \ Z we have Z, = Ox , and hence G, , = 0. Thus we see
that Supp(G,) C Z. Note that X \ Z’ is a Noetherian scheme. Hence by Lemma
there exists an n such that G/ [x\z = Z"F|x\z = 0. For such an n we see
that Supp(G!,) C Z’. Thus setting G’ = G/, and G = G,, works. O

Lemma 12.2. Let X be a Noetherian scheme. Let i : Z — X be an integral
closed subscheme. Let & € Z be the generic point. Let F be a coherent sheaf on
X. Assume that F¢ is annihilated by me. Then there exists an integer v > 0 and a
sheaf of ideals T C Oz and an injective map of coherent sheaves

i (197 = F
which is an isomorphism in a neighbourhood of €.

Proof. Let J C Ox be the ideal sheaf of Z. Let ' C F be the subsheaf of local
sections of F which are annihilated by J. It is a quasi-coherent sheaf by Properties,
Lemma [22.2 Moreover, F, = F¢ because J: = m¢ and part (3) of Properties,
Lemma [22.2 By Lemma we see that 7/ — F induces an isomorphism in
a neighbourhood of £&. Hence we may replace F by F' and assume that F is
annihilated by J.

Assume JF = 0. By Lemma we can write F = i,G for some coherent sheaf
G on Z. Suppose we can find a morphism Z%" — G which is an isomorphism in a
neighbourhood of the generic point £ of Z. Then applying i, (which is left exact)
we get the result of the lemma. Hence we have reduced to the case X = Z.
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Suppose Z = X is an integral Noetherian scheme with generic point £. Note that
Ox ¢ = k(§) is the function field of X in this case. Since F¢ is a finite Og-module
we see that r = dim,,¢) F¢ is finite. Hence the sheaves OE'?T and F have isomorphic
stalks at £&. By Lemma there exists a nonempty open U C X and a morphism
Y OF"|y — Fly which is an isomorphism at &, and hence an isomorphism in
a neighbourhood of ¢ by Lemma [0.5] By Schemes, Lemma there exists a
quasi-coherent sheaf of ideals Z C Ox whose associated closed subscheme Z C X
is the complement of U. By Lemma there exists an n > 0 and a morphism
I"(0%") — F which recovers our ¢ over U. Since Z"(O%") = (I™)®" we get a
map as in the lemma. It is injective because X is integral and it is injective at the
generic point of X (easy proof omitted). O

Lemmal 12.3. Let X be a Noetherian scheme. Let F be a coherent sheaf on X.
There exists a filtration

O0=FpCFH C...CFn=F

by coherent subsheaves such that for each j = 1,...,m there exists an integral closed
subscheme Z; C X and a sheaf of ideals T; C Oz, such that

.Fj/]:j_l = (Zj — X)*Ij

Proof. Consider the collection

T_ Z C X closed such that there exists a coherent sheaf F
o with Supp(F) = Z for which the lemma is wrong

We are trying to show that T is empty. If not, then because X is Noetherian we
can choose a minimal element Z € 7. This means that there exists a coherent
sheaf 7 on X whose support is Z and for which the lemma does not hold. Clearly
Z # () since the only sheaf whose support is empty is the zero sheaf for which the
lemma does hold (with m = 0).

If Z is not irreducible, then we can write Z = Z1UZ5 with Z;1, Z5 closed and strictly
smaller than Z. Then we can apply Lemma to get a short exact sequence of
coherent sheaves

026G =>F =G =0
with Supp(G;) C Z;. By minimality of Z each of G; has a filtration as in the
statement of the lemma. By considering the induced filtration on F we arrive at a
contradiction. Hence we conclude that Z is irreducible.

Suppose Z is irreducible. Let J be the sheaf of ideals cutting out the reduced
induced closed subscheme structure of Z, see Schemes, Lemma By Lemma
10.2| we see there exists an n > 0 such that J™F = 0. Hence we obtain a filtration

O=J"FcIJ" " '‘Fc...cJFCF

each of whose successive subquotients is annihilated by 7. Hence if each of these
subquotients has a filtration as in the statement of the lemma then also F does. In
other words we may assume that 7 does annihilate F.

In the case where Z is irreducible and JF = 0 we can apply Lemma [12.2] This
gives a short exact sequence

0—i.(I9) > F—>Q—0
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where Q is defined as the quotient. Since Q is zero in a neighbourhood of ¢ by the
lemma just cited we see that the support of Q is strictly smaller than Z. Hence we
see that Q has a filtration of the desired type by minimality of Z. But then clearly
F does too, which is our final contradiction. [l

Lemmal 12.4. Let X be a Noetherian scheme. Let P be a property of coherent
sheaves on X. Assume

(1) For any short exact sequence of coherent sheaves
0=>F =F—=>F—0

if Fi, i = 1,2 have property P then so does F.
(2) For every integral closed subscheme Z C X and every quasi-coherent sheaf
of ideals T C Oz we have P for i,T.

Then property P holds for every coherent sheaf on X.
Proof. First note that if F is a coherent sheaf with a filtration
0=FyCFH C...CFn=F

by coherent subsheaves such that each of F;/F;_1 has property P, then so does F.
This follows from the property (1) for P. On the other hand, by Lemma we can
filter any F with successive subquotients as in (2). Hence the lemma follows. O

Lemma 12.5. Let X be a Noetherian scheme. Let Zg C X be an irreducible closed
subset with generic point £&. Let P be a property of coherent sheaves on X such that

(1) For any short exact sequence of coherent sheaves if two out of three of them
have property P then so does the third.
(2) For every integral closed subscheme Z C Zy C X, Z # Zy and every quasi-
coherent sheaf of ideals T C Oy we have P for (Z — X).Z.
(3) There exists some coherent sheaf G on X such that
(a) Supp(G) = Zo,
(b) Ge is annihilated by me,
(c) dimy ey Ge =1, and
(d) property P holds for G.
Then property P holds for every coherent sheaf F on X whose support is contained
m Z().

Proof. First note that if F is a coherent sheaf with a filtration
O0=FgCFHC...CFpn=F

by coherent subsheaves such that each of F;/F;_1 has property P, then so does F.
Or, if F has property P and all but one of the F;/F;_; has property P then so
does the last one. This follows from assumption (1).

As a first application we conclude that any coherent sheaf whose support is strictly
contained in Zjy has property P. Namely, such a sheaf has a filtration (see Lemma
12.3]) whose subquotients have property P according to (2).

Let G be as in (3). By Lemma there exist a sheaf of ideals Z on Zj, an integer
r > 1, and a short exact sequence

0= ((Zo = X)D)® -G —>Q—0
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where the support of Q is strictly contained in Zy. By (3)(c) we see that r = 1.
Since Q has property P too we conclude that (Zy — X).Z has property P.

Next, suppose that Z' # 0 is another quasi-coherent sheaf of ideals on Zy. Then we
can consider the intersection Z"7 = 7' N Z and we get two short exact sequences

0= (Zo— X)I" = (Zo > X).T—-Q—0

and
0= (Zo — X)Z" = (Zo — X)I' - Q — 0.
Note that the support of the coherent sheaves Q and Q' are strictly contained in

Zy. Hence Q and Q' have property P (see above). Hence we conclude using (1)
that (Zg — X),.Z" and (Zg — X).Z' both have P as well.

The final step of the proof is to note that any coherent sheaf F on X whose support
is contained in Zj has a filtration (see Lemma again) whose subquotients all
have property P by what we just said. (I

Lemma 12.6. Let X be a Noetherian scheme. Let P be a property of coherent
sheaves on X such that

(1) For any short exact sequence of coherent sheaves if two out of three of them
have property P then so does the third.

(2) For every integral closed subscheme Z C X with generic point & there exists
some coherent sheaf G such that
(a) Supp(G) = Z,
(b) Ge is annihilated by me,
(c) dimy ey Ge =1, and
(d) property P holds for G.

Then property P holds for every coherent sheaf on X .

Proof. According to Lemma [12.4] it suffices to show that given any integral closed
subscheme Z C X and every quasi-coherent sheaf of ideals Z C Oz we have P for
(Z — X).Z. If this fails, then since X is Noetherian there is a minimal integral
closed subscheme Zy C X such that P fails for (Zy — X).Z for some quasi-coherent
sheaf of ideals Z C Og,. In other words, the result does hold for any integral closed
subscheme of Z. According to Lemma this cannot happen. O

Lemma 12.7. Let X be a Noetherian scheme. Let Zy C X be an irreducible closed
subset with generic point £&. Let P be a property of coherent sheaves on X such that

(1) For any short exact sequence of coherent sheaves
0—=F =F—=F,—0

if F;, i = 1,2 have property P then so does F.
(2) If P holds for a direct sum of coherent sheaves then it holds for both.
(3) For every integral closed subscheme Z C Zy C X, Z # Zy and every quasi-
coherent sheaf of ideals T C Oz we have P for (Z — X).Z.
(4) There exists some coherent sheaf G such that
(a) Supp(G) = Zo,
(b) Ge is annihilated by me, and
(c) for every quasi-coherent sheaf of ideals J C Ox such that Je = Ox ¢
there exists a quasi-coherent subsheaf G' C JG with gg = G¢ and such
that P holds for G'.
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Then property P holds for every coherent sheaf F on X whose support is contained
m Zo.

Proof. Note that if F is a coherent sheaf with a filtration
0=FCHhC...CFn=7F

by coherent subsheaves such that each of F;/F;_1 has property P, then so does F.
This follows from assumption (1).

As a first application we conclude that any coherent sheaf whose support is strictly
contained in Zy has property P. Namely, such a sheaf has a filtration (see Lemma
112.3]) whose subquotients have property P according to (3).

Let us denote i : Zyg — X the closed immersion. Consider a coherent sheaf G as
in (4). By Lemma there exists a sheaf of ideals 7 on Z; and a short exact
sequence
0—iI% -G—-Q9—0

where the support of Q is strictly contained in Zy. In particular » > 0 and Z
is nonzero because the support of G is equal to Zy. Let 7' C Z be any nonzero
quasi-coherent sheaf of ideals on Zj contained in Z. Then we also get a short exact
sequence

0=, ()" -G —Q =0
where Q' has support properly contained in Zy. Let J C Ox be a quasi-coherent
sheaf of ideals cutting out the support of Q' (for example the ideal corresponding
to the reduced induced closed subscheme structure on the support of Q'). Then
J: = Ox¢. By Lemma we see that J"Q' = 0 for some n. Hence J"G C
i.(Z')®". By assumption (4)(c) of the lemma we see there exists a quasi-coherent
subsheaf G’ C J"§G with G; = G for which property P holds. Hence we get a short
exact sequence

0—=G =i () - Q" =0
where Q" has support properly contained in Zy. Thus by our initial remarks and
property (1) of the lemma we conclude that i,(Z')®" satisfies P. Hence we see
that ¢,Z" satisfies P by (2). Finally, for an arbitrary quasi-coherent sheaf of ideals
T" C Og, we can set T/ = 7" N T and we get a short exact sequence

0— i (Z) = i.(Z") = Q" =0
where Q" has support properly contained in Zy. Hence we conclude that property
‘P holds for i, Z" as well.

The final step of the proof is to note that any coherent sheaf F on X whose support
is contained in Zj has a filtration (see Lemma again) whose subquotients all
have property P by what we just said. [

Lemmal 12.8. Let X be a Noetherian scheme. Let P be a property of coherent
sheaves on X such that

(1) For any short exact sequence of coherent sheaves
0—=F =F—=F—0

if F;, i = 1,2 have property P then so does F.

(2) If P holds for a direct sum of coherent sheaves then it holds for both.

(3) For every integral closed subscheme Z C X with generic point & there exists
some coherent sheaf G such that
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(a) Supp(G) = Z,

(b) Ge is annihilated by me, and

(c) for every quasi-coherent sheaf of ideals J C Ox such that Je = Ox ¢
there exists a quasi-coherent subsheaf G' C JG with gg = G¢ and such
that P holds for G'.

Then property P holds for every coherent sheaf on X.

Proof. Follows from Lemma in exactly the same way that Lemma [I2.6] follows
from Lemma [12.5] O

13. Finite morphisms and affines

In this section we use the results of the preceding sections to show that the image
of a Noetherian affine scheme under a finite morphism is affine. We will see later
that this result holds more generally (see Limits, Lemma [10.1]).

Lemma 13.1. Let f : Y — X be a morphism of schemes. Assume f is finite,
surjective and X locally Noetherian. Let Z C X be an integral closed subscheme
with generic point £&. Then there exists a coherent sheaf F on'Y such that the
support of foF is equal to Z and (f.F)¢ is annihilated by me.

Proof. Note that Y is locally Noetherian by Morphisms, Lemma [16.6] Because f
is surjective the fibre Y is not empty. Pick ¢’ € ¥ mapping to . Let Z’ = {¢'}.
We may think of Z' C Y as a reduced closed subscheme, see Schemes, Lemma [12.4}
Hence the sheaf F = (Z' — Y).Oy is a coherent sheaf on Y (see Lemma [9.9).
Look at the commutative diagram

Zlﬁ'y

f’i if
Z—t.x

We see that f.F = i.f.Oz. Hence the stalk of f,F at £ is the stalk of f.Oz at
£. Note that since Z’ is integral with generic point & we have that £’ is the only
point of Z’ lying over &, see Algebra, Lemmas and Hence the stalk of
1Oz at & equal Oz ¢ = k(). In particular the stalk of f,F at £ is not zero.
This combined with the fact that f.F is of the form i, f.(something) implies the
lemma. [l

Lemmal13.2. Let f : Y — X be a morphism of schemes. Let F be a quasi-coherent
sheaf on Y. Let T be a quasi-coherent sheaf of ideals on X. If the morphism f is
affine then Zf.F = f.(f~'IF).

Proof. The notation means the following. Since f~! is an exact functor we see
that f~'Z is a sheaf of ideals of f~'Ox. Via the map f# : f~'Ox — Oy this
acts on F. Then f~'ZF is the subsheaf generated by sums of local sections of the
form as where a is a local section of f~!Z and s is a local section of F. It is a
quasi-coherent Oy -submodule of F because it is also the image of a natural map
" IT®o, F— F.

Having said this the proof is straightforward. Namely, the question is local and
hence we may assume X is affine. Since f is affine we see that Y is affine too. Thus
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we may write Y = Spec(B), X = Spec(4), F = M, and T = I. The assertion of
the lemma in this case boils down to the statement that

I(Ma) = ((IB)M)a
where M 4 indicates the A-module associated to the B-module M. [l

Lemma 13.3. Let f: Y — X be a morphism of schemes. Assume
(1) f finite,
(2) f surjective,
(3) Y affine, and
(4) X Noetherian.
Then X 1is affine.

Proof. We will prove that under the assumptions of the lemma for any coher-
ent Ox-module F we have H'(X,F) = 0. This will in particular imply that
HY(X,T) = 0 for every quasi-coherent sheaf of ideals of Ox. Then it follows that
X is affine from either Lemma [3.1] or Lemma [3.21

Let P be the property of coherent sheaves F on X defined by the rule
P(F) e HY(X,F)=0.

We are going to apply Lemma [12.8] Thus we have to verify (1), (2) and (3) of
that lemma for P. Property (1) follows from the long exact cohomology sequence
associated to a short exact sequence of sheaves. Property (2) follows since H' (X, —)
is an additive functor. To see (3) let Z C X be an integral closed subscheme with
generic point €. Let F be a coherent sheaf on Y such that the support of f.F is
equal to Z and (f.F)¢ is annihilated by mg, see Lemma We claim that taking
G = f.F works. We only have to verify part (3)(c) of Lemma[12.8] Hence assume
that J C Ox is a quasi-coherent sheaf of ideals such that J: = Ox¢. A finite
morphism is affine hence by Lemm we see that JG = f.(f~1JF). Also, as
pointed out in the proof of Lemma the sheaf f~'JF is a quasi-coherent Oy-
module. Since Y is affine we see that H*(Y, f~1JF) = 0, see Lemma[2.2] Since f
is finite, hence affine, we see that

HYX,JG)=H'X, f.(f "TF) =H' (Y, f'TF)=0

by Lemma Hence the quasi-coherent subsheaf G’ = 7§ satisfies P. This verifies
property (3)(c) of Lemma as desired. O

14. Ample invertible sheaves and cohomology

Given a ringed space X, an invertible O x-module £, a section s € T'(X, £) and an
Ox-module F we get a map F — F Qo L, t — t ® s which we call multiplication
by s. We usually denote it t > st.

Lemma 14.1. Let X be a scheme. Let L be an invertible Ox-module. Let s €
(X, L) be a section. Let F' C F be quasi-coherent Ox-modules. Assume that

(1) X is quasi-compact,

(2) F is of finite type, and

(3) Flx. = Flx..
Then there exists an n > 0 such that multiplication by s™ on F factors through F'.
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Proof. In other words we claim that s"F C F' ®0, L®" for some n > 0. If this
is true for ng then it is true for all n > ng. Hence it suffices to show there is a
finite open covering such that the result holds for each of the members of this open
covering. Since X is quasi-compact we may therefore assume that X is affine and
that £ = Ox. Thus the lemma translates into the following algebra problem (use
Properties, Lemma [16.1)): Let A be aring. Let f € A. Let M’ C M be A-modules.
Assume M is a finite A-module, and assume that (M'); = My. Then there exists
an n > 0 such that f*M C M’. The proof of this is omitted. O

Let X be a scheme. Let £ be an invertible Ox-module. Let s € I'(X, L) be
a section. Assume X quasi-compact and quasi-separated. The following lemma
says roughly that the category of finitely presented Ox,-modules is the category of
finitely presented O x-modules where the map multiplication by s has been inverted.

Lemmal 14.2. Let X be a scheme. Let L be an invertible Ox-module. Let s €
D(X,L) be a section. Let F, F' be quasi-coherent Ox-modules. Let v : F|x, —
F'|x. be a map of Ox, -modules. Assume that

(1) X is quasi-compact and quasi-separated, and
(2) F is of finitely presented.

Then there exists ann > 0 and a morphism « : F — F' Qo LO™ whose restriction
to X equals v via the identification LZ"|x, = Ox, coming from s. Moreover,
given a pair of solutions (n,«) and (n',a’) there exists an m > max(n,n’) such
that s™ "o = s o

Proof. If the lemma holds for ng with map g then it holds for all n > ng simply
by taking o = s" ™ ¢y. Choose a finite affine open covering X = |JU; such that
L|y, is trivial. Choose finite affine open coverings U; N Uy = |JU;yr;. Suppose we
can prove the lemma when X is affine and £ is trivial. Then we can find n; > 0
a; : Flu, = F'lu, ®oy, L8|y satisfying the relation over U;. By the uniqueness
assertion of the lemma, and the finiteness of the number of affines U;;»; we can find
a single large integer m such that the maps s ™ «; and s™ " a; agree over Uy
and hence over U; NU;,. Thus the morphisms s™ ™" q; glue to give our global map
a. Proof of the uniqueness statement is omitted.

Assume X affine and that £ = Ox. Then the lemma translates into the following
algebra problem (use Properties, Lemma : Let A be a ring. Let f € A. Let
¥ My — (M')y be a map of Ay-modules. Assume M is a finitely presented
A-module. Then there exists an n > 0 and an A-module map « : M — M’ such
that « ® 14, = f". Moreover, given any second solution (n/,a’) there exists an
m > max(n,n’) such that f™ "« = f™="a'. The proof of this algebraic fact is
omitted. (I

Cohomology is functorial. In particular, given a ringed space X, an invertible
Ox-module £, a section s € I'(X, L) we get maps
Hp(va)—)Hp(Xv-F@(’)x ‘C)a fr—>s§

induced by the map F — F ®@, £ which is multiplication by s. We set I'.(X, L) =
@D, (X, L5") as a graded ring, see Modules, Definition Given a sheaf of
Ox-modules F and an integer p > 0 we set

HY(X,L,F) =D (X, F @0, L)
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This is a graded T',(X, £)-module by the multiplication defined above. Warning:
the notation HY (X, £, F) is nonstandard.

Lemma 14.3. Let X be a scheme. Let L be an invertible sheaf on X. Let s €
D(X,L). Let F be a quasi-coherent Ox-module. If X is quasi-compact and quasi-
separated, the canonical map

Hf(X,E,.F)(S) — HP(X,, F)
which maps £/s™ to s~ is an isomorphism.

Proof. Note that for p = 0 this is Properties, Lemma We will prove the
statement using the induction principle (Lemma where for U C X quasi-
compact open we let P(U) be the property: for all p > 0 the map

Hf(U7£7‘F)(6) i Hp(USaf)
is an isomorphism.
If U is affine, then both sides of the arrow displayed above are zero for p > 0 by
Lemma [2:2] and Properties, Lemma and the statement is true. If P is true

for U, V, and U NV, then we can use the Mayer-Vietoris sequences (Cohomology,
Lemma [9.2)) to obtain a map of long exact sequences

| | |

HP Y (U,NV,, F) ——— HP(U; UV, F) H?(U,, F) ® H?(Vs, F)

(only a snippet shown). Observe that U;sNV; = (UNV), and that U;UV, = (UUV ).
Thus the left and right vertical maps are isomorphisms (as well as one more to the
right and one more to the left which are not shown in the diagram). We conclude
that P(U U V) holds by the 5-lemma (Homology, Lemma [5.20). This finishes the
proof. O

Lemma 14.4. Let X be a scheme. Let L be an invertible Ox-module. Let s €
I'(X, L) be a section. Assume that

(1) X is quasi-compact and quasi-separated, and

(2) X is affine.
Then for every quasi-coherent Ox-module F and every p > 0 and all £ € HP(X, F)
there exists an n > 0 such that s"¢ =0 in HP (X, F @0, LZ™).

Proof. Recall that HP (X, G) is zero for every quasi-coherent module G by Lemma
Hence the lemma follows from Lemma [14.3] O

For a more general version of the following lemma see Limits, Lemma [10.4

Lemma 14.5. Leti: Z — X be a closed immersion of Noetherian schemes induc-
ing a homeomorphism of underlying topological spaces. Let L be an invertible sheaf
on X. If i*L is ample on Z, then L is ample on X.

Proof. Let Z C Ox be the coherent sheaf of ideals cutting out the closed subscheme
Z. Since i(Z) = X set theoretically we see that Z" = 0 for some n by Lemma [10.2]
Consider the sequence

X=Z,0Z,1DZp_9D...001=2
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of closed subschemes cut out by 0 = Z® C Z*~! C ... C Z. Then each of the closed
immersions Z; — Z;_1 is defined by a coherent sheaf of ideals of square zero. In
this way we reduce to the case that Z2 = 0.

Consider the short exact sequence
0—-7Z—0x —1,07—0
of quasi-coherent O x-modules. Tensoring with £&" we obtain short exact sequences
0= TR0y LY = L = i, i* L =0

As 7? = 0, we can use Morphisms, Lemma to think of Z as a quasi-coherent
Oz-module and then Z ®op, L®" = T ®p, *L®" with obvious abuse of nota-
tion. Moreover, the cohomology of this sheaf over Z is canonically the same as the
cohomology of this sheaf over X (as 4 is a homeomorphism).

Let x € X be a point and denote z € Z the corresponding point. Because i*L is

ample there exists an n and a section s € I'(Z,i*£®") with z € Z, and with Z,

affine. The obstruction to lifting s to a section of £L®" over X is an element £ of
HY (X, T ®0, L®") = HY(Z,T ®0, i*LZ")

If we replace s by s°T! then ¢ is replaced by s¢¢ in H'(Z,T ®p, i*L2(TDn),
Computation omitted. By Lemma [14.4] we see that s°¢ is zero for e large enough.
Hence, after replacing s by a power, we can assume s is the image of a section
s e (X, £®"). Then X is an open subscheme and Z; — X is a surjective closed
immersion of Noetherian schemes with Z, affine. Hence X is affine by Lemma[13.3
and we conclude that £ is ample. O

15. Coherent sheaves and projective morphisms

It seems illuminating to formulate an all-in-one result for projective space over a
Noetherian ring.

Lemma 15.1. Let R be a Noetherian ring. Let n > 0 be an integer. For every
coherent sheaf F on P, we have the following:

(1) There exists an r >0 and dy,...,d, € Z and a surjection
D,  Orpd) —F

We have Hi(P%,}") =0 unless 0 < i <n.

For any @ the cohomology group Hi(P}%,]:) is a finite R-module.
Ifi > 0, then H (P, F(d)) =0 for all d large enough.

For any k € Z the graded R[Ty,...,T,]-module

D,., 1 Pk F(d)
is a finite R[Ty, ..., T,]-module.

=W N
==

e L
ot

Proof. We will use that Opr (1) is an ample invertible sheaf on the scheme P.
This follows directly from the definition since P’; covered by the standard affine
opens D (T;). Hence by Properties, Proposition every finite type quasi-
coherent Opy-module is a quotient of a finite direct sum of tensor powers of Opr (1).
On the other hand a coherent sheaves and finite type quasi-coherent sheaves are
the same thing on projective space over R by Lemma Thus we see (1).
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Projective n-space P% is covered by n + 1 affines, namely the standard opens
D, (T;), i =0,...,n, see Constructions, Lemma Hence we see that for any
quasi-coherent sheaf F on P we have H'(P%,F) = 0 for ¢ > n+ 1, see Lemma

Hence (2) holds.

Let us prove (3) and (4) simultaneously for all coherent sheaves on P% by descending
induction on 4. Clearly the result holds for ¢ > n + 1 by (2). Suppose we know
the result for i + 1 and we want to show the result for i. (If ¢ = 0, then part (4)
is vacuous.) Let F be a coherent sheaf on P7. Choose a surjection as in (1) and
denote G the kernel so that we have a short exact sequence

Oﬁg%@jzl Opy(dj) = F =0

,,,,

By Lemma we see that G is coherent. The long exact cohomology sequence
gives an exact sequence

H'Pp€D | Opy(d)) = H' (PR, F) = H (PR, G).

By induction assumption the right R-module is finite and by Lemma the left
R-module is finite. Since R is Noetherian it follows immediately that H(P%, F) is
a finite -module. This proves the induction step for assertion (3). Since Opr, (d)
is invertible we see that twisting on P’ is an exact functor (since you get it by
tensoring with an invertible sheaf, see Constructions, Definition . This means
that for all d € Z the sequence

is short exact. The resulting cohomology sequence is

HPRE | Opy(d; +d)) > H (P Fd) — HF (P, G(d)).

.....

By induction assumption we see the module on the right is zero for d > 0 and by the
computation in Lemmathe module on the left is zero as soon as d > —min{d;}
and ¢ > 1. Hence the induction step for assertion (4). This concludes the proof of

(3) and (4).

In order to prove (5) note that for all sufficiently large d the map

H (P} D

Jj=1,...,

TOPg(dj +d)) — HO( R, F(d))

is surjective by the vanishing of H'(P7%,G(d)) we just proved. In other words, the
module

My =@, , H'(Ph F(d)
is for k large enough a quotient of the corresponding module
_ oOpn .
Ny = @Qk HO(PY, @FIM Opy (d; + d))

When £ is sufficiently small (e.g. k < —d; for all j) then

Ne=€ _, Bl T](d)
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by our computations in Section [8] In particular it is finitely generated. Suppose
k € Z is arbitrary. Choose k_ < k < k. Consider the diagram

Nk_ <7Nk+

|

My <—— M,

where the vertical arrow is the surjective map above and the horizontal arrows are
the obvious inclusion maps. By what was said above we see that Nj_ is a finitely
generated R[Ty,...,T,]-module. Hence Nj_ is a finitely generated R[Ty,...,T,]-
module because it is a submodule of a finitely generated module and the ring
R[Ty,...,T,] is Noetherian. Since the vertical arrow is surjective we conclude that
My, is a finitely generated R[Ty,...,T,]-module. The quotient My /My, is finite
as an R-module since it is a finite direct sum of the finite R-modules H°(P%, F(d))
for K < d < ki. Note that we use part (3) for i = 0 here. Hence My /M, is
a fortiori a finite R[Ty,...,T,]-module. In other words, we have sandwiched M},
between two finite R[Tp, ..., T,]-modules and we win. O

Lemma 15.2. Let A be a graded ring such that Ag is Noetherian and A is generated
by finitely many elements of Ay over Ag. Set X = Proj(A). Then X is a Noetherian
scheme. Let F be a coherent Ox-module.

(1) There exists anr >0 and dy,...,d, € Z and a surjection
@jzl Ox(dj) — F.

(2) For any i the cohomology group H'(X,F) is a finite Ag-module.
(3) Ifi >0, then H(X,F(d)) =0 for all d large enough.
(4) For any k € Z the graded A-module

0
D,., 1 X, F(d)
s a finite A-module.

Proof. By assumption there exists a surjection of graded Ap-algebras

AolTo, ..., Ty] — A
where deg(T;) =1 for j = 0,...,n. By Constructions, Lemma this defines a
closed immersion r : X — P such that r*Opsy (1) = Ox(1). In particular, X is
Noetherian as a closed subscheme of the Noetherian scheme P7 . We claim that
the results of the lemma for F follow from the corresponding results of Lemma|15.1

for the coherent sheaf r.F (Lemma(9.8) on P’} . For example, by this lemma there
exists a surjection

@jzl . OPZO (dJ) — . F.

Pulling back and using that r*r.F = F (see lemma cited above) we obtain a
corresponding surjection over X. The statements on cohomology follow from the
fact that H'(X, F(d)) = H* (P ,7.F(d)) for example by Lemma Some details
omitted.

Lemmal 15.3. Let A be a graded ring. Let M be a graded A-module. Assume
(1) Ag is Noetherian,
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(2) A is generated by finitely many elements of Ay over Ag, and
(3) M is a finitely generated A-module.

Set X = Proj(A) and let M be the quasi-coherent Ox-module on X associated to
M. The maps

M, —s I'(X, M(n))

from Constructions, Lemma|10.5 are isomorphisms for all sufficiently large n.

Proof. Because M is a finite A-module we see that M is a finite type Ox-module,
i.e., a coherent Ox-module. Set N = @, .,I'(X, M(n)). We have to show that
the map M — N of graded A-modules is an isomorphism in all sufficiently large
degrees. By Properties, Lemmawe have a canonical isomorphism N — M such
that M, — N, = I'(X, M(n)) is the canonical map. Let K = Ker(M — N) and
Q = Coker(M — N). Recall that the functor M — M is exact, see Constructions,
Lemma, Hence we see that K = 0 and @ = 0. On the other hand, A is a
Noetherian ring and M and N are finitely generated A-modules (for N this follows
from the last part of Lemma . Hence K and @) are finite A-modules. Thus it
suffices to show that a finite A-module K with K = 0 has only finitely many nonzero
homogeneous parts K4. To do this, let z1,...,2, € K be homogeneous generators
say sitting in degrees dy,...,d,. Let f1,..., fn € A; be elements generating A over
Ag. For each i and j there exists an n;; > 0 such that f;"’z; = 0 in K yn,: if
not then Ky,) would not be zero, i.e., K would not be zero. Then we see that Ky
is zero for d > max;(d; + Y, ni;) as every element of K  is a sum of terms where
each term is a monomials in the f; times one of the z; of total degree d. O

Lemmal15.4. Let f : X — S be a morphism of schemes. Let F be a quasi-coherent
Ox -module. Let L be an invertible sheaf on X. Assume that
(1) S is Noetherian,

(2) f is proper,
(3) F is coherent, and
(4) L is relatively ample on X/S.

Then there exists an ng such that for all n > ng we have
RPf. (F @ox LE") =0
for all p > 0.

Proof. A proper morphism is of finite type by definition. By Morphisms, Lemma
there exists an open covering S = |JV; and immersions i; : X; — Pr‘l,j, where
X; = f~Y(V;) such that iO(1) is a power of L. Since S is quasi-compact we may
assume the covering is finite. Clearly, if we solve the question for each of the finitely
many systems (X; — Vj, L|x,, F|v,) then the result follows. Hence we may assume
there exists an immersion i : X — P% such that £2¢ = i*O(1) for some d > 1.

Repeating the argument above with a finite affine open covering of S we see that

we may also assume that S is affine. In this case the vanishing of RPf.(F @ L®")
is equivalent to the vanishing of H? (X, F ® L®"), see Lemma

Since f is proper we see that i is a closed immersion (Morphisms, Lemma [42.7)).
Hence we see that RPi.(F®p, L&) =0 for all p > 1 (see Lemmafor example).
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This implies that
HP(X,F @ L") = HP (P, i.(F @ LE™))

by the Leray spectral sequence (Cohomology, Lemma [14.4)). Moreover, by the
projection formula (Cohomology, Lemma we have

i(F ®oy L") = in(F ©ox L2M1) ©0, O(|n/d])

for all n € Z where (n)q € {0,1,...,d — 1} is the unique element congruent to
n module d. The sheaves F; = i.(F @ L®7), j € {0,1,...,d — 1} are coherent
by Lemma [0.9] Thus we see that for all n large enough the cohomology groups
H?(P%, Fj(n)) vanish by Lemma Putting everything together this implies
the lemma. (]

16. Chow’s Lemma

In this section we prove Chow’s lemma in the Noetherian case (Lemma [16.1)). In
Limits, Section [11] we prove some variants for the non-Noetherian case.

Lemmal 16.1. Let S be a Noetherian scheme. Let f : X — S be a separated
morphism of finite type. Then there exists an n > 0 and a diagram

X<~—X —P}
S
where X' — PP is an immersion, and © : X' — X is proper and surjective.

Moreover, we may arrange it such that there exists a dense open subscheme U C X
such that 7=Y(U) — U is an isomorphism.

Proof. All of the schemes we will encounter during the rest of the proof are go-
ing to be of finite type over the Noetherian scheme S and hence Noetherian (see
Morphisms, Lemma . All morphisms between them will automatically be
quasi-compact, locally of finite type and quasi-separated, see Morphisms, Lemma

and Properties, Lemmas and

The underlying topological space of X is Noetherian (see Properties, Lemma
and we conclude that X has only finitely many irreducible components (see Topol-
ogy, Lemma. Say X = XjU...UX, is the decomposition of X into irreducible
components. Let n; € X; be the generic point. For every point € X there exists
an affine open U, C X which contains = and each of the generic points 7;. See
Properties, Lemma[27.4] Since X is quasi-compact, we can find a finite affine open
covering X = Uy U...UU,, such that each U; contains ny,...,n,. In particular we
conclude that the open U =U; N...NU,, C X is a dense open. This and the fact
that the U; are affine opens covering X is all that we will use below.

Let X* C X be the scheme theoretic closure of U — X, see Morphisms, Definition
Let U = X*NU;. Note that U} is a closed subscheme of U;. Hence U} is affine.
Since U is dense in X the morphism X* — X is a surjective closed immersion. It is
an isomorphism over U. Hence we may replace X by X* and U; by U} and assume
that U is scheme theoretically dense in X, see Morphisms, Definition [7.1

By Morphisms, Lemma we can find an immersion j; : U; — P for each
1. By Morphisms, Lemma we can find closed subschemes Z; C P’ such that
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ji : U; — Z; is a scheme theoretically dense open immersion. Note that Z; — S is
proper, see Morphisms, Lemma Consider the morphism

i=0lv,. s inlv) 1 U — PG X5...xs Pg".

By the lemma cited above we can find a closed subscheme Z of Pgl Xg...Xg Pg"
such that j : U — Z is an open immersion and such that U is scheme theoretically
dense in Z. The morphism Z — S is proper. Consider the ith projection

prlz : Z — P
This morphism factors through Z; (see Morphisms, Lemma . Denote p; : Z —
Z; the induced morphism. This is a proper morphism, see Morphisms, Lemma |42.7|
for example. At this point we have that U C U; C Z; are scheme theoretically dense

open immersions. Moreover, we can think of Z as the scheme theoretic image of
the “diagonal” morphism U — Z; Xg ... Xg Z,,.

Set V; = pi_l(UZ-). Note that p;|y, : V; = U; is proper. Set X' = V3 U...UV,. By
construction X’ has an immersion into the scheme P! x5... xgP". Thus by the
Segre embedding (see Morphisms, Lemma we see that X’ has an immersion
into a projective space over S.

We claim that the morphisms p;|y, : Vi — U; glue to a morphism X' — X.
Namely, it is clear that p;|y is the identity map from U to U. Since U C X' is
scheme theoretically dense by construction, it is also scheme theoretically dense in
the open subscheme V;NV;. Thus we see that p;|v,nv, = p;|v,nv, as morphisms into
the separated S-scheme X, see Morphisms, Lemma, We denote the resulting
morphism 7 : X' — X.

We claim that 7=%(U;) = V;. Since 7
Consider the diagram

v, = pilv; it follows that V; ¢ =~ 1(U;).

Vi —— 71 (Uy)

Ui
Since V; — U; is proper we see that the image of the horizontal arrow is closed, see
Morphisms, Lemma Since V; € m~1(U;) is scheme theoretically dense (as it
contains U) we conclude that V; = 7~ 1(U;) as claimed.

This shows that 7=1(U;) — U, is identified with the proper morphism p;|y, : V; —
U;. Hence we see that X has a finite affine covering X = |JU; such that the
restriction of 7 is proper on each member of the covering. Thus by Morphisms,
Lemma [42.3 we see that 7 is proper.

Finally we have to show that 7= 1(U) = U. To see this we argue in the same way
as above using the diagram

U——=7Y0U)
U
and using that idy : U — U is proper and that U is scheme theoretically dense in
7~ Y(U). O

Remark| 16.2. In the situation of Chow’s Lemma [16.1}
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(1) The morphism 7 is actually H-projective (hence projective, see Morphisms,
Lemma since the morphism X’ — P% xg¢ X = P% is a closed immer-
sion (use the fact that = is proper, see Morphisms, Lemma .

(2) We may assume that 7= *(U) is scheme theoretically dense in X’. Namely,
we can simply replace X’ by the scheme theoretic closure of 7=1(U). In
this case we can think of U as a scheme theoretically dense open subscheme
of X’. See Morphisms, Section [6]

(3) If X is reduced then we may choose X’ reduced. This is clear from (2).

17. Higher direct images of coherent sheaves

In this section we prove the fundamental fact that the higher direct images of a
coherent sheaf under a proper morphism are coherent.

Lemma 17.1. Let S be a locally Noetherian scheme. Let f : X — S be a locally
projective morphism. Let F be a coherent Ox-module. Then R'f,F is a coherent
Og-module for all i > 0.

Proof. We first remark that a locally projective morphism is proper (Morphisms,
Lemma and hence of finite type. In particular X is locally Noetherian (Mor-
phisms, Lemma and hence the statement makes sense. Moreover, by Lemma
the sheaves RP f,F are quasi-coherent.

Having said this the statement is local on S (for example by Cohomology, Lemma
. Hence we may assume S = Spec(R) is the spectrum of a Noetherian ring, and
X is a closed subscheme of P% for some n, see Morphisms, Lemma In this
case, the sheaves RP f, F are the quasi-coherent sheaves associated to the R-modules
HP(X, F), see Lemma Hence it suffices to show that R-modules H?(X, F) are
finite R-modules (Lem. Denote ¢ : X — P’ the closed immersion. Note that
RP{,F =0by Lemma Hence the Leray spectral sequence (Cohomology, Lemma
for i : X — P7%, degenerates, and we see that H? (X, F) = HP(P%, i.F). Since
the sheaf i, F is coherent by Lemma We see that the lemma follows from Lemma
5.1 O

Here is the general statement.

Proposition| 17.2. Let S be a locally Noetherian scheme. Let f : X — S be a
proper morphism. Let F be a coherent Ox-module. Then R'f.F is a coherent
Og-module for all i > 0.

Proof. Since the problem is local on S we may assume that S is a Noetherian
scheme. Since a proper morphism is of finite type we see that in this case X is a
Noetherian scheme also. Consider the property P of coherent sheaves on X defined
by the rule

P(F) < RPf.F is coherent for all p > 0
We are going to use the result of Lemma to prove that P holds for every
coherent sheaf on X.

Let
0—=F = Fr—F3—=0

be a short exact sequence of coherent sheaves on X. Consider the long exact
sequence of higher direct images

RPTVf Fs — RPf.Fy — RPf,F» — RP £ F3 — RPY £
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Then it is clear that if 2-out-of-3 of the sheaves F; have property P, then the
higher direct images of the third are sandwiched in this exact complex between two

coherent sheaves. Hence these higher direct images are also coherent by Lemma
and Hence property P holds for the third as well.

Let Z C X be an integral closed subscheme. We have to find a coherent sheaf
F on X whose support is contained in Z, whose stalk at the generic point £ of
Z is a l-dimensional vector space over k() such that P holds for F. Denote
g = flz + Z — S the restriction of f. Suppose we can find a coherent sheaf G
on Z such that (a) G¢ is a 1-dimensional vector space over x(§), (b) RPg.G = 0
for p > 0, and (c) ¢g«G is coherent. Then we can consider F = (Z — X).G.
As Z — X is a closed immersion we see that (Z — X).G is coherent on X and
RP(Z — X),G =0 for p > 0 (Lemma . Hence by the relative Leray spectral
sequence (Cohomology, Lemma we will have RPf,F = RPg,G =0 for p >0
and f,F = g.G is coherent. Finally F¢ = ((Z = X).G)¢ = G¢ which verifies the
condition on the stalk at £&. Hence everything depends on finding a coherent sheaf
G on Z which has properties (a), (b), and (c).

We can apply Chow’s Lemmal[I6.1]to the morphism Z — S. Thus we get a diagram

xig/
S

as in the statement of Chow’s lemma. Also, let U C Z be the dense open subscheme
such that 771(U) — U is an isomorphism. By the discussion in Remark we
see that i = (i,7) : Z' — P% is a closed immersion. Hence

L=1i"0py(1) = (i) Opy (1)
is g’-relatively ample and w-relatively ample (for example by Morphisms, Lemma
40.7). Hence by Lemma there exists an n > 0 such that both RPw, L%" =0
for all p > 0 and RP(¢').L®™ =0 for all p > 0. Set G = 1. L®™. Property (a) holds
because 7, L%y is an invertible sheaf (as 7=1(U) — U is an isomorphism). Proper-

ties (b) and (c) hold because by the relative Leray spectral sequence (Cohomology,
Lemma [14.8) we have

EyY = RPg.Rim, Lo = RPHi(g'), LO"

and by choice of n the only nonzero terms in E5'? are those with ¢ = 0 and the
only nonzero terms of RPT4(g'),LZ™ are those with p = ¢ = 0. This implies that
RPg.G = 0 for p > 0 and that ¢g.G = (¢').£L®". Finally, applying the previous
Lemma we see that g.G = (¢').L®" is coherent as desired. O

Remark| 17.3. Let S be a locally Noetherian scheme. Let f : X — S be a
morphism of schemes which is locally of finite type. Then X is locally Noetherian
(Morphisms, Lemma . Let F be a coherent Ox-module. Assume the scheme
theoretic support Z of F is proper over S. we claim RPf,F is a coherent Og-
module for all p > 0. Namely, Let i : Z — X be the closed immersion and write
F =G for some coherent module G on Z (Lemma . Denoting g : Z — S the
composition f oi we see that RPg.G is coherent on S by Proposition On the
other hand, R%,G = 0 for ¢ > 0 (Lemma . By Cohomology, Lemma we
get RP f,F = RPg,G and the claim.
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Lemma 17.4. Let S = Spec(A) with A a Noetherian ring. Let f : X — S be
a proper morphism. Let F be a coherent Ox-module. Then H(X,F) is finite
A-module for all i > 0.

Proof. This is just the affine case of Proposition Namely, by Lemmas [4.4]
and [4.5) we know that R’ f, F is the quasi-coherent sheaf associated to the A-module
H*(X,F) and by Lemma [9.1] this is a coherent sheaf if and only if H(X,F) is an
A-module of finite type. O

Lemma 17.5. Let A be a Noetherian ring. Let B be a finitely generated graded
A-algebra. Let f : X — Spec(A) be a proper morphism. Set B= f*B. Let F be a
quasi-coherent graded B-module of finite type.

(1) For every p > 0 the graded B-module HP (X, F) is a finite B-module.
(2) If L is an ample invertible Ox-module, then there exists an integer dy such
that HP (X, F ® L) =0 for all p > 0 and d > do.

Proof. To prove this we consider the fibre product diagram

X" = Spec(B) Xgpec(a)y X X

/| f
Spec(B) ——— > Spec(A)

Note that f’ is a proper morphism, see Morphisms, Lemma Also, B is a
finitely generated A-algebra, and hence Noetherian (Algebra, Lemma . This
implies that X’ is a Noetherian scheme (Morphisms, Lemma . Note that
X' is the relative spectrum of the quasi-coherent O x-algebra B by Constructions,
Lemma, Since F is a quasi-coherent B-module we see that there is a unique
quasi-coherent Ox/-module F' such that m,F’ = F, see Morphisms, Lemma [13.6]
Since F is finite type as a B-module we conclude that F' is a finite type O x,-module
(details omitted). In other words, F” is a coherent O -module (Lemmal[J.1)). Since
the morphism 7 : X’ — X is affine we have

HP(X,F) = H'(X', F)

by Lemma Thus (1) follows from Lemma [I7.4 Given £ as in (2) we set
L' = 7*L. Note that £’ is ample on X’ by Morphisms, Lemma By the
projection formula (Cohomology, Lemma we have 1, (F' ® L') = F ® L. Thus
part (2) follows by the same reasoning as above from Lemma m (Il

18. The theorem on formal functions

In this section we study the behaviour of cohomology of sequences of sheaves either
of the form {I"F},>¢ or of the form {F/I"F}, >0 as n varies.

Here and below we use the following notation. Given a morphism of schemes
f X = Y, a quasi-coherent sheaf 7 on X, and a quasi-coherent sheaf of ideals
T C Oy we denote Z" F the quasi-coherent subsheaf generated by products of local
sections of f~1(Z") and F. In a formula

I"F =Im (f*(I") oy F — F).
Note that there are natural maps

FHIY) @10y TF — f5(I7") ®oy I"F — I F
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Hence a section of Z" will give rise to a map RPf,(Z™F) — RPf.(I"T™F) by
functoriality of higher direct images. Localizing and then sheafifying we see that
there are Oy-module maps

I" ®0, R?f.(IT"F) — RPf.(I"F™F).
In other words we see that €B,,5 P f«(Z"F) is a graded €D, Z"-module.

If Y = Spec(A) and 7 = I we denote Z"F simply I"F. The maps introduced
above give M = @ H?(X,I"F) the structure of a graded S = € I"-module. If f
is proper, A is Noetherian and F is coherent, then this turns out to be a module
of finite type.

Lemmal 18.1. Let A be a Noetherian ring. Let I C A be an ideal. Set B =
D, ~oI". Let f: X — Spec(A) be a proper morphism. Let F be a coherent sheaf
on X. Then for every p > 0 the graded B-module @, ~, HP(X,I"F) is a finite
B-module. B

Proof. Let B= @ I"Ox = f*B. Then @ I"F is a finite type graded B-module.
Hence the result follows from Lemma [17.5| part (1). O

Lemma 18.2. Given a morphism of schemes f : X — Y, a quasi-coherent sheaf F
on X, and a quasi-coherent sheaf of ideals T C Oy . Assume Y locally Noetherian,
f proper, and F coherent. Then

_ 7 n
M=@D, R f.(T"F)
is a graded A = EBHZOI”-module which is quasi-coherent and of finite type.

Proof. The statement is local on Y, hence this reduces to the case where Y is
affine. In the affine case the result follows from Lemma [I81] Details omitted. [

Lemmal 18.3. Let A be a Noetherian ring. Let I C A be an ideal. Let f : X —
Spec(A) be a proper morphism. Let F be a coherent sheaf on X. Then for every
p > 0 there exists an integer ¢ > 0 such that
(1) the multiplication map I"~°® HP(X,I°F) — HP(X,I"F) is surjective for
alln > ¢, and
(2) the image of HP(X,I"t™F) — HP(X,I"F) is contained in the submodule
I™=¢HP(X,I"F) for alln >0, m > c.

Proof. By Lemma we can find dy,...,d; > 0, and z; € HP(X,I%F) such
that @,,, HP(X,I"F) is generated by x1,...,z; over S = @, -, I". Take ¢ =
max{d;}. Tt is clear that (1) holds. For (2) let b = max(0,n — c). Consider the
commutative diagram of A-modules

In+m—c—b ® Ib ® Hp(X, IC]_‘) Jntm—c ® Hp(X, IC}') HP(X7 In+m]:>

| |

I”+m_c_b®Hp(X,Inf) HP (X, I"F)

By part (1) of the lemma the composition of the horizontal arrows is surjective if
n+m > c¢. On the other hand, it is clear that n +m — ¢ — b > m — c¢. Hence part
(2). O
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In the situation of Lemmas [I8.1] and consider the inverse system
FIIF «+ F|IPF + F|IPF + ...

We would like to know what happens to the cohomology groups. Here is a first
result.

Lemma 18.4. Let A be a Noetherian ring. Let I C A be an ideal. Let f : X —
Spec(A) be a proper morphism. Let F be a coherent sheaf on X. Fix p > 0.

(1) There exists a ¢c; > 0 such that for all n > ¢ we have
Ker(HP(X, F) — HP(X,F/I"F)) C I""“ HP(X, F).
(2) The inverse system
(HP(X, F/1"F)),en

satisfies the Mittag-Leffler condition (see Homology, Definition ,
(3) In fact for any p and n there exists a ca(n) > n such that

Im(Hp(X,]:/Ik]:) — HY(X,F/I"F)) = Im(H?(X,F) — HP(X,F/I"F))
for all k > co(n).

Proof. Let ¢; = max{c,,cp11}, where ¢p,cpp1 are the integers found in Lemma
for HP and HP™'. We will use this constant in the proofs of (1), (2) and (3).

Let us prove part (1). Consider the short exact sequence
0=I"F—-F—=F/I"F—=0
From the long exact cohomology sequence we see that
Ker(H?(X,F) —» H?(X,F/I"F)) = Im(H?(X,I"F) — H?(X,F))
Hence by our choice of ¢; we see that this is contained in I"~“* HP(X, F) for n > ¢;.
Note that part (3) implies part (2) by definition of the Mittag-Leffler condition.

Let us prove part (3). Fix an n throughout the rest of the proof. Consider the
commutative diagram

0 I"F F F|I"F ——0

R

0—[""F — s F s F/I""F — 0

This gives rise to the following commutative diagram

H?(X,I"F) — HP(X,F) — HP(X,F/I"F) HPHL(X 1" F)

T | o

HP(X, I F) — HP(X, F) — HP(X, F/I"+™ F) — = HPH1(X, [+ F)

If m > ¢; we see that the image of a is contained in I™~¢ HPT1(X, I"F). By the
Artin-Rees lemma (see Algebra, Lemma [49.3) there exists an integer csz(n) such
that

IV HPY(X, I"F) N Im(5) C § (IN‘C3(")HP(X, ]-'/I”]-'))
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for all N > c3(n). As HP(X,F/I"F) is annihilated by I", we see that if m >
c3(n) + ¢1 +n, then

Im(H?(X, F/I""™F) — HP (X, F/I"F)) = Im(H?(X, F) — HP(X, F/I"F))
In other words, part (3) holds with ca2(n) = c3(n) + ¢1 + n. O

Theorem 18.5 (Theorem on formal functions). Let A be a Noetherian ring. Let
I C A be anideal. Let f : X — Spec(A) be a proper morphism. Let F be a coherent
sheaf on X. Fiz p > 0. The system of maps
HP(X,F)/I"HP(X,F) — HP(X,F/I"F)
define an isomorphism of limits
HP(X, F)" — lim,, H?(X, F/I"F)

where the left hand side is the completion of the A-module HP (X, F) with respect
to the ideal I, see Algebra, Section[93. Moreover, this is in fact a homeomorphism
for the limit topologies.

Proof. In fact, this follows immediately from Lemma We spell out the details.
Set M = H?(X,F) and M,, = H?(X,F/I"F). Denote N,, = Im(M — M,,). By
the description of the limit in Homology, Section [27| we have

lim,, M,, = {(x,) € HM" | i(zn) = Tp_1, n=2,3,...}

Pick an element x = (x,) € lim, M,,. By Lemma part (3) we have z,, € N,
for all n since by definition z,, is the image of some x4, € M1, for all m. By
Lemma m part (1) we see that there exists a factorization
M — N, - M/I"" M
of the reduction map. Denote y, € M/I" M the image of x,, for n > ¢;. Since
for n’ > n the composition M — M,, — M, is the given map M — M,, we see
that ¥, maps to y, under the canonical map M/I" ~'M — M/I"~ M. Hence
Y = (Ynte,) defines an element of lim,, M/I"M. We omit the verification that y
maps to x under the map
M" =lim,, M/T"M — lim,, M,
of the lemma. We also omit the verification on topologies. (]

Lemmal 18.6. Let A be a ring. Let I C A be an ideal. Assume A is Noetherian
and complete with respect to I. Let f : X — Spec(A) be a proper morphism. Let
F be a coherent sheaf on X. Then

H?(X,F) =lim, H?(X,F/I"F)
for allp > 0.
Proof. This is a reformulation of the theorem on formal functions (Theorem [18.5))
in the case of a complete Noetherian base ring. Namely, in this case the A-module

HP(X, F) is finite (Lemma |17.4)) hence I-adically complete (Algebra, Lemma 93.2)
and we see that completion on the left hand side is not necessary. (Il

Lemmal 18.7. Given a morphism of schemes f : X — Y and a quasi-coherent
sheaf F on X. Assume

(1) Y locally Noetherian,
(2) f proper, and
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(3) F coherent.
Let y € Y be a point. Consider the infinitesimal neighbourhoods
Xn = Spec(Oy,y/my) xy X — X
fnl !
Spec((’)xy/m;j) o Y
of the fibre X1 = X, and set F,, =i} F. Then we have
(R? f.F); = lim,, H?(X,,, Fp)

A
as Oy, -modules.

Proof. This is just a reformulation of a special case of the theorem on formal
functions, Theorem Let us spell it out. Note that Oy, is a Noetherian local
ring. Consider the canonical morphism ¢ : Spec(Oy,,) — Y, see Schemes, Equation
. This is a flat morphism as it identifies local rings. Denote momentarily f’ :
X' — Spec(Oy,y) the base change of f to this local ring. We see that ¢*RP f, F =
RPfIF' by Lemma Moreover, the infinitesimal neighbourhoods of the fibre X,
and Xz// are identified (verification omitted; hint: the morphisms ¢, factor through

c).
Hence we may assume that Y = Spec(A) is the spectrum of a Noetherian local ring

A with maximal ideal m and that y € Y corresponds to the closed point (i.e., to
m). In particular it follows that

(RPfoF), =T(Y, RPf.F) = H(X, F).

In this case also, the morphisms ¢,, are each closed immersions. Hence their base
changes i,, are closed immersions as well. Note that i, «Fp = in i F = F/m"F.
By the Leray spectral sequence for i,,, and Lemma [0.9] we see that

Hp(Xna]:n) = Hp(XaZm*]:) = Hp(X7]:/mn‘F)

Hence we may indeed apply the theorem on formal functions to compute the limit
in the statement of the lemma and we win. (I

Here is a lemma which we will generalize later to fibres of dimension > 0, namely
the next lemma.

Lemmal 18.8. Let f: X — Y be a morphism of schemes. Let y € Y. Assume

(1) Y locally Noetherian,
(2) f is proper, and
(3) f'{y}) is finite.
Then for any coherent sheaf F on X we have (RP f,F), =0 for all p > 0.

Proof. The fibre X, is finite, and by Morphisms, Lemma [21.7]it is a finite discrete
space. Moreover, the underlying topological space of each infinitesimal neighbour-
hood X, is the same. Hence each of the schemes X, is affine according to Schemes,
Lemmal[11.7] Hence it follows that H? (X, F,) = 0 for all p > 0. Hence we see that
(RPf.F), = 0 by Lemma Note that RPf,F is coherent by Proposition
and hence RPf,F, is a finite Oy y-module. By Algebra, Lemma this implies
that (RPf.F), = 0. O
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Lemmal 18.9. Let f: X — Y be a morphism of schemes. Let y € Y. Assume

(1) Y locally Noetherian,
(2) f is proper, and
(3) dim(X,) =d.
Then for any coherent sheaf F on X we have (RP f.F), =0 for all p > d.

Proof. The fibre X, is of finite type over Spec(x(y)). Hence X, is a Noetherian
scheme by Morphisms, Lemma Hence the underlying topological space of X,
is Noetherian, see Properties, Lemma Moreover, the underlying topological
space of each infinitesimal neighbourhood X, is the same as that of X,. Hence
H?(X,,F,) = 0 for all p > d by Cohomology, Proposition m Hence we see
that (RPf.F), = 0 by Lemma for p > d. Note that RPf,F is coherent by
Proposition and hence RPf,F, is a finite Oy y-module. By Algebra, Lemma
this implies that (RP f,F), = 0. O

19. Applications of the theorem on formal functions

We will add more here as needed. For the moment we need the following charac-
terization of finite morphisms (in the Noetherian case — for a more general version
see the chapter More on Morphisms, Section .

Lemma 19.1. (For a more general version see More on Morphisms, Lemma .
Let f : X — S be a morphism of schemes. Assume S is locally Noetherian. The
following are equivalent

(1) f is finite, and

(2) f is proper with finite fibres.

Proof. A finite morphism is proper according to Morphisms, Lemma A
finite morphism is quasi-finite according to Morphisms, Lemma A quasi-finite
morphism has finite fibres, see Morphisms, Lemma [21.10 Hence a finite morphism
is proper and has finite fibres.

Assume f is proper with finite fibres. We want to show f is finite. In fact it suffices
to prove f is affine. Namely, if f is affine, then it follows that f is integral by
Morphisms, Lemma whereupon it follows from Morphisms, Lemma that
f is finite.

To show that f is affine we may assume that S is affine, and our goal is to show that
X is affine too. Since f is proper we see that X is separated and quasi-compact.
Hence we may use the criterion of Lemma [3.2] to prove that X is affine. To see this
let T C Ox be a finite type ideal sheaf. In particular Z is a coherent sheaf on X. By
Lemma[18.8 we conclude that R f.Z, = 0 for all s € S. In other words, R' f.Z = 0.
Hence we see from the Leray Spectral Sequence for f that HY(X,Z) = H'(S, f.T).
Since S is affine, and f.Z is quasi-coherent (Schemes, Lemma we conclude
HY(S, f.Z) = 0 from Lemma as desired. Hence H'(X,Z) = 0 as desired. O

As a consequence we have the following useful result.
Lemma 19.2. (For a more general version see More on Morphisms, Lemma .

Let f: X — S be a morphism of schemes. Let s € S. Assume

(1) S is locally Noetherian,
(2) f is proper, and
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(3) f~1({s}) is a finite set.
Then there exists an open neighbourhood V- C S of s such that f|p-1qvy : f~H(V) —
V' is finite.

Proof. The morphism f is quasi-finite at all the points of f~1({s}) by Morphisms,
Lemma [21.7] By Morphisms, Lemma the set of points at which f is quasi-
finite is an open U C X. Let Z = X \ U. Then s ¢ f(Z). Since f is proper
the set f(Z) C S is closed. Choose any open neighbourhood V' C S of s with
ZNV =10. Then f~1(V) — V is locally quasi-finite and proper. Hence it is
quasi-finite (Morphisms, Lemma, hence has finite fibres (Morphisms, Lemma

21.10]), hence is finite by Lemma [

20. Cohomology and base change, 111

In this section we prove the simplest case of a very general phenomenon that will
be discussed in Derived Categories of Schemes, Section Please see Remark
for a translation of the following lemma into algebra.

Lemma 20.1. Let A be a Noetherian ring and set S = Spec(A). Let f: X — S be
a proper morphism of schemes. Let F be a coherent Ox-module flat over S. Then
(1) RI(X,F) is a perfect object of D(A), and
(2) for any ring map A — A’ the base change map
RINX,F)@% A" — RI'(Xa, Fa)

18 an 1somorphism.

Proof. Choose a finite affine open covering X = Ui:l,“.,n U;. By Lemmas and
the Cech complex K* = C*(U, F) satisfies

K*®4 A = RT(X a0/, Fur)

for all ring maps A — A’. Let K}, = C*;lt(u, F) be the alternating Cech complex.
By Cohomology, Lemma there is a homotopy equivalence K3, — K*® of A-
modules. In particular, we have

K}, ®a A = RT(X 4/, Far)

a,

as well. Since F is flat over A we see that each K, is flat over A (see Morphisms,
Lemma . Since moreover K¢, is bounded above (this is why we switched to
the alternating Cech complex) K2, ®4 A’ = K2, ®% A’ by the definition of derived
tensor products (see More on Algebra, Section. By Lemmathe cohomology
groups H'(K?,,) are finite A-modules. As K2, is bounded, we conclude that K2, is
pseudo-coherent, see More on Algebra, Lemma Given any A-module M set
A’ = A® M where M is a square zero ideal, i.e., (a,m)- (a’,m") = (ad’, am’ +a’'m).
By the above we see that K3, ®@% A’ has cohomology in degrees 0,...,n. Hence
K3, ®% M has cohomology in degrees 0, . .., n. Hence K, has finite Tor dimension,
see More on Algebra, Definition[51.1] We win by More on Algebra, Lemmal[56.2l O

Remark| 20.2. A consequence of Lemma [20.1]is that there exists a finite complex
of finite projective A-modules M*® such that we have

H'(Xa, Far)=H'(M®*®4 A")

functorially in A’. The condition that F is flat over A is essential, see [Har98].
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21. Grothendieck’s existence theorem, 1

In this section we discuss Grothendieck’s existence theorem for the projective case.
As we do not yet have the theory of formal schemes to our disposal, we temporarily
develop a bit of language that replaces the notion of a “coherent module on a
Noetherian adic formal scheme”. The reader who is familiar with formal schemes
is encouraged to read the statement and proof of the theorem in [DG67].

Let X be a Noetherian scheme and let Z C Ox be a quasi-coherent sheaf of ideals.
Below we will consider inverse systems (F,,) of coherent Ox-modules such that

(1) F, is annihilated by Z™, and
(2) the transition maps induce isomorphisms Fy,1/Z"Fpi1 — Fn.

A morphism of such inverse systems is defined as usual. Let us denote the category
of these inverse systems with Coh(X,Z). We are going to proceed by proving a
bunch of lemmas about objects in this category. In fact, most of the lemmas that
follow are straightforward consequences of the following description of the category
in the affine case.

Lemma 21.1. If X = Spec(A) is the spectrum of a Noetherian ring and T is
the quasi-coherent sheaf of ideals associated to the ideal I C A, then Coh(X,T) is
equivalent to the category of finite A”-modules where A is the completion of A
with respect to I.

Proof. Let Modfﬁf ; be the category of inverse systems (M,,) of finite A-modules
satisfying: (1) M, is annihilated by I"™ and (2) My41/I"M,11 = M,. By the
correspondence between coherent sheaves on X and finite A-modules (Lemma
it suffices to show Modﬁ% ; is equivalent to the category of finite A”-modules. To

see this it suffices to prove that given an object (M,,) of Modﬁ‘f ; the module
M = lim M,

is a finite A”-module and that M/I"M = M,. As the transition maps are sur-
jective, we see that M — M is surjective. Pick z1,...,2y € M which map to
generators of Mj. This induces a map of systems (A/I")%* — M,,. By Nakayama’s
lemma (Algebra, Lemma [19.1)) these maps are surjective. Let K, C (4/I")®* be
the kernel. Property (2) implies that K, 11 — K, is surjective, in particular the
system (K,) satisfies the Mittag-Leffler condition. By Homology, Lemma we
obtain an exact sequence 0 — K — (A")®" — M — 0 with K = lim K,,. Hence M
is a finite A”-module. As K — K, is surjective it follows that

M/I"M = Coker(K — (A/I")®!) = (A/T")® /K, = M,

as desired. O

Lemma 21.2. Let X be a Noetherian scheme and let T C Ox be a quasi-coherent
sheaf of ideals.
(1) The category Coh(X,T) is abelian.
(2) For U C X open the restriction functor Coh(X,T) — Coh(U,Z|y) is exact.
(3) Ezactness in Coh(X,T) may be checked by restricting to the members of an
open covering of X.
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Proof. Let a = (ay) : (Fn) — (Gn) be a morphism of Coh(X,T). The cokernel of
« is the inverse system (Coker(a,)) (details omitted). To describe the kernel let

K:E,m = Im(Ker(al) — ]:m)
for I > m. We claim:

(a) the inverse system (’CE,m)lzm is eventually constant, say with value K/,
(b) the system (K, /Z"K},)m>n is eventually constant, say with value /C,,,
(¢) the system (K,,) forms an object of Coh(X,T), and
(d) this object is the kernel of a.
To see (a), (b), and (c¢) we may work affine locally, say X = Spec(A) and Z corre-
sponds to the ideal I C A. By Lemma « corresponds to a map f: M — N
of finite A”-modules. Denote K = Ker(f). Note that A" is a Noetherian ring
(Algebra, Lemma . Choose an integer ¢ > 0 such that K N I"M C I" °K
for n > ¢ (Algebra, Lemma and which satisfies Algebra, Lemma for the
map f and the ideal I" = I'A”. Then K, corresponds to the A-module

a Y (I'N)+I"M K+ I"¢f~YI°N)+I"M K+I"M
ImM - ImM - I"M
where the last equality holds if I > m + ¢. So K/, corresponds to the A-module
K/KNI™M and K, /I"K], corresponds to
K K
KnImM+InK — I"K
for m > n + ¢ by our choice of ¢ above. Hence K,, corresponds to K/I"K.

A
Kl,m -

We prove (d). It is clear from the description on affines above that the composition
(Kpn) = (Fn) = (Gy) is zero. Let 8 : (H,) — (F,) be a morphism such that ao 8 =
0. Then H; — F; maps into Ker(«y). Since H,, = H;/Z™H, for | > m we obtain a
system of maps H,, — ICLm. Thus a map H,, — K.,. Since H,, = Hpm/L"H,, we
obtain a system of maps H,, — K,,/Z"K}, and hence a map H,, — K,, as desired.

To finish the proof of (1) we still have to show that Coim = Im in Coh(X,T). We
have seen above that taking kernels and cokernels commutes, over affines, with the
description of Coh(X,Z) as a category of modules. Since Im = Coim holds in the
category of modules this gives Coim = Im in Coh(X,Z). Parts (2) and (3) of the
lemma are immediate from our construction of kernels and cokernels. O

Lemma 21.3. Let X be a Noetherian scheme and let T C Ox be a quasi-coherent
sheaf of ideals. A map (Fn) — (Gn) is surjective in Coh(X,T) if and only if
F1 — Gy is surjective.

Proof. Omitted. Hint: Look on affine opens, use Lemma and use Algebra,
Lemma [19.1] O

Lemma 21.4. Let X be a Noetherian scheme and let T C Ox be a quasi-coherent
sheaf of ideals. If (Fy,) is an object of Coh(X,T) then @ Ker(Fn+1 — Fn) is a
finite type, graded, quasi-coherent @ Z™ /It -module.

Proof. The question is local on X hence we may assume X is affine, i.e., we
have a situation as in Lemma In this case, if (F,,) corresponds to the finite
AN module M, then @ Ker(F,,+1 — F,) corresponds to @ I"M/I" 1M which is
clearly a finite module over @ I™/I™1. O
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Let X be a Noetherian scheme and let Z C Ox be a quasi-coherent sheaf of ideals.
There is a functor

(21.4.1) Coh(Ox) — Coh(X,T), F+— F

which associates to the coherent Ox-module F the object F» = (F/I"F) of
Coh(X, T).

Lemmal 21.5. The functor (21.4.1]) is exact.

Proof. It suffices to check this locally on X. Hence we may assume X is affine, i.e.,
we have a situation as in Lemma The functor is the functor Modﬁg — Modf:fA
which associates to a finite A-module M the completion M”. Thus the result
follows from Algebra, Lemma [93.3 ]

Lemma 21.6. Let X be a Noetherian scheme and let T C Ox be a quasi-coherent
sheaf of ideals. Let F, G be coherent Ox-modules. Set H = Homo, (G, F). Then

lim HO(X, H/Z"H) = Mor gonx 1) (6", F).

Proof. To prove this we may work affine locally on X. Hence we may assume
X = Spec(A) and F, G given by finite A-module M and N. Then #H corresponds
to the finite A-module H = Homy (M, N). The statement of the lemma becomes
the statement

H/\ = HOIHA/\(M/\,N/\)

via the equivalence of Lemma By Algebra, Lemma [93.3] (used 3 times) we
have

H" :HOIDA(M,N) XA AN :HomAA(M(X)A A/\,N®A A/\) :HOmAA(M/\,NA)

where the second equality uses that A” is flat over A (see More on Algebra, Remark

50.18)). The lemma follows. (I

Lemmal 21.7. Let A be Noetherian ring complete with respect to an ideal I. Let
f X — Spec(A) be a proper morphism. Let T = IOx. Then the functor (21.4.1
18 fully faithful.

Proof. Let F, G be coherent Ox-modules. Then H = Home, (G, F) is a coherent
Ox-module, see Modules, Lemma By Lemma the map

lim,, H*(X, H/I"H) — Mor conx,7)(G", F)

is bijective. Hence fully faithfulness of (21.4.1) follows from the theorem on formal
functions (Lemma [18.6)) for the coherent sheaf . O

Lemma 21.8. Let A be Noetherian ring and I C A and ideal. Let f : X — Spec(A)
be a proper morphism and let L be an f-ample invertible sheaf. Let T = 1Ox. Let
(Fn) be an object of Coh(X,T). Then there exists an integer do such that

HY(X, Ker(Fry1 — Fn) @ L) =0
for alln >0 and all d > dy.

Proof. Set B = @ I"/I"! and B = PI"/I" = f*B. By Lemmathe
graded quasi-coherent B-module G = @ Ker(F,+1 — F,) is of finite type. Hence
the lemma follows from Lemma m part (2). |
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Lemmal 21.9. Let A be Noetherian ring complete with respect to an ideal I. Let
f + X — Spec(A) be a projective morphism. Let T = IOx. Then the functor

121.4.1]) is an equivalence.

Proof. We have already seen that (21.4.1) is fully faithful in Lemmam Thus it
suffices to show that the functor is essentially surjective.

We first show that every object (F,) of Coh(X,Z) is the quotient of an object in
the image of . Let £ be an f-ample invertible sheaf on X. Choose dy as in
Lemma Choose a d > dy such that F; ® £2¢ is globally generated by some
sections s1,1,...,5¢1. Since the transition maps of the system

HO(X, Fpy1 ® L2 — HY(X, F,, @ L&)

are surjective by the vanishing of H! we can lift s1 1,..., s 1 to a compatible system
of global sections 81 p, ..., s, of F,, @ L& These determine a compatible system
of maps

(815 8tm) : (L2 — F,
Using Lemma we deduce that we have a surjective map

((£®7d)€9t)/\ N (]_—n)
as desired.

The result of the previous paragraph and the fact that Coh(X,Z) is abelian (Lemma
implies that every object of Coh(X,Z) is a cokernel of a map between objects
coming from Coh(Ox). As is fully faithful and exact by Lemmas and
BT.5 we conclude. O

22. Grothendieck’s existence theorem, I1

In this section we discuss Grothendieck’s existence theorem. Before we give the
statement and proof, we need to develop a bit more theory regarding the categories

Coh(X,T) introduced in Section

Lemma) 22.1. Let f : X — Y be a morphism of Noetherian schemes. Let J C Oy
be a quasi-coherent sheaf of ideals and set T = f~'JOx. Then there is a right
exact functor
f*: Coh(Y,J) — Coh(X,T)

which sends (Gn) to (f*Gn). If f is flat, then f* is an exact functor.
Proof. Since f*: Coh(Oy) — Coh(Ox) is right exact we have

f*gn - f*(gn+1/Ingn+1) - f*gn+1/f_lznf*gn+l - f*gn+1/jnf*gn+1
hence the pullback of a system is a system. The construction of cokernels in the
proof of Lemma shows that f* : Coh(Y,J) — Coh(X,T) is always right
exact. If f is flat, then f* : Coh(Oy) — Coh(Ox) is an exact functor. It follows

from the construction of kernels in the proof of Lemma [21.2] that in this case
f*: Col(Y,J) — Coh(X,T) also transforms kernels into kernels. O

Remark|22.2. Let X be a Noetherian scheme and let Z, K C Ox be quasi-coherent
sheaves of ideals. Let « : (F,,) — (Gy,) be a morphism of Coh(X,Z). Given an affine
open Spec(A) = U C X with Z|y, K|y corresponding to ideals I, K C A denote
ay : M — N of finite A”-modules which corresponds to «|y via Lemma We
claim the following are equivalent
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(1) there exists an integer ¢ > 1 such that Ker(w,) and Coker(«,,) are annihi-
lated by Kt for all n > 1,

(2) for any affine open Spec(A) = U C X as above the modules Ker(ay) and
Coker(ay ) are annihilated by K for some integer ¢ > 1, and

(3) there exists a finite affine open covering X = |JU; such that the conclusion
of (2) holds for ay;,.

If these equivalent conditions hold we will say that « is a map whose kernel and
cokernel are annihilated by a power of KC. To see the equivalence we use the following
commutative algebra fact: suppose given an exact sequence

0—-T—-M-—->N-—-Q—0

of A-modules with T and ) annihilated by K* for some ideal K C A. Then for every
f,g € Kt there exists a canonical map ” fg” : N — M such that M — N — M is
equal to multiplication by fg. Namely, for y € N we can pick x € M mapping to fy
in N and then we can set ” f¢” (y) = gx. Thus it is clear that Ker(M/JM — N/JN)
and Coker(M/JM — N/JN) are annihilated by K?! for any ideal J C A.

Applying the commutative algebra fact to ay, and J = I"™ we see that (3) implies
(1). Conversely, suppose (1) holds and M — N is equal to apy. Then there is
a t > 1 such that Ker(M/I"M — N/I"N) and Coker(M/I"M — N/I™"N) are
annihilated by K for all n. We obtain maps ” fg” : N/I"N — M/I"M which
in the limit induce a map N — M as N and M are I-adically complete. Since
the composition with N — M — N is multiplication by fg we conclude that fg
annihilates T and @. In other words T and () are annihilated by K?! as desired.

Lemma 22.3. Let X be a Noetherian scheme and let T C Ox be a quasi-coherent
sheaf of ideals. Let G be a coherent Ox-module, (F,) an object of Con(X,T), and
a: (Fn) = G" a map whose kernel and cokernel are annihilated by a power of T.
Then there exists a unique (up to unique isomorphism) triple (F,a, ) where

(1) F is a coherent Ox-module,

(2) a: F — G is an Ox-module map whose kernel and cokernel are annihilated
by a power of Z,

(3) B:(Fn) — F" is an isomorphism, and

(4) a=a"op.

Proof. The uniqueness implies it suffices to construct (F,a, ) Zariski locally on
X. Thus we may assume X = Spec(A) and Z corresponds to the ideal I C A. In
this situation Lemma applies. Let M’ be the finite A”-module corresponding
to (F,). Let N be the finite A-module corresponding to G. Then « corresponds to
a map
o: M — N"

whose kernel and cokernel are annihilated by I for some ¢t. Recall that N =
N ®4 A" (Algebra, Lemma [93.2). By More on Algebra, Lemma there is an
A-module map ¥ : M — N whose kernel and cokernel are I-power torsion and
an isomorphism M ®4 A" = M’ compatible with ¢. As N and M’ are finite
modules, we conclude that M is a finite A-module, see More on Algebra, Remark

63.19] Hence M @4 A = M”. We omit the verification that the triple (M, N —
M, M”" — M) so obtained is unique up to unique isomorphism. ([l
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Lemma 22.4. Let X be a Noetherian scheme. Let T,K C Ox be quasi-coherent
sheaves of ideals. Let X, C X be the closed subscheme cut out by K¢. Let I, =
IO0x,. Let (Fy) be an object of Coh(X,T). Assume

(1) the functor Coh(Ox,) — Coh(X.,Z.) is an equivalence for all e > 1, and
(2) there exists a coherent sheaf H on X and a map « : (F,) — H" whose
kernel and cokernel are annihilated by a power of K.

Then (F,) is in the essential image of (21.4.1).

Proof. During this proof we will use without further mention that for a closed
immersion ¢ : Z — X the functor i, gives an equivalence between the category of
coherent modules on Z and coherent modules on X annihilated by the ideal sheaf
of Z, see Lemma In particular we may identify Coh(Ox,) with the category of
coherent O x-modules annihilated by K¢ and Coh(X.,Z.) as the full subcategory of
Coh(X,T) of objects annihilated by IC¢. Moreover (1) tells us these two categories
are equivalent under the completion functor .

Applying this equivalence we get a coherent O x-module G, annihilated by K¢ cor-
responding to the system (F,,/K¢F,) of Coh(X,Z). The maps F,/KF, —
Fn/K¢F, correspond to canonical maps G.y1 — G. which induce isomorphisms
Get1/KGer1 — Ge. Hence (G.) is an object of Coh(X,K). The map « induces a
system of maps

Fn/KFn — H/(Z" + K)H

whence maps G, — H/K®H (by the equivalence of categories again). Let ¢ > 1
be an integer, which exists by assumption (2), such that K¢ annihilates the kernel
and cokernel of all the maps F,, — H/Z"H. Then K* annihilates the kernel and
cokernel of the maps F,,/K¢F, — H/(Z"™ + K°)H, see Remark Whereupon
we conclude that K4 annihilates the kernel and the cokernel of the maps

Ge — H/KH,

see Remark We apply Lemma to obtain a coherent Ox-module F, a
map a : F — H and an isomorphism 8 : (G.) — (F/K°F) in Coh(X, K). Working
backwards, for a given n the triple (F/Z"F,a mod Z", 8 mod Z™) is a triple as
in the lemma for the morphism «, mod K¢ : (F,/K°F,) — (H/(Z"™ + K°)H) of
Coh(X,K). Thus the uniqueness in Lemma gives a canonical isomorphism
F/I"F — F, compatible with all the morphisms in sight. This finishes the proof
of the lemma. O

Lemma 22.5. Let Y be a Noetherian scheme. Let J,K C Oy be quasi-coherent
sheaves of ideals. Let f : X =Y be a proper morphism which is an isomorphism
over V=Y \V(K). SetT = f~1JOx. Let (G,) be an object of Coh(Y,T), let F be
a coherent Ox-module, and let 8 : (f*G,) — F" be an isomorphism in Coh(X,T).
Then there exists a map

a:(Gn) — (fF)"
in Coh(Y,J) whose kernel and cokernel are annihilated by a power of K.

Proof. Since f is a proper morphism we see that f.F is a coherent Oy-module
(Proposition [17.2]). Thus the statement of the lemma makes sense. Consider the
compositions

Yo Gn = [ Gn — fo(FJI"F).
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Here the first map is the adjunction map and the second is f.3,. We claim that
there exists a unique « as in the lemma such that the compositions

G = [ F )T foF = fu(F/T"F)

equal 7, for all n. Because of the uniqueness we may assume that Y = Spec(B) is
affine. Let J C B corresponds to the ideal J. Set

M, = H*(X,F/I"F) and M = H°(X,F)

By Lemma and Theorem the inverse limit of the modules M,, equals
the completion M" = lim M/J"M. Set N, = H°(Y,G,) and N = lim N,,. Via
the equivalence of categories of Lemma the finite B modules N and M”"
correspond to (G,) and f,F”". It follows from this that a has to be the morphism
of Coh(Y,J) corresponding to the homomorphism

lim~, : N = lim,, N,, — lim M,, = M"
of finite B-modules.

We still have to show that the kernel and cokernel of « are annihilated by a power
of K. Set Y’ = Spec(B") and X' =Y’ xy X. Let K/, J’, G/, and Z’, F' be
the pullback of K, 7, G, and Z, F, to Y’ and X'. The projection morphism
f": X’ — Y’ is the base change of f by Y/ — Y. Note that Y/ — Y is a flat
morphism of schemes as B — B” is flat by Algebra, Lemma Hence f.F,
resp. fi(f')*G), is the pullback of f.F, resp. f.f*G, to Y’ by Lemma The
uniqueness of our construction shows the pullback of a to Y’ is the corresponding
map o constructed for the situation on Y’. Moreover, to check that the kernel
and cokernel of o are annihilated by K! it suffices to check that the kernel and
cokernel of o’ are annihilated by (K’)!. Namely, to see this we need to check this
for kernels and cokernels of the maps «,, and o], (see Remark and the ring
map B — B” induces an equivalence of categories between modules annihilated
by J™ and (J')", see More on Algebra, Lemma Thus we may assume B is
complete with respect to J.

Assume Y = Spec(B) is affine, J corresponds to the ideal J C B, and B is
complete with respect to J. In this case (G,) is in the essential image of the functor
Coh(Oy) — Coh(Y,J). Say G is a coherent Oy-module such that (G,) = G".
Note that f*(G") = (f*G)". Hence Lemma tells us that 8 comes from an
isomorphism b : f*G — F and « is the completion functor applied to

Gg— ffG= fuF

Hence we are trying to verify that the kernel and cokernel of the adjunction map
¢ : G — fof*G are annihilated by a power of K. However, since the restriction
fly—1vy = f~Y(V) — V is an isomorphism we see that c|y- is an isomorphism.
Thus the coherent sheaves Ker(c) and Coker(c) are supported on V(K) hence are
annihilated by a power of K (Lemma as desired. (]

The following proposition is the form of Grothendieck’s existence theorem which is
most often used in practice.

Proposition| 22.6. Let A be a Noetherian ring complete with respect to an ideal
I. Let f: X — Spec(A) be a proper morphism of schemes. Set T = IOx. Then

the functor (21.4.1]) is an equivalence.
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Proof. We have already seen that (21.4.1) is fully faithful in Lemma Thus it
suffices to show that the functor is essentially surjective.

Consider the collection Z of quasi-coherent sheaves of ideals  C Ox such that
every object (F,,) annihilated by K is in the essential image. We want to show (0)
is in Z. If not, then since X is Noetherian there exists a maximal quasi-coherent
sheaf of ideals K not in =, see Lemma After replacing X by the closed
subscheme of X corresponding to K we may assume that every nonzero K is in E.
(This uses the correspondence by coherent modules annihilated by K and coherent
modules on the closed subscheme corresponding to K, see Lemma [0.8]) Let (F,)
be an object of Coh(X,Z). We will show that this object is in the essential image
of the functor , thereby completion the proof of the proposition.

Apply Chow’s lemma (Lemma to find a proper surjective morphism f : X’ —
X which is an isomorphism over a dense open U C X such that X’ is projective over
A. Let K be the quasi-coherent sheaf of ideals cutting out the reduced complement
X \ U. By the projective case of Grothendieck’s existence theorem (Lemma
there exists a coherent module 7" on X’ such that (F')" = (f*F,,). By Proposition
the Ox-module H = f,F’ is coherent and by Lemma there exists a
morphism (F,) — H”" of Coh(X,Z) whose kernel and cokernel are annihilated by
a power of K. The powers K¢ are all in = so that is an equivalence for the
closed subschemes X, = V(K¢). We conclude by Lemma [22.4] O

To state the general version of Grothendieck’s existence theorem we introduce a bit
more notation. Let A be a Noetherian ring complete with respect to an ideal I. Let
f+ X — Spec(A) be a separated finite type morphism of schemes. Set Z = IOx.
In this situation we let

Cbhsupport proper over A(OX)
be the full subcategory of Coh(Ox) consisting of those coherent O x-modules whose
scheme theoretic support is proper over Spec(A). Similarly, we let

COhsupport proper over A(X,I)

be the full subcategory of Coh(X,Z) consisting of those objects (F,) such that the
scheme theoretic support of F; is proper over Spec(A4). Since the support of a
quotient module is contained in the support of the module, it follows that
induces a functor

(2261) COhSupport proper over A(OX) — COhsupport proper over A(sz-)

We are now ready to state the main theorem of this section.

Theorem 22.7 (Grothendieck’s existence theorem). In the situation described

above the functor (22.6.1)) is an equivalence.

Proof. We will use the equivalence of categories of Lemma without further
mention in the proof of the theorem. Let Z C X be a closed subscheme proper over
A. By Proposition [22.6] we know that the result is true for the functor between
coherent modules and systems of coherent modules supported on Z. Hence it
suffices to show that every object of Cohsypport proper over 4(Ox) and every object
of Cohgupport proper over 4(X,T) is supported on such a closed subscheme Z C X
proper over A. This holds by definition for objects of Cohgupport proper over 4(Ox).
We will prove this statement for objects of Cohsupport proper over 4(X,Z) using the
method of proof of Proposition We urge the reader to read that proof first.
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Consider the collection = of quasi-coherent sheaves of ideals X C Ox such that the
statement holds for every object (F,) of Cohsupport proper over 4(X,Z) annihilated
by K. We want to show (0) is in Z. If not, then since X is Noetherian there exists a
maximal quasi-coherent sheaf of ideals K not in Z, see Lemma[T0.1] After replacing
X by the closed subscheme of X corresponding to K we may assume that every
nonzero K is in =. Let (F,,) be an object of Cohgupport proper over 4(X,Z). We will
show that this object is supported on a closed subscheme Z C X proper over A,
thereby completing the proof of the theorem.

Apply Chow’s lemma (Lemma to find a proper surjective morphism f:Y —
X which is an isomorphism over a dense open U C X such that Y is H-quasi-
projective over A. Choose an open immersion j : Y — Y’ with Y’ projective over
A, see Morphisms, Lemma Let T, be the scheme theoretic support of F,.
Note that T,, = T set-theoretically, hence T, is proper over A for all n (Morphisms,
Lemma [42.8). Then f*F, is supported on the closed subscheme f~!T, which is
proper over A (by Morphisms, Lemmaand properness of f). In particular, the
composition f~1T, — Y — Y’ is closed (Morphisms, Lemma . Let T), C Y’
be the corresponding closed subscheme; it is contained in the open subscheme Y
and equal to f~1T), as a closed subscheme of Y. Let F/, be the coherent Oy-
module corresponding to f*F, viewed as a coherent module on Y’ via the closed
immersion f~'T,, = T/, C Y'. Then (F},) is an object of Coh(Y’,I1Oy/). By the
projective case of Grothendieck’s existence theorem (Lemma there exists a
coherent Oy -module F’ and an isomorphism (F")" = (F,) in Coh(Y',IOy). Let
Z' C Y’ be the scheme theoretic support of F'. Since F'/IF' = F| we see that
Z' NV (IOy/) = Ty set-theoretically. The structure morphism p’ : Y’ — Spec(A)
is proper, hence p’'(Z' N (Y'\Y)) is closed in Spec(A). If nonempty, then it would
contain a point of V(I) as I is contained in the radical of A (Algebra, Lemma
93.11). But we’ve seen above that Z’' N (p')~1V(I) = T} C Y hence we conclude
that Z' C Y. Thus F'|y is supported on a closed subscheme of Y proper over A.

Let K be the quasi-coherent sheaf of ideals cutting out the reduced complement
X \ U. By Proposition the Ox-module H = f,F’ is coherent and by Lemma
[22.5|there exists a morphism a : (F,) — H" of Coh(X, ) whose kernel and cokernel
are annihilated by a power of K. Let Zy C X be the scheme theoretic support of H.
It is clear that Zy C f(Z') set-theoretically. Hence Zy — Spec(A) is proper (Mor-
phisms, Lemma [42.7). The kernel of o is an object of Cohsupport proper over 4 (X, )
annihilated by a power of K which is in Z. Hence the kernel of « are supported
on closed subschemes Z; C X proper over A. Let K; C Ox be the quasi-coherent
sheaf of ideals cutting out Z; for i = 0,1. Set K = KoKy and let Z = V(K) C X.
Then (F,,) is supported on Z (details omitted). Finally, Zy Il Z; — Z is surjective,
whence Z is proper over A by Morphisms, Lemma This finishes the proof of
the theorem. |

Remark 22.8 (Unwinding Grothendieck’s existence theorem). Let A be a Noe-
therian ring complete with respect to an ideal I. Write S = Spec(A) and S,, =
Spec(A/I™). Let X — S be a separated morphism of finite type. For n > 1 we set
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X, = X xg S,. Picture:

X1 —= Xo — X3 X
N |
S1 So Ss S
In this situation we consider systems (F,, ¢, ) where
(1) F, is a coherent Ox, -module,
(2) @n ik Fny1 — Fn is an isomorphism, and
(3) Supp(F7) is proper over Si.
Theorem [22.7|says that the completion functor
coherent O x-modules F systems (Fy,)
with support proper over A as above

is an equivalence of categories. In the special case that X is proper over A we can
omit the conditions on the supports.

23. Grothendieck’s algebraization theorem

Our first result is a translation of Grothendieck’s existence theorem in terms of
closed subschemes and finite morphisms.

Lemma 23.1. Let A be a Noetherian ring complete with respect to an ideal I.
Write S = Spec(A) and S,, = Spec(A/I™). Let X — S be a separated morphism of
finite type. Forn > 1 we set X, = X xgS,,. Suppose given a commutative diagram

7 Zs Zs

e

X, = Xy —2> X3

of schemes with cartesian squares. Assume that

(1) Z1 — Xy is a closed immersion, and

(2) Zy — S, is proper.
Then there exists a closed immersion of schemes Z — X such that Z, = Z Xg Sy,.
Moreover, Z is proper over S.

Proof. Let’s write j, : Z, — X,, for the vertical morphisms. As the squares in
the statement are cartesian we see that the base change of j, to X is j;. Thus
Morphisms, Lemma shows that j, is a closed immersion. Set F,, = j» «Oz, ,
so that j% is a surjection Oy, — F,. Again using that the squares are cartesian
we see that the pullback of F,1; to X, is F,,. Hence Grothendieck’s existence
theorem, as reformulated in Remark tells us there exists a map Ox — F of
coherent Ox-modules whose restriction to X,, recovers Oy, — F,,. Moreover, the
support of F is proper over S. As the completion functor is exact (Lemma
we see that Ox — F is surjective. Thus F = Ox/J for some quasi-coherent sheaf
of ideals J. Setting Z = V(J) finishes the proof. O

In the following lemma it is actually enough to assume that Y7 — X, is finite as it
will imply that Y;, — X, is finite too (see More on Morphisms, Lemma.
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Lemmal 23.2. Let A be a Noetherian ring complete with respect to an ideal I.
Write S = Spec(A) and Sy, = Spec(A/I"™). Let X — S be a separated morphism of
finite type. Forn > 1 we set X,, = X XgS,. Suppose given a commutative diagram

Y, Yy Y3
X1 o X5 & X3

of schemes with cartesian squares. Assume that

(1) Y, = X,, is a finite morphism, and

(2) Y1 — Sy is proper.
Then there exists a finite morphism of schemes Y — X such thatY, =Y Xg S,.
Moreover, Y is proper over S.

Proof. Let’s write f,, : ¥,, = X,, for the vertical morphisms. Set F,, = f, «Oy,.
This is a coherent Ox, -module as f,, is finite (Lemmal0.9). Using that the squares
are cartesian we see that the pullback of F, 41 to X, is F,,. Hence Grothendieck’s
existence theorem, as reformulated in Remark tells us there exists a coherent
Ox-module F whose restriction to X,, recovers F,,. Moreover, the support of F
is proper over S. As the completion functor is fuly faithful (Theorem we see
that the multiplication maps F,, ®oy,  Fn — Fy fit together to give an algebra
structure on F. Setting Y = Spec, (F) finishes the proof. O

Lemma 23.3. Let A be a Noetherian ring complete with respect to an ideal I.
Write S = Spec(A) and S, = Spec(A/I™). Let X, Y be schemes over S. For
n>1weset X, =XxgS, andY, =Y xg5,. Suppose given a compatible system
of commutative diagrams

Xn+1 Yn+1

Xn gn Yn n+1

NS

Sn

Assume that

(1) X — S is proper, and

(2) Y — S is separated of finite type.
Then there exists a unique morphism of schemes g : X — 'Y owver S such that g, is
the base change of g to S,,.

Proof. The morphisms (1,¢,) : X, — X, Xg Y, are closed immersions because
Y, — S, is separated (Schemes, Lemma . Thus by Lemma there exists
a closed subscheme Z C X xg Y proper over S whose base change to S,, recovers
X, C X, xgY,. The first projection p : Z — X is a proper morphism (as
Z is proper over S, see Morphisms, Lemma whose base change to S, is an
isomorphism for all n. In particular, p : Z — X is finite over an open neighbourhood
of Xo by Lemma [19:2] As X is proper over S this open neighbourhood is all of
X and we conclude p : Z — X is finite. Applying the equivalence of Proposition
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[22.6] we see that p, Oz = Ox as this is true modulo I" for all n. Hence p is an
isomorphism and we obtain the morphism g as the composition X = Z — Y. We
omit the proof of uniqueness. O

In order to prove an “abstract” algebraization theorem we need to assume we have
an ample invertible sheaf, as the result is false without such an assumption.

Theorem 23.4 (Grothendieck’s algebraization theorem). Let A be a Noetherian
ring complete with respect to an ideal I. Set S = Spec(A) and S, = Spec(A/I").
Consider a commutative diagram

Xy ——=Xo ——= X3
S1 Sy S3

of schemes with cartesian squares. Suppose given (L, pn) where each L, is an
invertible sheaf on X,, and @, : 0 L,11 — Ly 48 an isomorphism. If

(1) Xy — Sy is proper, and

(2) Ly is ample on X,
then there exists a proper morphism of schemes X — S and an ample invertible
Ox-module L and isomorphisms X,, = X xXg S, and L,, = L|x, compatible with
the morphisms i, and @,

Proof. Since the squares in the diagram are cartesian and since the morphisms
Sn — Sp41 are closed immersions, we see that the morphisms i,, are closed immer-
sions too. In particular we may think of X, as a closed subscheme of X,, for m < n.
In fact X,, is the closed subscheme cut out by the quasi-coherent sheaf of ideals
I"Ox, . Moreover, the underlying topological spaces of the schemes X;, X2, X3, ...
are all identified, hence we may (and do) think of sheaves Ox, as living on the same
underlying topological space; similarly for coherent Ox, -modules. Set

Fn = KGT(OXnJrl — Oxn)
so that we obtain short exact sequences

0—F,—0x,,, > 0x, =0

n+1

By the above we have F, = I["Ox, . It follows F,, is a coherent sheaf on X,
annihilated by I, hence we may (and do) think of it as a coherent module Ox;, -
module. Observe that for m > n the sheaf

"0y, /1" Ox,

maps isomorphically to F;, under the map Ox,, — Ox,_,. Hence given ni,ns > 0
we can pick an m > nj; 4+ ng and consider the multiplication map

Inl(OXm X In2OXm — In1+n20Xm — .Fn1+n2
This induces an Ox,-bilinear map
]:TLlX]:’ﬂz 5fn1+n2

which in turn defines the structure of a graded Ox,-algebra on F = €D, 5 Fn-
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Set B = @ I"/I™"!; this is a finitely generated graded A/I-algebra. Set B =
(X1 — S1)*B. The discussion above provides us with a canonical surjection

B— F

of graded Ox,-algebras. In particular we see that F is a finite type quasi-coherent
graded B-module. By Lemma we can find an integer dp such that H*(X;, F®

£®d) = 0 for all d > dy. Pick a d > dy such that there exist sections sg 1,...,5n,1 €
[(X1, £8%) which induce an immersion
Y1 Xy = PY

over S, see Morphisms, Lemma 0.4 As X is proper over S; we see that ¢ is a
closed immersion, see Morphisms, Lemma [42.7] and Schemes, Lemma We are
going to “lift” ; to a compatible system of closed immersions of X,, into P¥.

Upon tensoring the short exact sequences of the first paragraph of the proof by
Eff’ffl we obtain short exact sequences

0= Fo@ L = L2 - L2 -0

Using the isomorphisms ¢,, we obtain isomorphisms £,4+; ® Ox, = £; for [ < n.
Whence the sequence above becomes

0= Fp @ L — L8, — L2 — 0

The vanishing of HY(X,F, ® E?d) implies we can inductively lift so1,...,sn1 €

(X, ﬁ?d) to sections sg n, ..., Snn € I'(X,, L£24). Thus we obtain a commutative
diagram
X ——Xo— X3
11 12
Y1 i P2 i V3 \L

N N N
Pg Pg, Pg,
where ¥n, = @(£,, (so.n,....sn.n)) 11 the notation of Constructions, Section As the

squares in the statement of the theorem are cartesian we see that the squares in
the above diagram are cartesian. We win by applying Lemma [23.1] a
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